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Abstract
In this paper, we use the Laser propagating through an optical �ber to achieve a multi-photons ultra-
spatial resolution power microscopy beyond the Rayleigh diffraction limit. The uncertainty principle for

multi-photons satis�es
Δx
n nΔpx ≥ ℏ,

Δy
n nΔpy ≥ ℏ. The Rayleigh criterion becomes to0.61λ/nñsin[θ],

furthermore, spatial resolving power will be improved as much as ntimes.

1 Introduction
The �rst problem is the spatial resolving power in optical microscopy[1]. According to Ref.[2], the Rayleigh
criterion refers to the ability to resolve two-point source in the objectΔd = 0.61λ/ñsin[θ]is the
refractive index of the medium. The criterion is closely related to the uncertainty principle of quantum
mechanics and the typical experiment for the localization of a particle position x. Many proposals have
been present in order to improve the resolution beyond the Rayleigh limit. It is worth to mention that the
resolution of interesting quantum ghosting state[4–7]without obvious improvement compare to classical
optics. Two-photon �uorescence excitation and related techniques in biological microscopy[8], where
high photon �ux densities are required in order to observe two-photon absorption (TPA). The two photons
can

be simultaneously absorbed, the atoms will be excited from the ground state to the excited state and then
emit �uorescence. Two-photon con-focal microscopy allow the imaging depth of the thick biological
samples more than 200μ whereas the conventional single photon con-focal
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microscopy is limited to50μ. In the past decade, many schemes of �uorescence-based super-resolution
had been proposed, such as (i). Wide-�eld Saturated structured illumination microscopy (SSIM) can
achieve spatial resolution beyond the diffraction limit, which has not been

widely used due to the requirement of high laser power. A grating varies with lateral direction, which is
used to generate a structured illumination pattern[9, 10]. (ii). Image scanning microscopy (ISM) doubling
the resolution of a con-focal scanning image[11, 12], the ISM has the ability of the lateral resolution of
85–115(nm), 20(nm); the ability of the axial resolution of 300(nm). The spatial resolution related to the
transverse uncertainty principle ΔxΔpx ≥ ℏ, ΔyΔpy ≥ ℏ.  In the case of multi-photon microscopy, these
relations may be written in the form: replacement the single photon momentum uncertaintyΔpx, Δpyby
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the multi-photon uncertainty nΔpx, nΔpy, at the same time, replacement position uncertainty Δx, Δy by
the multi-photon uncertaintyΔx/n, Δy/n,  therefore the position-momentum uncertainty product
Δx
n nΔpx ≥ ℏ,

Δy
n nΔpy ≥ ℏ.  The multi-photon transition process of a driven optical systems have a

spatial resolving powerΔx/n, Δy/n. The single photon transition process of a driven optical systems
have a spatial resolving power Δx, Δy. This implies that the multi-photon situation has a higher spatial
resolving power than that of single photon situation. The corresponding Rayleigh criterion naturally is
promoted to the higher step Δd = 0.61λ/nñsin[θ]. From this analysis we know the key problem of
hardly achieving resolving power beyond the Rayleigh criterion is how do we increase the photon
degeneration n of the transverse state. Let us thinking about the coherent state in quantum optics

|α⟩ = e−α2/ 2∑ ∞
n=0

αn

√n! |n⟩. Laser action was �rst demonstrated by Maiman in a �ashlamp-pumped

ruby crystal in 1960[13], the photon degeneracy was measured for up to⟨n⟩ = 5 × 107[14,15]. As a
consequence, we seek to investigate a better way to use the high photon generation to increase the
spatial resolution power. The method of taking the average value of the coherent state[16] can be used to
study the ultra-spatial resolution power microscopy. As we known, a Laser is a source of coherent
radiation, in the sense that the output of a laser is a coherent. The output of a laser in a given mode is
described by a coherent state of the �eld |α⟩which can be expanded as a sum of number states|n⟩ in
theory and experiment [17, 18]. The photon number state |n⟩being the eigen-state of the number operator 
a † aand eigen-valuen, a † a|n⟩ = n|n⟩, n = 1,2, 3. The photon number state has the characteristics of

identical energy and momentum (nhν, nh→k), behave as a whole, instead of the individual. The
organization of this paper as follows: In previous paper [19], we found that the high spatial resolving
beyond the Rayleigh limit for the multi-photon states ϕ = J0(s0nr/r0), where n is the nth zero point,
s00 = 2.358, s016 = 49.5,r0is the radius of the optical �ber. The Laser propagating through a �ber and

the spatial resolving power of diffraction pattern are analyzed in Sec. 2. We compare the multi-photon
states |n⟩ and take average value of the coherent state|α⟩. Numerical calculation results are presented in
Sec. 3. Numerical calculations show that we can obtain a much higher spatial resolving power. Proposed
experimental scheme for the average multi-photon microscopy(AMM) in Sec 4.Conclusions are given in
Sec. 5

2 The Laser Propagating Through A Fiber And The Spatial Resolving
Power Of Diffraction Pattern
As we know, the coherent state|α⟩has the following form[16],

|α⟩ = e−
α2

2 ∑ ∞
n=0

αn

√n!
|n⟩,

1
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The expansion coe�cients satisfy the Poisson distribution, the multi-photon states|n⟩are involved.
According to Eq. (1), we can easily derive the probability distribution p(n) and the mean photon number
⟨n⟩

p(n) =
α2n

n! e−α2
,  ⟨n⟩ = ⟨α a † a α⟩ = e−α2

∑ ∞
n=0

α2n

( n−1) ! = α2∑ ∞
n=0p(n) = α2,  (2)

According to Ref.[19], the wave inside the �ber can be expressed as

u = y(ρ)e−iνϕe−i ωt−kζζ = y(ρ)e−iνϕe−iθl,

Whereρ0is the optical �ber radius,νistheBessel function index,usatisfy the boundary condition
|u| = |y| = 0, whenρ ≥ ρ0. The solution ofy(ρ)can be written by using the de�nition of a Bessel function

y(ρ) = Jν s0nkρw , y ρ0 = Jν s0nkρ0w = 0, s0n = (n + 0.75)π,

3

The index “0” represents the optical angular momentum (OAM) of the optical modes propagating inside
the optical �ber, s0nare nth root of Bessel function with index “0”, which guarantees that

the boundary condition of u satis�ed. Due to the total internal re�ection is important in optical �ber, the

root of Bessel function must satisfy the inequalitys0n ≤ nkρ0 n2
1 − n2

2, hereλ,n1,n2are the laser wave

length, the optical �ber’s internal refraction index for ρ < ρ0 and the optical �ber’s outside refraction
index for ρ > ρ0, respectively, nk is the nphotons momentum. In the calculation of the diffraction, the
wave �eld inside the �ber y(ρ), departure from the end of the �ber, the diffraction pattern onto the screen.

In order to calculate the spatial resolving power, we choice Bessel function index ν = 0, the �eld on the
screen P(x, y) being [1]. Eq. (4) gives out the Rayleigh diffraction limit integral.

U(P) = 2πC∫ ρ00 J0(kρw)ρdρ,  
I ( P )

I0
=

| U ( P ) | 2

I0
=

J1( kρw)
kρw

2
=

J1( x)
x

2
, x = kρw,  (4)

w = √p2 + q2 represent the sin of angleθ = arctg
x

2
+ y

2

d  between the central principal ray direction

(0,0)and diffraction direction(p, q), p = wcos[ϕ], q = wsin[ϕ]is the distance between the screen and

the output surface, x, y are the coordinates.

| |

( )

( ) ( ) ( )

√

| | | |
√

( )
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The diffraction integral formula of the Laser propagating through an optical �ber, comparing the Bessel

functions J0 s0nkρw , J0(kρw) in Eqs. (3)-(4), we can write out the diffraction integral mode through

the �ber on the screen

I(P)
I0

=
J1 s0nkρw

s0nkρw
2

=
J1 s0nxn

s0nxn

2
, s0n = (n + 0.75)π,

5

Referring to Eqs. (2)-(5), the diffraction pattern Intensity distribution I(x) can be obtained by taking the
average value of the coherent state as

⟨
I(P)
I0

⟩ = ∑ ∞
n=0p(n)(

J1 s0nxn

s0nxn
)2,

6

We can write out the Rayleigh integral and Ultra integral

J1 sonxn0

sonxn0
= 0, sonxn0 = x0 = kρ0w = 3.833,

J1 x0

x0
= 0,

7

The xn0 = x0/son can also read out from the zero point of the intensity distribution curves in the
following Figs. 1–2.

3 The Numerical Calculation Of The Diffractions Pattern On The
Screen

3.1 The multiphoton microscopy (see Fig. 1)

3.2 The average multiphoton microscopy (see Fig. 2)
The UTR results obtained for the multiphoton and average multiphoton schems: (a1) and (a2), (c1) and
(c2) are essentially the same, but (b1) and (b2) are 51.1 and 19.1, respctively. The difference is evident.

We calculate the propability P(m) andthecoorrespondingaveragephotons⟨m⟩ as a function of sum 
m terms for a certain value of α2 in Fig. 3, Fig. 4, repectively.

( )

| ( ) | | ( ) |

( )

( ) ( )
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A very intersting fact is the curves Figs. 3–4.(a3)-(a4), (c3)-(c4) rises from zero to de�nite value sharpely;
whereas Figs. 3–4.(b3)-(b4) slowly. I can give a brief explantion for why the curves Figs. 1–3. (a1)-(a2),
(c1)-(c2) nearly the same, but Figs. 1–2.(b1)-(b2) are quite different.

4 Proposed Experimental Scheme For The Average Multi-photon
Microscopy (Amm)
In above sections, we have given out analysis and calculations of the average multiphoton microscopy
(AMM). In this section, we will furthermore propose an experimental scheme of AMM as shown in Fig. 5

In Fig. 5, the coherent Laser incidents from the left hand focus on the end of optical �ber of radius ρ0,
and the lens diameter D, focus length f and wave length of the Laserλ, respectively. The transvers photon
states can be estimated by NT = (2Dρ0/fλ)2 [20]. The total photon energy contained in the optical
cone satis�es EΔν = NTℏν⟨n⟩, where Δν is the bandwidth of the Laser, ⟨n⟩is the photon degeneracy.
The optic �ber length lsatis�es the condition of mono-longitudial mode

ΔνΔt = 1, L = cΔt = c
1

Δν = c
1
Δc
λ

=
λ2

Δλ

8

Adjusting the laser incident energy EΔν, we can obtain the the parameter α2 = ⟨n⟩used in the
calculations of Figs. 1–4, i.e.the spatial resolving power of the AMM.

5 Conclusion And Discussions
In Sec.1, we talk about two-photon microscopy (TPM) in biological exploration [8], and the structured-
illumination microscopy (SIM), saturated illumination microscopy (SSIM) [9–10], image scanning
microscopy (ISM) doubles the resolution of a scanning con-focal image[11, 12]. The former involved
multiphoton absorption, whereas the multi-color (red, blue, yellow) diffraction microscopy is studied.

We have given an analysis on the multiphoton microscopy and average multiphoton microscopy scheme
to obtain the ultra-spatial resolving power beyond the Rayleigh spatial resolving power limit in Sec.2. The
large performance improvement can be achieved byxn0 = x0/sonvery di�cult, therefore we should
adopt the scheme of taking average|n⟩over the coherent state |α⟩ of α2 = n.  The results of the
numerical calculation are shown in Fig. 4, the essential improvement results are the same as we expected
in Eq. (5), the especial case of large α2 = ⟨n⟩ = 150.75, s0n = 471.4 ≃ 500. For instance, the usual

microscopy RSL ≃ 0.5μ. After improvement, USL ≃
0.5μ
500 = 1nm. It is a very high spatial resolving

power. The requirement of photon degeneration α2 = n = 150 is not high in comparison with that
reported in literature [14].
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In present paper, we �nd that the photon degeneracy has twenty times improvement on spatial resolving

power beyond the Rayleigh limit, the results obtainedUSL ≃
0.5μ
50 = 10nm, USL ≃

0.5μ
500 = 1nm,  the

lateral resolution range change from 85-115nm to 20nm.

In Sec 4 an experimental scheme of AMM is proposed. In which we present: (i).The photon-degeneracy
⟨n⟩ dependences on incidence Laser energy and transverse modes EΔν = NTℏν⟨n⟩.  By adjusting
incidence energy EΔν, the photon degeneracy ⟨n⟩ = α2can be varied. (ii). Using the mono-longitudial

mode condition the optical �ber length can be derivedΔνΔt = 1, L = λ2/Δλ.
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Figure 1

See image above for �gure legend.
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Figure 2

See image above for �gure legend.
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Figure 3

See image above for �gure legend.

Figure 4

See image above for �gure legend.
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Figure 5

Experimental scheme of AMM.


