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Abstract

In order to transport information with topological protection, we reveal and demonstrate exper-

imentally the existence of a characteristic length Lc, coined as the transport length, in the bulk size

for edge states in one-dimensional Su-Schrieffer-Heeger (SSH) chains. In spite of the corresponding

wavefunction amplitude decays exponentially, characterized by the penetration depth ξ, the trans-

port between two edge states remains possible even when the lattice size L is much larger than the

penetration depth, i.e., ξ ≪ L ≤ Lc. Due to the non-zero coupling energy in a finite-size system,

the supported SSH edge states are not completely isolated at the two ends, giving an abrupt change

in the wave localization, manifested through the inverse participation ratio to the lattice size. To

verify such a non-exponential scaling factor to the system size, we implement a chain of split-ring

resonators and their complementary ones with controllable hopping strengths. By performing the

measurements on the group velocity from the transmission spectroscopy of non-trivially topolog-

ical edge states with pulse excitations, the transport velocity between two edge states is directly

observed with the number of lattices up to 20. Along the route to harness topology to protect opti-

cal information, our experimental demonstrations provide a crucial guideline for utilizing photonic

topological devices.

PACS numbers:

∗Electronic address: rklee@ee.nthu.edu.tw
†Electronic address: wkuo@phys.nchu.edu.tw
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Introduction.—Composited by dimers with staggered hopping amplitudes, a topological

phase transition can be revealed in the Su-Schrieffer-Heeger (SSH) model owing to the exis-

tence of Zak phase associated with zero Berry curvature [1, 2]. By utilizing the SSH model,

people have illustrated the difference between bulk and boundary, chiral symmetry, adia-

batic equivalence, topological invariants, and bulk–boundary correspondence [3]. Through

the analogy in single-particle Hamiltonian, topologically non-trivial zero or π modes can

also be observed in photonic systems, through a periodically setting on the confining po-

tentials [4–8]. With the topologically protected edge states, we can implement new types of

lasing modes [9, 10] and optical control [11, 12] even under continuous deformations.

As the edge modes in a one-dimensional (1D) SSH model are zero-dimensional, by defini-

tion, they do not have a group velocity. However, for the practical implementation, instead

of infinite chains, only a finite number of dimers can be fabricated. Moreover, in order to

harness topology to protect optical information [13], a natural question arises on the cor-

responding transport properties in the supported non-trivially topological states. It is the

common belief that the wavefunctions of supported edge states in a finite-size chain should

remain staying localized strongly at their respective boundaries and decay exponentially in

the bulk, with a penetration depth ξ depending on the contrast between coupling strengths.

On the contrary, in this paper, we reveal the existence of a transport length Lc in finite-size

SSH chains, which is much larger than the penetration depth, i.e., Lc ≫ ξ. As long as the

system size is smaller than this transport length, one can transport information between

two supported edge states with non-trivially topological protection.

By calculating the corresponding inverse participation ratio (IPR), an abrupt change

in the wave (de)localization happens at this critical length scale, with the comparison

to the exponential scaling factor to the system size from the topologically trivial states.

Theoretically, the dependence on the lattice size and the contrast between coupling

strengths is also derived for the transport length, see Eq. (3) below. Experimentally, the

existence of non-trivially optical topological edge states in a chain of dimers with split-ring

resonator (SRR) and its counterpart, the complementary split-ring resonator (CSRR), is

illustrated with a proper setting on the intra- and inter-cell coupling strengths between

SRRs and CSRRs [14]. By extracting the amplitude and phase from the transmission

spectroscopy, a photonic band gap in the passband is measured when the inversion

symmetry is broken [15, 16]. The corresponding group velocity of edge states is directly

3



FIG. 1: (a) Energy bands of edge states for finite-size (L = 20) and infinite-size (L = ∞) SSH

models. The coupling energy ∆ closes (∆ = 0) when w/v ≥ 1 only for an infinite-size system.

However, for finite-size systems a non-zero value of the energy gap ∆ occurs even when w/v > 1,

as depicted in the inset. The corresponding edge modes Ψi supported in a finite-size SSH model

(L = 20) are shown in (b), with the amplitude decaying exponentially, i.e., the fitting dashed-curves

of exp[−i/ξ] and exp[−(L − i)/ξ] with the lattice site index, i, and the penetration depth ξ. We

want to remark that, instead of the wavefunction pinned to one end, the supported edge state can

be symmetric or anti-symmetric combination of the isolated edge modes, as shown in (b) and the

inset.

measured with continuous wave and pulse excitations, verifying the transport of edge states

when the system size is much larger than the penetration depth. Our results indicate that

within this transport length scale the supported edge states possess not only non-trivial

topologies, but also a non-exponentially scaling factor in a finite-size SSH model.

Finite-size SSH chains.—We consider the SSH model, a 1D tight-binding model with alter-

nating coupling strengths in dimer lattices. In the unit cell of “diatomic basis”, the staggered

coupling strengths, denoted as v and w, account for the intra- and inter-cells, which lead to

a parity effect in the chain length and a gap for the infinite chain case. The SSH model is

known for its topological features and shows a transition from a trivial phase to a topological

phase as it is tuned crossing w/v = 1.

When w/v ≥ 1, the normalized energy of edge modes lies at the band center as shown

in Fig. 1(a). Outside the band center, one recovers typical Bloch solutions as expected for

periodic systems. However, as one can see in Fig. 1(a), the energy gap ∆ closes (∆ = 0)
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when w/v ≥ 1 only for an infinite-size system. For a finite-size system, such as L =

20 in our experiments, a non-zero value of the energy difference ∆ occurs for “near-zero”

modes even when w/v > 1, as depicted in the inset of Fig. 1(a). Here, L denotes the

number of lattice sites. Given w/v > 1, ∆ can be approximated by ∆ = 2w(w
v
)−N [1 −

(w
v
)−2]/[1− (w

v
)−2N ] with N = L/2, the number of unitary cells [17]. Associated with a finite

∆, the corresponding modes are no longer isolated at one end, but become a symmetric or

anti-symmetric combination of the isolated edge modes, as depicted in Fig. 1(b). In this

case, ∆/2 can be viewed as a coupling energy of the localized modes on each edge, arising

from inter-cell coupling w but scaled exponentially by sample size L.

Similar to the edge states in an infinite-size system, the wavefunction amplitude of

supported edge modes in a finite-size SSH model decays exponentially, characterized

by the penetration depth ξ = 2/ ln(w/v) [17]. As shown in Fig. 1(b), the exponential

decaying factors, i.e., exp[−i/ξ] and exp[−(L − i)/ξ] with the site label i, give agreement

to the wavefunction amplitudes at both ends. Nevertheless, we want to remark that the

penetration length ξ, independent of the system size L, is only a few lattice size. In the fol-

lowing, our experiments work at w/v = 4.3, which gives a penetration length 2 ξ ≈ 2.76 sites.

Wave localization.—In order to give a quantitative figure of merit in verifying localization-

delocalization transition in these edge states, we calculate the corresponding inverse partic-

ipation ratio (IPR) index by defining [18],

IPR ≡

∑
L

i=1 |Ψi|
4

(
∑

L

i=1 |Ψi|2)2
, (1)

which represents a measure of the number of sites contributing to a given state. The clear

distinction of IPR index indicates the characteristic features of SSH model, providing a

criterion to distinguish the extended (delocalized) states from the localized ones.

Moreover, the IPR index for non-trivial topological states reveals an abrupt change at a

characteristic length, denoted as Lc, as shown in Fig. 2(a). When the system size is smaller

than Lc, the IPR index for the edge modes is small (IPR < 0.5), indicating the existences

of symmetric or anti-symmetric combinations of the edge modes. Specifically, in this regime

we have

IPR =
[1 + (w

v
)−2][1− (w

v
)−2N ]

2 [1− (w
v
)−2][1 + (w

v
)−2N ]

. (2)
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FIG. 2: (a) The Inverse participation ratio (IPR) on the lattice number L for non-trivial topological

states with w/v = 2.0 and 4.3, in green and red colors, respectively. An abrupt change can be

identified in the IPR index, marked by the transport length Lc. As a comparison, in (a) the curve

of trivial case with w/v = 0.23 only gives an exponential scaling factor, i.e., the curve in blue color.

For a fixed system size L = 10, 20, 40 or 400, in (b) the IPR index is depicted as a function of w/v,

with the large w/v limit shown in the inset. The markers A and B correspond to our experimental

conditions.

Only when L > Lc, the IPR index jumps up by a factor of 2, indicating that only strongly

isolated states at one side are supported. As a comparison, for all the trivial cases we do

not have such an abrupt change in the IPR curve, such as w/v = 0.23 illustrated in Fig.

2(a), which only gives an exponential scaling factor.

As shown in Fig. 2(b), such an abrupt change in the IPR index also exists for a fixed

system size when we vary the value of w/v. For different lattice sizes, such as L = 10, 20,

or 40, the corresponding IPR index curves merge into a single curve; while IPR for L = 400

is doubled when w/v is sufficiently large.

Experiments.—To demonstrate the transport between two edge states even with a lattice

size much larger than the penetration depth, as the schematic shown in Fig. 3(a), we

fabricate a 1D chain composited by a finite number of sites in the diatomic basis, denoted

as A and B. The implementation of SSH model is realized by combining SRRs and CSRRs

together, but fabricated in the front and back layers, respectively, as illustrated in Fig. 3(b).

By bonding these two interleaved layers close enough, with a controllable separation, an

effective 1D array can realize the SSH model. In addition to the dimer unit, we manipulate
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FIG. 3: (a) Schematic of SSH model for 1D microwave propagation in dimer lattices, denoted as A

and B. The red circle marks the unit cell of “diatomic basis”. (b) The implementation of the SSH

model is realized in a finite-size chain by combining split-ring resonator (SRR) and complementary

split-ring resonator (CSRR). By varying the orientation of SRR and CSRR, we can manipulate the

coupling strengths for the intra- and inter-cells, denoted as v and w, respectively. The two leads

in the front and end nodes shown in (a) are implemented by two transmission lines in (b), denoted

with the input port 1, reflection port 2, and transmissions ports 3 and 4, respectively.

the intra- and inter-cell coupling strengths by varying the orientation of SRRs and CSRRs,

respectively.

Regarding the materials, our 1D SSH array is fabricated on the substrate Roger 4003C,

which has the thickness 1.6 mm and with copper used as the metallic part of 0.035 mm

thickness on it. The resonators are designed with 7.6 mm in diameter, 0.4 mm in line

width, along with 0.4 mm between two rings, 0.4 mm for the ring gaps, and 10 mm for the

lattice constant. For the L = 20 sample, we have 106.2 mm in total length from the left

lead to the right one. It is known that one can manipulate the coupling strengths between

SRRs by angle rotations [19–21]. Moreover, for the coupled SRR and CSRR, the texture

of orientation produces a great impact on the inter-resonator coupling strength [22]. For a

fixed angle of rotation in CSRR, the inter-resonator coupling strength can be varied from

30 MHz to 400 MHz with respect to the angle of rotation in SRR.

Moreover, in order to perform direct measurements on the transmission and reflection

spectra, we also introduce two leads in the front and end nodes, as illustrated in Fig. 3(a).

With the help of two transmission lines, as shown in Fig. 3(b), here, we define the input
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(port 1), reflection (port 2), and transmissions ports (3 and 4). To extract the magnitude

of coupling strengths in our diatomic cell, simulation results obtained by finite-element

simulations are also applied to fit the experimental data, in order to estimate the values of

ratio between inter- and intra-cell coupling strengths, i.e., w/v.

With the help of experimental parameters extracted from our previous work [22], in

the following we demonstrate the direct observation of non-trivial topologically protected

edge states for microwave propagation in our 1D chain. Here, an even number of the total

lattice sites is fabricated, i.e., L = 20, for two sets of orientations of SRR and CSRR at

the angles: (210◦, 290◦) for non-trivial case and (30◦, 110◦) for trivial case, respectively.

As the selected angles in these two cases are supplementary, the coupling strengths w

and v are simply interchanged, with the estimated values of w/v = 0.23 and 4.3, respectively.

Transmission Spectroscopy.—In response to directly probe supported non-trivial topologi-

cally protected edge states experimentally through the transmission spectroscopy, in Fig.

4(a), we illustrate the calculated transmission spectra |T | (in dB scale) of 1D SSH model

obtained from the theoretical model with non-trivial (w/v = 4.3) case for L = 20, together

with the transmission spectrum S31 obtained by direct measurements and finite-element

simulations. Non-trivial topological edge states, i.e., the zero-modes, produce the additional

resonance peak at gap center (δ = 0). Even though fabrication errors introduce inevitable

discrepancy in the measured spectrum, a clear resonant tip can be seen in the transmission

spectra, indicating the robustness of topologically protected edge states. On the other hand,

transmission spectra in trivial (w/v = 0.23) case only presents two passband as in Fig. 4(b).

In addition to the transmission amplitudes, the corresponding phase changes are also

shown in Figs. 4(c) and 4(d), for the non-trivial and trivial cases, respectively. One can

see that near the zero-detuning region, when w/v > 1, a phase jump of 2π can be clearly

identified in Fig. 4(c), for the existence of the non-trivial topologically protected edge state

from two Zak phases in ±π at δ = 0. As a comparison no such a phase jump happens

for the trivial topological phase, as shown in Fig. 4(d). These transmission spectra clearly

demonstrate that our observed states indeed are non-trivial zero modes.

With pulse excitations, depicted in solid-black curves in Figs. 5(a) and (b), we show

the direct experimental measurements on the group velocity of supported edge states, for

non-trivial case w/v = 4.3 and trivial case w/v = 0.23, respectively. In addition to the
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FIG. 4: (a) Transmission spectra |T | (in dB scale) of 1D SSH model obtained from the theoretical

model, experimental measurements and simulations in non-trivial (w/v = 4.3) case, while those

in trivial case (w/v = 0.23) is shown in (b). (c) The corresponding transmission phase (in unit of

π) obtained from the theoretical model, experimental measurements and simulations in non-trivial

(w/v = 4.3) case; while those in trivial case (w/v = 0.23) is shown in (d). The arrows depicted in

(a) and (c) indicate the peak and phase shift in the non-trivial case.

theoretical prediction, a significant dip in the measured group velocity, as well as in the

simulated one, can be clearly identified for the non-trivially case, indicating a much lower

group velocity than the light speed. Our results give a direct observation of the topologically

protected edge states in slow-light, with the measured group velocity ∼ 13.6× 106 m/s. On

the contrary, the group velocity of trivial cases propagates at the speed of light in the bulk,

i.e., ∼ 0.75× 108 m/s with the refractive index 4.

In order to manifest the transport property of our supported non-trivial edge states in

the finite-size SSH chains, we show the corresponding group velocity on the zero-detuning

condition δ = 0 in Fig. 5(c), as a function of the lattice number L. As one can see, the group

velocity for the non-trivially topological states w/v = 4.3, depicted in red-color, significantly

remains as a constant when the system size is smaller than the characteristic length, i.e.,
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FIG. 5: The measured group velocities for (a) non-trivial case w/v = 4.3 and (b) trivial case

w/v = 0.23, as a function of frequency detuning δ. Here, in addition to the theoretical prediction,

the experimental measurements are performed by pulse excitations. (c) On the zero-detuning

condition δ = 0, we depict the group velocity as a function of the lattice number L. One can

see that the group velocity for non-trivially topological states w/v = 4.3, depicted in red-color,

significantly remains as a constant when the system size is smaller than the characteristic length,

i.e., L < Lc. However, the group velocity for the non-trivially topological states w/v = 0.23,

depicted in blue-color, decays exponentially to the system size. The characteristic length Lc as a

function of w/v is also depicted in (d). The marker A corresponds to our experimental conditions.

L < Lc. As a comparison, the group velocity for the trivially topological states w/v = 0.23,

depicted in blue-color, is exponentially decaying to the system size.

With the introduction of this characteristic length Lc, in Fig. 5(d) we provide a guideline

on the maximum system size allowed to transport the edge states in the SSH model. Unlike

the penetration depth ξ, the characteristic length Lc revealed here is much larger than ξ.

Counter-intuitively, as long as the system size is small than Lc, the transport between two

edge modes is allowed even for a system with its size much larger than the penetration

length L ≫ ξ. For a better understanding its origin, Lc is associated with a threshold in
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the coupling energy given by ∆
v
(Lc) = 10−16. From the expression of the energy gap ∆,

empirically, one finds that:

Lc = 2
ln(1016) + ln[

w

v

(w
v
)2−1

]

ln(w
v
)

. (3)

In more practical situations, disorder or dissipation may attribute to the transport threshold

such that ∆(Lc) ∼ Eth, in which Eth is disorder strength or relaxation rate [23].

Conclusion.—On the contrary to the common belief that the wavefunctions of supported

edge states in a finite-size chain should decay exponentially in the bulk, we reveal the exis-

tence of a transport length in the bulk size for edge states in 1D SSH chains, which is much

larger than the penetration depth of the edge modes. A non-exponential scaling factor to the

system size is demonstrated though an abrupt change in the wave localization, indicating a

possible phase transition for the topological edge states in a finite-size SSH chain. Regarding

experimental demonstrations, we implement a chain of interleaved split-ring resonators and

complementary split ring resonators with a proper setting in the orientation texture. The

existence of non-trivially topological edge states, which are zero modes, is not only demon-

strated through the transmission spectra, but also verified through the observation of a 2π

phase jump. With the non-zero coupling energy in a finite-size system, the group velocity of

microwave propagation is directly measured through pulse excitations, revealing a very slow

group velocity, down to ∼ 0.01 of light speed in free space. The transport length revealed

and verified in our experiments provides a crucial guideline for utilizing photonic topological

devices, which demonstrates the possibility to transport optical information with topological

protection [24–28].
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