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Abstract: In recent years, the development of electric vehicles has received extensive attention. 

However, how to choose a suitable charging pile manufacturer for electric vehicles is a matter of concern. 

The selection of charging pile manufacturers involves many factors, and it is hard for decision makers 

(DMs) to provide accurate assessments due to the uncertainty of subjective or objective factors. As a 

combination of q-rung orthopair fuzzy set (q-ROFS) and dual hesitant fuzzy set (DHFS), q-rung dual 

hesitant fuzzy set (q-RDHFS) provides more possibilities for information expression and gives DMs 

greater decision-making freedom. Because of the advantages of q-RDHFS in expressing uncertain 

information, we propose a novel decision method to capture DMs’ hesitant information with q-rung dual 

hesitant fuzzy elements (q-RDHFEs) to obtain the optimal scheme. Firstly, Frank t-norm and t-conorm 

(FTT) is well known for its flexibility in coping with compatibility compared to traditional algebraic 

operation. Considering the advantages of FTT, we extend FTT to q-RDHFS and provide the definition 

of Frank operational rules of q-RDHFS. Subsequently, according to generalized power average (GPA) 

and generalized power geometric (GPG) operators, some corresponding operators based on the novel 

operational laws are proposed. Then, with the proposed operators, a novel multi-attribute decision-

making (MADM) method under q-RDHFS environment is introduced and applied to the selection of 

charging pile manufacturers. Finally, compared with the existing methods, the method proposed in this 

paper can better handle extreme evaluation information and is more flexible in operation. 
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1 Introduction 

As a representative of new energy vehicles, electric vehicles have been promoted and used in many 

countries in recent years. However, if charging pile is not well popularized, it will seriously affect the 

enthusiasm of the public to buy and use electric vehicles. When evaluating and selecting charging pile 

manufacturers, factors such as charging efficiency, safety, and cost should be comprehensively 

considered. To help DMs better evaluate and select charging pile manufacturers, we can think of it as a 

MADM problem to choose the most appropriate solution based on several related attributes. MADM is 

widely used in many fields and has received extensive attention among scholars [1, 2]. In a traditional 

MADM problem, DMs are required to provide crisp evaluation values for all attributes of each 

alternative. However, DMs may feel uncertain when making decisions owing to insufficient information 

or individual knowledge. Obviously, crisp numbers can’t express the uncertain evaluation information 

of DMs. To solve this problem, Zadeh [3] proposed fuzzy set theory. Subsequently, a large number of 

scholars apply fuzzy set theory to MADM problems [4, 5, 6]. 

Over the past few decades, researches on fuzzy set theory have made great progress. In 1986, 

Atanassov [7] defined the intuitionistic fuzzy set (IFS), which consists of a membership degree (MD) 

and a non-membership degree (NMD) simultaneously. Subsequently, Professor Yager [8] proposed the 

Pythagorean fuzzy set (PFS). However, IFS and PFS are not suitable when encountering the 

circumstance that the square sum of MD and NMD is greater than one. Therefore, Yager [9] proposed a 

generalized form of IFS and PFS, called q-ROFS. Q-ROFS provides DMs with a wider space to express 

their ambiguous information. Once proposed, q-ROFS has attracted the attention of many scholars [10, 

11]. Although q-ROFS has many advantages, it is still powerless when facing with real-world issues 

with strong ambiguity and high degree of complexity. In some real-world MADM issues, DMs may feel 

uncertain among several evaluation values, and q-ROFS cannot solve this problem. To fill this gap, Zhu 

et al. [12] proposed the concept of DHFS, in which the MD and NMD degrees are characterized by two 

sets of possible values, respectively. DHFS requires that the sum of the maximum value of MD and 

NMD cannot be greater than one. In order to relax the restrictions of DHFS, Xu et al. [13] proposed q-

RDHFS by combining DHFS with q-ROFS. As a combination of two fuzzy sets, q-RDHFS possesses 

the advantages of q-ROFS and DHFS, which provides more possibilities for information expression and 



gives DMs greater decision-making freedom. Q-RDHFS has been applied to a variety of MADM 

problems since it was proposed. For instance, Wang et al. [14] developed some dual hesitant q-rung 

orthopair fuzzy Hamacher aggregation operators, and verified the proposed method according to a 

practical application. Wang et al. [15] provided some dual hesitant q-rung orthopair fuzzy Muirhead 

mean operators. In addition, there are some extended forms of q-RDHFS. Li et al. [16] proposed q-rung 

probabilistic dual hesitant fuzzy set. Xu et al. [17] proposed interval-valued q-rung dual hesitant fuzzy 

set, which uses interval values to indicate every element in MD and NMD.  

This paper focuses on how to select the best charging pile manufacturer based on q-RDHFS. 

Besides information expression method, information aggregation is another important step in dealing 

with this problem. There are a variety of aggregation operators (AOs) based on different assumptions 

and different environments that can be used for information aggregation, but there are not many AOs 

expressed by q-RDHFEs. In this paper, two issues need to be considered when studying AOs. One is the 

operational rules for q-RDHFEs, and another is to select an appropriate integration function to get the 

comprehensive evaluation values of alternatives. For the first question, FTT [18] is noteworthy for its 

flexible information aggregation capability. Many scholars have studied the properties and applications 

of FTT [19, 20, 21]. So far, we have not seen much relevant researches on AOs of q-RDHFS based on 

FTT. Therefore, it’s very significant to study AOs based on FTT and their applications under q-RDHFS 

environment. For the second question, we need to employ appropriate integration functions in different 

decision contexts. For example, Hamy mean (HM) [22] and Bonferroni mean (BM) [23] operators can 

consider the relationship between any two input variables, Maclaurin symmetric mean (MSM) [24] 

operator takes relations between any three input variables into consideration. Although many scholars 

have proved the effectiveness of these AOs in fuzzy information aggregation process [25, 26, 27], they 

ignore that there may be some extreme values in real-world MADM problems. To mitigate the possible 

negative effects of extreme values, Yager [28] proposed power average (PA) operator. Many scholars 

have applied it in aggregating evaluation information in MADM. For example, Liu and Qin [29] 

proposed some linguistic intuitionistic fuzzy weighted power average operators; Wei and Lu [30] used 

PA operator to PFS. Xu and Yager [31] proposed the geometric form of PA operator, that is, power 

geometric (PG) operator. Subsequently, in order to propose a more generalized AO, Zhou and Chen [32] 

proposed the definition of GPA operator. GPA operator not only possesses the superiority of PA operator, 

but also a set of special cases can be obtained if different values are assigned and analyzed for the 



parameter 𝜆 . In this study, we employ GPA and GPG operators to the q-RDHFS, and provide the 

concepts of the generalized q-rung dual hesitant fuzzy Frank power average (Gq-RDHFFPA) operator, 

the generalized q-rung dual hesitant fuzzy Frank power geometric (Gq-RDHFFPG) operator, and their 

weighted forms. 

This paper has the following innovations. (1) We propose some novel q-rung dual hesitant fuzzy 

Frank operations based on FTT. (2) GPA operator is used to aggregate the information expressed by q-

RDHFEs. (3) A novel MADM framework based on the proposed AOs is introduced. (4) We apply the 

proposed method to the problem of charging pile manufacturer selection. Results of the comparative 

analysis show that our method is not only more flexible in describing diverse information, but also can 

reduce negative effects generated by extreme values. 

The rest of this paper is as follows. Section 2 recalls the q-RDHFS and the GPA operator. Section 

3 studies some new Frank operations based on q-RDHFS. Section 4 develops some novel AOs for q-

RDHFEs based on GPA and GPG operators. Section 5 introduces a new MADM method based on the 

novel AOs. In Section 6, we apply our method to an evaluation index system of charging pile 

manufacturers, validity and advantage analyses are examined at the same time. Section 7 concludes the 

whole paper and proposes the future research directions. 

2 Preliminaries 

Some fundamental concepts used in this paper are reviewed in the present section. 

2.1 The q-rung dual hesitant fuzzy sets  

Definition 1 [13]. If X is a given fixed set, then the mathematical expression of a q-rung dual hesitant 

fuzzy set (q-RDHFS) D can be defined as  𝐷 = {〈𝑥, ℎ𝐷(𝑥), 𝑔𝐷(𝑥)〉|𝑥 ∈ 𝑋},      (1) 

where ℎ𝐷(𝑥) and 𝑔𝐷(𝑥) are two sets of values in [0, 1] that represent the MD and NMD of 𝑥 ∈ 𝑋 to 

D, satisfying  0 ≤ 𝛾, 𝜂 ≤ 1, (𝛾+)𝑞 + (𝜂+)𝑞 ≤ 1,      (2) 



where 𝛾 ∈ ℎ𝐷(𝑥) , 𝜂 ∈ 𝑔𝐷(𝑥) , 𝛾+ =∪𝛾∈ℎ(𝑥) max{𝛾} , and 𝜂+ =∪𝜂∈𝑔(𝑥) max{𝜂}  for all 𝑥 ∈ 𝑋 . For 

convenience, we call the pair 𝑑(𝑥) = (ℎ𝐷(𝑥), 𝑔𝐷(𝑥)) a q-rung dual hesitant fuzzy element (q-RDHFE). 

For simplicity, a q-RDHFE can be expressed as 𝑑 = (ℎ, 𝑔). 
Definition 2 [13]. If 𝑑1 = (ℎ1, 𝑔1), 𝑑2 = (ℎ2, 𝑔2) and 𝑑 = (ℎ, 𝑔) are any three q-RDHFEs, and 𝜏 is 

a non-negative real number, then we have 

(1) 𝑑1⊕𝑑2 =∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2 {{(𝛾1𝑞 + 𝛾2𝑞 − 𝛾1𝑞𝛾2𝑞)1 𝑞⁄ } , {𝜂1𝜂2}};  

(2) 𝑑1⊗𝑑2 =∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2 {{𝛾1𝛾2}, {(𝜂1𝑞 + 𝜂2𝑞 − 𝜂1𝑞𝜂2𝑞)1 𝑞⁄ }}; 
(3) 𝜏𝑑 =∪𝛾∈ℎ,𝜂∈𝑔 {{(1 − (1 − 𝛾𝑞)𝜏)1 𝑞⁄ }, {𝜂𝜏}}; 
(4) 𝑑𝜏 =∪𝛾∈ℎ,𝜂∈𝑔 {{𝛾𝜏}, {(1 − (1 − 𝜂𝑞)𝜏)1 𝑞⁄ }}. 
Definition 3 [13]. If 𝑑 = (ℎ, 𝑔) is a q-RDHFE, then we can define the score function of 𝑑 as 𝑆(𝑑) = ( 1#ℎ∑ 𝛾𝛾∈ℎ )𝑞 − ( 1#𝑔∑ 𝜂𝜂∈𝑔 )𝑞 ,      (3) 

and the accuracy function of 𝑑 as 𝐻(𝑑) = ( 1#ℎ∑ 𝛾𝛾∈ℎ )𝑞 + ( 1#𝑔∑ 𝜂𝜂∈𝑔 )𝑞,      (4) 

where #ℎ represents the number of values in ℎ and #𝑔 means the number of values in 𝑔. If 𝑑1 =(ℎ1, 𝑔1) and 𝑑2 = (ℎ2, 𝑔2) are any two q-RDHFEs, then 

(1) If  𝑆(𝑑1) > 𝑆(𝑑2), then 𝑑1 > 𝑑2; 

(2) If 𝑆(𝑑1) = 𝑆(𝑑2), then 

if 𝐻(𝑑1) > 𝐻(𝑑2), then 𝑑1 > 𝑑2; 

if 𝐻(𝑑1) = 𝐻(𝑑2), then 𝑑1 = 𝑑2; 

Definition 4 [33]. If 𝑑1 = (ℎ1, 𝑔1) and 𝑑2 = (ℎ2, 𝑔2) are any two q-RDHFEs, then we can define the 

distance between 𝑑1 and 𝑑2 as 𝑑(𝑑1, 𝑑2) = ( 1(#ℎ+#𝑔) (∑ |(𝛾1𝜎(𝑖))𝑞 − (𝛾2𝜎(𝑖))𝑞| + ∑ |(𝜂1𝜎(𝑗))𝑞 − (𝜂2𝜎(𝑗))𝑞|#𝑔𝑗=1#ℎ𝑖=1 )), (5) 

where  𝛾1𝜎(𝑖) ∈ ℎ1 , 𝛾2𝜎(𝑖) ∈ ℎ2 , 𝜂1𝜎(𝑗) ∈ 𝑔1 , 𝜂2𝜎(𝑗) ∈ 𝑔2 . #ℎ  represents the number of values in ℎ1  and ℎ2 , and #𝑔  represents the number of values in 𝑔1  and 𝑔2 . The distance 𝑑(𝑑1, 𝑑2)  should 

meets such properties: 

(1) 0 ≤ 𝑑(𝑑1, 𝑑2) ≤ 1; 

(2) 𝑑(𝑑1, 𝑑2) = 0 if and only if 𝑑1 = 𝑑2; 

(3) 𝑑(𝑑1, 𝑑2) = 𝑑(𝑑2, 𝑑1). 



Remark 1. Assume that 𝑑1 = (ℎ1, 𝑔1)  and 𝑑2 = (ℎ2, 𝑔2)  are any two q-RDHFEs. According to 

Definition 4, when calculating the distance, the number of values in ℎ1 and ℎ2, 𝑔1 and 𝑔2 should be 

same. Therefore, the shorter q-RDHFE need to be added so that the MDs and NMDs in both q-RDHFEs 

have the same number of values for accurate calculation.  

Let (ℎ1, 𝑔1) = {{𝛾1𝜎(1), 𝛾1𝜎(2), . . . , 𝛾1𝜎(#ℎ1), }{𝜂1𝜎(1), 𝜂1𝜎(2), . . . , 𝜂1𝜎(#𝑔1)} },      (6) 

and 𝑑2 = (ℎ2, 𝑔2) = {{𝛾2𝜎(1), 𝛾2𝜎(2), . . . , 𝛾2𝜎(#ℎ2), }{𝜂2𝜎(1), 𝜂2𝜎(2), . . . , 𝜂2𝜎(#𝑔2)} }.      (7) 

Assume that #ℎ1 < #ℎ2 and #𝑔1 > #𝑔2. If a DM is optimistic, we can add the largest values of  ℎ1 and 𝑔2 to extend 𝑑1 and 𝑑2 to 𝑑1 ′and 𝑑2 ′. However, when the DM is pessimistic, we should 

add the smallest values in ℎ1 and 𝑔2. In this paper, we assume that the DM is optimistic. 

Example 1. Let 𝑑1 = {{0.1,0.3,0.5}, {0.6}}  and 𝑑2 = {{0.5,0.7}, {0.3,0.4}}  be any two q-RDHFEs. 

According to Remark 1, 𝑑1  and 𝑑2  should be normalized as 𝑑1′  and  𝑑2′   before calculating their 

distance. (Suppose that 𝑞 = 3). 𝑑1′ = {{0.1,0.3,0.5}, {0.6,0.6}}, 𝑑2′ = {{0.5,0.7,0.7}, {0.3,0.4}}. 
Then, 𝑑(𝑑1, 𝑑2) = ( 1(2 + 3) (|(0.1)3 − (0.5)3| + |(0.3)3 − (0.7)3| + |(0.5)3 − (0.7)3|)+ (|(0.6)3 − (0.3)3| + |(0.6)3 − (0.4)3|)) = 0.1818 

Obviously, the result satisfies the property 𝑑(𝑑1, 𝑑2) < 1. 

2.2 Generalized power average operator 

Definition 5 [32]. If 𝑎𝑖(𝑖 = 1,2, … , 𝑛) is a set of positive crisp numbers, 𝜆 is a non-negative real 

number, then we can define the generalized power average (GPA) operator as  

𝐺𝑃𝐴(𝑎1, 𝑎2, … , 𝑎𝑛) = (∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1 𝑎𝑖𝜆∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1 )𝜆,      (8) 

where 𝑇(𝑎𝑖) = ∑ 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗)𝑛𝑗=1;𝑖≠𝑗 , 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗) denotes the support degree for 𝑎𝑖 from 𝑎𝑗, and it 

should meet such properties: 

(1) 0 ≤ 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗) ≤ 1; 



(2) 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗) = 𝑆𝑢𝑝(𝑎𝑗 , 𝑎𝑖); 
(3) 𝑆𝑢𝑝(𝑎, 𝑏) ≤ 𝑆𝑢𝑝(𝑐, 𝑑), if |𝑎 − 𝑏| ≥ |𝑐 − 𝑑|. 
Remark 2. When 𝜆 = 1, the GPA operator becomes the PA operator. 𝑃𝐴(𝑎1, 𝑎2, … , 𝑎𝑛) = ∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1 𝑎𝑖∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1 .       (9) 

Definition 6 The geometric form of GPA is called generalized power geometric (GPG) operator, which 

is defined as  𝐺𝑃𝐺(𝑎1, 𝑎2, … , 𝑎𝑛) = 1𝜆 (⨂𝑖=1𝑛 (𝜆𝑎𝑖)(1+𝑇(𝑎𝑖)) ∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1⁄ ),   (10) 

where 𝑇(𝑎𝑖) = ∑ 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗)𝑛𝑗=1;𝑖≠𝑗 , 𝑆𝑢𝑝(𝑎𝑖 , 𝑎𝑗) satisfies the properties described in Definition 5. 

Remark 3. When 𝜆 = 1, the GPG operator becomes the PG operator. 𝑃𝐺(𝑎1, 𝑎2, … , 𝑎𝑛) = ⨂𝑖=1𝑛 𝑎𝑖(1+𝑇(𝑎𝑖)) ∑ (1+𝑇(𝑎𝑖))𝑛𝑖=1⁄ .     (11) 

3 Q-rung dual hesitant fuzzy Frank operations 

We propose some new Frank operations for q-RDHFEs in section 3. 

3.1 The definition of FTT 

Definition 7 [34, 35]. A function 𝑇: [0, 1] × [0, 1] → [0, 1]  is called a t-norm which meets such 

properties: 

(1) 𝑇(1, 𝑥) = 𝑥. 
(2) 𝑇(𝑥, 𝑦) = 𝑇(𝑦, 𝑥). 
(3) 𝑇(𝑥, 𝑇∗(𝑦, 𝑧)) = 𝑇(𝑇∗(𝑥, 𝑦), 𝑧). 
(4) If 𝑥 ≤ 𝑥′ and 𝑦 ≤ 𝑦′, then 𝑇(𝑥, 𝑦) ≤ 𝑇(𝑥′, 𝑦′). 

A function 𝑆: [0, 1] × [0, 1] → [0, 1] is called a t-conorm which meets such properties:  

(1) 𝑆(0, 𝑥) = 𝑥. 
(2) 𝑆(𝑥, 𝑦) = 𝑆(𝑦, 𝑥). 
(3) 𝑆(𝑥, 𝑆(𝑦, 𝑧)) = 𝑆(𝑆(𝑥, 𝑦), 𝑧). 
(4) If 𝑥 ≤ 𝑥′ and 𝑦 ≤ 𝑦′, then 𝑆(𝑥, 𝑦) ≤ 𝑆(𝑥′, 𝑦′). 

For all 𝑥 ∈ (0,1), A function 𝑇(𝑥, 𝑦) such that 𝑇(𝑥, 𝑥) < 𝑥 is called an Archimedean t-norm. 

And a function 𝑆(𝑥, 𝑦) such that 𝑆(𝑥, 𝑥) > 𝑥 for all 𝑥 ∈ (0,1) is called an Archimedean t-conorm. 



For 𝑥, 𝑦 ∈ (0,1), there is strictly Archimedean t-norm and t-conorm when it is strictly increasing in each 

variable. A strictly decreasing function 𝑝: [0, 1] → [0, +∞]  can generate a strict 𝑇(𝑥, 𝑦) =𝑝−1(𝑝(𝑥) + 𝑝(𝑦)) and its t-conorm 𝑆(𝑥, 𝑦) = 𝑞−1(𝑞(𝑥) + 𝑞(𝑦)) such that 𝑞(𝑥) = 𝑝(1 − 𝑥). If we 

take different forms for 𝑝, then we can obtain different t-norms and t-conorms. 

Let 𝑝(𝑥) = log ( 𝜃−1𝜃𝑥−1) , 𝜃 > 1.       (12) 

It is clear that 𝑞(𝑥) = 𝑝(1 − 𝑥) = log ( 𝜃−1𝜃1−𝑥−1) , 𝜃 > 1.      (13) 

FTT are then constructed by the functions 𝑝(𝑥) and 𝑞(𝑥). Then, FTT can be expressed as follows 𝑇𝐹(𝑥, 𝑦) = log𝜃 (1 + (𝜃𝑥−1)(𝜃𝑦−1)𝜃−1 ),       (14) 

𝑇𝐹∗(𝑥, 𝑦) = 1 − log𝜃 (1 + (𝜃1−𝑥−1)(𝜃1−𝑦−1)𝜃−1 ),     (15) 

where 0 ≤ 𝑥, 𝑦 ≤ 1 and 𝜃 ∈ (1, +∞).  

Especially, when 𝜃 → 1, then 

lim𝜃→1𝑝(𝑥) = lim𝜃→1 log ( 𝜃 − 1𝜃𝑥 − 1) 

= lim𝜃→1 log ( 1𝑥𝜃𝑥−1−1) = −𝑙𝑜𝑔𝑥.    (16) 

So, when 𝜃 → 1, then FTT reduce to Algebraic t-conorm and t-norm (ATT). 

3.2 New operations for q-RDHFEs  

Definition 8. Assume that 𝑑1 = (ℎ1, 𝑔1), 𝑑2 = (ℎ2, 𝑔2) and 𝑑 = (ℎ, 𝑔) are any three q-RDHFEs, 𝜏 
is a positive real number, then we have  

(1) 𝑑1⊕𝑑2 =∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2 {{𝑞−1(𝑞(𝛾1) + 𝑞(𝛾2))}, {𝑝−1(𝑝(𝜂1) + 𝑝(𝜂2))}} 
=∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2

{   
   {(1 − log𝜃 (1 + (𝜃1−𝛾1𝑞−1)(𝜃1−𝛾2𝑞−1)𝜃−1 ))1 𝑞⁄ } ,

{(log𝜃 (1 + (𝜃𝜂1𝑞−1)(𝜃𝜂2𝑞−1)𝜃−1 ))1 𝑞⁄ } }   
   

; 

(2) 𝑑1⊗𝑑2 =∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2 {{𝑝−1(𝑝(𝛾1) + 𝑝(𝛾2))}, {𝑞−1(𝑞(𝜂1) + 𝑞(𝜂2))}} 



=∪𝛾1∈ℎ1,𝛾2∈ℎ2,𝜂1∈𝑔1,𝜂2∈𝑔2
{   
   {(log𝜃 (1 + (𝜃𝛾1𝑞−1)(𝜃𝛾2𝑞−1)𝜃−1 ))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + (𝜃1−𝜂1𝑞−1)(𝜃1−𝜂2𝑞−1)𝜃−1 ))1 𝑞⁄ }}   

   
; 

(3) 𝜏𝑑 =∪𝛾∈ℎ,𝜂∈𝑔 {{𝑞−1(𝜏𝑞(𝛾))}, {𝑝−1(𝜏𝑝(𝜂))}} 
=∪𝛾∈ℎ,𝜂∈𝑔 {{(1 − log𝜃 (1 + (𝜃1−𝛾𝑞−1)𝜏(𝜃−1)𝜏−1 ))1 𝑞⁄ } , {(log𝜃 (1 + (𝜃𝜂𝑞−1)𝜏(𝜃−1)𝜏−1))1 𝑞⁄ }};  

(4) 𝑑𝜏 =∪𝛾∈ℎ,𝜂∈𝑔 {{𝑝−1(𝜏𝑝(𝛾))}, {𝑞−1(𝜏𝑞(𝜂))}} 
=∪𝛾∈ℎ,𝜂∈𝑔 {{(log𝜃 (1 + (𝜃𝛾𝑞−1)𝜏(𝜃−1)𝜏−1))1 𝑞⁄ } , {(1 − log𝜃 (1 + (𝜃1−𝜂𝑞−1)𝜏(𝜃−1)𝜏−1 ))1 𝑞⁄ }}.  

Theorem 1. Assume that 𝑑1 = (ℎ1, 𝑔1), 𝑑2 = (ℎ2, 𝑔2) and 𝑑 = (ℎ, 𝑔) are any three q-RDHFEs, 𝜏, 𝜏1, and 𝜏2 are any three non-negative real numbers, then  

(1) 𝑑1⊕𝑑2 = 𝑑2⊕𝑑1; 

(2) 𝑑1⊗𝑑2 = 𝑑2⊗𝑑1; 

(3) 𝜏(𝑑1⊕𝑑2) = 𝜏𝑑1⊕ 𝜏𝑑2; 

(4) 𝜏1𝑑 ⊕ 𝜏2𝑑 = (𝜏1 + 𝜏2)𝑑; 

(5) 𝑑𝜏1 ⊗𝑑𝜏2 = 𝑑𝜏1+𝜏2; 

(6) 𝑑1𝜏⊗𝑑2𝜏 = (𝑑1⊗𝑑2)𝜏. 
4 Some generalized power average operators for q-RDHFEs 

We develop some novel AOs for q-RDHFEs in section 4. 

4.1 The generalized q-rung dual hesitant fuzzy Frank power average operator 

Definition 9. Let 𝑑𝑖(𝑖 = 1,2, … , 𝑛) be a set of q-RDHFEs, 𝜆 be a non-negative real number. We can 

define the generalized q-rung dual hesitant fuzzy Frank power average (Gq-RDHFFPA) operator as  

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) = (⊕𝑖=1𝑛 (1+𝑇(𝑑𝑖))𝑑𝑖𝜆∑ (1+𝑇(𝑑𝑖))𝑛𝑖=1 )1/𝜆,     (17) 



where 𝑇(𝑑𝑖) = ∑ 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)𝑛𝑗=1;𝑖≠𝑗  . 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)  meets the properties in Definition 5. For 

convenience, we assume that 𝜛𝑖 = 1+𝑇(𝑑𝑖)∑ (1+𝑇(𝑑𝑖))𝑛𝑖=1 ,        (18) 

then Eq. (17) can be rewritten as  

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) = (⊕𝑖=1𝑛 𝜛𝑖𝑑𝑖𝜆)1/𝜆,    (19) 

where 𝜛 = (𝜛1, 𝜛2, … ,𝜛𝑛)𝑇  calls the power weight vector, and satisfies that 0 ≤ 𝜛𝑖 ≤ 1  and ∑ 𝜛𝑖𝑛𝑖=1 = 1.  

Theorem 2. Assume that 𝑑𝑖 = (ℎ𝑖 , 𝑔𝑖)(𝑖 = 1,2, … , 𝑛) is a set of q-RDHFEs, then the aggregated value 

by the Gq-RDHFFPA operator is still a q-RDHFE and  

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ }}   

   
, 

where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖𝑞 − 1)𝜆)𝜛𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃𝛾𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1 , and 𝑣1 =
∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖𝑞 − 1)𝜆)𝜛𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃1−𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1 . 
Proof. Based on Definition 8, 

𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {{(log𝜃 (1 + (𝜃𝛾𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ } , {(1 − log𝜃 (1 + (𝜃1−𝜂𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ }}. 

And 

𝜛𝑖𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(1 − log𝜃 (1 + ((𝜃−1)𝜆−(𝜃𝛾𝑖𝑞−1)𝜆)𝜛𝑖

((𝜃𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜛𝑖(𝜃−1)𝜛𝑖−1))
1 𝑞⁄ } ,

{(log𝜃 (1 + ((𝜃−1)𝜆−(𝜃1−𝜂𝑖𝑞−1)𝜆)𝜛𝑖
((𝜃1−𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜛𝑖(𝜃−1)𝜛𝑖−1))

1 𝑞⁄ } }  
  
  

. 

Then, 



⊕𝑖=1𝑛 𝜛𝑖𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(1 − log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃𝛾𝑖𝑞−1)𝜆)𝜛𝑖𝑛𝑖=1∏ ((𝜃𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜛𝑖𝑛𝑖=1 ))1 𝑞⁄ } ,
{(log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃1−𝜂𝑖𝑞−1)𝜆)𝜛𝑖𝑛𝑖=1∏ ((𝜃1−𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜛𝑖𝑛𝑖=1 ))1 𝑞⁄ } }  

  
  

. 

If we assume that 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖𝑞 − 1)𝜆)𝜛𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃𝛾𝑖𝑞 − 1)𝜆 + (𝜃 −𝑛𝑖=1
1)𝜆−1)𝜛𝑖  , and 𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖𝑞 − 1)𝜆)𝜛𝑖𝑛𝑖=1  , 𝑣2 = ∏ ((𝜃1−𝜂𝑖𝑞 − 1)𝜆 + (𝜃 −𝑛𝑖=1
1)𝜆−1)𝜛𝑖 , we can obtain that 

(⊕𝑖=1𝑛 𝜛𝑖𝑑𝑖𝜆)1𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ }}   

   
. 

The following are some special cases of the Gq-RDHFFPA operator. 

Case 1. When 𝑞 = 1, the Gq-RDHFFPA operator degenerates into the generalized dual hesitant fuzzy 

Frank power average (GDHFFPA) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1)} ,{1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1)}}  

  
, 

where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖 − 1)𝜆)𝜛𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃𝛾𝑖 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1  , and 𝑣1 =∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖 − 1)𝜆)𝜛𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃1−𝜂𝑖 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1 . 
In this case, if 𝜆 = 1, then the proposed operator degenerates into the dual hesitant fuzzy Frank 

power average (DHFFPA) operator 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {{1 − log𝜃(1 + ∏ (𝜃1−𝛾𝑖 − 1)𝜛𝑖𝑛𝑖=1 )},{log𝜃(1 + ∏ (𝜃𝜂𝑖 − 1)𝜛𝑖𝑛𝑖=1 )} }. 
Case 2. When 𝑞 = 2 , the Gq-RDHFFPA operator degenerates into the generalized dual hesitant 

Pythagorean fuzzy Frank power average (GDHPFFPA) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 2⁄ } ,
{(1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 2⁄ }}   

   
, 



where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖2 − 1)𝜆)𝜛𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃𝛾𝑖2 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1  , and 𝑣1 =
∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖2 − 1)𝜆)𝜛𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃1−𝜂𝑖2 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜛𝑖𝑛𝑖=1 . 

In this case, if 𝜆 = 1, then the proposed operator degenerates into dual hesitant Pythagorean fuzzy 

Frank power average (DHPFFPA) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(1 − log𝜃 (1 + ∏ (𝜃1−𝛾𝑖2 − 1)𝜛𝑖𝑛𝑖=1 ))1 2⁄ } ,

{(log𝜃 (1 +∏ (𝜃𝜂𝑖2 − 1)𝜛𝑖𝑛𝑖=1 ))1 2⁄ } }  
  

. 

Case 3. When 𝜆 = 1, the Gq-RDHFFPA operator degenerates into the q-rung dual hesitant fuzzy Frank 

power average (q-RDHFFPA) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(1 − log𝜃 (1 + ∏ (𝜃1−𝛾𝑖𝑞 − 1)𝜛𝑖𝑛𝑖=1 ))1 𝑞⁄ } ,

{(log𝜃 (1 +∏ (𝜃𝜂𝑖𝑞 − 1)𝜛𝑖𝑛𝑖=1 ))1 𝑞⁄ } }  
  

. 

Case 4. When 𝜃 → 1, the Gq-RDHFFPA operator degenerates into the generalized q-rung dual hesitant 

fuzzy power average (Gq-RDHFPA) operator. 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛)= 

∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(𝑛 − ∑ (1 − 𝛾𝑖𝜆𝑞)𝜛𝑖 −∏ (1 − (1 − 𝛾𝑖𝜆𝑞)𝜛𝑖)𝑛𝑖=1𝑛𝑖=1 )1 𝑞𝜆⁄ } ,

{(1 − (1 − ∏ (1 − (1 − 𝜂𝑖𝑞)𝜆)𝜛𝑖𝑛𝑖=1 )1 𝜆⁄ )1 𝑞⁄ } }  
  

. 

4.2 The generalized q-rung dual hesitant fuzzy Frank weighted power average 

operator 

Definition 10. Let 𝑑𝑖(𝑖 = 1,2, … , 𝑛)  be a set of q-RDHFEs, 𝜆  be a non-negative real number. Let 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑛)𝑇 be the corresponding weight vector of 𝑑𝑖(𝑖 = 1,2, … , 𝑛), such that 0 ≤ 𝑤𝑖 ≤ 1 

and ∑ 𝑤𝑖𝑛𝑖=1 = 1 . We can define the generalized q-rung dual hesitant fuzzy Frank weighted power 

average (Gq-RDHFFWPA) operator as 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) = (⊕𝑖=1𝑛 𝑤𝑖(1+𝑇(𝑑𝑖))𝑑𝑖𝜆∑ 𝑤𝑖(1+𝑇(𝑑𝑖))𝑛𝑖=1 )1/𝜆,   (20) 

where 𝑇(𝑑𝑖) = ∑ 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)𝑛𝑗=1;𝑖≠𝑗 . 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗) meets the properties in Definition 5. Similarly, let  𝜏𝑖 = 𝑤𝑖(1+𝑇(𝑑𝑖))∑ 𝑤𝑖(1+𝑇(𝑑𝑖))𝑛𝑖=1 ,        (21) 

then we can rewrite Eq. (20) as  



𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) = (⊕𝑖=1𝑛 𝜏𝑖𝑑𝑖𝜆)1/𝜆,    (22) 

where 𝜏 = (𝜏1, 𝜏2, … , 𝜏𝑛)𝑇 calls the power weight vector, and satisfies that 0 ≤ 𝜏𝑖 ≤ 1 and ∑ 𝜏𝑖𝑛𝑖=1 =1.  

Theorem 3. Assume that 𝑑𝑖(𝑖 = 1,2, … , 𝑛) is a set of q-RDHFEs, the aggregated value by the Gq-

RDHFFWPA operator is still a q-RDHFE and  

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐴(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ }}   

   
, 

where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖𝑞 − 1)𝜆)𝜏𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃𝛾𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜏𝑖𝑛𝑖=1 , and 𝑣1 =
∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖𝑞 − 1)𝜆)𝜏𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃1−𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜏𝑖𝑛𝑖=1 . 
Proof. Based on Definition 8, 

𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {{(log𝜃 (1 + (𝜃𝛾𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ } , {(1 − log𝜃 (1 + (𝜃1−𝜂𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ }}. 

And 

𝜏𝑖𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(1 − log𝜃 (1 + ((𝜃−1)𝜆−(𝜃𝛾𝑖𝑞−1)𝜆)𝜏𝑖

((𝜃𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜏𝑖(𝜃−1)𝜏𝑖−1))
1 𝑞⁄ } ,

{(log𝜃 (1 + ((𝜃−1)𝜆−(𝜃1−𝜂𝑖𝑞−1)𝜆)𝜏𝑖
((𝜃1−𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜏𝑖(𝜃−1)𝜏𝑖−1))

1 𝑞⁄ } }  
  
  

. 

Then, 

⊕𝑖=1𝑛 𝜏𝑖𝑑𝑖𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(1 − log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃𝛾𝑖𝑞−1)𝜆)𝜏𝑖𝑛𝑖=1∏ ((𝜃𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜏𝑖𝑛𝑖=1 ))1 𝑞⁄ } ,
{(log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃1−𝜂𝑖𝑞−1)𝜆)𝜏𝑖𝑛𝑖=1∏ ((𝜃1−𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜏𝑖𝑛𝑖=1 ))1 𝑞⁄ } }  

  
  

. 

If we assume that 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝛾𝑖𝑞 − 1)𝜆)𝜏𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃𝛾𝑖𝑞 − 1)𝜆 + (𝜃 −𝑛𝑖=1
1)𝜆−1)𝜏𝑖 , and 𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝜂𝑖𝑞 − 1)𝜆)𝜏𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃1−𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜏𝑖𝑛𝑖=1 , 

we can obtain that 



(⊕𝑖=1𝑛 𝜏𝑖𝑑𝑖𝜆)1𝜆 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ }}   

   . 
It should be noted that when 𝑤𝑖 = 1𝑛 (𝑖 = 1,2, . . . , 𝑛), the Gq-RDHFFWPA operator degenerates 

into the Gq-RDHFFPA operator. The specific formula is shown in Theorem 2. 

4.3 The generalized q-rung dual hesitant fuzzy Frank power geometric operator 

Definition 11. Let 𝑑𝑖(𝑖 = 1,2, … , 𝑛) be a set of q-RDHFEs, 𝜆 be a positive real number. We can define 

the generalized q-rung dual hesitant fuzzy Frank power geometric (Gq-RDHFFPG) operator as  𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) = 1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)(1+𝑇(𝑑𝑖)) ∑ (1+𝑇(𝑑𝑖))𝑛𝑖=1⁄ ),   (23) 

where 𝑇(𝑑𝑖) = ∑ 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)𝑛𝑗=1;𝑖≠𝑗  . 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)  meets the properties in Definition 5. For 

convenience, we assume that 𝜎𝑖 = 1+𝑇(𝑑𝑖)∑ (1+𝑇(𝑑𝑖))𝑛𝑖=1 ,        (24) 

then Eq. (23) can be transformed into 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) = 1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝜎𝑖),    (25) 

where 𝜎 = (𝜎1, 𝜎2, … , 𝜎𝑛)𝑇  calls the power weight vector, and satisfies that 0 ≤ 𝜎𝑖 ≤ 1  and ∑ 𝜎𝑖𝑛𝑖=1 = 1. 

Theorem 4. Assume that 𝑑𝑖 = (ℎ𝑖 , 𝑔𝑖)(𝑖 = 1,2, … , 𝑛) is a set of q-RDHFEs, then the aggregated value 

by the Gq-RDHFFPG operator is still a q-RDHFE and  

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(1 − log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,

{(log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } }   
   

, 

where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖𝑞 − 1)𝜆)𝜎𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃1−𝛾𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1  , and 
𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖𝑞 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 . 

Proof. Based on Definition 8,  



𝜆𝑑𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {{(1 − log𝜃 (1 + (𝜃1−𝛾𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ } , {(log𝜃 (1 + (𝜃𝜂𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ }}. 
And 

(𝜆𝑑𝑖)𝜎𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(log𝜃 (1 + ((𝜃−1)𝜆−(𝜃1−𝛾𝑖𝑞−1)𝜆)𝜎𝑖

((𝜃1−𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜎𝑖(𝜃−1)𝜎𝑖−1))
1 𝑞⁄ } ,

{(1 − log𝜃 (1 + ((𝜃−1)𝜆−(𝜃𝜂𝑖𝑞−1)𝜆)𝜎𝑖
((𝜃𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜎𝑖(𝜃−1)𝜎𝑖−1))

1 𝑞⁄ }}  
  
  

. 

Then, 

⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝜎𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{  
  
  {(log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃1−𝛾𝑖𝑞−1)𝜆)𝜎𝑖𝑛𝑖=1∏ ((𝜃1−𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜎𝑖𝑛𝑖=1 ))1 𝑞⁄ } ,
{(1 − log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃𝜂𝑖𝑞−1)𝜆)𝜎𝑖𝑛𝑖=1∏ ((𝜃𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝜎𝑖𝑛𝑖=1 ))1 𝑞⁄ }}  

  
  

. 

If we assume that 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖𝑞 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃1−𝛾𝑖𝑞 − 1)𝜆 + (𝜃 −𝑛𝑖=1
1)𝜆−1)𝜎𝑖 , and 𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖𝑞 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 , we 

can obtain that 

1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝜎𝑖) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(1 − log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,

{(log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } }   
   

. 

The following are some special cases of the Gq-RDHFFPG operator. 

Case 5. When 𝑞 = 1, the Gq-RDHFFPG operator degenerates into the generalized dual hesitant fuzzy 

Frank power geometric (GDHFFPG) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {1 − log𝜃 (1 + (𝑢2(𝜃 − 1) − 𝑢1)1𝜆(𝑢1 + 𝑢2)1𝜆(𝜃 − 1)1𝜆−1)} ,{log𝜃 (1 + (𝑣2(𝜃 − 1) − 𝑣1)1𝜆(𝑣1 + 𝑣2)1𝜆(𝜃 − 1)1𝜆−1)} }   

   , 
where  𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃1−𝛾𝑖 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 , and 𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃𝜂𝑖 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 . 



In this case, if 𝜆 = 1, then the proposed operator degenerates into dual hesitant fuzzy Frank power 

geometric (DHFFPG) operator. 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 { {log𝜃(1 + ∏ (𝜃𝛾𝑖 − 1)𝜎𝑖𝑛𝑖=1 )},{1 − log𝜃(1 + ∏ (𝜃1−𝜂𝑖 − 1)𝜎𝑖𝑛𝑖=1 )}}. 
Case 6. When 2q   , the Gq-RDHFFPG operator degenerates into the generalized dual hesitant 

Pythagorean fuzzy Frank power geometric (GDHPFFPG) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(1 − log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 2⁄ } ,

{(log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 2⁄ } }   
   

, 

where  𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖2 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃1−𝛾𝑖2 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 , and 

𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖2 − 1)𝜆)𝜎𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃𝜂𝑖2 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝜎𝑖𝑛𝑖=1 . 
In this case, if 𝜆 = 1, then the proposed operator degenerates into dual hesitant Pythagorean fuzzy 

Frank power geometric (DHPFFPG) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(log𝜃 (1 + ∏ (𝜃𝛾𝑖2 − 1)𝜎𝑖𝑛𝑖=1 ))1 2⁄ } ,
{(1 − log𝜃 (1 +∏ (𝜃1−𝜂𝑖2 − 1)𝜎𝑖𝑛𝑖=1 ))1 2⁄ }}  

  
. 

Case 7. When 𝜆 = 1, the Gq-RDHFFPG operator degenerates into the q-rung dual hesitant fuzzy Frank 

power geometric (q-RDHFFPG) operator. 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(log𝜃 (1 + ∏ (𝜃𝛾𝑖𝑞 − 1)𝜎𝑖𝑛𝑖=1 ))1 𝑞⁄ } ,
{(1 − log𝜃 (1 +∏ (𝜃1−𝜂𝑖𝑞 − 1)𝜎𝑖𝑛𝑖=1 ))1 𝑞⁄ }}  

  
. 

Case 8. When 𝜃 → 1, the Gq-RDHFFPG operator degenerates into the generalized q-rung dual hesitant 

fuzzy power geometric (Gq-RDHFPG) operator. 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛)= 

∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {  
  {(1 − (1 − ∏ (1 − (1 − 𝛾𝑖𝑞)𝜆)𝜎𝑖𝑛𝑖=1 )1 𝜆⁄ )1 𝑞⁄ } ,
{(𝑛 − ∑ (1 − 𝜂𝑖𝜆𝑞)𝜎𝑖𝑛𝑖=1 −∏ (1 − (1 − 𝜂𝑖𝜆𝑞)𝜎𝑖)𝑛𝑖=1 )1 𝑞𝜆⁄ }}  

  
. 



4.4 The generalized q-rung dual hesitant fuzzy Frank weighted power geometric 

operator 

Definition 12. Let 𝑑𝑖(𝑖 = 1,2, … , 𝑛) be a set of q-RDHFEs, 𝜆 be a positive real number. Let 𝑤 =(𝑤1, 𝑤2, … , 𝑤𝑛)𝑇 be the corresponding weight vector of 𝑑𝑖(𝑖 = 1,2, … , 𝑛), such that 0 ≤ 𝑤𝑖 ≤ 1 and ∑ 𝑤𝑖𝑛𝑖=1 = 1. We can define the generalized q-rung dual hesitant fuzzy Frank weighted power geometric 

(Gq-RDHFFWPG) operator as 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) = 1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)(𝑤𝑖(1+𝑇(𝑑𝑖))) ∑ (𝑤𝑖(1+𝑇(𝑑𝑖)))𝑛𝑖=1⁄ ),  (26) 

where 𝑇(𝑑𝑖) = ∑ 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)𝑛𝑗=1;𝑖≠𝑗  . 𝑆𝑢𝑝(𝑑𝑖 , 𝑑𝑗)  meets the properties in Definition 5. For 

convenience, we assume that 𝛿𝑖 = 𝑤𝑖(1+𝑇(𝑑𝑖))∑ 𝑤𝑖(1+𝑇(𝑑𝑖))𝑛𝑖=1 ,        (27) 

then Eq. (26) can be transformed into 𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) = 1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝛿𝑖),    (28) 

where 𝛿 = (𝛿1, 𝛿2, … , 𝛿𝑛)𝑇  calls the power weight vector, and satisfies that 0 ≤ 𝛿𝑖 ≤ 1  and ∑ 𝛿𝑖𝑛𝑖=1 = 1. 

Theorem 5. Assume that 𝑑𝑖(𝑖 = 1,2, … , 𝑛) is a set of q-RDHFEs, then the aggregated value by the Gq-

RDHFFWPG operator is still a q-RDHFE and 

𝐺𝑞 − 𝑅𝐷𝐻𝐹𝐹𝑊𝑃𝐺(𝑑1, 𝑑2, … , 𝑑𝑛) =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(1 − log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,

{(log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } }   
   

, 

where 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖𝑞 − 1)𝜆)𝛿𝑖𝑛𝑖=1  , 𝑢2 = ∏ ((𝜃1−𝛾𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝛿𝑖𝑛𝑖=1  , and 

𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖𝑞 − 1)𝜆)𝛿𝑖𝑛𝑖=1 , 𝑣2 = ∏ ((𝜃𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝛿𝑖𝑛𝑖=1 . 
Proof. Based on Definition 8, 

𝜆𝑑𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔 {{(1 − log𝜃 (1 + (𝜃1−𝛾𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ } , {(log𝜃 (1 + (𝜃𝜂𝑖𝑞−1)𝜆(𝜃−1)𝜆−1 ))1 𝑞⁄ }}. 

and 



(𝜆𝑑𝑖)𝛿𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
  
   { 
 (log𝜃 (1 + ((𝜃−1)𝜆−(𝜃1−𝛾𝑖𝑞−1)𝜆)𝛿𝑖

((𝜃1−𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝛿𝑖(𝜃−1)𝛿𝑖−1))
1 𝑞⁄
} 
 ,

{ 
 (1 − log𝜃 (1 + ((𝜃−1)𝜆−(𝜃𝜂𝑖𝑞−1)𝜆)𝛿𝑖

((𝜃𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝛿𝑖(𝜃−1)𝛿𝑖−1))
1 𝑞⁄
} 
 
}   
  
   

. 

Then, 

⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝛿𝑖 =∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
  
   { 
 (log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃1−𝛾𝑖𝑞−1)𝜆)𝛿𝑖𝑛𝑖=1

∏ ((𝜃1−𝛾𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝛿𝑖𝑛𝑖=1 ))1 𝑞⁄
} 
 ,

{ 
 (1 − log𝜃 (1 + ∏ ((𝜃−1)𝜆−(𝜃𝜂𝑖𝑞−1)𝜆)𝛿𝑖𝑛𝑖=1

∏ ((𝜃𝜂𝑖𝑞−1)𝜆+(𝜃−1)𝜆−1)𝛿𝑖𝑛𝑖=1 ))1 𝑞⁄
} 
 
}   
  
   

. 

If we assume that 𝑢1 = ∏ ((𝜃 − 1)𝜆 − (𝜃1−𝛾𝑖𝑞 − 1)𝜆)𝛿𝑖𝑛𝑖=1 , 𝑢2 = ∏ ((𝜃1−𝛾𝑖𝑞 − 1)𝜆 + (𝜃 −𝑛𝑖=1
1)𝜆−1)𝛿𝑖 , and 𝑣1 = ∏ ((𝜃 − 1)𝜆 − (𝜃𝜂𝑖𝑞 − 1)𝜆)𝛿𝑖𝑛𝑖=1  , 𝑣2 = ∏ ((𝜃𝜂𝑖𝑞 − 1)𝜆 + (𝜃 − 1)𝜆−1)𝛿𝑖𝑛𝑖=1  , we 

can obtain that 

1𝜆 (⨂𝑖=1𝑛 (𝜆𝑑𝑖)𝛿𝑖)=∪𝛾𝑖∈ℎ,𝜂𝑖∈𝑔
{   
   {(1 − log𝜃 (1 + (𝑢2(𝜃−1)−𝑢1)1𝜆(𝑢1+𝑢2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } ,

{(log𝜃 (1 + (𝑣2(𝜃−1)−𝑣1)1𝜆(𝑣1+𝑣2)1𝜆(𝜃−1)1𝜆−1))1 𝑞⁄ } }   
   . 

It should be noted that when 𝑤𝑖 = 1𝑛 (𝑖 = 1,2, . . . , 𝑛), the Gq-RDHFFWPG operator degenerates 

into the Gq-RDHFFPG operator. The specific formula is shown in Theorem 4. 

5 A novel MADM method under q-RDHFEs environment 

A new MADM method is proposed in this section. Suppose that {𝐴1, 𝐴2, . . . , 𝐴𝑚} are m alternatives, {𝐶1, 𝐶2, . . . , 𝐶𝑛} are n attributes, and 𝑤 = (𝑤1 , 𝑤2, ⋯ , 𝑤𝑛)𝑇 is the weight vector of attributes, meeting 

that 0 ≤ 𝑤𝑗 ≤ 1 and ∑ 𝑤𝑗𝑛𝑗=1 = 1. For each 𝐶𝑗(𝑗 = 1,2, . . . , 𝑛) of alternative 𝐴𝑖(𝑖 = 1,2, . . . ,𝑚), a 

DM needs to provide assessment information by q-RDHFEs 𝑑𝑖𝑗 = (ℎ𝑖𝑗 , 𝑔𝑖𝑗) . For convenience, we 

utilize 𝑅 = (𝑑𝑖𝑗)𝑚×𝑛 to express the evaluation decision matrix of with q-RDHFEs. The steps to choose 

the best option are as follows. 



Step 1. Normalize the decision matrix. Attribute values include two types: benefit type and cost 

type. Therefore, we should normalize the matrix by 𝑑𝑖𝑗 = {(ℎ𝑖𝑗 , 𝑔𝑖𝑗)  𝐶𝑗  𝑖𝑠 𝑎 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 𝑡𝑦𝑝𝑒(𝑔𝑖𝑗 , ℎ𝑖𝑗)  𝐶𝑗 𝑖𝑠 𝑎 cos𝑡 𝑡𝑦𝑝𝑒 ,      (29) 

Step 2. Compute the 𝑆𝑢𝑝(𝑑𝑖𝑙 , 𝑑𝑖𝑚) by 𝑆𝑢𝑝(𝑑𝑖𝑙 , 𝑑𝑖𝑚) = 1 − 𝑑(𝑑𝑖𝑙 , 𝑑𝑖𝑚),      (30) 

meeting that 𝑙, 𝑚 = 1,2, . . . , 𝑛; 𝑙 ≠ 𝑚 

Step 3. Compute 𝑇(𝑑𝑖𝑗) by 𝑇(𝑑𝑖𝑗) = ∑ 𝑆𝑢𝑝(𝑑𝑖𝑙 , 𝑑𝑖𝑚)𝑛𝑙,𝑚=1,𝑙≠𝑚 ,      (31) 

Step 4. Compute the power weights 𝛿𝑖𝑗 by 

𝛿𝑖𝑗 = 𝑤𝑗(1+𝑇(𝑑𝑖𝑗))∑ 𝑤𝑗(1+𝑇(𝑑𝑖𝑗))𝑛𝑗=1 ,       (32) 

Step 5. The aggregated evaluation values of 𝐴𝑖  can be computed based on the Gq-RDHFFWPA 

operator  𝑑𝑖 = G𝑞 − RDHFFWPA (𝑑𝑖1, 𝑑𝑖2, … , 𝑑𝑖𝑛),     (33) 

or the Gq-RDHFFWPG operator 𝑑𝑖 = G𝑞 − RDHFFWPG (𝑑𝑖1, 𝑑𝑖2, … , 𝑑𝑖𝑛),    (34) 

Step 6. Compute the score functions of 𝑑𝑖(𝑖 = 1,2, . . . ,𝑚). 
Step 7. The optimal decision result is obtained by sorting the score values. 

Fig.1 The main steps of our MADM method 

 



6 Evaluation index system of charging pile manufacturers for electric vehicles 

Energy is vital to human beings, among which petroleum energy has attracted much attention owing to 

its extremely important position in industry. In recent years, the demand for oil is increasing with the 

development of economy, but we know that petroleum is non-renewable energy. Therefore, all industries 

around the world are struggling to find alternative renewable energy sources, and new energy vehicles 

are thus created. New energy vehicles not only greatly reduce the use of energy, but also play a role in 

protecting the environment. Electric vehicles are the most widely used new energy vehicles and have 

developed rapidly in recent years. However, how to charge electric vehicles has become a problem that 

we have to consider. Generally speaking, the establishment of public charging piles is the first choice. It 

should be noted that the selection of charging pile manufacturers for electric vehicles is a kind of 

complex MADM problem. In the following, we construct an evaluation index system to make a more 

comprehensive evaluation of charging pile manufacturers, and employ the proposed method to solve a 

realistic charging pile manufacturer evaluation problem. 

6.1 The evaluation index of charging pile manufacturers 

(1) Vendor qualification.  

Operating and capital condition: When choosing a charging pile manufacturer, we should pay 

attention to the operation and capital status of the company in recent years to ensure that its qualifications 

can support the construction project of charging pile;  

Technical qualification: The technical qualification of the manufacturer will directly affect the 

quality of the charging pile.  

(2) The user experience.  

Charging speed and number of ports: Charging speed directly affects the charging efficiency of 

users. The more ports, the more users can use a charging pile at the same time;  

Functional richness: Users pay more and more attention to the functional diversity of charging piles, 

such as fast payment, automatic stop and so on;  

Charging price: One of the biggest concerns for users is the price of a charge, which varies from 

different manufacturers. 



(3) Security.  

When choosing a charging pile manufacturer, we should pay special attention to the internal 

insurance measures of the charging pile, or directly refer to whether the manufacturer has had safety 

problems like fire before;  

Waterproofness: Some unqualified charging piles will have water stains inside due to rain, which 

may lead to electric leakage and other accidents; 

Shock resistance: The internal voids of the charging piles should be filled with shock-proof sealant.  

(4) Costs.  

Construction costs: Construction cost is the direct cost of construction;  

Maintenance costs: Maintenance cost refers to the cost of long-term investment in the follow-up 

use of charging piles. 

6.2 Establish the evaluation system 

On the basis of existing research, we investigate several charging pile manufacturers and communicate 

with users. The evaluation system of charging pile manufacturers is constructed in this section, as shown 

in Table 1. 

Table 1 Evaluation system of charging pile manufacturers 

Index Implication 

Vendor qualification (C1) The charging pile manufacturer has a complete enterprise structure, a 

virtuous capital chain and strong technical advantages. 

The user experience (C2) The charging pile can provide high charging efficiency, rich charging 

function and low charging price. 

Security (C3) Good water resistance and impact resistance. The use risk of charging 

pile is small and there is little safety problem. 

Costs (C4) Low cost of construction and maintenance. 

6.3 Numerical examples 

An example is utilized to demonstrate the rationality of the novel MADM method under q-RDHFS in 

this section.  



Example 2. In order to choose the best charging pile from four alternative manufacturers  𝐴𝑖(𝑖 =1,2,3,4), a DM is invited to assess the four manufacturers under four attributes 𝐶𝑗(𝑗 = 1,2,3,4), where 

C1 stands for the vendor qualification; C2 stands for the user experience; C3 stands for the security; and 

C4 stands for the costs. The weight vector of attributes is 𝑤 = [0.1,0.3,0.35,0.25]𝑇. The DM utilizes q-

RDHFEs to express his/her evaluations. Table 2 shows the decision matrix 𝑑𝑖𝑗 = {{ℎ𝑖𝑗}, {𝑔𝑖𝑗}}. 
Table 2 The given decision matrix 

 C1 C2 C3 C4 

A1 {{0.8,0.9}, {0.1}} {{0.7,0.8}, {0.1}} {{0.6,0.8}, {0.2}} {{0.3,0.5}, {0.5}} 
A2 {{0.1,0.4}, {0.5}} {{0.7}, {0.1,0.3}} {{0.2}, {0.5,0.6,0.7}} {{0.2,0.3}, {0.7}} 
A3 {{0.5,0.6}, {0.3}} {{0.2,0.3,0.4}, {0.6}} {{0.5}, {0.3,0.4}} {{0.2}, {0.6,0.7}} 
A4 {{0.8}, {0.1,0.2}} {{0.4}, {0.5}} {{0.4,0.5}, {0.1,0.2}} {{0.7,0.8}, {0.1,0.2}} 

6.3.1 The Decision-making Process 

The proposed method in this paper is used to select the best charging pile manufacturer, and calculation 

process is as follows. (Assume that q = 3, 𝜃 = 3 and 𝜆 = 4). 

Step 1. Obviously, attributes C1, C2 and C3 belong to benefit type, and attribute C4 belongs to cost 

type. Thus, we should normalize the decision matrix. 

Table 3 The normalized decision matrix 

 C1 C2 C3 C4 

A1 {{0.8,0.9}, {0.1}} {{0.7,0.8}, {0.1}} {{0.6,0.8}, {0.2}} {{0.5}, {0.3,0.5}} 
A2 {{0.1,0.4}, {0.5}} {{0.7}, {0.1,0.3}} {{0.2}, {0.5,0.6,0.7}} {{0.7}, {0.2,0.3}} 
A3 {{0.5,0.6}, {0.3}} {{0.2,0.3,0.4}, {0.6}} {{0.5}, {0.3,0.4}} {{0.6,0.7}, {0.2}} 
A4 {{0.8}, {0.1,0.2}} {{0.4}, {0.5}} {{0.4,0.5}, {0.1,0.2}} {{0.1,0.2}, {0.7,0.8}} 

Step 2. Calculate the support 𝑆𝑢𝑝(𝑑𝑖𝑙 , 𝑑𝑖𝑚) . We use 𝑆𝑙𝑚  to represent the 

value 𝑆𝑢𝑝(𝑑𝑖𝑙 , 𝑑𝑖𝑚)(𝑖, 𝑙, 𝑚 = 1,2,3,4; 𝑙 ≠ 𝑚). Therefore, the calculation result is shown as follows. 𝑆12 = 𝑆21 = (0.8713,0.7893,0.8383,0.7703); 𝑆13 = 𝑆31 = (0.8267,0.9256,0.9680,0.7913); 𝑆14 = 𝑆41 = (0.7148,0.7910,0.9210,0.5348). 𝑆23 = 𝑆32 = (0.9553,0.7590,0.8766,0.9245). 𝑆24 = 𝑆42 = (0.8113,0.9977,07473,0.8190). 𝑆34 = 𝑆43 = (0.8465,0.7608,0.9040,0.7435). 



Step 3. Calculate the support value 𝑇(𝑑𝑖𝑗). We use 𝑇𝑖𝑗  to represent the value 𝑇(𝑑𝑖𝑗), and the 

calculation result is shown as follows. 

𝑇 = [ 2.4128 2.6379 2.6285    2.37252.5059 2.5459 2.4454    2.54942.7272 2.4621 2.7486    2.5723 2.0963 2.5138 2.4593    2.0973 ] 
Step 4. Calculate the power weight 𝛿𝑖𝑗 . 

𝛿𝑖𝑗 = [0.0962 0.3078 0.3582    0.23780.1000 0.3033 0.3438    0.25300.1031 0.2872 0.3628    0.24690.0925 0.3148 0.3615    0.2312] 
Step 5. The Gq-RDHFFWPA operator is used to compute the evaluation values 𝑑𝑖(𝑖 = 1,2,3,4) of 𝐴𝑖(𝑖 = 1,2,3,4). 
Step 6. For all evaluation values, score values 𝑆(𝑑𝑖)(𝑖 = 1,2,3,4) are calculated, and  𝑆(𝑑1) = 0.4604, 𝑆(𝑑2) = 0.2680, 𝑆(𝑑3) = 0.1665, 𝑆(𝑑4) = 0.2865 

Step 7. We determine the ordering of the alternatives by 𝑆(𝑑𝑖)(𝑖 = 1,2,3,4). The result is that 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3., and 𝐴1 is the manufacturer we need to select. 

6.4 Effect of parameters on results 

The sensitivity of the parameters of the proposed method is analyzed. 

6.4.1 The effect of the parameter q on the results 

During the process of computation, different values of q are taken to illustrate the effect of it on the 

result. From Table 4, different values of q can be used to obtain different score values of alternatives. 

Obviously, the score value of each alternative decreases with the increase of q. Furthermore, we note 

that the best manufacturer is always 𝐴1,which also demonstrates the stability of our method. 

Table 4 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with different q based on Gq-RDHFFWPA operator (𝜃 = 2 and 𝜆 = 2) 

q Score values Ranking orders 

q = 1 𝑆(𝑑1) = 0.5382, 𝑆(𝑑2) = 0.2571, 𝑆(𝑑3) = 0.1778, 𝑆(𝑑4) = 0.1705 𝐴1 > 𝐴2 > 𝐴3 > 𝐴4 

q = 2 𝑆(𝑑1) = 0.4959, 𝑆(𝑑2) = 0.2778, 𝑆(𝑑3) = 0.1714, 𝑆(𝑑4) = 0.1768 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

q = 3 𝑆(𝑑1) = 0.3972, 𝑆(𝑑2) = 0.2286, 𝑆(𝑑3) = 0.1300, 𝑆(𝑑4) = 0.1577 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

q = 4 𝑆(𝑑1) = 0.3143, 𝑆(𝑑2) = 0.1710, 𝑆(𝑑3) = 0.0904, 𝑆(𝑑4) = 0.1318 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

For a clearer display, we provide the visualization of the score values for alternatives with respect 

to different values of q with different assumptions to 𝜃 and 𝜆. As can be seen from Figs. 2-4, the scores 



of the four alternatives almost all decrease with the increase of q, regardless of the values of 𝜃 and 𝜆. 

At the same time, 𝐴1 is always the most desirable manufacturer. 

Fig.2 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝜃 = 2 and 𝑞𝜖[1,10] based on Gq-RDHFFWPA operator 

 

Fig.3 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝜃 = 4 and 𝑞𝜖[1,10] based on Gq-RDHFFWPA operator 

 

Fig.4 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝜃 = 8 and 𝑞𝜖[1,10] based on Gq-RDHFFWPA operator 

 



6.4.2 The effect of the parameter 𝜽 on the results 

FTT has been known that it is more flexible than other operational functions in handling information 

aggregation. The parameter 𝜃  plays a significant role in FTT. Specifically, if the parameter 𝜃 

approaches 1, FTT degenerates into ATT. In order to demonstrate that our proposed method based on 

FTT operation rules is not only flexible but also has good robustness, we set the parameter 𝜃 of Gq-

RDHFFWPA operator to 𝜃 = 2 , 𝜃 = 3 , and 𝜃 = 4 , respectively. Then, the proposed method with 

different values of 𝜃 are employed to solve the evaluation problem of charging pile manufacturers for 

electric vehicles described in Example 2. From Table 5, different values of 𝜃 can be used to obtain 

different score values of alternatives, but the ranking order remains consistent regardless of changes in 

parameters. We also notice that the optimal alternative is always 𝐴1. In real MADM problem, a DM can 

assign appropriate value to parameter 𝜃  according to individual preference and practical needs. 

Furthermore, we provide some visualizations in Figs. 5-7 to show the effect of 𝜃 on the final ranking 

orders more clearly. 

Table 5 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with different 𝜃 based on Gq-RDHFFWPA operator (q = 3 and 𝜆 = 3) 𝜃 Score values Ranking orders 𝜃 = 2 𝑆(𝑑1) = 0.4283, 𝑆(𝑑2) = 0.2533, 𝑆(𝑑3) = 0.1504, 𝑆(𝑑4) = 0.2268 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 𝜃 = 3 𝑆(𝑑1) = 0.4339, 𝑆(𝑑2) = 0.2549, 𝑆(𝑑3) = 0.1517, 𝑆(𝑑4) = 0.2361 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 𝜃 = 4 𝑆(𝑑1) = 0.4381, 𝑆(𝑑2) = 0.2559, 𝑆(𝑑3) = 0.1527, 𝑆(𝑑4) = 0.2429 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

Fig.5 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝑞 = 1 and 𝜃𝜖[2,10] based on Gq-RDHFFWPA operator 

 

Fig.6 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝑞 = 3 and 𝜃𝜖[2,10] based on Gq-RDHFFWPA operator 



 

Fig.7 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜆 = 𝑞 = 5 and 𝜃𝜖[2,10] based on Gq-RDHFFWPA operator 

 

6.4.3 The effect of the parameter 𝝀 on the results 

The parameter 𝜆 occupies an important place in the GPA and GPG operator. We admeasure different 

values to parameter 𝜆 to show the advantages of it through experiments. From Table 6, different values 

of 𝜆 can be used to obtain different score values of alternatives. We notice that if the parameter 𝜆 takes 

different values, there is a minor difference in the ranking orders of alternatives. Specifically, when 𝜆 =1, the Gq-RDHFFWPA operator is actually the q-rung dual hesitant fuzzy Frank weighted power average 

(q-RDHFFWPA) operator. As can be seen from Figs. 8-10, the scores of the four alternatives all increase 

with 𝜆, regardless of the values of 𝜃 and 𝑞. At the same time, the optimal alternative is always 𝐴1, 

which also shows the flexibility and robustness of our method. Moreover, Figs. 11-14 show the score 

values of alternatives when parameters q and 𝜆 change simultaneously. 



Table 6 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with different 𝜆 based on Gq-RDHFFWPA operator (q = 3 and 𝜃 = 3) 𝜆 Score values Ranking orders 𝜆 = 1 𝑆(𝑑1) = 0.3592, 𝑆(𝑑2) = 0.1711, 𝑆(𝑑3) = 0.1005, 𝑆(𝑑4) = 0.0786 𝐴1 > 𝐴2 > 𝐴3 > 𝐴4 𝜆 = 2 𝑆(𝑑1) = 0.3993, 𝑆(𝑑2) = 0.2304, 𝑆(𝑑3) = 0.1310, 𝑆(𝑑4) = 0.1625 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 𝜆 = 3 𝑆(𝑑1) = 0.4339, 𝑆(𝑑2) = 0.2549, 𝑆(𝑑3) = 0.1517, 𝑆(𝑑4) = 0.2361 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 𝜆 = 4 𝑆(𝑑1) = 0.4604, 𝑆(𝑑2) = 0.2680, 𝑆(𝑑3) = 0.1665, 𝑆(𝑑4) = 0.2865 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3 

Fig.8 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜃 = 𝑞 = 2 and 𝜆𝜖[1,10] based on Gq-RDHFFWPA operator 

 

Fig.9 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜃 = 𝑞 = 3 and 𝜆𝜖[1,10] based on Gq-RDHFFWPA operator 

 

Fig.10 Scores of 𝐴𝑖(𝑖 = 1,2,3,4) with 𝜃 = 𝑞 = 4 and 𝜆𝜖[1,10] based on Gq-RDHFFWPA operator 

 



Fig.11 The scores of 𝐴1 with 𝜃 = 2 

 

Fig.12 The scores of 𝐴2 with 𝜃 = 2  

 

Fig.13 The scores of 𝐴3 with 𝜃 = 2 

 



Fig.14 The scores of 𝐴4 with 𝜃 = 2 

 

6.5 Validity test 

The proposed method based on Gq-RDHFFWPA or Gq-RDHFFWPG operators is compared with the 

method proposed by Xu et al. [13] based on the q-rung dual hesitant fuzzy Heronian mean (q-RDHFHM) 

operator, which demonstrates the validity of our method. We use the two methods mentioned above to 

solve Example 2. From Table 7, although several methods have different score values, the ranking orders 

of our method are the same as that of Xu et al.’s method, which shows the validity of our method. In 

addition, we consider the case of different values of 𝜆 or q in Gq-RDHFFWPG operator. When 𝑞 = 1, 

the Gq-RDHFFWPG operator is actually the generalized dual hesitant fuzzy Frank weighted power 

geometric (GDHFFWPG) operator. Therefore, our method is not only valid, but also more flexible than 

other existing methods like Xu et al.’s method.  

Table 7 The decision results of Example 2 

Methods Score values Ranking orders 

The method based on 

Q-RDHFHM operator 

(t = 1, s = 2, q = 5) 

𝑆(𝑑1) = 0.2289, 𝑆(𝑑2) = 0.1107, 𝑆(𝑑3) =0.0465, 𝑆(𝑑4) = 0.0601 
𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

Our method based on 

Gq-RDHFFWPA 

operator 

(𝜆 = 2; 𝜃 = 4; 𝑞 = 2) 

𝑆(𝑑1) = 0.4958, 𝑆(𝑑2) = 0.2793, 𝑆(𝑑3) =0.1717, 𝑆(𝑑4) = 0.1794 
𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 



Our method based on 

Gq-RDHFFWPG 
operator 

(𝜆 = 2; 𝜃 = 4; 𝑞 = 1) 

𝑆(𝑑1) = 0.3979, 𝑆(𝑑2) =−0.0681, 𝑆(𝑑3) = 0.0302, 𝑆(𝑑4) =−0.1553 

𝐴1 > 𝐴3 > 𝐴2 > 𝐴4 

6.6 Advantages analysis 

6.6.1 Much broader scope of information description 

Example 3. We made some adjustments based on Example 2 to illustrate the advantages of parameter 

q. Specifically, we adjust the original evaluation 𝑑11 = {{0.8,0.9}, {0.1}} to 𝑑′11 = {{0.8,0.9}, {0.5}}, 
and compare our method with Wang et al.’s [36] method based on dual hesitant fuzzy weighted 

aggregation (DHFWA) operator, Tang and Wei’s [37] method based on dual hesitant Pythagorean fuzzy 

weighted Bonferroni mean (DHPFWBM) operator, and Wei et al.’s [38] method based on dual hesitant 

Pythagorean fuzzy Hamy mean (DHPFHM) operator. 

As shown in Table 8, Wang et al.’s [36], Tang and Wei’s [37], and Wei et al.’s [38] methods are 

failed in dealing with Example 3, because they can only handle issues whose sum of the max MD and 

the max NMD is no larger than one. However, our method still keeps vibrant in facing with Example 3. 

This is because the attribute value 𝐶1 of alternative 𝐴1 does not satisfy the constraints of DHFS and 

dual hesitant Pythagorean fuzzy set. Specifically, for the value {{0.8,0.9}, {0.5}}, 0.9 + 0.5 = 1.4 > 1 

and (0.9)2 + (0.5)2 = 1.06 > 1. With our proposed method, we can set q = 3, then (0.9)3 + (0.5)3 =0.854 < 1 can be obtained. Therefore, our method can provide DMs much broader scope of information 

description. 

Table 8 The decision results of Example 3 

Methods Score values Ranking orders 

The method based on DHFWA 

operator 
Can't calculate —— 

The method based on DHPFWBM 

operator 
Can't calculate —— 

The method based on DHPFHM 

operator 
Can't calculate —— 

Our method based on Gq-

RDHFFWPA operator 

(𝜆 = 4; q = 3; 𝜃 = 3) 

𝑆(𝑑1) = 0.4563, 𝑆(𝑑2) = 0.2680, 𝑆(𝑑3) = 0.1665, 𝑆(𝑑4) = 0.2865 
𝐴1 > 𝐴4 > 𝐴2 > 𝐴3 



6.6.2 The ambiguity of experts can be effectively considered 

Our method is based on q-RDHFS, whose MD and NMD are represented by two sets of values. 

Compared with the q-ROFS, q-RDHFS provides DMs more possibilities to take into account their 

hesitate ideas and thoughts. In order to show this advantage of our method, we compare our method with 

Liu and Wang’s [39] method based on q-rung orthopair fuzzy weighted averaging (q-ROFWA) operator, 

Wei et al.’s [40] method based on q-rung orthopair fuzzy generalized Heronian mean (q-ROFGHM) 

operator, and Wang et al.’s [41] method based on q-rung orthopair fuzzy Muirhead mean (q-ROFMM) 

operator. From Table 9, Liu and Wang ’s [39], Wei et al. ’s [40], and Wang et al.’s [41] methods can’t 

solve Example 2, this is because there are multiple values in MD and NMD in the decision matrix of 

Example 2, which do not conform to the expression form of q-ROFS. However, our method can still be 

employed to cope with this kind of issues and the ranking result is 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3. Therefore, our 

method is superior to the existing methods. 

Table 9 The decision results of Example 2 

Methods Score values Ranking orders 

The method based on Q-ROFWA 

operator 
Can't calculate —— 

The method based on Q-ROFGHM 

operator 
Can't calculate —— 

The method based on Q-ROFMM 

operator 
Can't calculate —— 

Our method based on Gq-

RDHFFWPA operator 

(𝜆 = 2; q = 2; 𝜃 = 4) 

𝑆(𝑑1) = 0.4958, 𝑆(𝑑2) = 0.2793, 𝑆(𝑑3) = 0.1717, 𝑆(𝑑4) = 0.1794 
𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

6.6.3 Alleviate the bad influence of extreme values 

Our method based on Gq-RDHFFWPA or Gq-RDHFFWPG operators can minimize the bad influence 

of extreme evaluation values on decision results. We utilize our method and Xu et al.’s [13] method to 

solve Example 4 to illustrate this advantage. 

Example 4. Assume that the DM is biased against vendor qualification (𝐶1) of manufacturer 𝐴1 and 

prefers that of 𝐴2. Therefore, the evaluation value of attribute 𝐶1 of 𝐴1 given by the DM is extremely 

low {{0.1}, {0.9}} , but that attribute of 𝐴2  is extremely high {{0.9}, {0.1}} . The other evaluation 

information is consistent with Example 2. 



Table 10 The decision results of Example 4 

Methods Score values  Ranking orders 

The method based on Q-RDHFHM 

operator (t = 2, s = 4, q = 4) 

𝑆(𝑑1) = 0.1913, 𝑆(𝑑2) = 0.1954, 𝑆(𝑑3) = 0.0465, 𝑆(𝑑4) = 0.0601 
𝐴2 > 𝐴1 > 𝐴4 > 𝐴3 

Our method based on Gq-RDHFFWPA 

operator 

(𝜆 = 2; 𝜃 = 4; 𝑞 = 2) 

𝑆(𝑑1) = 0.4252, 𝑆(𝑑2) = 0.4136, 𝑆(𝑑3) = 0.1717, 𝑆(𝑑4) = 0.1794 
𝐴1 > 𝐴2 > 𝐴4 > 𝐴3 

Our method based on GDHFFWPG 

operator 

(𝜆 = 2; 𝜃 = 4; 𝑞 = 1) 

𝑆(𝑑1) = 0.1142, 𝑆(𝑑2) = 0.0470, 𝑆(𝑑3) = 0.0302, 𝑆(𝑑4) = −0.1553 
𝐴1 > 𝐴2 > 𝐴3 > 𝐴4 

After changing the evaluation value, compared with the result in 6.5, the scores of 𝐴1 in three 

methods are reduced, and the scores of 𝐴2 are improved. However, in our methods, the variations of 

the scores of alternatives are relatively small. Meanwhile, the ranking orders of 𝐴1 and 𝐴2 remain 

unchanged. From Table 10, the best alternative calculated by our methods is still 𝐴1. But the scores of 

alternatives calculated by Xu et al.’s method vary greatly, and the optimal choice become 𝐴2, indicating 

that our method is more stable than the other two methods. It is worth mentioning that we choose FTT 

as our algorithm in the calculation, which is more flexible compared to other t-norms and t-conorms. 

The above analysis demonstrates the superiority of our method. 

7 Conclusions 

A new MADM method based on q-RDHFS to solve the problem of charging pile manufacturer selection 

is proposed in this paper. First of all, FTT is considered in the information aggregation process with a 

parameter variable 𝜃, which is more flexible than traditional algebraic operation. Secondly, we propose 

a new MADM method based on GPA or GPG operator, that is, Gq-RDHFFPA operator, Gq-RDHFFPG 

operator and their weighted form, which can reduce the negative influences of extreme values. Through 

calculation examples and comparative analysis, we find that our method is more widely applicable and 

more stable than other methods, and can effectively solve practical MADM problems. 

Although the method we proposed has many advantages, it is insufficient to solve the estimation 

information of interval values. In addition, we only consider an evaluation matrix to represent a DM’s 

evaluation information. In future work, we can consider a large group of DMs’ evaluation information 

and apply the proposed method to large-scale group decision making problems. 
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