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Abstract

Many methods exist for controlling or estimating the false discovery rate

(FDR), which is the mean of the false discovery proportion (FDP). However,

in the presence of correlation between the test statistics, the FDP may show

considerable variation between repeated experiments. Here we first provide

an intuitive explanation for this phenomenon by demonstrating an increased

sampling variability of the test statistics when tests are dependent. Next, we

propose an empirical Bayes solution based on resampling techniques that is

applicable to many types of test statistics, and allows to estimate the null

distribution more precisely. This reduces the variability of the FDP and even

yields an increase in sensitivity. Furthermore the implicit assumptions made

by empirical Bayes approaches to false discovery rate estimation are

explored. We demonstrate our approach on the differential expression

problem in RNA-sequencing, and on a data integration problem of

microbiome sequence count and flow cytometry data, where the test

statistics are correlated by design. Our algorithm is available as the

R-package reconsi.

Keywords: Correlation; Flow cytometry; Microbiome; Null distribution;

Resampling; Simultaneous inference

1 Introduction

In contemporary biological research, often hundreds to thousands of features are measured

on a smaller number of samples. Statistical hypotheses are then tested on each of these

features, posing a huge multiple testing problem. Limiting the probability of making at

least one false rejection (the family-wise error rate, FWER) would require very conserva-

tive tests. For that reason, the quantity of choice to control is the number of false rejections

among all rejections: the false discovery proportion (FDP) [1]. Different successful strate-

gies have been developed to control or estimate the expected FDP over many experiments,

which is called the false discovery rate [1, 2]. For biological or technical reasons, the test

statistics of the different features may be correlated. In this article we consider the mo-

tivating example of differential absolute abundance testing in microbiomics. There, test

statistics are correlated because they make use of the same estimate of total cell concen-

tration for all features. Also correlations between the features in omics datasets, e.g. gene

co-expression networks in transcriptomics, can introduce correlation between test statis-

tics. This correlation has the undesirable consequence of inflating the variability of the

FDP [3, 4]. This means that even though on average the false discovery rate is controlled
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at a preset level, the outcome of the analysis of a single experiment can be overly conser-

vative, or worse, overly liberal. Past research efforts for inference under dependence often

focused on the correlation structure of the test statistics [3, 5–8]. A common approach is

then to find a low dimensional approximation of this correlation structure, and correct for

it to eliminate the effect of the dependence. Still, many results only hold for linear models

[6, 7], limiting their applicability. Some methods even require the correlation structure of

test statistics to be known [5]. In other cases, this correlation structure needs to be esti-

mated from the data [3, 8, 9], which can be challenging for high-dimensional, non-normal

data. Another stream of publications provides expressions to estimate the FDP of a single

experiment and its variance directly [5, 10]. Still, no algorithm or software implementation

to tackle the variability of the FDP in a general setting is available.

Another important proposal is to use a custom estimator of the null distribution of all test

statistics combined, when the test statistics are correlated [3, 11]. These publications cham-

pion the estimation of an empirical, univariate null based on the central part of the his-

togram of the observed test statistics. Performing inference based on this empirical null

is then another way of conditioning on the given experiment and reducing instability of

statistical inference. Yet the definition of “central” test statistics is somewhat arbitrary, and

the procedure may break down when too many null hypotheses are false. In addition, the

conditions for modelling all test statistics of a single experiment through a univariate dis-

tribution have not been thoroughly explored. Another suggestion is to estimate the null

distribution after Fourier transformations, using characteristic functions [12].

Permutations have often been used for multiplicity correction, as they can provide addi-

tional information on the joint null distribution. A well known example in the context of

-omics data is the SAM method, which uses permutations for estimating the false discovery

rate for a given significance threshold [13, 14]. [3] mentioned the use of permutations for

the estimation of a conditional false discovery rate, but only for binned test statistics and

without explicit estimation of the null distribution. [15] used the posterior probabilities

of false findings, estimated through the empirical Bayes framework of [2], as weights in

several multiplicity correction methods. One of their applications is to downweigh permu-

tation test statistics from non-null features in the estimation of the overall null distribution,

because these non-null features would have a more dispersed permutation distribution. This

idea is somewhat similar to the one presented here, although we do not pool the test statis-

tics from all permutations. Rather, we treat every permutation instance separately, which

will allow us to account for correlation between test statistics.

The organisation of this article is as follows: Section 2 discusses the problem of the inflated

variability of the FDP in the presence of correlation. Section 3 explores the conditions for

univariate normality of the null distribution, and then outlines our empirical Bayes strat-

egy for estimating this null distribution through resampling. Next, a small simulation study

is presented to demonstrate the efficacy of our method. In Section 4, case studies on mi-

crobiomics and transcriptomics data are presented, including realistic simulation studies

and real data analyses. Section 5 contemplates on some of the key points and provides an

outlook for the future.

2 Multiple testing with correlated test statistics
2.1 Multiple testing

Suppose a large number (p) of features is measured for a smaller number (n) of samples.

These features may be gene expressions, species abundances, substrate concentrations or
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others. These measurements result in an n × p matrix Y, with element yij the observed

value of feature j in sample i. In addition, an n×d matrix X may be available with baseline

sample variables, e.g. treatment group or a continuous covariate. Frequently, the scientific

question is to test a statistical hypothesis Hj on every feature j, i.e. on every vector y.j .

This statistical hypothesis may either only involve y.j , or relate to the association of y.j

with one or more variables from X. Whichever statistical test is used, the resulting test

statistic can often be converted to a z-statistic through

Zj = Φ−1
(
Dj(Tj)

)
, (1)

where Dj is the distribution function of test statistic Tj under null hypothesis Hj and Φ−1

is the standard normal quantile function. Statistical testing then proceeds by comparing the

observed z-statistic Zj with the quantiles of the standard normal distribution, and rejecting

the j-th null hypothesis at the significance level α when |Zj | > Φ−1(1 − α/2). Simply

performing each individual test at the α significance level leads to many false positives.

This is the multiple testing problem. Several procedures have been developed to control

some risk of false rejections. Call R the total number of hypotheses that are rejected (the

”discoveries”), of which V are in fact true null hypotheses. Call p0 the number of true null

hypotheses and π0 = p0

p the fraction of true null hypotheses. One popular risk measure is

the family-wise error rate (FWER), which is defined as the chance of having at least one

false positive: P(V ≥ 1). Yet methods controlling the FWER typically have small sensitivity

when p is large. As an alternative, [1] defined the false discovery proportion (FDP):

FDP =
V

R
. (2)

It is the fraction of the number of rejected null hypotheses R for which the null hypothesis

is in reality true, and it is set to 0 when R=0 by convention. The FDP is a random variable,

whose realization is unique to every experiment. In experiments where many hypotheses

are being tested (p large), controlling the expected FDP is much less conservative than

controlling the FWER. Rather than limiting the probability of making at least one false

discovery, the researcher accepts a small but controlled proportion of false findings among

the discoveries. The expected FDP is commonly called the false discovery rate (FDR).

Throughout the literature, slightly different definitions of the FDR exist (see [16] for an

extended discussion). [1] defined the FDR as

FDR = E(FDP |R > 0)P (R > 0). (3)

The factor P(R>0) implies that the FDP is considered to be zero when no discoveries are

made (R = 0). [16] defined the marginal FDR (mFDR) as

mFDR = E(V )/E(R). (4)

Definition (4) was rejected by [1] because it would be impossible to control the false

discovery rate when p0 = p [4]. Still, the case p0 = p is very unlikely for large p [17]. The

relationship between both quantities is given by [18]

E(V )

E(R)
= E (FDP ) +

Cov (FDP,R)

E(R)
, (5)
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and hence the FDR and the mFDR are only equivalent when the FDP and the total num-

ber of rejections R are independent. The method that we will present greatly reduces this

dependence Cov (FDP,R), almost equalizing FDR and mFDR and thus allowing both to

be controlled at a prespecified level. Moreover, our method reduces the variance of the FDP

as compared to many competitor methods.

2.2 A mixture model for estimating the false discovery rate

Different procedures have been developed to control or estimate the false discovery rate.

[1] proposed a step-down method based on p-values that guarantees control of the FDR.

[19] extended this procedure to make it work for any form of dependence between the p-

values. [2] proposed a procedure to estimate the probability of a false discovery given the

observed test statistic, P (H0 is true|Z = z). It is known as the local false discovery rate

or fdr. Their method is based on the premise that the observed test statistics in a single

experiment are drawn from a mixture distribution of null and non-null densities:

f(z) = π0h(z) + (1− π0)a(z), (6)

where h(z) is the density of the null distribution, a(z) is the density of the test statistics

under false null hypotheses and π0 is the proportion of null hypotheses that are true. The

fdr can then be estimated directly by invoking Bayes’ theorem:

fdr(z) = P (H0 is true|Z = z)

=
g(z|H0)P (H0 is true)

g(z)
=

h(z)π0

f(z)
.

(7)

The corresponding tail-area false discovery rate (Fdr) reflects the false discovery rate when

declaring tests with z-values falling below a certain threshold significant, and is defined (for

z-values lying in the lower tail) as:

Fdr(z) = P (H0 is true|Z ≤ z) =
H(z)π0

F (z) (8)

We can see that when rejecting all hypotheses for which Z ≤ z, H(z)π0 = E(V) and

F(z) = E(R) (note that R is random since we fix the desired FDP, such that the number of

rejections R varies across experiments). Hence the tail-area false discovery rate agrees with

the mFDR [3].

2.3 Dependence inflates the variability of the false discovery proportion

In genomics applications, the test statistics are often correlated. This correlation may result

from associations between the columns of Y, e.g. due to co-expression of certain genes.

In microbiome studies correlations may be caused by microorganisms living in the same

niche. Alternatively, the common dependence of the test statistics on a matrix of regressors

X or another common factor may engender some correlation between test statistics. What-

ever its source, the dependence between the test statistics inflates the variability of the FDP

[3, 4], as shown in Figure 1. The dependence also causes the FDR and mFDR to diverge,

as the FDP tends to be higher when more discoveries are made (see Figure S1).
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An explanation for the large variance of the FDP lies in the greater within-experiment

variability of the test statistics under the null hypothesis in the presence of correlation. This

is illustrated in Figure 2. When the null z-values within an experiment are dispersed and/or

shifted with respect to the standard normal density, many of them are declared significant

when the standard normal distribution is assumed for h(z), resulting in a FDP larger than

the nominal level. Conversely, when the null z-values are less variable than expected under

the standard normal, there are less extreme test statistics and the FDP is lower than the

nominal level. This phenomenon also explains the divergence between the FDR and the

mFDR. When the z-values are dispersed and/or off center, many discoveries R are made, of

which many are false (FDP = V/R large). Hence the dependence between test statistics

leads to Cov(FDP,R) > 0, such that mFDR > FDR according to (5). This implies that

discoveries in an experiment with many discoveries are less reliable than those from an

experiment with few discoveries, which is not desirable.

Ideally, one would want a multiplicity correction method for which 1) the FDP varies

little around the nominal false discovery rate and 2) if the FDP varies, it does so indepen-

dently from the total number of discoveries such that FDR = mFDR.

3 An empirical Bayes resampling method for reducing the
variance of the false discovery proportion

3.1 The univariate normality null model

We start by formulating the statistical model which forms the basis of empirical Bayes

methods for false discovery rate estimation. First, we explore the conditions under which

the vector of test statistics for which the null hypothesis holds true, which is denoted by

Z0, can be approximated by a univariate normal distribution h in the mixture distribution

(6). Next we demonstrate that the mean and the variance of this normal distribution vary

between repeated experiments, motivating the estimation of these two parameters.

We assume that the vector Z0 has a joint multivariate normal distribution with mean zero

and covariance matrix Σ0 with all diagonal elements equal to one. Thus all individual test

statistics in Z0 have a marginal standard normal distribution, but they may be correlated.

This statement holds over repeated experiments. Suppose now that there exists an underly-

ing latent variable that varies between experiments. This latent variable may be e.g. related

to particular conditions in the lab, to sample preparation, or to a variable common in the

calculation of the test statistics, such as the estimated total cell count in flow cytometry

(see Section 4.1 below). We now look at the h component in the mixture distribution (6)

as the distribution of the test statistics in Z0 for a given experiment, or, more precisely, for

a given latent variable. This component distribution h is no longer equal to the marginal

null distribution (over repeated experiments) of the individual test statistics. We will refer

to this distribution as the collapsed distribution.

We further assume that the latent variable stochastically depends on the sample mean of

all p test statistics, say Z̄. We first investigate the conditional distribution of Z0, given Z̄.

Since both Z0 and Z̄ have normal distributions, so has Z0 | Z̄. We thus only have to look for

its mean and variance. We will use the notation Z̄ = p−11tZ, σ2
Z̄
= Var(Z̄) = p−21tΣ1,

with 1 a column vector with all elements equal to 1 and Σ = Var(Z), Σ0 = Var(Z0) and

Σ0Z̄ = Cov(Z0, Z̄). We then find

E(Z0 | Z̄) = E(Z0) + Cov(Z0, Z̄)Var(Z̄)−1(Z̄ − E(Z̄))

= 0+ (σ2
Z̄)

−1(Z̄ − E(Z̄))Σ0Z̄

(9)
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and

Var(Z0 | Z̄) = Var(Z0)− Cov(Z0, Z̄)Var(Z̄)−1Cov(Z̄,Z0)

= Σ0 − (σ2
Z̄)

−1Σ0Z̄Σ
t
0Z̄ .

(10)

The condition for the collapsed distribution of Z0 to be a univariate normal distribution,

is that all components of Z0 have the same normal distribution (i.e. the same mean and

variance) and are independent when conditioned on Z̄ (i.e. with covariance 0). The mean,

variance and covariance can be rewritten in scalar form as

E(Z0j | Z̄) =
Z̄ − E(Z̄)

σ2
Z̄
p

p∑

i=1

σij

Var(Z0j | Z̄) = 1−
(
∑p

i=1 σij)
2

∑p
i=1

∑p
k=1 σik

= 1−
(
∑p

i=1 σij)
2

p2σ2
Z̄

Cov(Z0j , Z0i | Z̄) = σij −
(
∑p

k=1 σjk) (
∑p

k=1 σik)∑p
i=1

∑p
k=1 σik

= σij −
(
∑p

k=1 σjk) (
∑p

k=1 σik)

p2σ2
Z̄

,

(11)

with σij the covariance between the ith and jth component of Z. We see that after condi-

tioning on Z̄, the expected values of the test statistics are no longer 0, but depend on Z̄, and

the variances have shrunk below 1. Now the question is under which conditions the mean

and variance are constant over the features, and the covariance zero. Under compound sym-

metry, meaning that all covariances are equal (all σij = σ), it is easy to see that the mean

and variance are constant, and the covariance zero. For slightly less stringent assumptions,

univariate normality cannot be shown exactly (see Supplementary Section 2.11), but it is

nevertheless often used as an approximation; e.g. [3]. From (11) it is evident that this ap-

proximation works best when all features have similar patterns of covariance with other

features. This type of correlation structure is common, as it is for instance engendered by

a common dependence of all test statistics on a single variable, such as a regressor or the

total cell count for flow cytometry data. Yet even when the conditions for an i.i.d. normal

distribution for all features are not fulfilled, often the univariate normal assumption holds

well enough to iable statistical inference (see Supplementary Section 3.1.2), and a cus-

tom normal distribution for h improves upon the assumption of standard normality. It thus

makes sense to estimate the two parameters of the normal distribution h, which we discuss

next.

3.2 General procedure

For a given value z of the test statistic, (7) and (8) give expressions for fdr and Fdr,

in which π0, h(z) and f(z) need to be estimated from the data. However, the dependence

between tests increases the sampling variability of the test statistics, which in turn increases

the variance of such density estimators. Reducing the variance of the FDP can thus be

achieved by reducing the variance of these estimators. We will focus on the estimation

of the null density function h(z); π0 and f(z) will be estimated in a conventional way

(see below). Since h(z) can be assumed to be normal, it can be described by its mean and

variance β = (µ, σ2), which vary between repeated experiments. Our approach aims at

minimising the expected estimation loss of this normal distribution. This estimation loss is
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quantified through the Kullback-Leibler divergence, and is minimised by the following two

Bayes estimators [20]:

µ̂ = E(µ | Z0)

σ̂2 = E(σ2 | Z0) + Var(µ | Z0).
(12)

We condition on the vector Z0 of test statistics belonging to true null hypotheses, assum-

ing for a moment that we have this information. This choice is justified as only these test

statistics contain relevant information on the null parameters β. Let J0 denote the set of in-

dexes j ∈ {1, 2, . . . , p0} referring to the corresponding features. To achieve (approximate)

normality of Z0, we will also condition on the mean test statistic Z̄ of the experiment.

Invoking Bayes’ theorem, the estimator of the mean µ can be written as (suppressing de-

pendence on σ2):

E
(
µ | Z0, Z̄

)
=

∫
µgµ(µ | Z0, Z̄)dµ

=

∫
µ
fz(Z0 | µ, Z̄)gµ(µ | Z̄)

fz(Z0 | Z̄)
dµ

=

∫
µ
fz(Z0 | µ, Z̄)

fz(Z0 | Z̄)
dGµ(µ | Z̄)

(13)

in which gµ(µ | Z̄) is the prior density of µ, Gµ(µ | Z̄) is the corresponding distribution

function, fz(Z0|µ, Z̄) is the likelihood evaluated in Z0, and fz(Z0 | Z̄) is the marginal

likelihood. Suppose we have a sample of B i.i.d. observations from Gµ|Z̄ , say µ1, . . . , µB ,

then the unknown distribution function Gµ|Z̄ in (13) can be replaced by the empirical dis-

tribution function Ĝµ|Z̄ , which is a step function with step height 1
B . This gives an estimate

of E
(
µ | Z0, Z̄

)
:

Ê
(
µ | Z0, Z̄

)
=

B∑

b=1

µb
fz(Z0 | βb, Z̄)

fz(Z0 | Z̄)
dĜµ(µb | Z̄) =

B∑

b=1

µb
fz(Z0 | βb, Z̄)

fz(Z0 | Z̄)

1

B
. (14)

An analogous reasoning holds for σ2, thus completing our estimator β̂ = (µ̂, σ̂2) (details

on the calculation of the (marginal) likelihood will be provided further down). We propose

to construct the sample β1, . . . ,βB by resampling the observed data. Since G represents

the distribution of µ under the null hypothesis, these resampling procedures (permutations

or bootstrap) must mimic the joint null distribution of the test statistics given Z̄. We achieve

this by resampling the rows from Y and/or X to generate datasets for which the null hy-

pothesis of interest holds, while retaining the correlation between their columns (see Sup-

plementary Section 2.1 for details). Resampling procedures are conditional on the data,

such that we are automatically conditioning on the latent factor represented by Z̄, which

is a prerequisite for (approximate) normality of the test statistics. For every resampling

instance b = 1, . . . , B, a vector of test statistics Zb is calculated in the same way as for

the original observed test statistics and a normal distribution is fitted to its elements. The

resulting parameter estimate is denoted by βb and is considered as a randomly sampled
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element from the prior Gβ|Z̄ . The prior is thus estimated from the observed data, which

gives our procedure an empirical Bayes flavour. An exploration of samples βb from the

prior distribution is presented in Supplementary Section 2.2. Note that β = (0, 1), corre-

sponding to the standard normal distribution, describes the ensemble of all Zb’s well [3];

this is illustrated in Figure S4.

The likelihood fz(Z0 | βb, Z̄) can be written as

fz(Z0|βb, Z̄) =

p∏

j=1

h(zj | βb, Z̄)I(j∈J0), (15)

which makes use of conditional independence of the test statistics given β and Z̄, i.e.

relying on the assumption from Section 3.1 that β captures all dependence between

test statistics. The marginal likelihood is fz(Z0 | Z̄) =
∑B

b=1 fz(Z0|βb, Z̄)dĜβ =
1
B

∑B
b=1 fz(Z0|βb, Z̄). With the notation

w(Z0,βb) =
fz(Z0|βb, Z̄)

∑B
b=1 fz(Z0|βb, Z̄)

(16)

we can now write

µ̂ = Ê(µ|Z0, Z̄) =

B∑

b=1

µbw(Z0,βb). (17)

Analogously, we find that

σ̂2 = Ê(σ2|Z0, Z̄)+V̂ar(µ|Z0, Z̄) =

B∑

b=1

σ2
bw(Z0,βb)+

B∑

b=1

(µ2
b−µ̂2)w(Z0,βb). (18)

Given the estimate β̂, the local and tail-area false discovery rates can be estimated as in

(7) and (8). The density f(z) of (6) is estimated using kernel density estimation, and F (z)

is obtained as its integral. Estimation of π0 follows [17]; see also Supplementary Section

2.5.

The strategy of weighing different models to obtain a final consensus model is also known

as Bayesian model averaging [21]. Intuitively, more weight is given to null distributions

with parameter βb that are more likely to have generated Z0. We call estimators (17) and

(18) relying on (15) the “oracle posterior mean null”, because it makes use of the unknown

information about which null hypothesis is true or not.

3.3 Expectation-Maximization algorithm

Obviously, in reality the set of true null hypotheses J0 is not known. However, some

collection of null z-values is needed to evaluate the likelihoods fz(Z0|β). We propose

to replace I(j ∈ J0) by some estimator of the probability that the null hypothesis

corresponding to a given test statistic zj is true: P̂ (Hj is true|Z = zj). One way to

achieve this would be to use some central part of the observed z-value distribution, e.g.
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P̂ (Hj is true|Z = zj) = I(zj ∈ [q0.25(Z), q0.75(Z)]) with q0.25(Z) and q0.75(Z) indi-

cating the first and third quartile of Z respectively [11]. However, this puts a hard bound-

ary between z-values within the central region, that are all considered to belong to true

null hypotheses, and z-values outside this region, that are all considered to belong to false

null hypotheses. In reality, h(z) and a(z) may partly overlap, and hence we propose es-

timating P̂ (Hj is true|Z = zj) as in (7): P̂
(
Hj is true|zj , f̂(z), β̂, π̂0

)
= f̂dr(z). This

smoothly weighs the contributions of the z-values to the likelihood. This concept is known

as weighted likelihood [22]. The weighted likelihoods are thus calculated as

fz(Z|β, f̂dr(Z), Z̄) =

p∏

j=1

h(zj | β, Z̄)f̂dr(zj). (19)

Since I(j ∈ J0) is in fact a latent variable, our estimation procedure is an Expectation-

Maximization (EM) algorithm [23]. It will iterate between the estimation of fdr(zj) as the

expected class membership of J0 (the E step), and the estimation of β by minimising the

estimation loss (the M-step). In addition, the estimation of the parameter π0 needs to be

included in the iterative procedure as it depends on β̂ and is required for the estimation of

fdr(zj).

3.4 Iterative algorithm

In summary, the entire estimation procedure is listed below:

1 Calculate a test statistic for every column of Y: Tj , j = 1, . . . , p.

2 Randomly resample (permute or bootstrap) rows from Y and/or X (B times) and

calculate the corresponding test statistics: T b
j , b = 1 . . . , B, j = 1, . . . , p.

3 Convert all test statistics to z-statistics Zj = Φ−1
(
Dj(Tj)

)
and Zb

j = Φ−1
(
Db

j(T
b
j )
)
,

with Dj the marginal distribution function of Tj under the null hypothesis.

4 Estimate f(z) from Z through kernel density estimation. Estimate F (z) as F̂ (z) =∫ z

−∞
f̂(e)de. Compute the sample mean and sample variance for every Zb and denote

the vector with these estimates as βb.

5 Set p̂0 = 1 and β̂ = (0, 1) as starting values.

6 Estimate f̂dr(zj) = min
(

h(zj |β̂)π̂0

f̂(zj)
, 1
)

.

7 Calculate the weights w(f̂dr(z),βb,Z) using equations (16) and (19).

8 Estimate β from β1, ...,βB through (17) and (18).

9 Estimate π̂0(β̂,Z) using the procedure of [17] (see Supplementary Section 2.5).

10 Repeat steps 6-9 until convergence. Convergence is assumed when the squared

change in π̂0 and the square root of the mean squared change in f̂dr(Z) are both

smaller than 10−4.

11 Calculate F̂dr(Z), and perform inference based on F̂dr(Z) or f̂dr(Z).

3.5 Exploratory simulation study

The efficacy of our method for multiple testing correction is demonstrated in a small sim-

ulation study.

3.5.1 Data generation

Multivariate standard normal data with n = 50 samples and p = 1000 features are gen-

erated. Three different simulation settings for the correlations between the features are
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considered: 0, 0.25 and 0.5. The samples were evenly split into two groups and for 25% of

the features, the mean was increased by 0.6 in one group. 100 Monte-Carlo instances were

generated.

3.5.2 Competitor methods

The Wilcoxon rank sum test and the two-sample t-test were applied to test all features

for association with the grouping factor, and we performed multiplicity correction in the

following ways. Our resampling method for estimation of the null distribution h was used

with 1000 permutations of the grouping factor. For illustrative purposes, we also included

two oracle estimators of the null distribution. The first is the “oracle MLE null”, which

estimates the mean and variance of the null density as the sample mean and variance of

Z0. The other oracle estimator is the “oracle posterior mean null” from (17) and (18). In

addition, h was estimated through the standard normal null, as an empirical null (including

an asymmetric version) [2], and using the Fourier transform [12]. In all cases, the tail-area

false discovery rate Fdr(z) was used for inference. The FAMT method was used as a rep-

resentative of the factor analysis based approaches [7]. Finally also Benjamini-Hochberg

was applied to the raw p-values, as well as its adaptive version which includes estimation

of the fraction of true null hypotheses [19].

3.5.3 Performance metrics

Features were considered significant if they had an estimated Fdr or adjusted p-value <0.1.

For all methods the proportion of false null hypotheses rejected (the true positive propor-

tion, TPP) and the FDP were calculated for each Monte-Carlo run. The sensitivity, FDR

and mFDR were then approximated as a (weighted) average over these runs for every sce-

nario. Finally, the mean squared error (MSE) of the FDP with respect to the nominal level

was calculated for every scenario.

3.5.4 Exploratory simulation results

The results for the Wilcoxon rank sum test are shown in Figure 3. The variances of the FDP

and the TPP increase with increasing correlation between the features when the Benjamini-

Hochberg correction or the standard normal null are used (see also Figure S10). For the

methods based on the resampling null and oracle null, there is very little variability in the

FDP or TPP, and the FDR and mFDR are almost identical and equal to the nominal level.

The sensitivity of our resampling method is equal to that of the standard normal null under

independence between features, but increases with the correlation between the features.

In addition, our resampling method is insensitive to an imbalance in the direction of the

effects, unlike the empirical null and factor analysis (see Figure S9 and Supplementary

Section 3.1 for details). Similar results were obtained for the two-sample t-test (see Figure

S11).

Figure S24 shows another simulation study for a scenario without a grouping factor (one-

sample t-test) and where the nonparametric bootstrap is used in step 2 of our algorithm.

The results are very similar to those with permutations described above. Additional simu-

lations explored the effect of different correlation structures, more extreme values for π0

and varying magnitudes of n and p. Figure S14 and S15 show that our resampling method

has a smaller variance of the FDP than its competitor methods under different correlation

structures in the data, although our method becomes slightly liberal when the correlation
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structure is not compound symmetry. In addition, our method’s sensitivity increases with

the correlation strength. Figures S19 and S20 reveal that our method, as well as the empir-

ical null, the Fourier null and factor analysis become slightly liberal as π0 approaches 1.

This is not surprising as this violates the assumptions of the mixture mode (6). Figures S21

and S23 show that our resampling method achieves accurate false discovery rate estimation

when either n or p are sufficiently large, as do other methods.

4 Case studies
4.1 Case study 1: integrating sequence count and flow cytometry data

In microbiome studies, the bacterial composition of sample is determined by sequencing

marker genes. The marker genes uniquely identify bacterial species, henceforth referred to

as taxa. Because of all the technical manipulations, the eventual total number of sequence

counts is unrelated to the initial number of cells or biomass. Hence, inference can only be

related to the relative abundances of the taxa. This poses problems of compositionality: an

increase in the relative abundances of one taxon inevitably leads to the decrease of others.

Flow cytometry provides an easy way to count cell numbers in microbial samples. The

product of the relative abundance from the sequencing assay with this total cell count can

serve as an estimate of the absolute cell concentrations of each taxon, eliminating the com-

positional effect [24–26]. Taxon-wise tests for differences in cell concentration between

two or more sample groups are then said to look for ”differential absolute abundance”

(DAA), in analogy to the classical ”differential (relative) abundance” (DRA).

The DAA test statistics of the taxa are correlated, because a change in a flow cytometry

count affects all test statistics in the same way. Additionally, biological correlations be-

tween taxa (e.g. due to competition or cross-feeding) can also cause the relative abundances

to be correlated. Even though the source, type and strength of the correlation between the

test statistics are unknown, it is crucial to address it in the multiplicity correction of the

DAA tests. In this section we apply our new resampling-based empirical Bayes method

to several simulated and real datasets. Four microbiome datasets are considered, from en-

gineered (“Props2016”) [25], freshwater (“Props2018”) [27], human (“Vandeputte2017”)

[24] and forest (“Rivett2018”) [26] origin. The grouping factors to test for absolute dif-

ferential abundance for the first 3 datasets are: ‘reactor cycle’, ‘lake’ and ‘health status’,

respectively. For the Rivett2018 dataset no obvious grouping factor was available, but this

dataset will be used as a template for parametric simulation and real data shuffling (see

next section).

4.1.1 Simulation study setup

Data were generated through parametric as well as non-parametric simulation and real data

reshuffling, as in [28]. For the parametric simulation, it is assumed that the sequence counts

follow the negative binomial distribution. The parameters of this distribution are estimated

from the real datasets through maximum likelihood. Next, pairs of mean and dispersion pa-

rameter estimates are sampled from this pool of estimates, and synthetic sequence counts

are drawn from the corresponding negative binomial distributions. This is done by treating

all taxa as independent in one setting, and by using an estimated taxon correlation network

in another [28]. Fold changes to the relative abundances of DAA taxa were set to 1 (null

scenario), 5 and 10; differential abundances are introduced “with compensation” as in [28],

such that the abundances of null taxa are left unchanged. The sequence count data in the
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non-parametric simulation are generated using SimSeq as described in [29]. In both cases,

the flow cytometry counts were drawn from the pool of observed counts from each dataset,

so differential abundance is only introduced in the sequence count part of the data. For

the parametric simulation, tests for relative as well as absolute differential abundance are

performed, resulting in the following four scenarios of correlation between test statistics:

“None” (no correlation between taxa, test for DRA), “FC” (no correlation between taxa,

test for DAA), “Cor” (correlation between taxa, test for DRA), “FC + Cor” (correlation

between taxa, test for DAA). In the non-parametric simulation, correlation between taxa

can be automatically included by resampling complete samples (correlation inherited from

the original data) or feature counts can be sampled independently, and tests for differential

relative as well as absolute abundance were performed, again leading to ”None”, “Cor”,

”FC” and “Cor + FC” scenarios. Sample sizes were set to 20, 50 and 100 for the parametric

simulations, and to 40 and 56 for the non-parametric simulations. In both cases, true pro-

portions of null taxa were set to 0.5, 0.75 and 0.9, and the number of taxa was p=1000. In a

third type of simulations, mock groups were created in the real datasets by repeatedly, ran-

domly assigning the samples to two groups. DAA was then tested with respect to this mock

grouping factor. This mimics a complete null scenario, while retaining correlation between

features. Sample sizes of 20, 50 and 100 were used for this scenario. In all settings, 100

Monte-Carlo instances were generated, and both the two-sample t-test and the Wilcoxon

rank sum test were used for testing for differential abundance. The same multiplicity cor-

rections and diagnostics as in Section 3.5 were used, with the addition of the SAM method

[14]. B = 1000 permutations were used for SAM and for our resampling procedure. For

the Wilcoxon rank sum test, the ties were randomly broken for the calculations of the test

statistics in the resampling procedure (step 2 of the algorithm), but mid-ranks were used in

the calculation of the test statistics in the original dataset (see Supplementary Section 2.8

for a motivation).

4.1.2 Simulation study results

An example of the simulation results of parametric simulation on flow cytometry data is

shown in Figure 4; an exhaustive presentation can be found in Supplementary Section 4.4.

Our multiplicity correction method based on the resampling null distribution, Benjamini-

Hochberg correction, and the standard normal null are the only methods that consistently

control the FDR and mFDR with little variability of the FDP, and among these our method

achieves the highest sensitivity. Our method also shows little discrepancy between the FDR

and mFDR.

Surprisingly, the oracle MLE method performs worse than our resampling null method

when using the Wilcoxon rank sum tests, as does the empirical null method (see also Fig-

ures S25-S40). This is likely caused by the discreteness of the test statistic distribution,

resulting from the high zero frequency in the data. This reveals another advantage of us-

ing resampling: the ties among zero observations are broken at random in the permuted

datasets, which renders the estimated null distribution more smooth. On the other hand,

when mid-ranks are used for calculating the test statistics in the permuted datasets, the

performance of our method deteriorates (see Supplementary Section 2.8).

In conclusion, for DAA testing of microbiome data, our resampling method provides a

slight increase in power with respect to classical methods. On the other hand, our method

accurately controls the false discovery rate, unlike the methods based on the empirical or

Fourier null.
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4.1.3 Real data analysis: testing for differential absolute abundance

Benjamini-Hochberg correction, the standard normal null, empirical null and resampling

null multiplicity correction methods as discussed in Section 4.1.1 were applied to three

datasets to test for DAA (Props2016, Props2018 and Vandeputte2017). The Venn diagrams

of significant taxa resulting from the Wilcoxon rank sum tests are shown in Figure S42.

The fitting of the empirical null failed for the Props2018 dataset. Our new method results

in more discoveries than with the Benjamini-Hochberg correction or the standard normal

null distribution, which is in line with the simulation results.

4.2 Case study 2: differential expression testing in presence of gene

co-expression networks

In addition, a set of simulations was based on three RNA-sequencing (RNA-Seq) datasets

generated on human cell lines (”neuroblastoma”) [30], human brain tissue (”GTEx”) [31]

and human neuroblastoma tumors (”Zhang”) [32]. The grouping factors to test for differen-

tial expression were ”ethanol or nutlin treatment”, ”brain region” and ”MYCN amplifica-

tion” respectively. In this dataset, gene co-expression causes dependence between features

(genes).

4.2.1 Simulation study setup

Synthetic datasets were generated and analysed with the same settings as for microbiome

data, but only the ”None” and ”Cor” scenarios. The only differences were that the para-

metric simulations were done with fold changes of 1, 1.25 and 1.5, and the non-parametric

simulations were done with samples sizes 10, 30 and 92. The estimated correlations be-

tween features and test statistics were in general stronger than for the microbiome data (see

Figures S43 and S60).

4.2.2 Simulation study results

Figures 5 and S44-S58 show that our resampling method has a higher power than the

competitor methods, and good control of the FDR with little variability of the FDP in some

settings. Yet, like competitor methods, our method may become slightly liberal in some

other settings, especially with strong correlation. Still in these cases, the MSE of the FDP

is still comparatively low (see Figure 6), indicating that the FDP is never too far above the

nominal level. The FDR control becomes better at larger sample sizes (see Figures S52 and

S56), suggesting that violation of the exchangeability assumption of permutation and slow

convergence of the studentized test statistics to asymptotic behaviour may be to blame (see

also Supplementary Section 3.1.1 for a demonstration with Gaussian data). Another cause

may be the inequality of the correlations between the features, violating the condition laid

out in Section 3.1.

Hence, for differential expression testing of RNA-Seq data, our resampling method pro-

vides a considerable increase in power with respect to classical methods. It is slightly lib-

eral in some settings, but the low variability of its FDP ensures that no experiments have

excessively large numbers of false discoveries.

5 Discussion
Test statistics from large scale hypothesis testing are frequently correlated. Their correla-

tions may originate from technical factors, reflect true biological interactions or they may
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simply result from the construction of the test statistics. This correlation causes all statis-

tical tests to have more similar results, i.e. either many or few hypotheses are rejected and

the inference is either overly conservative or overly liberal. The fact that the inference over

many repeated experiments is on average still correct, is cold comfort to a researcher who

is concerned about the reproducibility of his or her own experiments.

We have presented an empirical Bayes method that reduces the variability of the false dis-

covery proportion, while increasing the sensitivity. The method boils down to generating

many null distributions using permutations or bootstraps, and then selecting those that best

match the distribution of the observed test statistics. For this aim we use intuitive and well

established concepts related to weighted likelihood and Bayesian model averaging. Given

the power of modern computers, the additional computation times are negligible compared

to the cost of gathering more data (see Supplementary Table S3). The only restriction is

the sample size, which must be sufficiently large to allow for sufficient variability in the re-

sampling step. We have demonstrated the superiority of our method over other approaches

through simulation studies in realistic settings of differential absolute abundance testing for

the microbiome, and differential expression testing for the transcriptome.

The assumption of univariate normality for the null component of the mixture model (the

”collapsed null distribution”), which underlies empirical Bayes methods for false discov-

ery rate estimation, has so far only been proven approximately, and under the assumption

of bivariate normality for any pair of test statistics [3]. We have investigated the normality

of the collapsed null distribution under the assumption of multivariate normality of all test

statistics and conditioning on the experiment. We have shown that in this case, univari-

ate normality only holds for the restrictive case of compound symmetry of the covariance

matrix of the test statistic. However, we have empirically demonstrated that univariate nor-

mality is also well approximated in other cases, and that empirical Bayes methods for false

discovery rate estimation perform well even when the assumption of compound symmetry

is not met. However, caution is indicated in case of strong departures from this assumption,

e.g. a block correlation structure. We have also shown that when the univariate normality

assumption holds, the collapsed null distribution is always narrower than the theoretical

standard normal null distribution. The often observed widening of the collapsed null dis-

tribution [3] must thus be seen as a correction for its lack-of-fit to the univariate null dis-

tribution due to unmet assumptions. As opposed to the field of false discovery rate control,

empirical Bayes false discovery rate estimation methods cannot be proven mathematically

for general settings, but have proven their value in practice. In this work we provide a for-

mal framework for the univariate treatment of test statistics of multiple tests, to facilitate

further theoretical development.

In recent years, the false discovery proportion has become a popular measure in con-

trolling false findings in large genomics studies. Several methods have been developed to

control its expectation: the false discovery rate. Yet in the presence of correlation between

test statistics, the number of discoveries and the false discovery proportion often covary.

This leads to a discrepancy between the expected false discovery proportion of a single ex-

periment (the classical false discovery rate), and the expected proportion of false findings

reported in the whole literature (the marginal false discovery rate). Choosing which one

to control is not obvious. Fortunately, we show that while the empirical Bayes approach

to false discovery rate estimation by [2] aims to control the marginal false discovery rate,

our resampling null approach has the appealing property of breaking the association be-

tween number of discoveries and the proportion of false discoveries. This means that the
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marginal and classical false discovery rates converge, and that findings in experiments with

many feature discoveries become as reliable as findings in experiments with few discov-

eries. Added to that, our resampling method reduces the variability of the false discovery

proportion across experiments, contributing to reproducibility of experiments.

The objectives of our research were twofold: on the one hand we wanted to repeat exist-

ing warnings about the instability of simultaneous inference under dependence. We explain

this phenomenon by demonstrating an increased sampling variability of null test statistics

when the tests are dependent. On the other hand we provide a solution based on empirical

Bayes concepts, which comes down to estimating the null distributions through resampling,

and basing the inference on this estimate. We hope this work and the reconsi R-package

provide a practical, powerful and widely applicable method for multiplicity correction un-

der dependence.
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Supplementary material

The R-package reconsi implementing our empirical Bayes method is available from BioConductor. Additional

supporting information, including source code and data to reproduce the results is available from the journal’s

website.
Additional Files

Additional file 1 — Supplementary Material

Background details and exhaustive simulation results

Additional file 2 — Code and data

All code and data used to produce the results from the paper
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Figure 1 Boxplots of the false discovery proportion (y-axis) after Benjamini-Hochberg correction
under increasing correlation between the features of the response matrix (x-axis). The number of
simulated features per dataset was 1,000, 500 Monte-Carlo instances were generated. The
dashed line indicates the nominal false discovery rate, diamonds indicate the approximated FDR,
crosses the approximated mFDR.
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Figure 2 Histograms of z-statistics under the null hypothesis for three experiments without
correlation (top) and three experiments with correlation between feature outcomes (bottom).
Vertical dashed line indicates 0, smooth curve indicates standard normal density.
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Figure 3 Boxplots of the false discovery proportion (FDP, top) and true positive proportion (TPP,
bottom) of multiplicity correction methods on several multivariate normal data with increasing
correlation strengths (top labels). In the top panels, diamonds indicate estimated FDR, crosses the
estimated mFDR. This figure appears in color in the electronic version of this article.
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Figure 4 Boxplots of false discovery proportion (FDP, top) and true positive proportion (TPP,
bottom) under parametric simulation as a function of template dataset (top panels). The fold
change was 10, the sample size 100, the proportion of null taxa was 0.75. Wilcoxon rank sum test
was used to test for DAA, sequence counts were generated with taxon correlation networks.
Wilcoxon rank sum test was used to test for differential absolute abundance. In the top panel,
diamonds represent estimated FDR, crosses the estimated mFDR. This figure appears in color in
the electronic version of this article.
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Figure 5 Boxplots of false discovery proportion (FDP, top) and true positive proportion (TPP,
bottom) under parametric simulation of RNA-seq data, as a function of template datasets (top), for
a sample size of 100, a fold change of 1.25 and proportion of null features of 0.75. Wilcoxon rank
sum test was used to test for differential expression. In the top panel, diamonds represent
estimated FDR, crosses the estimated mFDR. This figure appears in color in the electronic version
of this article.
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Figure 6 MSE of the FDP (y-axis) under parametric simulation of RNA-Seq data for several
template datasets (top panels), correlation scenarios (side panels) and sample sizes (x-axis). The
proportion of null features is 0.75, the fold change is 1.25 and the Wilcoxon rank sum test was used
to test for differential expression. This figure appears in color in the electronic version of this article.
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