
Association Rule Mining for Genome-Wide
Association Studies through Gibbs Sampling
Guoqi Qian  (  qguoqi@unimelb.edu.au )

University of Melbourne
Pei-Yun Sun 

University of Melbourne

Research Article

Keywords: Gibbs sampling, association rule mining, genome-wide association study, genotype-phenotype
association, epistatic interaction

Posted Date: June 24th, 2022

DOI: https://doi.org/10.21203/rs.3.rs-1768333/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1768333/v1
mailto:qguoqi@unimelb.edu.au
https://doi.org/10.21203/rs.3.rs-1768333/v1
https://creativecommons.org/licenses/by/4.0/


Association Rule Mining for Genome-Wide Association Studies
through Gibbs Sampling

Guoqi Qian · Pei-Yun Sun

Received: date / Accepted: date

Abstract Finding associations between genetic mark-
ers and a phenotypic trait such as coronary artery dis-

ease (CAD) is of primary interest in genome-wide asso-
ciation studies (GWAS). A major challenge in GWAS
is the involved genomic data often contain large num-

ber of genetic markers and the underlying genotype-

phenotype relationship is mostly complex. Current sta-

tistical and machine learning methods lack the power

to tackle this challenge with effectiveness and efficiency.

In this paper we develop a stochastic search method to
mine the genotype-phenotype associations from GWAS
data. The new method generalizes the well-established

association rule mining (ARM) framework for search-

ing for the most important genotype-phenotype asso-

ciation rules, where we develop a multinomial Gibbs

sampling algorithm and use it together with the Apri-

ori algorithm to overcome the overwhelming comput-

ing complexity in ARM in GWAS. Three simulation

studies based on synthetic data are used to assess the

performance of our developed method, delivering the

anticipated results. Finally, we illustrate the use of the

developed method through a case study of CAD GWAS.
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1 Introduction

Genome-wide association study (GWAS) is an obser-

vational study for discovering associations between ge-

netic markers and certain phenotypic trait such as coro-

nary artery disease (CAD). Findings from a GWAS can

help in reliably predicting an individual’s risk of having

this disease and in developing effective ways for pre-

vention or treatment [24]. Different forms of genetic

markers may be considered in GWAS. A simple and

widely used one of them, called single nucleotide poly-

morphism (SNP), refers to the specific genetic variants

(i.e. two alleles) occurred in two corresponding base po-

sitions (loci) in a pair of chromosomes in at least 1%

of the population. Numerically a SNP is characterized

as the number of minor allele at the loci, thus takes 3

possible values 0, 1 and 2, representing the three states

of the alleles pair: homozygous recessive, heterozygous,
and homozygous dominant. Typically, observations are
available on hundreds of thousands or even millions
of SNPs in a GWAS with a sample of hundreds of

cases and controls, thanks to the use of modern high-

throughput DNA sequencing techniques. Also the SNPs

are likely to be highly correlated in-between knowing

they dwell in the tiny chromosome space. These com-
plications present significant computational challenges
on analyzing the intrinsic SNPs versus phenotype asso-
ciations by the current statistical and machine learning

methods.

Many statistical methods for GWAS formulate the

SNPs versus phenotype associations by various regres-
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sion models for categorical data, and then assess the

significance of each individual SNP-phenotype associ-

ation by single-locus tests [25]. The regression models

that have been used in GWAS include ANOVA [13],

generalized linear models (GLMs) [16], and (general-

ized) linear mixed models (LMMs) [27]. Principal com-

ponents of the SNPs are sometimes used in GLMs to

reduce the effects of false positives attributed to the
population substructure. Approaches based on LMMs,
e.g. CMLM [28] and ECMLM [15], have been shown to

be successful in dealing with both population substruc-

ture and relatedness in genomic data by treating them

as fixed effects and random effects respectively.

Yet it is well recognized that some phenotypes or

diseases have complex genetic etiologies. In such cases,

each individual SNP may have a weak marginal effect

or no effect on the disease, but a combination of some
SNPs can synergistically contribute to the risk of the
disease. This has brought forth the need for including
epistatic (aka. gene-gene) interactions into the statisti-

cal regression models. However, in the presence of hun-

dreds of thousands of SNPs in GWAS, the number of

interaction terms grows exponentially when the inter-

action order increases, leading to “large p, small n”
scenarios with computational difficulties [12]. In these

situations, exhaustive testing methods are not able to

be scaled to interactions of higher orders than the pair-

wise ones.

To overcome this exponential explosion challenge,

two-stage approaches have been developed to search for

epistasis through dimension reduction and variable se-

lection. Several penalized regression methods such as

LASSO regression [22] and Elastic-Net [29] have been

used in GWA studies by e.g. [26] and [6] respectively

in a two-stage manner: screen the whole genome to get

a small set of SNPs potentially having significant main

effects on the disease, then apply variable selection to
identify all significant SNPs’ main and interaction ef-
fects from the small SNPs set obtained from screen-

ing. Some other two-stage approaches focus more on

the screening stage. For example, Fan and Lv [7] de-

veloped a dimension reduction method via correlation

learning, which is called Iterative Sure Independence
Screening (ISIS). This method has been extended to
GWAS, resulting in several enhanced versions of ISIS,
such as GWASelect [10], EPISIS [23], and TS-SIS [14]

etc. Nevertheless, most of these methods are only capa-

ble of analyzing those effects involving a small number

of selected SNPs that have strong marginal effects but

weak interaction ones.

In recent decades, machine learning has been widely
used to tackle high-dimensional data analysis problems,

which inspires its applications to GWAS. Among all

machine learning methods, random forest and associa-

tion rule mining seem to be the two typical methods
for identifying important SNP-phenotype associations
in GWAS. Random forest, which is a supervised learn-

ing method, can rank the importance of each SNP in

terms of its association with the phenotype in an ensem-

ble of classification trees. An importance score, e.g. Gini

index or cross-entropy, for each SNP is defined based on

certain loss function expressing the error in predicting

the phenotype and can be easily computed from grow-

ing trees [4]. Since this importance score is calculated

in the presence of other variables in the model, it is

particularly suitable to be used at the filtering stage

(stage 1) in the two-stage GWAS approaches.

As for association rule mining (ARM), it is an un-

supervised machine learning method designed to search

for important associations rules made up from an arbi-

trary number of items [3]. Unlike the SNP-phenotype
association terms identified from a statistical regression
or supervised learning model, the SNP-phenotype asso-

ciation rules identified from ARM are formulated based

on various concepts used in set theory. Thus, the above-

mentioned association rules and the association terms

explain different types of SNP-phenotype associations

which may not be the same to each other. This would
be welcome since they provide complementary informa-
tion to GWAS.

Early ARM methods are computationally intensive
for mining even a moderate-sized basket of items. Re-
cently, several parallel and distributed computing tech-

niques such as GARMS [1] and BPARES [2] have been

applied to boost ARM but it could still be hard to mine

large-scale GWAS data due to the underlying combina-

tory explosion in constructing rules. Qian et al. [17]

proposed a Gibbs-sampling induced stochastic search

approach to mine the rules efficiently. However, this ap-

proach treats each item as a binary variant, which does
not apply to ARM in GWAS because the SNPs there
are multinomial variants. In this paper, we will develop
a multinomial Gibbs-sampling induced new stochastic

search method for ARM in GWAS, which scales well to

large-scale GWAS data.

The rest of the paper is structured as follows. In Sec-

tion 2 we introduce the format of GWAS data and the

framework of ARM first before developing the random

(stochastic) search algorithm MultinomRSA. The core of

this algorithm is a Gibbs sampler having multinomial

marginal conditional distributions. The MultinomRSA

algorithm is particularly suitable for mining SNPs ver-

sus phenotype association rules because each SNP item

is better modelled by a multinomial random variable. In

Section 3, we assess the performance of our method us-

ing simulation studies and a real-world CAD dataset.
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Finally, in Section 4, we provide conclusions and an

overview of potential areas for further research.

2 Methodology

2.1 Data, Conceptions and Notations

2.1.1 GWAS data

According to its genetic definition, a SNP can be nu-

merically coded as the number of minor alleles at the

corresponding pair of loci. The process of obtaining

coded values for all observed SNPs is called genotyp-

ing. Normally there are two types of alleles in human

genome: major allele and minor allele. Also there are

two alleles dwelling at each locus. Therefore, each geno-

typed SNP variable has 3 possible values: 0, 1, and 2,
representing the three states of the alleles pair: homozy-
gous recessive, heterozygous, and homozygous domi-
nant. For example, if the minor allele is denoted as T

and the major is A, then SNP = 0 if AA is observed;

= 1 if AT or TA is observed; and = 2 if TT is observed
at the loci.

A real-world GWAS example to be presented in Sec-
tion 3 uses a large portion of the PennCATH dataset
that is collected from a case-control observational study

of CAD [20]. The PennCATH data consist of the geno-

typed values of 861,473 SNPs across 3850 individuals

whose coronary artery disease (CAD) information and

information on cardiovascular risk factors are also avail-

able. If the phenotype CAD and the genotyped SNPs
can be regarded as a set of items, relations between
CAD and the SNPs can be mined by ARM. In order

to see this, we provide a brief review of ARM in the

following.

2.1.2 Association rule mining framework

Association rule mining (ARM) was developed in [3] for

mining interesting relations between items from trans-

actions data recorded by point-of-sale systems in super-

market. For example, the rule {ham, cheese}→{bread}
found in a supermarket’s sales data would suggest that

a customer buying ham and cheese is likely to buy bread

as well. Information on how frequent this rule is ob-

served in the sales data can be used as the basis for
certain marketing decisions made by the supermarket.

A common formulation of ARM is given in [9], being

summarized here. Define I = {I1, I2, · · · , Im} as a set of
m items called the item space and D = {t1, t2, · · · , tL}
as a list of transactions, where each transaction in D is

just a subset of items in I, i.e. tl ⊂ I, l = 1, · · · , L. An

association rule is defined as an implication of the form

X → Y where X,Y ⊂ I and X ∩ Y = ∅. The sets of

items (for short itemsets)X andY are called antecedent

and consequent of the rule, respectively. The support of

an itemset, X, supp(X) is defined as the proportion of

transactions in D which contain X. The confidence of

an association rule is defined as

conf(X → Y) =
supp(X&Y)

supp(X)

where X&Y is the itemset obtained by amalgamating

X with Y. Define conf(X → Y) = −∞ if supp(X) = 0,

to indicate no need to measure conf(X → Y) if the
itemset X is not observed in the transactions dataset

D. The support of an itemset measures its commonness

and the confidence of an association rule measures its

association strength. By the essential meaning of sup-

port, we can also define the support for a rule X → Y,
which is just

supp(X → Y) ≡ supp(Y → X) ≡ supp(X&Y).

By ARM we aim to find out the rules that have high

support or high confidence or some other properly de-

fined metrics.

Note that for transactions data generated from the

item space I, any itemset X containing k items in I can
be equivalently expressed as a binary indicator vector

V(x) = (J1, · · · , Jm), where Jℓ = 1 if Iℓ ∈ X and

Jℓ = 0 if Iℓ ̸∈ X, ℓ = 1, · · · ,m. It is easy to see that the

number of distinct transactions that can be generated

from I is 2m − 1.

From an initial look, GWAS data do not resemble
transactions data. Thus, it seems ARM is not applicable

to GWAS data mining. However, a SNP variable hav-
ing 3 levels can be represented by 3 indicator variables:
J
(SNP)
0 , J

(SNP)
1 and J

(SNP)
2 , where J

(SNP)
ℓ = 1 if the SNP

is observed at level ℓ; J
(SNP)
ℓ = 0 otherwise; ℓ = 0, 1, 2.

This implies that a SNP variable can be regarded as a

set of 3 items I
(SNP)
0 , I

(SNP)
1 and I

(SNP)
2 , corresponding

to their respective indicators J
(SNP)
0 , J

(SNP)
1 and J

(SNP)
2 .

Also the phenotype variable naturally specifies 2 items

ID and IND corresponding to disease and no disease, re-

spectively. Hence, observations of each individual in a

GWAS dataset containing m SNP variables can be con-

verted as a specific transaction that consists of m items

from the 3m SNP items and one item from ID and IND,
such that each SNP variable contributes one and only

one item to the transaction. Such a transaction can be

equivalently represented by the binary indicators deter-

mined by all items in the transaction.

In order to represent not only a transaction but
also any itemset of the m SNPs, we introduce an addi-

tional indicator J (SNP)
no which equals 1 or 0 depending
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on whether or not the SNP is inside the itemset. Now

write

J(SNP) = (J (SNP)
no , J

(SNP)
0 , J

(SNP)
1 , J

(SNP)
2 )

as a set of 4 binary indicators for a given SNP. Then

an itemset I(SNPs1 : k) containing k observations from
k SNPs, denoted as {SNP1, · · · , SNPk}, can be repre-

sented as

I(SNPs1:k) = (I
(SNP1)
ℓ(1) , · · · , I(SNPk)

ℓ(k) ),

where ℓ(j) is the observed value of SNPj, j = 1, · · · , k.
The corresponding indicator vector for I(SNPs1:k) is

J(SNPs1:k) = (J(SNP1), · · · ,J(SNPm)),

in which there are m 1’s, 3m 0’s, and m− k indicators

of form J (SNP)
no equal 1. It is easy to see that, for an item

space ofm SNPs and a phenotype, there are up to 2×3m

distinct transactions that can be observed in a GWAS

data set, whereas 4m − 1 non-empty distinct itemsets

can be generated from an item space of m SNPs. In this

paper, we are interested in mining the SNPs-phenotype

induced association rules of the following forms

(J(SNP1), · · · ,J(SNPm)) → ID (1)

(J(SNP1), · · · ,J(SNPm)) → IND (2)

2.2 ARM Processing and Metrics

Support and confidence are the key metrics for eval-
uating how “interesting” or “informative” an associa-

tion rule X → Y is. But it is computationally infea-

sible to search for the most interesting rules based on

supp(X → Y) and/or conf(X → Y) by a brute-force

approach even if the associated item space has mod-

erate number of items, because the search space has

a cardinality of exponential order. Current approaches

for tackling this difficulty are to use constrained search.

A typical such method is the Apriori algorithm [3] in
which one sets thresholds tsupp, tconf and tlen, respec-

tively for support, confidence and length of each of the

rules to be searched. Namely, one either searches for the

rules of the highest support(s) subject to

length(X → Y) ≤ tlen and conf(X → Y) ≥ tconf;

or searches for the rules of the highest confidence(s)

subject to

length(X → Y) ≤ tlen and supp(X → Y) ≥ tsupp.

Effectiveness and efficiency of such a constrained search

method critically depend on the selection of tsupp, tconf
and tlen. And it is very difficult to be scaled to ARM on

large item space.

In this paper, we propose to use a stochastic search

approach instead for ARM to find the most “interest-

ing” or “informative” rules. For this we need a different

metric to measure the interestingness of an association

rule. In Qian et al. [17] an importance measure is pro-

posed for each association ruleX → Y, which is defined

as

imp(X → Y) = f(supp(X → Y), conf(X → Y)) (3)

where f(·, ·) can be any positive and increasing function

with respect to supp(X → Y) and conf(X → Y). Here

we choose

imp(X → Y) = supp(X → Y)× conf(X → Y)

as the importance of X → Y. This keeps the same

virtue of favouring the rules of high support and confi-
dence in ARM. By our stochastic search method to be

developed, we aim to find out those association rules
that have the highest importance values.

2.3 Stochastic Bernoulli Gibbs sampling ARM

For an item space I = {I1, · · · , Im+1} comprising item-

sets of the form J = (J1, · · · , Jm), consider the follow-
ing collection of association rules

R = {Jm → Im+1 : Jm ∈ {0, 1}m, J ̸= 0} .

All rules in R can be ranked according to their impor-

tance values. Denote Jm(k) as the kth order antecedent
such that imp(Jm(k) → Im+1) is the kth highest. When

m is moderate or large, we know it is computationally
infeasible to find the rules of the highest importance

values in R by a brute-force search method because

2m − 1, the cardinality of R, is of exponential order.

On the other hand, consider a probability distribution

on R defined by a softmax function, i.e.

Pξ(Jm) ≡ Pr(Jm → Im+1)

=
eξ·imp(Jm→Im+1)

∑

(J′
m→Im+1)∈R eξ·imp(J′

m→Im+1)
(4)

where ξ > 0 is a tuning parameter for adjusting the

probability ratio between every two rules in R. It is

easy to see that those rules in R having the kth highest

importance value also have the kth largest probability

defined in (4) for any ξ value. This implies that, if one
can generate a random sample of rules from Pξ(Jm),

those rules having the highest importance values are

more likely to appear in the sample and appear ear-

lier in the sample than those rules not having high

importance values. Moreover, when ξ is larger, the fre-

quency of a high-importance rule appearing in the sam-

ple is even higher than that of a not-high-importance
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rule appearing in the sample. Therefore, the problem

of finding high-importance rules in R, which is compu-
tationally not scalable, can be solved by finding high-

importance rules from the random samples generated

from (4), which we will see to be computationally fea-

sible. By the probability law of large numbers for bi-

nomial and multinomial distributions, we can see the

highest-importance rules in the generated samples con-
verge to those highest-importance rules in R with prob-

ability 1, with the relevant approximation error being

smaller than 1/
√
sample size with at least 95% proba-

bility. This suggests a polynomial order for the size of

the generated samples is sufficient to ensure the conver-

gence. This also means the computational complexity is

of the same polynomial order, while that for the brute-
force search is of exponential order.

Now the question is how to generate a random sam-

ple of rules from the probability distribution Pξ(Jm)

given by (4) which is a multivariate discrete distribu-

tion. This question is not trivial because the denomi-

nator in (4) involves 2m − 1 terms and is intractable to
compute even whenm equals upper 10’s. Such difficulty

can be bypassed by applying Gibbs sampling which is a

Markov chain Monte Carlo (MCMC) algorithm aiming

to generate a Markov chain from a feasible transition

probability matrix such that the stationary distribution

of this Markov chain equals the target multivariate dis-

crete distribution.

The involved transition probability matrix in Gibbs

sampling is determined by the product of all univariate

conditional probability functions of Pξ(Jm). It is easy

to see that the conditional probability function of each

Js given J−s = (J1:(s−1),J(s+1):m), s = 1, · · · ,m, is

Pξ(Js|J−s) =
eξ·imp((J1:(s−1),Js,J(s+1):m)→Im+1)

∑1
J′
s=0 e

ξ·imp((J1:(s−1),J
′
s,J(s+1):m)→Im+1)

(5)

which is a Bernoulli probability distribution not involv-

ing the intractable denominator of (4). Here Ja:b =

(Ja, Ja+1, · · · , Jb) if integers a and b satisfy a < b;
Ja:b = Ja if a = b; and Ja:b = ∅ if a > b.

To implement Gibbs sampling for generating rules

from (4) we start from a randomly selected transaction

(J
(0)
m , Im+1) = (J

(0)
1 , · · · , J (0)

m , Im+1) from the trans-

actions dataset, and construct the initial rule J
(0)
m →

Im+1. Then generate J
(1)
1 from Pξ(J1|J (0)

2 , · · · , J (0)
m ) in

(5) to substitute J
(0)
1 . Continue to generate J

(1)
s from

Pξ(Js|J (1)
1 , · · ·, J (1)

s−1, J
(0)
s+1, · · ·, J

(0)
m ) in (5) to substitute

J
(0)
s , with s = 2, · · · ,m. This ends up with the rule

J
(1)
m → Im+1, an update of J

(0)
m → Im+1. This proce-

dure is repeated sequentially for N times to get the N

rules {J(n)
m ≡ (J

(n)
1 , · · · , J (n)

m ) → Im+1, n = 1, · · · , N}.
We name the method just described as the stochastic

Bernoulli Gibbs ARM algorithm.

By the properties of Gibbs sampling, the correspond-

ing N itemsets J
(1)
m , · · · ,J(n)

m constitute a Markov chain

having the probability distribution (4) as its unique
stationary distribution. Therefore, the most important

rules in R can be determined (with probability 1) from

the generated Markov chain, and there are at least three

ways to identify them.

Firstly, the most important rules can be determined

by the most frequent itemsets among J
(1)
m , · · · ,J(n)

m .

However, this could be ineffective if the frequency of
each distinct itemset in J

(1)
m , · · · ,J(n)

m is very small, e.g.

1 or 2, which is very likely the case if N and ξ are not

large enough.

The second method is to identify the most impor-

tant rules among the N generated rules and use them

to estimate the most important rules in R. By the er-

godicity theorem for Markov chain, the most important

sampled rules among the N generated converge to the

most important population rules in R with probabil-
ity 1 if the underlying Markov chain has a finite state

space and satisfies the detailed balance condition. The

most important sampled rules can be easily identified

by computing the importance values for all the N gen-

erated rules. The second method is mostly effective if

m is not very large and the generated Markov chain is

sufficiently ergodic.

By the third method, we apply a two-step approach

which first identifies the most frequent items from J
(1)
m ,

· · · , J(n)
m , and use these items to constitute a new item

space, then apply Gibbs sampling again to determine

the most important rules from the collection of associ-

ation rules given by the new item space. Since the car-

dinality of the new item space will mostly be smaller

than that of the original item space, its most important

rules can be more efficiently identified by the second
step Gibbs sampling or Apriori algorithm. And these
most important rules will converge to the most impor-
tant rules in R with probability 1 by the probability

law of large numbers and the ergodicity theorem for
Markov chain.

Rationales behind the aforementioned three ways of

mining important rules are explained in detail in Qian
and Zhao [18]. Finally, note that Pξ(Jm) defined by (4)

equals 0 if an itemset (Jm, Im+1) is not observed in the

transaction dataset D. Thus, Pξ(Jm) is in effect defined

on the collection of all itemsets of (I1, · · · , Im) observed
in D. Moreover, the Markov chain generated by Gibbs

sampling via conditional probability distribution (5) is

still ergodic in the association rule space induced from

D. In section 3 we will use simulated data and a real
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data case study to demonstrate the effectiveness and

efficiency of Gibbs sampling for ARM.

2.4 Stochastic multinomial Gibbs ARM for GWAS

Now we focus on using Gibbs sampling to mine the
SNPs-phenotype association induced rules of the form

(J(SNP1), · · · ,J(SNPm)) → ID that is given in (1). ARM

for rules of the form (J(SNP1), · · · ,J(SNPm)) → IND that

is given in (2) can be performed in the same way, thus
is skipped.

Corresponding to (4) the target probability distri-
bution for GWAS-ARM using Gibbs sampling is

PDξ(J
(SNP1), · · · ,J(SNPm)) =

eξ·imp((J(SNP1),··· ,J(SNPm))→ID)

∑

{J′(SNPv)∈I(4),v=1,···,m}e
ξ·imp((J′(SNP1),···,J′(SNPm))→ID)

(6)

where I(4) is a collection of 4 row vectors of a 4 ma-
trix giving the four possible row vector values that each

itemset J′(SNPv) can take.
Since imp

(

(J(SNP1), · · · ,J(SNPm)) → ID

)

= 0 if the

itemset (J(SNP1), · · · ,J(SNPm)) is not observed in the

underlying GWAS dataset, it follows that the domain

DSNP of the 4m-variate distribution function PDξ of

(6) is the collection of all possible itemsets of the an-

tecedents of the rules (J(SNP1), · · · ,J(SNPm)) → ID in the

GWAS dataset. In other words, DSNP ⊆ {I(4)}m.
To generate a Markov chain having (6) as its sta-

tionary distribution, we need the conditional distribu-

tion of each J(SNPv) given J
(SNPs1:m)
−v (i.e. all elements

of the itemset (J(SNP1), · · · ,J(SNPm)) except the vth el-

ement, v = 1, · · · ,m):

PDξ

(

J(SNPv)|J(SNPs1:m)
−v

)

≡

PDξ

(

J(SNPv)|J(SNPs1:(v−1)),J(SNPs(v+1):m)
)

=

eξ·imp((J(SNP1),··· ,J(SNPm))→ID)
∑

J
′(SNPv)

∈I(4)

eξ·imp((J(SNPs1:(v−1)),J′(SNPv),J(SNPs(v+1):m))→ID)
(7)

which is a 4-category size-1 multinomial distribution.
Recall that each J(SNPv) has 4 possible values given

by (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1), indi-
cating the following 4 situations

1. SNPv is not inside the rule (J(SNP1), · · · ,J(SNPm)) →
ID if J(SNPv) = (1, 0, 0, 0).

2. SNPv = 0 is inside the rule (J(SNP1), · · · ,J(SNPm)) →
ID if J(SNPv) = (0, 1, 0, 0).

3. SNPv = 1 is inside the rule (J(SNP1), · · · ,J(SNPm)) →
ID if J(SNPv) = (0, 0, 1, 0).

4. SNPv = 2 is inside the rule (J(SNP1), · · · ,J(SNPm)) →
ID if J(SNPv) = (0, 0, 0, 1).

By applying Gibbs sampling to generate N itemsets

{J(SNPs1:m)
(n) , n = 1, · · · , N} from (6) in the same way as

is proceeded in section 2.3, we summarize the procedure

by the following algorithm.

Algorithm 1 Stochastic multinomial Gibbs-ARM

Input: N , ξ > 0, and data (e.g. GWAS data with m geno-
typed SNPs and a phenotype)

Output: N rules {J
(SNPs1:m)
(n) → ID, n = 1, · · · , N}

Initialise a rule J
(SNPs1:m)
(0)

≡ (J
(SNP1)
(0)

, · · · ,J
(SNPm)
(0)

) → ID

from the GWAS data.
rules← [ ]
for n in 1, ..., N do

for v in 1, ...,m do

Generate J
(SNPv)
(n) from the multinomial distribution

PDξ

(

J(SNPv)|J
(SNPs1:(v−1))
(n) ,J

(SNPs(v+1):m)
(n−1)

)

given in (7)

to replace (update) J
(SNPv)
(n−1).

end for
Append (J

(SNP1)
(n) , · · · ,J

(SNPm)
(n) )→ ID to rules.

end for
return rules {J

(SNPs1:m)
(n)

→ ID, n = 1, · · · , N}.

The returned rules {J(SNPs1:m)
(n) → ID, n = 1, · · · , N}

constitute a Markov chain with (6) being its station-

ary distribution. Therefore, the same three methods

described in section 2.3 can be used to find the most

important rules from the generated Markov chain.

3 Experiments

In the experiments, we will test the proposed algorithm
with simulated datasets and a real-world dataset. The

simulated datasets are used to show that the algorithm
can accurately and efficiently find the most important
association rules, and the real-world dataset containing
much larger number of SNPs is for demonstrating the

capability of the algorithm to work with big data.

3.1 Simulation Studies

In the simulation studies, we apply our algorithm to 3

simulated transaction datasets to demonstrate its per-

formance under a wide range of scenarios. The datasets

were generated by using the R package “SNPSetSimu-

lations”, which is used to simulate GWAS-related data.

Simulation setting is specified by the users of the pack-

age before starting the simulation, which includes the

number of SNPs (m), the minor allele frequency (MAF)

of the SNPs, and the correlation structures among SNPs

(R) and between SNPs and phenotype (β). Then, based

on the given information, it will generate a matrix of
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genotyped SNPs data, along with binary phenotype val-

ues calculated from a logistic regression model with cer-

tain genotyped SNPs as its covariates [8].

It is natural that those SNPs used in calculating
the phenotype response values will be inside the an-

tecedents (LHS) of the most important association rules

of the corresponding transaction data. However, the

SNPs-phenotype association specified by the logistic
regression model is not the only important one that
can be identified by association rule mining. We ex-

pect the most important association rules may contain

other SNP items not used in calculating the phenotype

response values.

In the following we will use Ivu (v = 1, · · · ,m and

u = 1, 2, 3) to represent the uth level of level-(u − 1)
item of SNPv, and use ID and IND for the positive and

negative phenotype, respectively.

Simulation 1 In the first dataset, we start with a small

number of SNPs to show that the algorithm can find the
most important association rules by comparing them

with the rules obtained from the Apriori algorithm.

Consider a dataset having 3 SNP variables with a

binary phenotype response. MAF of the SNPs are set to

0.4 and they are assumed to be uncorrelated. In logistic

regression under an additive model, the intercept is set

to −3 and the coefficient of SNP3 is set to 5. Namely,

R =





1 0 0

0 1 0

0 0 1





β = (−3, 0, 0, 5)

Then, we use this genotype configuration to gener-

ate a sample of 50 cases and 50 controls, amounting

to 100 transactions. In association rule mining, each of

the SNPs will be represented by 3 items corresponding

to the 3 levels of SNP, and there will be 9 SNP items

in total, therefore 43 − 1 = 63 possible rules with ID
(and respectively IND) as the consequent (RHS). Ignor-

ing the multinomial constraint within the SNP items,

there would be 29 − 1 = 512 possible rules instead.

We first use the Apriori algorithm to find the as-

sociation rules with tsupp ≥ .01 and tconf ≥ .01. In the

experiment, we define “importance” as the product of

confidence and support. By the Apriori, 12 rules were

found and the top 10 important ones are listed in col-

umn 4 of Table 1. Note that Iij represents the jth level

of SNPi. As expected, the top rules in the table are

related to SNP3 (items I3·). Specifically speaking, they

all contain the 2nd level item of SNP3 (I32), and I32
alone as the antecedent gives the most important rule.

Fig. 1 Sample correlations of the 3 SNPs in Simulation 1

We then generated N = 1000 rules from the sim-

ulated dataset using either the stochastic multinomial

Gibbs sampling ARM method or the Bernoulli Gibbs-

ARM method for the tuning parameter ξ = 10 or ξ =

20. Frequencies of the generated rules in each case are
shown in Table 1, from which we see both multinomial

and Bernoulli Gibbs-ARM methods have identified the
same top 10 important rules as the Apriori algorithm.
There are only very small differences in the order of the

frequencies in each case.

As mentioned in section 2.3, the tuning parameter

ξ controls the ratio of sampling probabilities between

each pair of rules generated by Gibbs sampler. Low ξ

means this ratio is close to 1, leading to more different

rules being generated and less differentiable from each
other in terms of the importance. On the other hand,
high ξ leads to less different rules being generated and

tending to stuck at local maxima with relatively low

importance. Therefore, the tuning parameter should be

carefully chosen. As compared with ξ = 10, when ξ =
20, the algorithms tend to result in higher frequencies

on the more important rules, which is expected by the
sampling properties of our methods.

Simulation 2 SNPs used in Simulation 1 are uncorre-

lated with each other. This might make it easy for the
algorithms to find the SNPs associated with the pheno-
type. The SNPs are often correlated in the real-world.

So, in the second simulation, we use the same setups

of Simulation 1 except that the SNPs have an autocor-

relation structure with coefficient ρ = 0.7 (Figure 2).
Namely, the correlation between SNPi and SNPj is

R(SNPi, SNPj) = 0.7|i−j|; i, j ∈ {1, 2, 3}
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Rules (→ ID) Supp Conf Imp(↓)
Multinomial Frequency Bernoulli Frequency
ξ = 10 ξ = 20 ξ = 10 ξ = 20

I32 0.360 0.878 0.316 0.182 0.740 0.210 0.746
I12 0.290 0.569 0.165 0.039 0.029 0.043 0.039
I12,I32 0.190 0.864 0.164 0.036 0.026 0.041 0.047
I22,I32 0.150 0.938 0.141 0.037 0.019 0.031 0.02
I33 0.120 1.000 0.120 0.023 0.018 0.024 0.015
I21,I32 0.140 0.824 0.115 0.033 0.017 0.024 0.018
I11,I32 0.120 0.923 0.111 0.028 0.013 0.017 0.012
I22 0.230 0.469 0.108 0.022 0.007 0.020 0.007
I12,I22 0.140 0.583 0.082 0.021 0.008 0.018 0.009
I21 0.170 0.472 0.080 0.017 0.002 0.012 0.001

Table 1 The 10 most important rules found by Apriori (tsupp ≥ 0.01, tconf ≥ 0.01) with their frequencies of appearing in the
N = 1000 rules generated by multinomial and Bernoulli Gibbs-ARM methods (Simulation 1).

For this example, the correlation matrix is

R =





1 0.70 0.49

0.70 1 0.70

0.49 0.70 1





Fig. 2 Sample correlations of the SNPs in Simulation 2

The results are shown in Table 2. Similar to Simu-

lation 1, the algorithms successfully found all the im-
portant rules, even when the SNPs are correlated.

Simulation 3 In the third simulation, we generate a

more complex dataset to show the computational ad-

vantages of using our algorithm.

This dataset contains 100 SNPs with a similar cor-

relation structure as Simulation 2 (Figure 3):

R(SNPi, SNPj) = 0.7|i−j|; i, j ∈ {1, 2, ..., 100}
β = (−3, 1, 2, 3, 0, ..., 0)

In this example, MAFs are still set to 0.4, and in the

logistic model, the intercept is −3 and the coefficients

Fig. 3 Sample correlations of the SNPs in Simulation 3

for the first 3 SNPs are 1, 2, and 3 respectively, 0 for the
other SNPs. So, we expect to find the rules containing

items from SNP1 to SNP3 to be important. Then, a
sample of L = 500 transactions consisting of 250 cases

and 250 controls are generated from this configuration.

When the Apriori algorithm is applied to the 250

cases dataset, we find 216,084 rules satisfying tsupp ≥
0.05 and tconf ≥ 0.5. The top 10 most important ones

among them are displayed in Table 3. From the table,
we can see that items I12, I22, I32 appear frequently

in the top rules. This is because SNP1, SNP2, and

SNP3 have non-zero coefficients in the underlying data-

generating logistic model and they should have strong

associations with the phenotype. Items of SNP4 and

SNP5 also appear in the top 10 rules as they are highly

correlated with SNP2 and SNP3.

Then, both Gibbs-ARM algorithms are applied to

the 250 cases dataset and the associated frequencies in

the N = 100 generated rules are shown in Table 3. For

a large item space, the tuning parameter ξ needs to be

large in order to find the important rules efficiently. So

we have gradually increased ξ and found that by choos-
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Rules (→ ID) Supp Conf Imp(↓)
Multinomial Frequency Bernoulli Frequency
ξ = 10 ξ = 20 ξ = 10 ξ = 20

I32 0.380 0.884 0.336 0.216 0.717 0.209 0.684
I22,I32 0.260 0.867 0.225 0.072 0.080 0.079 0.070
I22 0.290 0.674 0.196 0.053 0.045 0.064 0.048
I13 0.170 0.895 0.152 0.032 0.011 0.031 0.023
I23 0.150 1.000 0.150 0.034 0.011 0.030 0.021
I12,I32 0.180 0.783 0.141 0.035 0.013 0.034 0.019
I13,I23 0.130 1.000 0.130 0.031 0.007 0.040 0.006
I12,I22,I32 0.160 0.800 0.128 0.019 0.008 0.021 0.011
I12,I22 0.190 0.633 0.120 0.024 0.008 0.030 0.015
I33 0.120 1.000 0.120 0.018 0.012 0.030 0.009

Table 2 The 10 most important rules found by Apriori (tsupp ≥ 0.05, tconf ≥ 0.5) with their frequencies of appearing in the
N = 1000 rules generated by multinomial and Bernoulli Gibbs-ARM methods (Simulation 2).

ing ξ = 70 and ξ = 250 for multinomial and Bernoulli

Gibbs-ARM methods respectively, they can find some

important association rules even only N = 100 rules

are generated.
Specifically, the multinomial Gibbs-ARM method

found 3 of the top 10 rules from the N = 100 gen-
erated rules where the top 1 rule (i.e I32 → ID) has the

highest frequency 0.79. It is expected that more of the

top 10 rules can be found from the generated rules with

higher frequencies if ξ is set smaller. But the involved

computation will be more intensive.
The Bernoulli Gibbs-ARM method did not perform

as well here in that only the top 1 rule can be found
with frequency 0.98 from the N = 100 generated rules.

This is expected because the items of each SNP have a

multinomial constraint and the Bernoulli Gibbs-ARM

ignores this constraint.

Control Class For transactions having the control phe-
notype (IND), the same methods can be applied to find

the most important association rules. For example, in
Simulation 3, the phenotype was simulated from logis-
tic regression with coefficients 1, 2, 3 for SNP1, SNP2,
and SNP3 respectively. So, we also expect strong asso-

ciations between certain levels of these SNPs and IND.

The top 10 rules found by Apriori and the Gibbs-ARM
results are shown in Table 4. We see the results in Ta-

bles 4 are similar to that in Table 3: the multinomial
Gibbs-ARM algorithm has found 7 of the top 10 im-
portant rules while the Bernoulli one only found 1.

Marginal frequencies From the rules explored by each

of the three algorithms, the marginal item frequencies

could also indicate the association strength between

each SNP item and ID or IND. Table 5 and Table 6 list

the top 10 frequent items for case and control classes,

respectively. For the case transactions, I32 and I22 are

among the top 10 frequent items, while for the control

transactions, I31, I21, I11, and I41 seem to have strong

associations with IND.

From the 3 simulations, we have demonstrated that
the multinomial Gibbs-ARM algorithm is able to find

the most important rules in all types of scenarios. In

complex scenarios, e.g. Simulation 3, the multinomial

Gibbs-ARM method could explore a larger number of

important rules as compared with the Bernoulli Gibbs-

ARM method.

3.2 Real-world Dataset

In a GWAS tutorial paper of Reed et al. [19], they

preprocessed the PennCATH dataset and performed

GWAS by fitting an additive model for each SNP vari-

able (with sex, age, and principal components to correct

the effect of population-substructure). In this section,

we will use the same dataset and follow the preprocess-

ing procedure in that tutorial paper, but undertake the
association rule mining by the stochastic multinomial
Gibbs sampling based method, which allows us to dis-

cover the association relationships between the SNPs

and the target disease in an efficient way.

3.2.1 Dataset Description

The PennCATH dataset [20] consists of the genotype
information of 861,473 SNPs across 3850 individuals

for GWAS of coronary artery disease (CAD) and car-
diovascular risk factors. A set of 1401 individuals in the
dataset were de-identified and selected to be used in the
aforementioned tutorial paper: 933 are positive and 468

are negative for CAD. The dataset contains the clinical

data, genotypes, and CAD status for each sample.

3.2.2 Preprocessing

In the tutorial paper, 6 steps of preprocessing have been

applied to the PennCATH dataset before association

analysis:

1. Read PLINK data into R
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Rules (→ ID) Supp Conf Imp(↓)
Multinomial Frequency Bernoulli Frequency

ξ = 70 ξ = 250
I32 0.344 0.815 0.280 0.79 0.98
I22 0.328 0.756 0.248 0.12 0.00
I22,I32 0.268 0.893 0.239 0.08 0.00
I42 0.302 0.665 0.201 0.00 0.00
I12,I32 0.214 0.907 0.194 0.00 0.00
I32,I42 0.240 0.805 0.193 0.00 0.00
I52 0.304 0.626 0.190 0.00 0.00
I32,I52 0.220 0.846 0.186 0.00 0.00
I12 0.272 0.663 0.180 0.00 0.00
I12,I22 0.228 0.770 0.176 0.00 0.00

Table 3 The 10 most important rules found by Apriori (tsupp ≥ 0.05, tconf ≥ 0.5) with their frequencies of appearing in the
N = 100 rules generated by multinomial and Bernoulli Gibbs-ARM methods (Simulation 3 cases).

Rules (→ IND) Supp Conf Imp(↓)
Multinomial Frequency Bernoulli Frequency

ξ = 65 ξ = 240
I31 0.422 0.917 0.387 0.82 0.98
I21 0.394 0.900 0.354 0.07 0.00
I21,I31 0.348 0.972 0.338 0.04 0.00
I31,I41 0.328 0.932 0.306 0.02 0.00
I11,I21 0.322 0.915 0.295 0.02 0.00
I11,I31 0.304 0.962 0.292 0.00 0.00
I11 0.360 0.804 0.289 0.01 0.00
I11,I21,I31 0.282 0.972 0.274 0.00 0.00
I21,I41 0.280 0.972 0.272 0.01 0.00
I21,I31,I41 0.276 0.979 0.270 0.00 0.00

Table 4 The 10 most important rules found by Apriori (tsupp ≥ 0.05, tconf ≥ 0.5) with their frequencies of appearing in the
N = 100 rules generated by multinomial and Bernoulli Gibbs-ARM methods (Simulation 3 controls).

Apriori
item I32 I22 I42 I52 I29,2 I12 I23,2 I62 I93,2 I16,2
freq 0.0652 0.0613 0.0494 0.0493 0.0425 0.0390 0.0364 0.0364 0.0356 0.0339

Multinomial
item I32 I22 I100,2
freq 0.87 0.20 0.01

Bernoulli
item I32 I100,3
freq 0.98 0.02

Table 5 Marginal frequencies of the 10 most frequent items identified by each algorithm (Simulation 3 cases)

Apriori
item I31 I21 I11 I41 I51 I72,2 I33,2 I21,2 I61 I32,2
freq 0.0690 0.0639 0.0612 0.0557 0.0418 0.0348 0.0316 0.0310 0.0300 0.0271

Multinomial
item I31 I21 I41 I11 I100,2
freq 0.88 0.14 0.03 0.03 0.01

Bernoulli
item I31 I11 I88,2 I89,2 I100,3
freq 0.99 0.01 0.01 0.01 0.01

Table 6 Marginal frequencies of the 10 most frequent items identified by each algorithm (Simulation 3 controls)

2. SNP-level filtering (part 1)

3. Sample-level filtering

4. SNP-level filtering (part 2)

5. Create principal components to capture population-

substructure

6. Impute non-typed SNP with external data

The population-substructure and SNP imputation

are irrelevant for Gibbs sampling based ARM, there-

fore, we only follow the first 4 steps to filter SNP vari-

ables and samples with R.

The program first convert the PLINK data (.bed,

.bim, and .fam files) into an object in R. Then, it fil-

ters the SNPs based on their call rate, minor allele

frequency (MAF), and filtered the samples based on

their call rate, heterozygosity, relatedness, and ancestry.

Finally, it filters the SNPs based on Hardy–Weinberg

equilibrium (HWE) and this preprocessing results in

1401 samples (no individuals filtered out) with 656,890
SNP variables.

3.2.3 Reducing item space

To speed up computation, further preprocessing could

be done to reduce the item space. This includes two
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steps: select a range of SNPs potentially related to CAD

based on historical analysis results, and filter SNPs with

low support.

Chromo9p21 Research on GWAS of CAD has achieved
substantial progress, indicating some significant associ-

ations between SNPs on Chromosome 9p21 and CAD

[11,21,5]. In this paper, we use the SNPs on Chromo-

some 9p21 and expect to find some strong association

rules there. According to Genome Reference Consor-

tium GRCh37 (hg19), SNPs on Chromosome 9p21 have
positions from 19900000 to 33200000 on Chromosome 9.
This information can be used to extract the relevant

SNPs with R, and it gives us 3758 SNP variables.

Filtering SNPs As the support of a rule can never ex-

ceed the minimum support of its contained items, if we

want to generate rules with support ≥ tsupp, we can first

filter out the items with support lower than tsupp. Since
each rule from the GWAS transactions data is of the

form given in (1) and (2), we are only able to filter out

itemsets of form J(SNP) = (J (SNP)
no , J

(SNP)
0 , J

(SNP)
1 , J

(SNP)
2 )

with their support < tsupp. Table 7 lists the number

of SNPs remained after filtering out the SNP itemsets

with support less than various tsupp values. It suggests

tsupp = 0.4 and 0.3 are good choices for consequent case

CAD = 1 and CAD = 0 respectively, which ends up

with 1948 SNPs left for CAD = 1 and 1950 SNPs for
CAD = 0, a roughly 50% reduction from 3758 SNPs.

Since each SNP is expressed by 3 items, so the two

transaction datasets (for CAD = 1 and CAD = 0)

would have 1948× 3 = 5844 and 1950× 3 = 5850 SNP

items involved, respectively.

tsupp
num of SNPs

CAD = 1 CAD = 0
0.1 3758 3758
0.2 3758 3758
0.3 3604 1950
0.4 1948 384
0.5 1204 0
0.6 384 0
0.7 0 0
0.8 0 0
0.9 0 0

Table 7 Numbers of remaining SNPs for each consequent
case after filtering with different tsupp values

3.2.4 Tuning parameter

In our experiments, the importance of an association

rule is defined as the product of its support and con-

fidence. To mine the most important association rules

from the two aforementioned transaction datasets (for

CAD = 1 and CAD = 0 cases), we have used the mul-
tivariate Gibbs-ARM algorithm to generate 100 rules

with various given tuning parameter ξ values for each

case. Results on the number of distinct rules generated

in the CAD = 1 case are summarized in Table 8, from
which we can see the effect of ξ on rule generations.

Taking the results of positive cases with CAD = 1

as an example. We can see that there are three kinds of

ξ: maybe too low, maybe too high, and seemingly ap-

propriate. For ξ = 300 and ξ = 500, the tuning param-

eter is probably too small, so that the algorithm almost

always generates different rules at different times. On

the other hand, with ξ = 700 and ξ = 1000 it only gen-
erates 11 and 2 distinct rules respectively, suggesting

that the tuning parameter value is probably too high

so that rule generation process tends to be trapped in

a neighbourhood having locally high importance rules.

Consequently, if we are interested in finding the top k

rules instead of the top 1, we will need more distinct
rules to be generated by the multivariate Gibbs-ARM

algorithm. For the current datasets, ξ = 550 or ξ = 600
might be the best options, knowing that the final choice

would be depending on the needs. They give 40 or 18

distinct rules, implying it has capacity to find some high

importance rules from the generated samples without

getting stuck into a local maxima neighbourhood. For

the rest of the experiments, ξ = 550 is chosen to gener-

ate rules for the CAD = 1 cases.

ξ # distinct rules Comment
300 100 Too low
500 68 Too low
550 40 Appropriate
600 18 Appropriate
700 11 Too high
1000 2 Too high

Table 8 Number of distinct rules generated with different ξ

for CAD = 1

3.2.5 Rule generation

Table 9 displays the top 10 important rules generated

with ξ = 550 for CAD = 1 cases. From the table, we

can see that the frequencies of these rules are ordered
similarly as their importance values, and the rule with
the highest importance coincide with the most frequent

rule in the sample: (rs41474551 = 2) → ICAD=1. More-

over, all the SNPs we found in the rules are at level

2, which means that individuals having 2 minor alle-

les at those important SNPs may have higher risk of

the disease. This actually aligns with what we have ex-
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pected from the genetic point of view since minor al-

leles are deemed to be more likely the risk alleles in

GWAS. Therefore, we can conclude that the multivari-

ate Gibbs-ARM algorithm worked well by confirming

this biological understanding.

3.2.6 Rules associated with negative class

For the negative class CAD = 0, we have tried ξ =

550 to generate 100 rules using the multivariate Gibbs-
ARM algorithm and found they are all distinct rules
from each other and have very low importance values.

Thus, using ξ = 550 did not help us find important

rules. By running more tests and increasing ξ up to

2500, the algorithm is finally able to distinguish some
interesting rules from the rest, and ends up with 30

distinct rules. The top 10 important rules are listed in

Table 10. From the table, we can see that the impor-

tance values of negative class rules are much lower than

the positive class rules. This is because of the imbal-

anced labels in the dataset. There are only 468 negative

(CAD = 0) transactions/individuals and the support

of any rules would not exceed 468/1401 = 0.3340. The
confidence of the negative rules are also lower than the

positive ones, which means SNPs generally have weak

associations with CAD = 0. Nevertheless, our algo-

rithm is still capable of finding rules with a relatively

high support, 0.3291 which is only slightly lower than
the largest possible value, 0.3340. Also, 46% of the gen-

erated rules are among the top 10 important rules in

the dataset and the most important rule has the high-

est frequency. This demonstrates the good performance

of the algorithm for the negative class as well.

3.2.7 Item frequencies

Top 10 marginal frequencies of those items generated
by the multinomial Gibbs-ARM sampling algorithm for

both CAD = 1 and CAD = 0 cases are listed in Ta-
ble 11. Similar to that said for the simulation exam-
ples, the marginal frequencies of the items could also

be used to assess the associations between the items

and the disease. In addition, the items having high fre-

quencies in the generated samples provide a reduced

item space to find important rules by using the Apriori

algorithm. For example, for the CAD = 1 class, there
are 20 items appearing more than once in the gener-

ated samples and these items, constituting a new item

space, could be used to find association rules by the

Apriori algorithm. The Gibbs-ARM sampling method

used here is largely for reducing the itemset space so

that the computation cost from applying the Apriori to

this new itemset space is also reduced.

4 Conclusion

In this paper, we proposed a stochastic multinomial
Gibbs sampling based association rule mining algorithm
to analyze transactions data obtained from GWAS. In

the experiments, we have tested the algorithm on 3 sim-

ulated datasets and a real-world dataset. The algorithm

has shown good performance in all our experiments and

case study. In the real-world example, we have consid-
ered 1948 SNPs (5844 items) for the positive class and
1950 SNPs (5850 items) for the negative class, which is
significantly more than 366 SNPs in the dataset used

by Qian et al. [17]. This has demonstrated the capacity

of the algorithm in big data ARM scenarios. Also, the

multinomial Gibbs-ARM sampling algorithm substan-

tially extends the capacity of the Bernoulli Gibbs-ARM
algorithm in that the former in capable of incorporat-
ing the constraints in the itemsets to more accurately
and efficiently generate a Markov chain of the rules.

The application of our method is not limited to find-

ing the important SNPs related to certain disease in
GWAS. It can be used to find the associations between

various combinations of the categorical variables with

different numbers of levels and a certain level of a re-

sponse variable in any study field.
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Rules → ICAD=1 Supp Conf Imp(↓) Freq
rs41474551=2 0.6545 0.6684 0.4375 0.04
rs6476155=2 0.6531 0.6689 0.4368 0.01
rs10968275=2 0.6510 0.6691 0.4356 0.02
rs10968147=2, rs12000381=2 0.6495 0.6681 0.4340 0.01
rs12000381=2, rs12005211=2 0.6495 0.6681 0.4340 0.01
rs12353389=2 0.6510 0.6667 0.4340 0.01
rs10968147=2, rs12005211=2 0.6495 0.6672 0.4333 0.01
rs10969920=2, rs7868409=2 0.6488 0.6664 0.4324 0.01
rs12337979=2 0.6488 0.6659 0.4321 0.01
rs12000381=2, rs6476155=2 0.6417 0.6724 0.4315 0.01

Table 9 Top 10 important rules associated with positive class CAD = 1 (ξ = 550)

Rules → ICAD=0 Supp Conf Imp(↓) Freq
rs12340615=2 0.3291 0.3377 0.1111 0.11
rs10481580=2 0.3283 0.3377 0.1109 0.03
rs17780713=2 0.3233 0.3429 0.1109 0.06
rs7032605=2 0.3283 0.3377 0.1109 0.04
rs10481580=2, rs12340615=2 0.3283 0.3377 0.1109 0.07
rs12340615=2, rs12345834=2 0.3283 0.3375 0.1108 0.06
rs10481580=2, rs12345834=2 0.3276 0.3375 0.1106 0.01
rs12340615=2, rs17780713=2 0.3191 0.3468 0.1106 0.04
rs10481580=2, rs12340615=2, rs17780713=2 0.3183 0.3468 0.1104 0.03
rs10481580=2, rs17780713=2 0.3183 0.3468 0.1104 0.01

Table 10 Top 10 important rules associated with negative class CAD = 0 (ξ = 2500)

CAD = 1 CAD = 0
item freq item freq
rs10967419=2 0.12 rs12340615=2 0.39
rs7045427=2 0.12 rs10481580=2 0.24
rs2094534=2 0.10 rs17780713=2 0.20
rs12000381=2 0.09 rs12345834=2 0.17
rs12005211=2 0.08 rs7032605=2 0.12
rs10967389=2 0.07 rs17759490=2 0.04
rs10967430=2 0.07 rs7020500=2 0.04
rs10812419=2 0.07 rs16907723=2 0.03
rs41474551=2 0.07 rs16923583=2 0.03
rs2011765=2 0.07 rs2453553=2 0.03

Table 11 Top 10 marginal frequencies of the generated SNP
items by the multinomial Gibbs-ARM sampling method for
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