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Abstract  

The expediency of replacing the corrugated ring of a vascular stent with a constant corrugation pitch 

by a corrugated ring of variable pitch is being investigated. To describe the change in pitch of 

corrugation, a function to be determined is introduced. The equilibrium and deformation equations 

were analyzed using the asymptotic homogenization method. The dependence of the radial stiffness 

of a corrugated ring with a variable pitch of corrugation on the corrugation parameters is obtained. 

The effectiveness of the design under consideration is evaluated by the area of the lumen provided 

by the vascular stent. Compared to stents with regularly corrugated rings, this area is larger which 

improves the ring stent applicability and efficiency. 

 

Keywords: patient-specific vascular stent, corrugated ring, asymptotic homogenization method, 

structural design. 

 

1. Introduction 

Vascular, intervascular and cardiovascular stents are widely used to restore patency in artherosclerotic 

coronary arteries and they play an important role in recovering patients from various cardiovascular 

diseases. It is expected in the coming future that the key issues with regard to high stress, damage and 

restenosis rate after stent implantation will be reasonably well-solved. In addition, it is expected that 

vascular stents will be both patient-specific and customized for patients. 

It is obvious that in spite of mathematical modelling and practical design of vascular stents there is a 

need to consider interaction effects between the stent and the artery as well as the influence of the 

vascular injury on the depth of its penetration on the degree of restenosis [1-7]. 

mailto:alex_diskovskiy@ukr.net
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From the bioengineering and mechanical point of view, in order to achieve optimum stent-design, 

majority of the preliminary investigation relies on employment of the classical finite element method 

(FEM). 

Rogers et al. [8] used FEM to analyse balloon-artery interactions during stent placement based on the 

2D model and linear elastic material properties. 

Auricchio et al. [9] developed a 3D model to improve stent design, and then Holzapfel et al. [10] 

estimated the stress introduced within the vessel for a balloon angioplasty and employed the Palmaz-

Schatz procedure with a help of FEM. 

The study of Lally et al. [11] based on FEM was focused on testing the hypothesis that two different 

stent designs imply different levels of stress in an atherosclerotic artery. The authors claimed that 

their results correlated with observed clinical restenosis rates. 

Timmins et al. [12] examined the solid mechanics effects of varying stent design and atherosclerotic 

plaque stiffness on the arterial wall biomechanic features. Various 3D FEM models were developed 

with emphasis put on displacement, pressure and contact boundary conditions. Based on a quarter of 

the circumference of the stent and the artery, a non-uniform mesh of the vessel was employed, 

whereas displacements were interpolated using quadratic Lagrange functions and contacting bodies 

were modelled by a C2 -continuous non-uniform rational B-splines surface. It was concluded that 

stent design differences can impose dramatically different stress fields.  

Timmins et al. [13] used a combination of computational modelling and in vivo analysis to study the 

pathobiologic response to two stent designs that impose greater or lesser levels of stress on the artery 

wall. The obtained results showed strong correlation between the computed stress values induced on 

the artery wall and the pathobiologic response. 

Schmidt et al. [14] studied the 3D biomimicking self-expanding stent with regard to general technical 

parameters added by first clinical tests. 

Kokot et al. [15] employed FEM to analyze the crimping process of the polymer stent. Their results 

can be used for designing the bioresorbable self-expanding vascular-stents. 

Qiu et al. [16] used FEM to study mechanical properties of four bioresorbable polymeric stents. In 

particular, diameter change, recoiling effect and radial strength/stiffness were compared for four 

stents to withdraw the effect of design variation on stent performance. 

Wei et al. [17] reported a new design method to improve biodegrable polymeric stent mechanical 

properties. It was based on the force analysis of supporting rings and bridges during stent 

implantation. Radial force, radial recoil, and axial foreshortening of the open C-shaped stent were 

studied using FEM. The numerical results were validated by the carried out laboratory experiments 

including stent expansion and planar compression. 
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Liu et al. [18] investigated local hemodynamic environment changes caused by straightening 

phenomenon and the relationship between straightening and in-stent restenosis by using the different 

3D FEM models (ANSYS). It was shown that the straightening process altered the wall shear stress 

and flow patterns distribution, decreased the wall shear stress and increased the oscillatory shear 

index. 

Bernini et al. [19] developed a computational model exhibiting structural effects of stent sizing in a 

patient-specific scenario. They predicted the optimal oversizing ratio for self-expanding Nitinol stents 

being similar to the clinical observations. 

Currently, the creation of a patient-specific vascular stent is becoming a priority. At the same time, 

special attention is paid to the development of a stent that takes into account the shape of the blood 

vessel of a particular patient. Such a stent is capable of taking on a shape identical to that of a blood 

vessel after deployment and deformation. Auricchio et al. [20] studied such vascular stents, having a 

small degree of curvature. Morlacchi et al. [21] the case when two stents were used for the affected 

part of the curved blood vessel, which overlapped considered in the curved part. Ragkousis, et al. [22] 

evaluated the longitudinal deformation of models of three stent designs. Han and Lu [23] developed 

a non-uniform Poisson ratio vascular stent for patients with a linearly curved vessel. In addition, the 

optimization of stent structures was considered, while the studied blood vessels had a small curvature. 

However, the axial compliance have not been addressed. 

In [24] the authors reviewed the structural design of vascular stents. They concluded that the 

percutaneous coronary intervention is the effective method for treating cardiovascular deceases. The 

evaluation, delivery and development, and fabricating methods to achieve optimized vascular stents 

were illustrated and discussed. In addition, the optimization of stent structures was considered, while 

the studied blood vessels had a small curvature. However, the axial compliance have not been 

addressed. 
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Fig. 1. An example of a vascular plaque and ballooning scheme, [NQ Vascular Townsville review 

2022, Open Access].  

 

Fig. 2. An example of a vascular plaque with full circumferential coverage of the vessel. [Last 

reviewed by a Cleveland Clinic medical professional on 02/25/2022]. 

 

In the work on designing a patient-specific vascular stent, insufficient attention was paid to 

the fact that the plaques encountered in the vessel wall (Fig. 1) also have specific sizes and shapes.  
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In contrast, majority of the briefly discussed works are devoted to modelling and analysis of 

the vascular stents mainly based on the FEM modelling while our research is based on the direct use 

of the theoretical background of the classical mechanics [25, 26]. 

It should be emphasized that the distribution of the thickness of vascular plaques is not 

constant in the circumferential and longitudinal directions. This leads to the fact that radial pressure 

of variable intensity acts on the stent from the side of the vessel wall after installation. Currently, this 

factor is not taken into account, and stents are designed with excessive radial stiffness, determined by 

the maximum value of the radial pressure. Excessive radial stiffness leads to oversized cross-sections 

of the fibers of the stent, which adversely affects its medical performance and mechanical properties 

during compression introduced through the installation process. The resolution of this contradiction 

can be the design of stents with variable stiffness in the circumferential direction. For this, it is 

proposed to use a stent consisting of corrugated rings with a variable corrugation pitch. Such 

corrugation was considered earlier in [27-30] for shell structures and showed higher efficiency for 

loads of variable intensity. 

It can be expected that a variable-pitch stent that is properly oriented with respect to the 

plaques will deform less radially than a regularly shirred stent, and thus provide a greater opening for 

blood flow. 

The paper is organized in the following way. Section 2 deals with simulation of the external 

load acting on the stent after ballooning while section 3 presents the stent model. Geometric 

characteristics of the stent are discussed in section 4, and the next section 5 reports the equilibrium 

equations. The latter are homogenized in section 6. Section 7 presents the displacement and strain 

equations, and section 8 is aimed on evaluation of the effectiveness of the use of variable pitch 

corrugations. The obtained results are briefly summarized in section 9. 

 

2. Simulation of the external load acting on the stent after ballooning 

Geometrically, vascular plaques can be divided into two types: with complete (Fig. 2) and partial 

(Fig. 1) coverage of the vessel around the circumference. The paper considers vascular plaques of the 

first type, the boundary of which is modeled in the polar coordinate system on the interval [0,2𝜋]  by 

the power function. At the same time, the conjugation conditions for the function (2) and the first two 

derivatives (3), (4) must be satisfied at the boundaries of the interval. It is natural to represent this 

function as a four degree polynomial of the following form 𝜌(𝜑) = 𝑅 − (𝑎𝜑4 + 𝑏𝜑3 + 𝑐𝜑2 + 𝑒𝜑 + 𝑑).                                   (1) 

and the following boundary conditions 𝜌(0) = 𝜌(2𝜋);                                                      (2) 𝜌𝜑(0) = 𝜌𝜑(2𝜋),                                                    (3) 
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𝜌𝜑𝜑(0) = 𝜌𝜑𝜑(2𝜋),                                                 (4) 

where (∙)𝜑 = 𝑑𝑑𝜑. 
Substituting expression (1) into conditions (2)-(4), we obtain 𝜌 = 𝑅 − 𝑎 (𝜑4 − 4𝜋𝜑3 + 4𝜋2𝜑2 + 𝑑𝑎),                                (5) 

where the values of the parameters 𝑎, 𝑑 must not violate the following inequality 0 ≤ 𝜌 ≤ 𝑅.                                                          (6) 

 

       Fig. 3 shows an example of a vascular plaque model (5) with the following fixed parameters: 𝑅 = 1; 𝑎 = 0.003; 𝑑 = 0.01, before (a) and after (b) ballooning. 

 

 

a)                                                                  b) 

Fig. 3. Example of a vascular plaque model (5) before (a) and after (b) ballooning. 

 

As a result, the ballooning plaque is pressed into the wall of the artery and the inner side of 

the artery takes the shape of a circle (Fig. 3b). This shape is further supported by a stent, which is 

acted upon by a distributed external pressure from the side of the artery wall 𝑞. The intensity of such 

pressure will not be uniform due to the uneven thickness of the plaque. Determining the pressure 

intensity distribution q is a non-trivial task and is specified with the elastic properties of the artery 

wall and plaque. It is natural to assume that the pressure intensity will be proportional to the plaque 

thickness distribution. Thus, the wall of the artery is considered as an elastic Winkler-Fuss foundation 

with a linear characteristics, and hence   𝑞 = 𝑘 (𝑅 + 𝑎 (𝜑4 − 4𝜋𝜑3 + 4𝜋2𝜑2 + 𝑑𝑎)),                                   (7) 

where 𝑘 stands for the proportionality factor. 

Another characteristic feature of vascular plaque is the position of max and min of its thickness, 

which for the vascular plaque model (5) obeys the following restrictions 
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𝑚𝑎𝑥 𝑞 = 𝑞(𝜋),       𝑚𝑖𝑛 𝑞 = 𝑞(0).                                       (8) 

It should be noted that the scheme proposed by us makes it possible to calculate vascular 

plaques that do not completely cover the artery along the circumference (Fig. 1). 

 

3. Unit cell of stent model – rings with variable shirring step 

At present, the unit cell of vascular stent (Fig. 4) is a regularly corrugated ring (Fig. 5). 

 

Fig. 4. Vascular ring  stent. Wikimedia Commons Wikimedia, the free encyclopedia, 2022. [Online; 

accessed May 2022]. 

 

 

Fig. 5. Corrugated ring as the unit cell of stent 1 (2 is a circle equidistant from the tops of the 

corrugation; H is the amplitude of the corrugation; q stands for the distributed load normal to the 

cylindrical surface of radius R, acting from the side of the vessel walls). 

 

The vector equation of the axial line of a regularly corrugated ring (Fig. 5) in a cylindrical 

coordinate system takes the form 
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�̅� = 𝑅�̅�1 + 𝑍(𝑛𝜑)�̅�3,                                         (9) 

where 𝑍 = 𝐻𝜃(𝑛𝜑);  𝜃(𝑛𝜑), 𝜃𝜑(𝑛𝜑), 𝜃𝜑𝜑(𝑛𝜑) – continuous periodic functions with period 2𝜋/𝑛; 𝑛 – number of corrugation waves.  

The smooth function 𝜃(𝑛𝜑),   which determines the shape of the corrugation, is symmetric with 

respect to the circle (curve 2  in Fig. 5), −1 ≤ 𝜃(𝑛𝜑) ≤ 1, 0 ≤ 𝜑 ≤ 2𝜋. 

For a ring with a variable corrugation pitch, an example of which is shown in Fig. 5, the vector 

equation can be written as �̅� = 𝑅(�̅�1 + 𝑧(𝑛𝑓(𝜑))�̅�3),                                                (10) 

where 𝑓(𝜑) stands for a function, the derivative of which determines the change in the corrugation 

step, and 𝑧 = 𝑍/𝑅 .   

 

                                           а) 

 

       b) 

Fig. 6. Example of a ring with a variable pitch of the corrugation (a) and its development (b);  𝑧 = sin(𝑛𝑓(𝜑)); 𝑛 = 8;  𝛼 =0.0008; 𝑓 = 𝛼 (𝜑5 − 5𝜋𝜑4 + 203 𝜋𝜑3 + 20𝜋2(𝜋 − 1)𝜑2 + (403 𝜋3 −16𝜋4 + 1𝛼) 𝜑). 
 

The choice of the function 𝑓(𝜑)  will be carried out with the condition that the number of 

corrugation waves (11) is preserved. This condition is important for mating the stent rings, each of 

which can obey different laws of change in the corrugation pitch. We have 𝑓(0) = 0; 𝑓(2𝜋) = 2𝜋;  𝑓(𝜑) > 0, 𝑓𝜑(𝜑) > 0     𝑓𝑜𝑟    𝜑 ∈ [0,2𝜋] .                         (11) 

The conditions (11) are supplemented by the continuity conditions as follows 𝑓𝜑(0) = 𝑓𝜑(2𝜋); 𝑓𝜑𝜑(0) = 𝑓𝜑𝜑(2𝜋); 𝑓𝜑𝜑(0) = 𝑓𝜑𝜑(2𝜋).                          (12) 

As an example, we define 𝑓(𝜑)   as a power function on the interval [0,2𝜋] and periodically 

continue it with a period 2𝜋. We have 
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𝑓 = 𝛼 (𝜑5 − 5𝜋𝜑4 + 203 𝜋2𝜑3 − (83 𝜋4 − 1𝛼) 𝜑),                           (13) 

where a is the coefficient that determines the rate of change of the corrugation step. It follows from 

constraints (11) that 0 < 𝛼 < 0.00087 .                                           (14) 

Having written an approximate formula for the increment of the step function and equating this 

increment to the period of the function  𝑍(𝑛𝜑), the following estimation holds    ∆𝑓 ≈ 𝑓𝜑(𝜑)∆𝜑 = 2𝜋𝑛 ,                                                  (15) 

and the law of change of the corrugation step is governed by the following simple formula ∆𝜑 = 2𝜋𝑛𝑓𝜑(𝜑) .                                                       (16) 

For function (13), the decrease (𝑓𝜑(𝜑) > 1)  will be in the interval [0.44𝜋, 1.56𝜋], and increase 

in the corrugation step (𝑓𝜑(𝜑) < 1)  in the rest of the areas. This property can be used to achieve a 

proper orientation of the stent relative to the plaque.  

Figure 7 shows the influence of the value of the coefficient 𝛼 (14) versus the change in the 

corrugation pitch. 𝛼 = 0.0004 

 𝛼 = 0.0006 

  𝛼 = 0.0008 

 

Fig. 7. Influence of the value of the coefficient  𝛼 (14) on the shirring step change for the function 

(13), where 𝑧 = sin(𝑛𝑓(𝜑)); 𝑛 = 8. 

 

Since stent radial stiffness will depend on the nature of the corrugation, therefore, by choosing 

the function (13), it is possible to control the change of the stiffness along circumference direction, 

increasing it where the plaque is thicker. 

 

4. Geometric characteristics  

The required geometric characteristics of the axial line of the corrugated ring with variable 

corrugation pitch (10), i.e. differential 𝑑𝑠, curvature 𝑘  and torsion 𝜒 can be found using well-known 

differential geometry formulas [31]: 
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𝑑𝑠 = 𝑅𝐴𝑑𝜑,                                                (17) 𝑘 = 𝐵𝑅𝐴3 ,                                                                                                  (18)   𝜒 = −  𝛽 + 𝛽𝜑𝜑𝑅𝐵2  ,                                                                                       (19) 

where: (∙)𝜑 = 𝑑𝑑𝜑 , 𝐴 = √1 + 𝛽2, 𝛽 = 𝑧𝜑 , 𝐵 = √1 + 𝛽2 + 𝛽𝜑2  . 

Principal normal unit vectors �̅�1′ , tangent �̅�2′  and binormals �̅�3′  of the centreline are (Fig. 6) �̅�1′ = − 1𝐴𝐵 (𝐴2�̅�1 + 𝛽𝛽𝜑�̅�2 −   𝛽𝜑�̅�3),                  (20) �̅�2′ = 1𝐴 (�̅�2 + 𝛽�̅�3),                                            (21) �̅�3′ = 1𝐵 (𝛽𝜑�̅�1 − 𝛽�̅�2 + �̅�3).                           (22) 

An important geometric characteristic of ring stents, which affects its mechanical and medical 

characteristics [32], is the perimeter. By integrating the expression for the arc differential (17) with 𝑓 = 𝑥  and with account of (13), it is possible to determine how the perimeter of the ring (9) changes 

with the introduction of a step function. 

Figure 8 reports the effect of the coefficient a on the change in the perimeter at 𝑧 =sin 𝑛𝑓(𝜑); 𝑛 = 8; ℎ = 𝐻𝑅 = 0.3 for the step function (13). With the growth of the parameter a, within 

the limits of its possible change (14), the perimeter of the corrugated ring slightly increases. 

 

Fig. 8. Influence of the value of the coefficient a on the perimeter 𝑝1 of the corrugated ring of variable 

pitch (13) ;  𝑝2 is the perimeter of a regularly corrugated ring (9). 

 

5. Equilibrium equations 

Let us determine the effect of function (13) on the radial stiffness of a ring with a variable corrugation 

pitch. To do this, consider its deformation under the action of a uniform external pressure 𝑞. For 
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element of corrugated ring AB of length ds and the forces acting on it (Fig. 9), we obtain two vector 

equilibrium equations { �̅�𝜑 + 𝑅𝐴�̅� = 0,�̅�𝜑 + 𝑅𝐴�̅�2′ × �̅� = 0.                                              (23) 

Then we use the basis expansions   �̅� = 𝐹1�̅�1 + 𝐹2�̅�2 + 𝐹3�̅�3, �̅� = 𝑀1�̅�1 + 𝑀2�̅�2 + 𝑀3�̅�3,                      (24) �̅� = 𝑞�̅�1, 
where 𝑞 = 𝑐𝑜𝑛𝑠𝑡.  

Substituting expansions (24) into equations (23), we obtain the following equilibrium equations 

in projections on the axis of the base circle 𝐹1𝜑 − 𝐹2 = −𝑅𝐴𝑞,                                                   (25) 𝐹2𝜑 + 𝐹1 = 0,                                                    (26) 𝐹3𝜑 = 0,                                                            (27) 𝑀1𝜑 − 𝑀2 + 𝑅(𝐹3 − 𝛽𝐹2) = 0,                                    (28) 𝑀2𝜑 + 𝑀1 + 𝑅𝛽𝐹1 = 0,                                        (29) 𝑀3𝜑 − 𝑅𝐹1 = 0.                                                  (30) 

Equation (27) and the symmetry condition imply that  𝐹3 = 0.                                                            (31) 

Equations (25), (26) yield 𝐹2𝜑𝜑 + 𝐹2 = 𝑅𝐴𝑞.                                                   (32) 

Using equations (25), (26), equation (30) is reduced to the form  𝑀3𝜑𝜑𝜑 + 𝑀3𝜑 = 𝑅2𝐴𝜑𝑞.                                         (33) 

Observe that the equation (33) coincides with the equilibrium equation of a circular ring under 

the action of variable external pressure [33]. 
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Fig. 9. The element AB of the corrugated ring (10) (�̅�, �̅�, �̅� are the vectors of internal forces, moments 

and external load; 𝐶𝐷 is the projection of the element AB onto the base circle; �̅�1, �̅�2, �̅�2 are the unit 

vectors of the tetrahedron associated with the base circle; �̅�1′ , �̅�2′ , �̅�3′  are the unit vectors of the movable 

orthogonal coordinate basis associated with the middle line of the corrugated ring: �̅�2′   - tangential, �̅�1′  
- along the main normal, �̅�3′  - along the binormal to the middle line; �̅�1′ ⊥ �̅�). 

 

6. Homogenization of equilibrium equations 

For the calculation and optimal design [34] of regularly corrugated rings, the asymptotic 

homogenization method (AHM) [35] is employed (for the case of a variable corrugation pitch, the 

modification of AHM [36] can be used). 

Let us introduce a new variable  𝜉 = 𝑛𝑓(𝜑), which is assumed to be independent on 𝜑. In what 

follows, the "fast" variable is considered on the interval (0,2π). The following differentiations rule 

holds  𝑑𝑑𝜑 = 𝜕𝜕𝜑 + 𝑛𝑓𝜑 𝜕𝜕𝜉 .                                             (34) 

The projections of the forces and moments (24) are represented as the series 𝐹𝑖 = ∑ 𝑛−𝑘𝐹𝑖𝑘(𝜑, 𝜉),       ∞𝑘=0 𝑀𝑖 = ∑ 𝑛−𝑘𝑀𝑖𝑘(𝜑, 𝜉),∞𝑘=0                             (35) 

where: 𝑖 = 1 − 3; 𝐹𝑖𝑘 , 𝑀𝑖𝑘 are the 𝜉-periodic functions with period 2𝜋. 
Substituting expansions (34)-(35) into equations (25)-(30) and assuming 𝑓′𝛽~1,  after splitting 

in powers of 𝑛−𝑘, one obtains 𝐹𝑖0𝜉 = 0; 𝑀𝑖0𝜉 = 0 ,                                                                                 (36) 𝑓𝜑𝐹11𝜉 + 𝐹10𝜑 + 𝐹20 = 𝑅𝐴𝑞,                                                   (37) 𝑓𝜑𝐹21𝜉 + 𝐹20𝜑 + 𝐹10 = 0,                                                    (38) 𝑓𝜑𝑀11𝜉 + 𝑀10𝜑 − 𝑀20 − 𝑅𝑓𝜑𝛽𝐹20 = 0,                                        (39) 
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𝑓𝜑𝑀21𝜉 + 𝑀20𝜑 + 𝑀10 + 𝑅𝑓𝜑𝛽𝐹10 = 0,                                        (40) 𝑓𝜑𝑀31𝜉 + 𝑀30𝜑 − 𝑅𝐹10 = 0,                                                (41) 

where: 𝛽 = 𝑧𝜉;  𝐴 = √1 + (𝑛𝑓𝜑𝛽)2 . 
Equations (36) yield 𝐹𝑖0 = 𝐹𝑖0(𝜑),     𝑀𝑖0 = 𝑀𝑖0(𝜑).                                         (42) 

In what follows we apply to equations (38)-(42) the averaging operator  ∫ (⋯ )𝑑𝜉2𝜋0 , considering 

periodicity in 𝜉 expansions (35), and we get 𝐹10𝜑 − 𝐹20 = −𝑅𝑎𝑞,                                                       (43) 𝐹20𝜑 + 𝐹10 = 0,                                                                (44) 𝑀10𝜑 − 𝑀20 = 0,                                                             (45) 𝑀20𝜑 + 𝑀10 = 0,                                                             (46) 𝑀30𝜑 − 𝑅𝐹10 = 0,                                                           (47) 

where 𝑎(𝜑) = 12𝜋 ∫ 𝐴𝑑𝜉 .2𝜋0  

From equations (43)-(46) one obtains 𝐹20𝜑𝜑 + 𝐹20 = 𝑅𝑎𝑞,                                                           (48) 𝑀10 = 𝑀20 ≡ 0.                                                                (49) 

In the future, without loss of generality, we restrict ourselves to a sinusoidal corrugation, and 

hence 𝑎(𝜑) = 2𝜋 √1 + 𝑚2 𝐸(𝑠),                                            (50) 

where 𝑚 = 𝑛ℎ𝑓𝜑;  𝐸(𝑠) - complete elliptic integral of the second kind, 𝑠2 = 𝑚21+𝑚2 . 
Expanding 𝐸(𝑠) in powers of s, we obtain 𝑎(𝜑) = 4√1 + 𝑚2 (1 − 14 𝑚21+𝑚2 + 𝑂(𝑠4)).                               (51) 

For the considered example of function (13), taking into account the constraint (14), expression 

(51) can be expanded in powers 𝛼 ≪ 1. Restricting ourselves to the first two terms of the expansion, 

we obtain 𝑎(𝜑) = 𝑎0 + 𝛼𝑎1 (5𝜑4 − 20𝜋𝜑3 + 20𝜋𝜑2 + 40𝜋2(𝜋 − 1)𝜑 + 403 𝜋3 − 16𝜋4 + 1𝛼), (52) 

where 𝑎0 = √1 + ℎ̂2 (1 − 14 ℎ̂21 + ℎ̂2) , 𝑎1 = 12 √1 + ℎ̂2 (1 − 12 ℎ̂21 + ℎ̂2) ℎ̂2(1 + ℎ̂2)2 , ℎ̂ = 𝑛ℎ. 
We substitute expression (52) into (48) and write out the general solution of the resulting 

equation 
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𝐹20 = 𝐶1𝑐𝑜𝑠(𝜑) + 𝐶2𝑠𝑖𝑛(𝜑) + 𝑅𝑞(𝑎0 + 𝑎1(1 + 𝛼3 (−48𝜋4 + (40 + 120𝜑)𝜋3 − 120𝜋2𝜑 +(360𝜑 − 60𝜑3 + 60𝜑2 − 120)𝜋 + 360 − 180𝜑2 + 15𝜑4)),                                                    (53) 

where 𝐶1, 𝐶2 are integration constants determined from the condition 𝑞 = 0, 𝐹20 ≡ 0. 

From here we have 𝐶1 = 𝐶2 = 0.                                                               (54) 

Using expressions (53)-(54), from equations (44), (47), we find that 𝐹10 = −𝛼𝑅𝑞𝑎1𝑎2,                                                           (55) 𝑀30 = −𝛼𝑅2𝑞𝑎1𝑎2,                                                        (56) 

where: 𝑎2 = 20(2𝜋3 − 2𝜋2 + (6 − 3𝜑2 + 2𝜑)𝜋 − 6𝜑 + 𝜑3). 

Thus, for the considered corrugation with a variable pitch (13), the main internal force factor is 

the force directed tangentially to the circle (53), other force factors are equal to zero or are values of 

a smaller order of smallness with respect to the value 𝛼 (55)-(56). It is important to notice that the 

resulting expressions (54)-(56) satisfy the conjugation conditions of the following form (𝐹20, 𝐹10, 𝑀30 )𝜑=0 = (𝐹20, 𝐹10, 𝑀30 )𝜑=2𝜋,                             (57) 

and smoothness conditions (𝐹20𝜑 , 𝐹10𝜑, 𝑀30𝜑 )𝜑=0 = (𝐹20𝜑 , 𝐹10𝜑 , 𝑀30𝜑  )𝜑=2𝜋.                     (58) 

Conditions for smooth conjugation of expressions for internal force factors (57)-(58) are one of 

the criteria for choosing the function (13).  

Fig. 10 presents the change of 𝐹20 (53)  in comparison with the change in the corrugation step 

for function (13) at ℎ̂ = 0.8;  𝛼 = 0.0005; line 2 - reamer of the corrugated ring. 

 

Fig. 10. Magnitude dependency − 𝐹20 𝑅𝑞  (54) (green curve) from the change in the corrugation step for 

the function (13) of the sinusoidal corrugation at 𝑛 = 8; ℎ̂ = 0.8;  𝛼 = 0.0005; red curve - corrugated 

ring reamer. 
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Thus, with a decrease (increase) in the corrugation pitch, the value of 𝐹20 increases (decreases). 

 

7. Displacement and strain equations 

The deformation of the axial line of the corrugated ring is considered in a linear formulation. Let, as 

a result of deformation, the points of the axial line receive small displacements 𝑈𝑖(𝜑) ≪ 𝑅   in the 

basis associated with the circle (Fig. 5). Then the radius vector of the axial line after deformation can 

be written as �̃� = 𝑅((1 + 𝑢1)�̅�1(𝜑 + 𝑢2) + (𝑧(𝜑 + 𝑢2) + 𝑢3)�̅�3(𝜑 + 𝑢2)),         (59) 

where 𝑢𝑖 = 𝑈𝑖𝑅  ≪ 1. 

Expanding the functions in (59) in powers of 𝜑 and leaving only the linear terms, we obtain �̃� = 𝑅((1 + 𝑢1)�̅�1 + 𝑢2�̅�2 + (𝑧 + 𝛽𝑢2 + 𝑢3)�̅�3).                            (60)  

Substituting the expression for the radius vector (60) into formula (17) and restricting ourselves 

to linear terms, we find 𝑑�̃� = |�̃�𝜑|𝑑𝜑 = 𝑅𝐴√1 + 2𝐴2 (𝑢1 + 𝑢2𝜑 + 𝛽(𝑢3𝜑 + 𝛽𝜑𝑢2 + 𝛽𝑢2𝜑)) 𝑑𝜑.    (61) 

Let us assume that the linear deformation of the ring under the action of a distributed load q 

(Fig. 5) occurs only due to bending, then  𝑑�̃� =  𝑑𝑠 and 𝑢1 + 𝑢2𝜑 + 𝛽(𝑢3𝜑 + 𝛽𝜑𝑢2 + 𝛽𝑢2𝜑) = 0.                              (62) 

Let us assume that the basic round ring (Fig. 4) deforms inextricably with the axial line, and 

find the relationship between its radial deformation 𝜀 = 2𝜋𝑅−2𝜋(𝑅−𝑢1)2𝜋𝑅 = 𝑢1𝑅                                                   (63) 

and the value of external pressure 𝑞. Since the force 𝐹20 (53) is the main force factor for the considered 

external load, to assess the effect of a variable corrugation pitch on the radial stiffness of the ring, we 

restrict ourselves to the analysis of deformation (63). 

The main step in AHM is to solve the problem on the cell, i.e. tasks on a periodically repeating 

representative element. With a sufficiently large number of corrugation waves, the curvature of the 

ring can be neglected in the cell problem. This allows using the solution of the problem obtained for 

corrugated rods in [24]. 

As a result, taking into account the condition of non-extensibility of the axial line (62), we get 

the dependence between the force 𝐹20   and the deformation of the base circle 𝐹20 = 𝜖−1𝑢20𝜑,                                                     (64)  

where 𝜖 = ℎ2𝐸𝐼 12𝜋 ∫ 𝑧2𝐴𝑑𝜉 ,2𝜋0                                                  (65) 
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and E is the elastic modulus of the material while I is the moment of inertia transverse cross-section 

of the stent fibres. Equating the tangential (63) and axial (64) deformations, we obtain the dependence 

of the radial displacement 𝑢1 on the corrugation pitch at a uniform external pressure 𝑢1 =  𝜖𝑅𝐹20.                                                      (66) 

For the considered function (13), expanding expression (65) in powers 𝛼 and substituting the 

expression (53), (54) into (66), restricting ourselves to terms of zero and first degree 𝛼, we get (𝑛 =8; ℎ̂ = 0.8) 𝑢1 = ℎ2𝑅2𝑞𝐸𝐼 (0.62 + 𝛼(0.94𝜑4 − 11.84𝜑3 + 5.36𝜑2 + 200.08𝜑 − 216.47)).     (67) 

Figure 11 reports the radial deformation (67) at 𝛼 = 0.0004 and for 𝛼 = 0 (deformation of the 

ring with a constant corrugation pitch of the same length of the axial line). The development of these 

deformations is combined with the development of the axial line of the corrugation. Note that for 𝛼 =0 deformation (66) coincides with the expression obtained in [33].  

 

Fig. 11. Radial deformation (67)  𝑘𝑢1/ ℎ2𝑅2𝑞𝐸𝐼  (red line); blue line - regular corrugation deformation 

(𝛼 = 0)  the same perimeter; black line – base circle (𝑅 = 1, 𝑛 = 8, ℎ̂ = 0.8, 𝛼 = 0.0004, 𝑘 = 0.5).   
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Fig. 12. Deformation sweeps 𝑘𝑢1/ ℎ2𝑅2𝑞𝐸𝐼  at different values of the coefficient 𝛼: 1 − 0.0005; 2 −0.0006; 3 − 0.0008. 
 

It follows from Fig. 12 that a decrease in the corrugation pitch reduces the radial rigidity of the 

corrugated ring. At the same time, this decrease is significantly affected by the value of the coefficient 𝛼. It follows from expression (67) that for the considered function (13) the greatest (least) radial 

stiffness 𝑔(𝜑) has a corrugated ring with a variable pitch at  𝑔𝑚𝑎𝑥 = 𝑔(0),                                                       (68) 𝑔𝑚𝑖𝑛 = 𝑔(𝜋).                                                       (69) 

It should be emphasized that the conditions (68)-(69) are important in the orientation of the 

stent in relation to the vascular plaque. 

 

8. Evaluation of the effectiveness of the use of variable pitch corrugations  

Consider the radial deformation of a corrugated ring with a variable pitch (13) under the action of an 

uneven external load (8). Let us combine the points of maximum radial stiffness of the corrugated 

ring (68) and the maximum intensity of the load (7). To do this, turn the corrugated ring (Fig. 6a) 

through an angle equal to 𝜋. New function 𝑓 in this case, it can be found by expanding the expression  1𝑓𝜑  in powers of 𝛼,  restricting ourselves to terms no higher than the first degree, and integrating the 

resulting expression 𝑓 = 𝜑 − 𝛼 (𝜑5 − 5𝜋𝜑4 + 203 𝜑3 − 83 𝜋4𝜑) .                                   (70)  

The reamer of the plaque (5) and the corresponding corrugation of the stent (70) are shown in 

Fig. 13.      
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Fig. 13. Plaque reamer (5) and corresponding stent corrugation (70) for 𝑎 = 0.003, 𝑒 = 0.01, ℎ =0.1, 𝛼 = 0.0025. 

 

To assess the effectiveness of the use of a variable pitch corrugation, we restrict ourselves to 

radial deformation caused by the main internal force factor 𝐹20. Substituting expressions for external 

load (7) and function (70) into equation (48), after integration, and using expression (66), we can 

obtain an expression for 𝑢1𝑐 governing radial deformation at a variable corrugation pitch, which is 

not shown due to its cumbersomeness. Fig. 14 shows a comparison of deformation 𝑢1𝑐 and 𝑢1, i.e. 

deformation of a regularly corrugated ring of the same perimeter, for the following fixed parameters: 𝑅 = 1, 𝑎 = 0.003, 𝑑 = 0.01, 𝑛 = 8, ℎ̂ = 0.8, 𝛼 = 0.0008, 𝑘 = 0.5. 

 

Fig. 14. Comparison of radial deformation at a variable pitch of the ring (13) corrugation (green line) 

and deformation of a regularly corrugated ring of the same perimeter (black line) for 𝑅 = 1, 𝑎 =0.003, 𝑑 = 0.01, 𝑛 = 8, ℎ̂ = 0.8, α = 0.0008, 𝑘 = 0.5, �̂�1 = 𝑘𝑢1ℎ2𝑅2𝑞𝐸𝐼 , �̂�1𝑐 = 𝑘𝑢1сℎ2𝑅2𝑞𝐸𝐼  . 
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Thus (Fig. 14), the use of a corrugation with a variable pitch (70) reduces the deformation in 

the more loaded part of the ring, but increases it in the less loaded one. The latter fact reduces the 

efficiency of variable pitch corrugation. 

Figure 15 presents the dependence of the deformation of a corrugated ring with a variable 

pitch (Figure 14) versus the value of the coefficient α. 

 

Fig. 15. Dependence of the deformation of a corrugated ring with a variable pitch (Fig. 14) with 

respect to the value of the coefficient 𝛼:   0.0008 (green line); 0.0006 (blue line); 0.0004 (yellow 

line); 0 (black line). 

 

The case study of vascular stents is to provide a lumen for the flow of blood after ballooning. 

Therefore, the effectiveness of the stent can be assessed by the area of this lumen after deformation. 

Let us compare the areas bounded by the deformation lines of a corrugated ring with a variable step 𝑆с and regularly corrugated 𝑆. Figure 16 shows the dependence of the relative increase in clearance, 

which provides a corrugated ring with a variable pitch in relation to a regularly corrugated (∆=𝑆с−𝑆𝑆 100%)  on the value of the step factor 𝛼 (70). 
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Fig. 16. The dependence of the relative increase in the clearance, which provides a corrugated ring 

with a variable pitch in relation to a regularly corrugated (∆= 𝑆с−𝑆𝑆 100%) on the value of the 

coefficient 𝛼 (70).  

     

Thus, a stent with variable-pitch corrugated rings is more effective than a stent with regularly 

corrugated ones. 

 

9. Concluding remarks  

A possible design of a patient-specific vascular stent is analyzed, taking into account the geometry of 

vascular plaques. It is found that an integral element of many types of stents is a corrugated ring. It is 

proposed to replace the corrugation with a constant pitch to corrugations with variable step. The goal 

is widening of the lumen of blood vessels. The function that describes the variability of corrugations 

pitch is derived. It is shown that the proposed modification of corrugation can be more effective than 

the known standard design of vascular ring stents. 
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