
Conformal Vector Fields on F-cosymplectic
Manifolds
Arpan Sardar  (  arpansardar51@gmail.com )

University of Kalyani
Uday Chand De 

University of Calcutta

Research Article

Keywords: f-cosymplectic manifolds, conformal vector �elds, homothetic vector �elds, in�nitesimal strict
contact transformation, η-Ricci-Yamabe solitons

Posted Date: June 16th, 2022

DOI: https://doi.org/10.21203/rs.3.rs-1757205/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1757205/v1
mailto:arpansardar51@gmail.com
https://doi.org/10.21203/rs.3.rs-1757205/v1
https://creativecommons.org/licenses/by/4.0/


CONFORMAL VECTOR FIELDS ON f-COSYMPLECTIC

MANIFOLDS

ARPAN SARDAR* AND UDAY CHAND DE

Abstract. In this paper, at first we characterize f -cosymplectic manifolds
admitting conformal vector fields. Next, we establish that if a 3-dimensional
f -cosymplectic manifold admits a homothetic vector field V, then either the
manifold is of constant sectional curvature −f̃ or, V is an infinitesimal contact
transformation. Furthermore, we also investigate η-Ricci-Yamabe soliton with
conformal vector fields on f -cosymplectic manifolds. At last, two examples are
constructed to validate our outcomes.

1. Introduction

A vector field V on a Riemannian manifold satisfying the equation

£Vg = 2σg, (1.1)

σ being a smooth function and £ is the Lie-derivative, is called a conformal
vector field (briefly, CV F ). If V is not Killing, it is termed as non-trivial. If
σ vanishes, then the CV F V is named Killing. V is called homothetic, if σ is
constant. A finite dimensional Lie algebra is formed by the sets of all proper
CV F and all Killing vector fields on a manifold. Although homothetic vector
fields form a group, the Lie algebra structure does not. CV F have been studied
by many authors such as ([8]-[12], [14], [19]-[21]) and many others.

Killing, conformal and homothetic vector fields have wide applications in dif-
ferential geometry as well as in mathematical physics.

If r, R, S indicate the scalar curvature, the curvature tensor and the Ricci
tensor, respectively, then the CV F V satisfies the followings[23]

(£V∇)(U1, V1) = (U1σ)V1 − (V1σ)U1 − g(U1, V1)Dσ, (1.2)

(£VR)(U1, V1)W1 = g(∇U1
Dσ,W1)V1 − g(∇V1

Dσ,W1)U1 (1.3)

+g(U1,W1)∇V1
Dσ − g(V1,W1)∇U1

Dσ,

(£VS)(U1, V1) = −(2m− 1)g(∇U1
Dσ, V1)− (△σ)g(U1, V1), (1.4)

£Vr = −4m(△σ)− 2rσ (1.5)

for all vector fields U1, V1,W1 on N2m+1, where Dσ and △σ = divDσ respectively
denote the gradient and Laplacian of σ.

0The Mathematics subject classification 2010: 53C15, 53C25.
Key words and phrases : f -cosymplectic manifolds, conformal vector fields, homothetic vector
fields, infinitesimal strict contact transformation, η-Ricci-Yamabe solitons.
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A vector field V satisfying the relation

£Vη = ρη, (1.6)

ρ being a scalar function, is named an infinitesimal contact transformation. It is
named as infinitesimal strict contact transformation, if ρ vanishes identically.

In [19], Sharma and Blair characterized (k, 0)-contact manifolds admitting a
non-Killing CV F . Also in 2010, Sharma and Vrancken[21] investigated (k,µ)-
contact metric manifolds admitting non-Killing CV F . Very recently, De, Suh and
Chaubey[8] studied CV F on almost co-Kähler manifolds. In 2022 [22], Wang in-
vestigated almost Kenmotsu (k,µ)′-manifolds with CV F in dimension three.

Inspired by the foregoing studies we are interested to investigate CV F on f -
cosymplectic manifolds.

The current article is assembled as:
After a brief preliminaries, in Section 3, we investigate CV F in f -cosymplectic
manifolds. In Section 4, we study homothetic vector field V in a 3-dimensional
f -cosymplectic manifold. Next, in Section 5, we also investigate η-Ricci-Yamabe
soliton with conformal vector fields on f -cosymplectic manifolds. Lastly, two
examples are constructed.

2. Preliminaries

Let N2m+1 be an almost contact manifold ( in short, acm) endowed with a
triplet of almost contact structure (φ, ζ,η), where ζ is the reeb vector field, φ is
a (1, 1)-type tensor and η is 1-form, satisfying [2]

φ2V1 = −V1 + η(V1)ζ, η(ζ) = 1 (2.1)

for any vector field V1 and equation (2.1) immediately reveals that rank(φ) = 2m,
φ(ζ) = 0 and η ◦ φ = 0.

If N2m+1 admits a Riemannian metric g such that

g(φU1, φV1) = g(U1, V1)− η(U1)η(V1), g(V1, ζ) = η(V1) (2.2)

for any vector fields U1, V1, then N2m+1 is named as an almost contact metric
manifold (briefly, acmm).

A structure, named almost complex structure J on N× R is given as

J (V1, b
d

ds
) = (φV1 − bζ,η(V1)

d

ds
),

where (V1, b
d
ds
) indicates a tangent vector on N×R, V1 and b d

ds
being tangent to

N and R respectively. An acmm becomes normal if the structure J is integrable
[16].

Let us define Φ(U1, V1) = g(φU1, V1) for all U1, V1 ∈ χ(N). Then Φ is called
the fundamental 2-form on N. If the 1-form η and the fundamental 2-form Φ
are closed, then an acmm is said to be almost cosymplectic and if the acmm is
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normal then it is said to be cosymplectic. For a non-zero constant β, an acmm
is said to be an almost β-Kenmotsu if η is closed and dΦ = 2βη ∧ Φ. If β ∈ R,
then an acmm is called an almost β-cosymplectic[15]. In 2014, Aktan et. al.[1]
extended the notion of almost β-cosymplectic manifold and introduced an almost
f -cosymplectic manifold as an acmm such that dΦ = 2fη ∧ Φ and dη = 0 for
a smooth function f . If an almost f -cosymplectic manifold is normal then it is
said to be f -cosymplectic manifold (in short, f -cm).

For an acmm we define h = 1

2
£ζφ. For a normal f -cm, h = 0. The Levi-Civita

connection ∇ is given by [1]

(∇U1
φ)V1 = f [g(φU1, V1)ζ − η(V1)φU1]. (2.3)

On a f -cm N2m+1, the following relations hold[1]:

∇V1
ζ = −fφ2V1, (2.4)

R(U1, V1)ζ = f̃ [η(U1)V1 − η(V1)U1], (2.5)

Qζ = −2mf̃ζ, (2.6)

the Ricci operator Q is defined by S(U1, V1) = g(QU1, V1) and f̃ = ζf + f 2.

Lemma 2.1 ([6]). If ζ(f̃) = 0 in a f -cm, then f̃ = constant.

Lemma 2.2 ([6]). If a f -cm with ζ(f̃) = 0 is compact, then it becomes an

α-cosymplectic manifold. In particular, if f̃ = 0, then N is cosymplectic.

Remark 1 ([2]). A cm is locally the product of a Kahler manifold and an interval
or unit circle S1.

Lemma 2.3 ([6]). For a three-dimensional f -cm, we have

QV1 = (f̃ +
r

2
)V1 + (−3f̃ −

r

2
)η(V1)ζ (2.7)

and hence

S(U1, V1) = (f̃ +
r

2
)g(U1, V1)− (3f̃ +

r

2
)η(U1)η(V1). (2.8)

3. Conformal vector fields on f-cosymplectic manifolds

Let the Reeb vector field ζ be a CV F on N2m+1. Then equation (1.1) implies

(£ζg)(U1, V1) = 2σg(U1, V1), (3.1)

which means that

g(∇U1
ζ, V1) + g(U1,∇V1

ζ) = 2σg(U1, V1). (3.2)

Using (2.1) and (2.4) in (3.2), we have

f [g(U1, V1)− η(U1)η(V1)] = σg(U1, V1). (3.3)

Setting U1 = V1 = ζ in the above equation implies

σ = 0. (3.4)
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Making use of (3.4) and (3.3), we get

f [g(U1, V1)− η(U1)η(V1)] = 0, (3.5)

which means that f = 0. Therefore the manifold becomes a cosymplectic mani-
fold. Hence from Remark 1, we have:

Theorem 3.1. If the Reeb vector field ζ of N2m+1 is a CV F , then N2m+1 is
locally the product of a Kähler manifold and an interval or unit circle S1 and the
Reeb vector field ζ is Killing.

Suppose V = bζ, where b is smooth function on N2m+1. Then from (1.1), we
get

(£bζg)(U1, V1) = 2σg(U1, V1), (3.6)

which implies
g(∇U1

bζ, V1) + g(U1,∇V1
bζ) = 2σg(U1, V1). (3.7)

Using (2.4) in the above equation gives

(U1b)η(V1) + (V1b)η(U1) + 2fb[g(U1, V1)− η(U1)η(V1)] = 2σg(U1, V1). (3.8)

Putting U1 = V1 = ζ in (3.8), we provides

ζb = σ. (3.9)

Contracting (3.8) entails that
bf = σ. (3.10)

Again, putting V1 = ζ in (3.8) and using (3.9) and (3.10), we get

U1b = bfη(U1), (3.11)

which implies
db = bfη. (3.12)

Operating d on both sides of the previous equation and using Poincare Lemma(d2 ≡ 0),
we obtain

d(bf) ∧ η = 0, (3.13)

which means that

b

2
[(U1f)η(V1)− (V1f)η(U1)] +

f

2
[(U1b)η(V1)− (V1b)η(U1)] = 0. (3.14)

Using (3.11) in (3.14) gives

b[(U1f)η(V1)− (V1f)η(U1)] = 0, (3.15)

which implies
(U1f)η(V1) = (V1f)η(U1). (3.16)

Hence the above equation implies

U1f = (ζf)η(U1), (3.17)

which means that grad f is pointwise collinear with ζ. Hence we have:

Theorem 3.2. If a CV F V in N2m+1 is pointwise collinear with the Reeb vector
field ζ, then grad f is pointwise collinear with ζ.
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4. Homothetic vector fields on three-dimensional f-cosymplectic
manifolds

Let the vector field V in N3 is homothetic. Then

(£Vg)(U1, V1) = 2σg(U1, V1), (4.1)

where σ is constant, and from (1.4) and (1.5) we get

(£VS)(U1, V1) = 0 and £Vr = −2rσ. (4.2)

Definition of Lie-derivative infers that

(£Vη)U1 = £Vη(U1)− η(£VU1). (4.3)

Equation (4.1) and (4.3) together implies

η(£Vζ) = −σ and (£Vη)ζ = σ. (4.4)

From (2.7), we obtain

S(U1, V1) = (f̃ +
r

2
)g(U1, V1)− (3f̃ +

r

2
)η(U1)η(V1). (4.5)

Now, we take Lie-derivative of the equation (4.5) along the homothetic vector
field V entails that

(£VS)(U1, V1) = (Vf̃)[g(U1, V1)− 3η(U1)η(V1)] (4.6)

+
1

2
(£Vr)[g(U1, V1)− η(U1)η(V1)]

+(f̃ +
r

2
)(£Vg)(U1, V1)

−(3f̃ +
r

2
)[(£Vη)U1η(V1) + (£Vη)V1η(U1)].

Using (4.1) and (4.2) in (4.6), we provide

−(Vf̃)[g(U1, V1)− 3η(U1)η(V1)] (4.7)

+(3f̃ +
r

2
)[(£Vη)U1η(V1) + (£V η)V1η(U1)]

−2σ(f̃ +
r

2
)g(U1, V1) + rσ[g(U1, V1)− η(U1)η(V1)] = 0.

Setting V1 = ζ in (4.7) and using (4.4), we get

2(Vf̃)η(U1)− 2σ(f̃ +
r

2
)η(U1) + (3f̃ +

r

2
)[(£V η)U1 + ση(U1)] = 0. (4.8)

Putting U1 = ζ in (4.8) and using (4.4) entails that

Vf̃ = −2σf̃ . (4.9)

From the above two equations, we provide

(3f̃ +
r

2
)[(£Vη)U1 − ση(U1)] = 0, (4.10)
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which implies either 3f̃ + r
2
= 0 or, 3f̃ + r

2
6= 0.

Case I: If 3f̃ + r
2
= 0, which means r = −6f̃ . Hence (4.5) implies

S(U1, V1) = −2f̃ g(U1, V1), (4.11)

which is an Einstein manifold. In 3-dimension,

R(U1, V1)W1 = S(V1,W1)U1 − S(U1,W1)V1 + g(V1,W1)QU1 (4.12)

−g(U1,W1)QV1 −
r

2
[g(V1,W1)U1 − g(U1,W1)V1].

In view of (4.11) and (4.12), we get

R(U1, V1)W = −f̃ [g(V1,W1)U1 − g(U1,W1)V1], (4.13)

which means that the manifold is of constant sectional curvature −f̃ .

Case II: If 3f̃ + r
2
6= 0, then (£Vη)U1 = ση(U1). Hence V is an infinitesi-

mal contact transformation.
Hence we have:

Theorem 4.1. If a 3-dimensional f -cm admits a homothetic vector field V, then

either the manifold is of constant sectional curvature −f̃ or, V is an infinitesimal
contact transformation.

It is well known that a homothetic vector field on a compact manifold with
out boundary is Killing[13]. Hence from the foregoing theorem we obtain

Corollary 4.1. If a compact 3-dimensional f -cm with out boundary admits a
homothetic vector field V, then either the manifold is of constant sectional cur-

vature −f̃ or, V is an infinitesimal strict contact transformation.

5. η-Ricci-Yamabe solitons with conformal vector fields

The notion of η-Ricci-Yamabe soliton comes as a generalization of Ricci-
Yamabe soliton and is defined by [17]

£Vg + 2α1S + (2λ− β1r)g + 2νη ⊗ η = 0, (5.1)

where α1, β1,λ, ν are constant. If ν = 0, then η-Ricci-Yamabe soliton reduces to
a Ricci-Yamabe soliton and for ν 6= 0, it is called proper η-Ricci-Yamabe soliton.
This soliton turns into

(i) η-Ricci soliton if α1 = 1, β1 = 0,
(ii) η-Yamabe soliton if α1 = 0, β1 = 1,
(iii) η-Einstein soliton if α1 = 1, β1 = −1.
Several authors have studied η-Ricci solitons and Ricci-Yamabe solitons, in-

cluding ([3], [4], [5], [7], [18]) and many others.
Assume that the f -cm N2m+1 admits an η-Ricci-Yamabe soliton with CV F .

Then from (5.1) we have

(£Vg)(U1, V1) + 2α1S(U1, V1) + (2λ− β1r)g(U1, V1) + 2νη(U1)η(V1) = 0. (5.2)
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Using (1.1) in (5.2), we get

σg(U1, V1) + α1S(U1, V1) + (λ−
β1

2
r)g(U1, V1) + νη(U1)η(V1) = 0. (5.3)

Setting U1 = V1 = ζ in (5.3) entails that

σ = 2mf̃α− (λ−
β1r

2
)− ν. (5.4)

Contracting (5.3), we get

σ(2m+ 1) = −α1r − (λ−
β1r

2
)(2m+ 1)− ν. (5.5)

From (5.4) and (5.5), we obtain

2mf̃α1(2m+ 1) + α1r = 2mν. (5.6)

If we take r = constant, then (5.6) implies f̃ = constant. Therefore, the manifold
becomes an α-cosymplectic manifold.
Also, (5.6) implies

ν = α1[f̃(2m+ 1) +
r

2m
]. (5.7)

Since f̃ = constant and r = constant, then (5.5) implies σ = constant.
Hence, from (1.5) we get

σr = 0, (5.8)

which means that σ = 0. Hence V is Killing. Therefore, (5.3) implies

α1S(U1, V1) = −(λ−
β1r

2
)g(U1, V1)− νη(U1)η(V1), (5.9)

which is an η-Einstein manifold with constant coefficients.
Now, taking co-variant differentiation of (5.9), we get

α1(∇W1
S)(U1, V1) = −νf [g(U1,W1)η(V1) + g(V1,W1)η(U1) (5.10)

−2η(U1)η(V1)η(W1)].

Contracting the above equation, we get

2mνfη(V1) = 0, (5.11)

which implies either ν = 0 or, f = 0.

Case I: If ν = 0, then (5.9) implies

α1S(U1, V1) = −(λ−
β1r

2
)g(U1, V1), (5.12)

which is an Einstein manifold.

Case II: If f = 0, then the manifold becomes a cosymplectic manifold.
Hence from Remark 1, we have:

Theorem 5.1. If a f -cm with constant scalar curvature admits an η-Ricci-
Yamabe soliton with conformal vector, then either it is an Einstein manifold or,
it is locally the product of a Kahler manifold and an interval or unit circle S1.
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6. Examples

Example 1. We figure out the manifold N3 = {(x, y, z) ∈ R
3}, where (x, y, z)

are the standard coordinates in R
3. Let

z1 = ez
2 ∂

∂x
, z2 = ez

2 ∂

∂y
, z3 =

∂

∂z
(6.1)

are the linearly independent vector fields of N3[1].
Then

[z1, z2] = 0, [z1, z3] = −2zz1, [z2, z3] = −2zz2. (6.2)

Let g be the Riemannian metric identified by

g(z1, z1) = g(z2, z2) = g(z3, z3) = 1

and
g(z1, z2) = g(z2, z3) = g(z1, z3) = 0.

Let η be the one-form defined by η(V1) = g(V1, z3) for any vector field V1 on N3

and φ be the (1,1)-tensor field defined by

φz1 = z2, φz2 = −z1, φz3 = 0.

Using the above relations, we acquire

φ2V1 = −V1 + η(V1)z3, η(z3) = 1,

g(φU1, φV1) = g(U1, V1)− η(U1)η(V1) (6.3)

for any U1, V1 ∈ χ(N3). In [1], the authors proved that N3 is a f -cm.
Using Koszul’s formula we get

∇z1z1 = 2zz3, ∇z1z2 = 0, ∇z1z3 = −2zz1,

∇z2z1 = 0, ∇z2z2 = 2zz3, ∇z2z3 = −2zz2,

∇z3z1 = 0, ∇z3z2 = 0, ∇z3z3 = 0.

We can easily reach with the help of the above results

R(z1, z2)z3 = 0, R(z2, z3)z3 = (2− 4z2)z2, R(z1, z3)z3 = (2− 4z2)z1,

R(z1, z2)z2 = −4z2z1, R(z2, z3)z2 = (−2 + 4z2)z3, R(z1, z3)z2 = 0,

R(z1, z2)z1 = 4z2z2, R(z2, z3)z1 = 0, R(z1, z3)z1 = (−2 + 4z2)z3

and
S(z1, z1) = S(z2, z2) = 2− 8z2, S(z3, z3) = 4− 8z2.

We find r = 8(1− 3z2), from the above results.

LetV = (x+y)e−z2z1+(−x+y)e−z2z2, λ = 4β1−2α1−1 and ν = −2α1+1. By
direct computations equation (5.2) holds. Hence N3 defines an η-Ricci-Yamabe
soliton.

Example 2. We figure out the manifold N5 = {(x1, x2, x3, x4, x5) ∈ R
5},

where (x1, x2, x3, x4, x5) are the standard coordinates in R
5. Let

z1 = x5

∂

∂x1

, z2 = x5

∂

∂x2

, z3 = −
1

x3
5

∂

∂x3

, z4 = −
1

x3
5

∂

∂x4

, z5 =
∂

∂x5
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are the linearly independent vector fields of N5[1]. Therefore,

[z5, z1] =
1

x5

z1, [z5, z2] =
1

x5

z2, [z5, z3] = −
3

x5

z3, [z5, z4] = −
3

x5

z4.

The Riemannian metric g defined by

g(zi, zj) = 1, i = j

0, i 6= j.

Let η be the one-form defined by η(V1) = g(V1, z5) for any vector field V1 on N5

and φ be the (1,1)-tensor field defined by

φz1 = z3, φz2 = z4, φz3 = −z1, φz4 = −z2, φz5 = 0.

Using the above relations, we acquire

φ2V1 = −V1 + η(V1)z5, η(z5) = 1,

g(φU1, φV1) = g(U1, V1)− η(U1)η(V1) (6.4)

for any U1, V1 ∈ χ(N5). In [1], the authors proved that N5 is a f -cm with
f = 1

x5

.
Using Koszul’s formula we get

∇z1z1 =
1

x5

z5, ∇z1z2 = 0, ∇z1z3 = 0, ∇z1z4 = 0, ∇z1z5 = −
1

x5

z1,

∇z2z1 = 0, ∇z2z2 =
1

x5

z5, ∇z2z3 = 0, ∇z2z4 = 0, ∇z2z5 = −
1

x5

z2,

∇z3z1 = 0, ∇z3z2 = 0, ∇z3z3 = −
3

x5

z5, ∇z3z4 = 0, ∇z3z5 =
3

x5

z3,

∇z4z1 = 0, ∇z4z2 = 0, ∇z4z3 = 0, ∇z4z4 = −
3

x5

z5, ∇z4z5 =
3

x5

z4,

∇z5z1 = 0, ∇z5z2 = 0, ∇z5z3 = 0, ∇z5z4 = 0, ∇z5z5 = 0.

We can easily reach with the help of the above results

R(z1, z2)z2 = −
1

x2
5

z1, R(z1, z3)z3 =
3

x2
5

z1, R(z1, z4)z4 =
3

x2
5

z1, R(z1, z5)z5 = −
2

x2
5

z1,

R(z1, z2)z1 =
1

x2
5

z2, R(z1, z3)z1 = −
3

x2
5

z3, R(z1, z4)z1 = −
3

x2
5

z4, R(z1, z5)z1 =
2

x2
5

z5,

R(z2, z3)z3 =
3

x2
5

z2, R(z2, z4)z4 =
3

x2
5

z2, R(z2, z5)z5 = −
2

x2
5

z2, R(z3, z4)z4 = −
9

x2
5

z3,

R(z3, z5)z5 = −
6

x2
5

z3, R(z4, z5)z5 = −
6

x2
5

z4, R(z2, z5)z2 =
2

x2
5

z5, R(z4, z5)z4 =
6

x2
5

z5,

R(z3, z5)z3 =
6

x2
5

z5, R(z5, z3)z5 =
6

x2
5

z3, R(z2, z4)z2 = −
3

x2
5

z4, R(z2, z3)z2 = −
3

x2
5

z3

and

S(z1, z1) = S(z2, z2) =
3

x2
5

, S(z3, z3) = S(z4, z4) = −
9

x2
5

, S(z5, z5) = −
16

x2
5

.
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Hence,

r = S(z1, z1) + S(z2, z2) + S(z3, z3) + S(z4, z4) + S(z5, z5) = −
28

x2
5

.

Let V = 3α1

x2

5

z5 and 19α1 − 14β1 = 0, λ + ν = 0. By direct computations

equation (5.2) holds. Hence N5 defines an η-Ricci-Yamabe soliton.
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