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Abstract: This paper explores the influence of uncertainties and noise on the global 

dynamics of nonlinear systems, with emphasis on the basins and attractors’ topology and 

on the dynamic integrity of coexisting solutions. For this, the adaptive phase-space 

discretization strategy proposed in Part I [1] is employed. Two well-known archetypal 

oscillators found in engineering applications, the Helmholtz and Duffing oscillators under 

harmonic or parametric excitation with uncertain parameters or added load noise, are 

studied. The results demonstrate the adaptive capability of the proposed method, 

increasing the resolution without increasing the computational cost. Mean basins of 

attraction and attractors’ distributions are obtained. The time-dependency of stochastic 

responses is demonstrated, with long-transients influencing the short-term behavior. 

Finally, the effect of uncertainties and noise on the basins areas, attractors distributions 

and basin boundaries is discussed, which can be used to evaluate the dynamic integrity of 

the competing basins. 
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1 Introduction 

The concept of elastic stability in statics began with the work of Euler on the critical 

buckling load of columns [2]. However, he left the concept of stability undefined. 

Later, Lagrange stated that a stable equilibrium point of a conservative system 

corresponds to a minimum of the total potential energy. The Lagrange theorem 

implicitly implies the local stability concept in the sense of Lyapunov. Still, only at 

the beginning of the twentieth century the mathematical definitions of stability for a 

dynamical system, as well as stability theorems for nonlinear systems, were first 
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formulated by Lyapunov [3, 4]. According to the Lyapunov stability concept, dynamical 

systems are said to be stable if small infinitesimal perturbations of the initial conditions 

lead to small deviations of the response, i.e., cannot alter the system’s time-asymptotic 

behavior [3]. While in this classical definition of stability the considered perturbations 

are infinitesimal, in the real world, as observed by Thompson and co-workers [5–7], 

perturbations have finite magnitude. Thus, the system should be able to withstand finite, 

although small, changes in the initial conditions, returning asymptotically to the desired 

state. Consequently, beyond questions of local stability, a central role in the study of 

instability phenomena is played by the global features of phase-space, such as basins of 

attraction. 

Additionally, nonlinear dynamical systems usually display multistability due to local or 

global bifurcations or the presence of multiple potential wells. Each attractor has its own 

basin of attraction, whose measures and topology in state space can vary remarkably as a 

function of system parameters, with the basin boundary being smooth or fractal. In 

deterministic systems, the properties of the basins of attraction are largely determined by 

the stable and unstable manifolds of the saddles lying along the basin boundaries [8]. The 

complexity of the interwoven basins of attraction increases with the number of coexisting 

solutions. In this scenario, responses become extremely sensitive to any perturbation, with 

the final state depending crucially on the initial conditions. In particular, the basin may 

become fractal, leading to a loss of integrity [9, 10]. The knowledge of the topology of 

these coexisting basins allows us to predict the system’s final state. While infinitesimal 

perturbations on an attractor have local effects well-studied in the theory of asymptotic 

stability, finite (including large) perturbations can be critical by causing non-local effects 

like the transition to another attractor. Thus, the concept of basin of attraction of a stable 

solution has become an effective tool for global stability analysis. The use of bifurcation 

diagrams and basins of attraction are the typical tools to study, respectively, the local and 

global stability properties of a system. 

Thompson and co-workers introduced the concept of dynamical integrity based on the 

systematic study of the topology and evolution of basins of attraction as a function of 

system parameters, quantified by different integrity measures [5, 6, 11]. In particular, they 

explored the erosion of basins of attraction due to fractal intrusions [9, 10]. Later, Rega 

and Lenci proposed the use of integrity measures as a tool to evaluate the actual safety of 

engineering systems in a dynamic environment. They developed and explored various 

integrity measures as a basis for quantifying safety and preventing the basin erosion 

phenomenon by global control strategies [12–14] and applied these ideas to several 

mechanical systems [15–20]. They argued that the basin of attraction must be large and 

compact enough so that the system can cope with disturbances in initial conditions, 

uncertain parameters, and load noise. Dynamical integrity is not a simple measure of the 

basin magnitude. Its practical implementation is far from trivial since there exists no 

simple connection between the coexisting asymptotic states and their basins of attraction, 

and its development emerged into the research field now known as dynamical integrity 

[16, 18, 21]. Changing the paradigm from local to global dynamics leads to a deeper 
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knowledge of system safety, despite the growing difficulties in terms of numerical costs 

of the simulations as the number of dof increases [22, 23]. 

Traditional instability phenomena have been considered as a limiting factor in design 

since they lead to loss of load carrying capacity and, eventually, damage and collapse of 

the structure. However, in recent years a growing number of applications have relied on 

multistable systems capable of assuming different equilibrium configurations without 

damage [24]. Detailed reviews of this topic and applications were recently published by 

Hu and Burgueño [25], Cao et al. [26], and Fang et al. [27], with applications including 

actuators, energy harvesters, composite structures, microelectromechanical systems 

(MEMS), robotics, energy absorbers, deployable structures, and programmable 

metamaterials. This enhances the importance of global dynamics in engineering analysis. 

Another growing research area, where global dynamics can become an essential tool, is 

the analysis of metastable systems (found in physics, chemistry, biology, etc.), where it 

may allow to understand the phenomenon according to which a system, under the 

influence of stochastic dynamics, explores its state space on different time scales [28, 29]. 

However, not only finite perturbations in initial conditions should be considered. 

Dynamical systems are inevitably influenced by unavoidable noise and uncertainties, 

which complicates the already complex deterministic dynamics of multistable nonlinear 

systems by introducing new dynamical behavior and a number of stochastic phenomena 

[30]. These phenomena are not accounted for in the set of differential equations that 

model the idealized deterministic system. Noise is also intrinsic to observations made on 

real systems, as illustrated by the vast literature on system identification [31–34]. Poon 

and Grebogi [35] showed that noise might move the system away from the neighborhood 

of the attractor towards the basin boundary and over a nearby saddle point to another 

basin of attraction, increasing the competition between the attractors. Noise may also 

cause the basins to merge or disappear [36], and when the noise amplitude is above a 

critical value, the distinction between two coexisting attractors is lost. In addition, noise 

may lead to stochastic bifurcations and a shift of the bifurcation point [37–39]. The global 

stability of a state in the presence of noise depends on both the size of basin of attraction 

and the dynamical behavior. Soliman and Thompson [40] showed that the addition of 

noise could affect the robustness of attractors, and the sensitivity of an attractor to noise-

induced jumping could be assessed by stochastic integrity measures. However, when 

multiple steady states coexist in a system, little is known about what governs the stability 

of each state under the effects of random perturbations. 

Additionally, many systems in science and engineering are known to be sensitive to both 

parameter and model uncertainty, especially in the vicinity of bifurcation points. The need 

to include parameter uncertainty in structural analyses has long been recognized in 

engineering since many systems are highly sensitive to small variations in their 

material/geometrical properties, such as damping parameters or material constants, 

imperfections, boundary and initial conditions, and natural frequencies [41–44]. Koiter’s 

work in the field of structural stability, for example, has shown the drastic influence of 
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unknown geometric imperfections on the load capacity of many engineering structures 

[45, 46]. Such sensitivities are particularly relevant in nonlinear dynamics. Gonçalves and 

Santee [47] have shown that different types of uncertainties, including geometric 

imperfections, can cause a decrease in the load-carrying capacity of structures liable to 

buckling under dynamic excitation, similar to that observed in the static case. 

The effects of excitation noise were explored by many authors. The bifurcation scenarios 

of the noisy Duffing-van der Pol oscillator were studied by, among others, Schenk-Hoppé 

[48] and Sharma [49]. Later, the global analysis of the stochastic bifurcations in Duffing, 

previously considered by Ueda, and Duffing–Van der Pol oscillators, were studied by the 

generalized cell mapping method by Xu et al. [50–52], and He et al. [53]. Basins were 

considered in the same sense as in deterministic problems through the generalized cell 

mapping (GCM) with partially ordered sets (posets) and directed graphs (digraphs) [54]. 

The impact of randomness on the basin boundaries is evident, showing how it diffuses as 

noise increases, eventually destroying the attractor. Although the results clarify the 

influence of noise on the attractor and basin evolution and possible bifurcations, the 

adopted basin definition lacks a proper stochastic description. Green et al. [55] studied 

the effect of white noise on an energy harvester described by Duffing-type nonlinearities, 

using the Fokker–Planck–Kolmogorov equation. However, the mono-stable system had 

just one global attractor, thus basin analysis was not needed. Local investigations of a 

softening-type Duffing oscillator with noise were conducted by Agarwal et al. [56]. 

Recently, the short-time Gaussian GCM approximation [57] was applied to the global 

analysis of a Duffing oscillator by Han et al. [58], but the deterministic definition of basins 

of attraction was maintained and, therefore, the results lack further quantification of the 

basin randomness. The path-integral methodology was applied to Duffing-type oscillators 

with noise by Cui et al. [59], Agarwal et al. [60], and Cilenti and Balachandran [61], but 

they also maintained the same deterministic interpretation for basins of attraction. Noise 

effects on the dynamic integrity were investigated in a Helmholtz-Duffing oscillator by 

Orlando et al. [62], and Helmholtz-type oscillator by Silva and Gonçalves [63], where 

also the parametric uncertainty was considered. Sets sensitive to random noise were 

considered in the evaluation of safe basins and their dynamic integrity analysis. Again, 

the results demonstrated the effect of randomness on the basin of attraction qualitatively, 

but the proper description is still an open issue. Stochastic perturbation methods can be 

applied to formulate the statistics’ governing equations in the case of parameter 

uncertainty, but restricted to local dynamics, as shown by Kamiński and Corigliano [64]. 

In the present work, the influence of noise and uncertainties on the global dynamics of 

multistable systems is explored using the concepts and numerical tools presented in Part 

I [1]. Numerical experiments are conducted on single-degree-of-freedom Duffing and 

Helmholtz oscillators, whose deterministic global dynamics and integrity were previously 

explored in [12–14]. Despite their simplicity, Duffing and Helmholtz oscillators exhibit 

a rich dynamical behavior and have been used to describe the nonlinear dynamics of many 

real-world nonlinear systems for a wide range of frequency bands and amplitude of the 

excitation. Kovacic and Brennan [65] published a detailed historical review of the Duffing 
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oscillator and its nonlinear dynamics, highlighting its application in engineering, physics, 

astronomy, mathematics, computer sciences, etc. The Helmholtz oscillator has been 

extensively used for the analysis of escape from a potential well (escape equation), with 

interesting applications ranging from ship capsize [66] to structures liable to asymmetric 

buckling [63, 67]. Also, Duffing and Helmholtz oscillators have been extensively used as 

a didactic tool for the phenomenological analysis of nonlinear dynamical systems [68–

70] and to model the dynamics of structural systems liable to buckling, since the presence 

of quadratic and cubic nonlinearities allows the description of the potential functions 

associated to the basic types of bifurcation [71]. A proper probabilistic interpretation and 

description of the nondeterministic global dynamics is given, this being the primary 

contribution of the present study. This was made possible thanks to the adoption of the 

operator perspective, the stochastic basins of attraction concept [72], and the phase-space 

subdivision strategy developed in Part I [1]. 

The paper is organized as follows. Section 2 presents a forced Helmholtz oscillator with 

one potential well and one escape solution, where the investigations of the deterministic 

case, the parameter uncertainty case, and the additive white noise case are conducted. 

This oscillator presents one or two attractors for the chosen parameters. Section 3 deals 

with  the Duffing oscillator. Here, two different cases are addressed, a two-well system 

with four attractors or with a period-1 attractor and a chaotic attractor. Section 4 presents 

a parametrically excited Duffing equation with one period-1 or period-2 attractor and 

escape solutions, followed by an investigation of a multiplicative white noise. In all cases, 

details of the final box partition are given, the effects of noise and parametric uncertainty 

are discussed, and Monte Carlo experiments are conducted for validation. Moreover, an 

integrity measure for assessing the effects of nondeterministic global dynamics in terms 

of system safety is proposed and applied in all cases. The final section, Section 5, presents 

the conclusions and final remarks. 

 

2 Helmholtz oscillator with harmonic excitation 

The first example consists of the standard dimensionless form of the damped 

harmonically excited Helmholtz oscillator, 

  2 sin .x x x x A t sW          &&& &  (1) 

where α is the mean linear vibration frequency, the random variable λ is a truncated 

standard normal with density f(λ;0,1,-3,3), σ is a scaling factor, W& is a standard white 

noise process, and s is the noise standard deviation. Thus, the system is deterministic for 

σ = 0 and s = 0. For a normal distribution, the probability decreases in a regular way with 

distance from the mean, the most probable value. One drawback, however, is that it 

supplies a positive probability density to every value in the range (−∞, +∞), although the 

actual probability of an extreme event will be very low. In most cases, based on design 
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codes and experimental values, the range of a given parameter is bounded. A 

mathematical way to preserve the main features of the normal distribution while avoiding 

extreme values involves the truncated normal distribution, in which the range of 

definition is finite at one or both ends of the interval [73]. 

The Helmholtz oscillator has one potential well, with two different classes of oscillations, 

bounded periodic nonlinear oscillations within the well and unbounded nonperiodic 

solutions [13]. This is a useful archetypal model, presenting escape, basin erosion, and 

integrity loss, and may describe the behavior of various dynamical systems (see, e.g., [47, 

63, 66, 67]). The values of Table 1 are adopted, resulting in three possible outcomes, a 

small amplitude (i.e., nonresonant) oscillation, a large amplitude (i.e., resonant) 

oscillation, and escape solutions. 

The analyzed window of phase-space is    0.7,1.8 1,1   X . The initial box partition 

is defined as a division of 25 in each dimension, totaling 32x32 = 1024 boxes of size 

{0.0781, 0.0625}, with one additional sink box that attracts the escaped solutions. The 

procedure is conducted through ten steps, with a final box size of {0.0024, 0.0020}. Also, 

the number of initial conditions per box depends on the box size, decreasing with 

refinement. The number of collocation points for each level is presented in Table 2. For 

the deterministic case, the usual Perron-Frobenius operator governs the phase-space 

distribution, and it is given by (see eq. B25 of Part I [1]) 

 
 

1

1

1 1 , .

k
i t j

h i ij j ij

ij

m b b
P p p

m b

 




   (2) 

The result of the method for both deterministic and stochastic (with noise) systems is a 

row-stochastic matrix (or column-stochastic matrix, depending on the implementation). 

This matrix only maps transfer probabilities between boxes, and the distinction between 

deterministic and stochastic systems is lost after its construction. The density of 

deterministic fixed-point attractors is a Dirac delta distribution in the limit of the 

discretization. The fourth-order Runge-Kutta method is adopted for the construction of 

the flow T , with time-step T/200, where T = 2π/Ω and Ω is the forcing frequency. This 

is the strategy adopted in all deterministic and parametric uncertainty analyses in this 

work. 

The evolution of basins of attraction of the small and large amplitude solution as a 

function of the excitation magnitude ( [0.05,0.08]A ) is shown in Fig. 1 and Fig. 2, 

respectively. The attractors are marked in red. The color scale differentiates regions 

converging to the depicted attractor from probability zero to probability one. There is 

only one attractor for A = 0.05. As expected for the deterministic case, the probability is 

either zero or one, with the exception of the folded fractal, such as in Fig. 1(c, d) and Fig. 

2(c, d), where regions close to the boundaries have values between zero and one, since 

initial conditions in the same cell may converge to one of the two attractors or escape. 
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After the emergence of the large amplitude attractor in the resonant region, the evolution 

of the basins’ boundaries shows increasing competition. The loss of integrity of the basins 

with increasing load is clarified by the decreasing area. The algorithm has shown to be 

robust enough to discretize the boundaries in highly fractal and intertwined basins, as 

observed in Fig. 1d and Fig. 2c. The set of initial conditions outside the two coexisting 

basins corresponds to solutions diverging to infinity [13]. 

Fig. 3 presents the final box partition, 20B , for an increasing excitation amplitude. It is 

evident that more boxes are needed to discretize the boundaries as the basin topology 

becomes more intricate. The partitions from levels 10 up to 15 are depicted in Fig. 4 for 

A = 0.06 to demonstrate the refinement procedure. The green boxes satisfy one of the 

conditions 

 
,

i

j ff c
 

(3) 

     1 2
0 1,

i

g j gc g c   
 

(4) 

being either attractor boxes or boundary boxes (see eqs. (5) and (6) of Part I [1]). 

Specifically, the distribution threshold of eq. (3) is adopted as 
1010fc  , while the 

boundary thresholds of eq. (4) are calculated as  1
min 0.03gc g g    and 

 2
max 0.01gc g g   , where max ming g g   . This permits the boundary thresholds 

to be subdivided, allowing long transient solutions due to crude initial discretization to be 

refined as well. For example, in Fig. 4 the thresholds for the escape basin and the 

nonresonant basin are (0.03; 0.99) for all levels, while the resonant basin has 

(0.0299; 0.9874) at level 10 and (0.0201; 0.6635) at level 11, only attaining the limits 

(0.03; 0.99) for higher levels of discretization. Additionally, for discretization levels 

equal to or lower than 11, the eigenvalues of Ph show that the resonant solution behaves 

like a long transient solution. This could lead to the wrong assumption that there is no 

resonant solution unless the analysis continues to higher discretization levels. 

Red boxes are preimages of the green boxes, recalculated in each subsequent step, as 

explained in Section 3 of Part I [1]. The partition refinement is conducted by subdividing 

green boxes, thus locally refining the phase-space near attractors and boundaries. As the 

algorithm progresses, the green boxes concentrate at the basins’ boundary and the 

attractor, refining these regions in the phase-space, as desired. Finally, the total box count 

for each depth level and A = 0.06 is given in Table 3. A comparison of the current box 

count with a full discretization at a given level (maximum box count) is shown, with the 

last column representing the decrease of computational cost defined as the ratio between 

the maximum-to-current box count difference and the maximum box count. Lower values 

imply higher computational costs. This efficiency increases with the depth level, being 

over 90% from level 18 onwards. 
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2.1 Effects of parameter uncertainty 

Before the influence of the parameter uncertainty is addressed, it is advantageous to 

understand the implications of considering an uncertain parameter near a bifurcation 

point. To this end, Fig. 5 presents both the dependency of the stable responses on varying 

stiffness parameter α for the excitation magnitude A = 0.06 and the normalized 

probability distributions of α + σ λ. There is a clear interval of α where the resonant and 

nonresonant responses coexist. Two saddle-node bifurcations limit the interval, with two 

possible jumps for a continuous change of α, forming a hysteretic cycle. Only one of the 

responses exists outside this region, the resonant for α < -1.1 and the nonresonant for α > -

0.92. Three cases are chosen to investigate the parameter uncertainty, varying the standard 

deviation σ. For σ < 0.04, the probability of α + σ λ being outside of the hysteresis cycle 

is negligible. However, for σ ≥ 0.04, the uncertainty’s effect on the results cannot be 

neglected. 

The parametric analysis of the influence of parameter uncertainty on the global dynamics 

is conducted through partition levels 10 to 18 (see Table 2), alleviating the computational 

cost without compromising the quality of the result. The parameter space is discretized 

into 30 values, and the mean basins of attraction and mean attractors’ densities are 

calculated through weighted sums, see Section 4 of Part I [1]. Since the system is 

deterministic for a fixed parameter, the same time integrator of the previous analysis is 

considered, i.e., the fourth-order Runge-Kutta method with time-step T/200. This process 

is conducted in all analyses of systems with parametric uncertainty. 

Fig. 6 presents the mean distributions (first color bar) and basins (second color bar) for 

increasing levels of the scaling parameter  , demonstrating the effect of the probability 

distribution on the results. According to the adopted color scheme, the response for a set 

of initial conditions will converge to the expected attractor in the mean sense. The first 

and second columns refer to the small and large amplitude coexisting solutions, 

respectively. The effect is small for σ = 0.01, with only a slight spreading of both the 

attractors’ distributions and their basins’ boundaries. The latter concentrates near the 

internal saddle that is connected to the basin boundary. Furthermore, basins’ regions with 

a probability equal to one (yellow) almost coincide with the deterministic result. As the 

scaling parameter increases, the attractor distribution elongates (it is a one-dimensional 

structure embedded in the phase-space, an expected result according to the bifurcation 

diagram, Fig. 5) and approaches the boundary. The uncertain basin regions spread over 

the phase-space, and for σ ≥ 0.05, there is no region with certainty to converge to the 

resonant attractor in the mean sense (i.e., having a probability equal to one). The 

probability is lower than 0.8 for σ = 0.06. Also, the nonresonant basin with a probability 

equal to one decreases steadily, indicating a decrease in its dynamic integrity. 

The final box set for the three initial scaling parameters is given in Fig. 7, corresponding 

to the deepest level of all 30 λ-values for each σ-value. Table 4 presents a comparison of 

the total box count for all σ-values. As the uncertainty parameter increases, the 
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discretization procedure results in an increasing number of boxes, implying that the 

computational cost also increases with σ, as confirmed by the final box-counting. For 

σ ≥ 0.03, the final box counting does not change too much, since almost all the potential 

well is discretized to the deepest level. The computational efficiency decreases, as 

expected, as σ increases, since higher σ-values result in larger basin areas with a 

probability smaller than one, which requires a more refined discretization. A significant 

economy would be observed if deeper levels were considered in such cases. However, 

the probability space should also be refined; otherwise, the results would not improve 

quality. 

Fig. 8 shows the variation of the Helmholtz oscillator normalized basins’ areas as a 

function of the scaling parameter σ for A = 0.06 and selected probability thresholds, 

quantifying the integrity of the system with parameter uncertainty. The weighted 

normalized basins’ areas are computed as 

   ;1
id

,
p

g gdx

dx




X

X

 (5) 

where g is a stochastic basin of attraction, 
   ;1

id
p

g  is an indicator function, which is 

equal to 1 if  ;1g p  and zero otherwise, and p is the probability threshold, between 0 

and 1. In the deterministic limit (no uncertainty or noise and infinite resolution), the basin 

g is an indicator function of the basin, and eq. (5) reduces to the GIM definition in [74]. 

Furthermore, this expression is a particular case of eq. (44) of [72], with  pert x  as a 

uniform density over the phase-space window X . 

A probability threshold close to 1 is a conservative selection in terms of evaluation of the 

actual integrity, while a threshold of 0 would provide the area of the entire phase-space 

X . Of course, a probability threshold close to 1 actually corresponds to the maximal 

integrity only for vanishing parameter uncertainty ( = 0), i.e., in the deterministic case. 

When the parameter uncertainty increases, the probability 1 conservative threshold 

provides notably reduced values of integrity, with the correspondingly higher ones being 

attained only with probability thresholds that are meaningfully lower (and thus not 

conservative). This result shows the importance of such analysis since real applications 

will almost sure present a parametric variability. 

Finally, Fig. 9 presents a validation of the results so far. Fig. 9a shows the probability 

density estimated from a Monte Carlo experiment considering 100000 initial conditions 

uniformly distributed over the phase-space window with σ = 0.04. Each response is 

integrated up to t = 1000T, demonstrating the influence of the parameter uncertainty on 

the Poincaré sections of the two attractors. The results agree with the attractors’ 

distribution, Fig. 9b, and the bifurcation diagram with respect to the support  of the 

uncertainty parameter, Fig. 9c, in terms of the attractor shape (plane curves), size, and 
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probability distribution, thus matching the operator results and ratifying the present 

methodology. 

2.2 Effects of additive white noise  

The noise-induced dynamics is considered next. The same time-integration parameters 

are adopted, with time-step T/200. However, the noise requires specialized integrators, so 

a stochastic version of the fourth-order Runge-Kutta method is adopted for the 

construction of the flow T  [36], with time-step T/200, where T = 2π/Ω and Ω is the 

forcing frequency. The transfer matrix of the noise-driven system is the Foias operator, 

and the projected operator is (see eq. (B28) of Part I [1]) 

 
 

 
1

1
1 1 , .

x j
i

k

h i ij j ij
bij b

F p p P d dx
m b






 
   

 




   (6) 

The probability integral in eq. (6) is solved by the Monte Carlo method. Ten noise samples 

for each initial condition in each box are considered to calculate the discretized transfer 

operator Fh. Again, a sink box is defined to detect escaped solutions. This is the procedure 

conducted in all stochastic problems in this study. 

Fig. 10 shows the results for the standard deviations s = 0.002 and s = 0.004. The 

influence of noise on the basin boundary is small. The basin structures present a pattern 

similar to the mean parameter results, with uncertainty associated with initial conditions 

only close to the boundaries. The crucial difference is the diffusion in the attractors’ 

distributions over the phase space as the standard deviation increases. Again, the resonant 

solution is more affected than the nonresonant one, with the attractor spreading over a 

larger area and approaching the basin boundary, thus indicating a decrease in its dynamic 

integrity and possible disappearance of this attractor under increasing noise. For 

s = 0.006, the resonant solution is destroyed, see Fig. 11a, and only the nonresonant 

solution and basin remain, including all initial conditions occupied previously by the two 

coexisting basins, indicating a sudden but localized increase in its dynamic integrity. 

Indeed, as the noise intensity increases even further, s = 0.010, initial conditions initially 

in the resonant region start to escape, as indicated by the gray area in Fig. 11(b.2), which 

corresponds to the area with a probability lower than one in Fig. 11(b.1). In Fig. 10 and 

Fig. 11, the steady spreading of the nonresonant attractor with the white noise standard 

deviation is observed, too. 

The effect of noise on time responses and power spectrums is now addressed. For 

comparison, Fig. 12 shows the deterministic case, with A = 0.06 and s = 0, for both 

attractors. Both power spectrums present peaks at the fundamental excitation frequency, 

ω = 0.81, and its superharmonics. The resonant solution, Fig. 12b, presents a richer 

spectrum with a higher number of excited harmonics. Fig. 13 displays, for s = 0.002 and 

0.004, the sample means, in black, and ten sampled time responses in grey. The results 

show that the white noise masks the higher harmonics with smaller power output of 
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individual samples while they are still present, although with reduced power, in the 

sample means. The nonresonant results for s = 0.006 and s = 0.010 are displayed in Fig. 

14. The effect of increasing noise is observed, masking both the fundamental frequency 

and its harmonics. The resonant attractor for these cases is destroyed, as demonstrated by 

the basins of attraction in Fig. 11, and, therefore, it does not have a stationary power 

spectrum. 

The loss of stability of the resonant solution is identified by the eigenvalues of Fh slightly 

less than one. They correspond to long-transient solutions, that is, solutions that take a 

long time to converge to a given attractor. The influence of noise on the transient 

responses can be observed in Fig. 15. For small noise intensity, s = 0.006, the resonant 

solution takes a rather long time to converge to the nonresonant solution, see Fig. 15a. 

This corresponds to an eigenvalue of Fh with a value of almost one. The obtained value 

for the corresponding case, Fig. 11a, is 0.999990835. For s = 0.010, the convergence time 

is reduced. However, the resonant attractor can converge to either the nonresonant 

solution, Fig. 15b, or escape, Fig. 15c, with different probabilities. Again, this result 

corresponds to the one observed in the basin analysis, Fig. 11b. The eigenvalue is smaller, 

with a value of 0.993246847, corroborating the observed convergence time reduction. 

As shown by the previous results, the noise leads to uncertainty along the basin boundary, 

where probability is less than one. As in the deterministic case, the transient noisy 

response becomes longer as initial conditions are further away from the attractor. The 

time-dependency of the basins of attraction is demonstrated in Fig. 16 for A = 0.06 and 

s = 0.010. Values of ε ≈ 1 (respectively, ε ≈ 0) correspond to a small (respectively, large) 

time-horizon, identifying regions where the time response converges in the mean sense 

to a given attractor after a small-time (respectively, large-time) interval. The former 

corresponds to a small region surrounding the attractor, see Fig. 16(a.1, b.1). As ε 

decreases, the time horizon increases, and the obtained basin approaches its maximum 

size asymptotically. This is clear in Fig. 16(a.2, a.3) and Fig. 16(c.2, c.3), where the basin 

stabilizes at its final configuration. For this noise intensity, there is no resonant attractor 

in the classical sense, with solutions decaying to the nonresonant attractor or escaping. 

Fig. 16b demonstrates what happens with the resonant region. Initially, solutions 

converge to the region where the resonant attractor exists for lower noise intensities, as 

demonstrated by the increase in basin area from Fig. 16(b.1) to Fig. 16(b.2). However, 

for large time-horizons, the supposed resonant basin decays to zero, see Fig. 16(b.3). To 

obtain the asymptotic basin of attraction for this noise level with methods based on time 

integration, the number of periods of integration would be prohibitively large. 

Furthermore, if time-horizons smaller than 1e4 (ε > 1e-4) are considered, the resonant 

region would mistakenly be considered as a basin, being in fact a set of initial conditions 

with a long transient. 

Long transients lead to large computation time to obtain the asymptotic response by usual 

time integration techniques. However, the proposed phase-space subdivision procedure 

can identify and separate these solutions from the true asymptotic behavior. Fig. 17 
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contains the corresponding eigenmeasure for the resonant solution, which however is not 

strictly a distribution but a long transient. This is shown in Fig. 17b, where negative (blue) 

and positive (red) regions, each with absolute value 0.5f  , are separated, the former 

representing regions where the solutions stay for a long time before decaying to the 

permanent (nonresonant attractor, in red, or escape) solution, as already observed in the 

basins of attraction, Fig. 11b, and in the time responses, Fig. 15(b, c). Indeed, according 

to Dellnitz and Junge [75], there are two scenarios where almost invariant sets can be 

observed. The first case occurs when cyclic components of a periodic attractor collide. 

Specifically, the cyclic components’ eigenvalues change from an absolute value of one to 

less than one. Only one attractor is involved in this process, changing its periodicity to an 

almost periodicity. The second case refers to the collision of two or more attractors, with 

at least one of them changing its eigenvalue from an absolute value of one to less than 

one. The attractor whose eigenvalue changes, loses stability, exhibiting a long transient 

solution. In this example, the resonant attractor loses stability by colliding with different 

probability (see Fig. 16(a, c) for long time horizons) with both the nonresonant attractor 

and the escape solution. A possible triple collision between the three distinct solutions, 

after which only two remain stable, may also occur for a very specific (i.e. coincident) 

probability value. 

The proposed measure to quantify the system’s integrity under various noise intensities 

is presented in Fig. 18, for ε = 1e-8. Again, for each attractor, the measure is computed 

according to eq. (5). The nonresonant attractor resilience against the noise and the 

resonant attractor integrity loss for s ≥ 0.006 are clearly observed. Therefore, the 

proposed procedure can be used to quantify the influence of noise on any integrity 

measure. 

A comparison with a Monte Carlo experiment is presented in Fig. 19. The probability 

density estimated through 10000 initial conditions uniformly distributed over the phase-

space window with s = 0.004 integrated up to t = 100000T is presented in Fig. 19a. The 

black areas represent high-density regions. They agree with the attractors’ distribution, 

Fig. 19b, obtained from the proposed methodology, validating the present strategy. 

3 Duffing oscillator with harmonic excitation 

The second example consists of the standard dimensionless form of the damped 

harmonically excited Duffing oscillator, 

  3 cos .x x x x A t sW          &&& &  (7) 

Depending on the values of α and β, the Duffing oscillator can display different potential 

functions, ( )x , describing different classes of structural problems. For β > 0, a single-

well potential is obtained for α > 0 and a double-well potential for α < 0. For β < 0 and 

α > 0, there is a single-well and two maxima leading to escape, while for α, β < 0, only 
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escape solutions occur (unstable system). Thus, it is a good archetypal model, 

representing cases with competing potential wells, periodic to chaotic solutions, 

unbounded nonperiodic solutions, basin erosion, and loss of integrity. Initially, two cases 

are considered, Duffing with parameter uncertainty and noise. The adopted values for 

parameter uncertainty are obtained from [12] and summarized in Table 5. It represents a 

case with two potential wells and, depending on the forcing magnitude A, small and large 

amplitude solutions, multiple periodic solutions, chaotic solutions, and cross well 

oscillations can be obtained. The random variable   is a truncated standard normal with 

density f(λ;0,1,-3,3), and σ is a scaling parameter. Noise is also considered, where W& is 

a standard white noise process, and s is the noise standard deviation. For σ = 0 and s = 0, 

the system is deterministic. 

The investigated window of phase-space is    2,2 1.1,1.1   X . The initial box 

partition is defined as a division of 26x25 = 2048 boxes of size {0.0625, 0.0688}, at depth 

level 11. The procedure is conducted through 6 steps, with a final box of size 

{0.0078, 0.0086}. The discretization data is presented in Table 6, with the total 

collocation points at each level. 

The Perron-Frobenius operator governs the phase-space distribution, therefore eq (2) is 

applied. The influence of the forcing magnitude in the deterministic case is illustrated in 

Fig. 20 to Fig. 22. For A = 0.035, Fig. 20, only two solutions are identified (attractors 

identified by a red dot), one in each well, with the basins of attraction displaying smooth 

boundaries. The final phase-space subdivision demonstrates that indeed attractors and 

boundaries are refined. For A = 0.060, Fig. 21, and A = 0.065, Fig. 22, four attractors are 

identified, one resonant and one nonresonant attractor in each well. As the forcing 

magnitude increases and the new attractors appear, the basins become more convoluted 

with long thin tails with probabilities between 0 and 1 due to the discretization, suggesting 

that smaller boxes must be employed for the correct representation of the basin structure 

in these regions. 

The dependency of the final partition 17B  with A is demonstrated in Fig. 23. It is evident 

that the procedure indeed refines the regions close to the basins’ boundaries. However, 

cases where the boundaries are not localized still present a major computational difficulty. 

Fig. 23b and Fig. 23c are cases where basins become more convoluted due to the 

horseshoe effect with intertwined tongues. For these cases, large regions of the phase-

space needed to be discretized, increasing the computational cost. A quantification of this 

cost is given in Table 7. Specifically, the last column shows the ratio between the 

maximum-to-current box count difference and the maximum box count. Lower values 

imply higher computational costs, as demonstrated by the last cases. 

3.1 Effects of parameter uncertainty 

Now the influence of uncertainty in the stiffness parameter of the Duffing oscillator is 

investigated. Fig. 24 shows the bifurcation diagram as a function of the parameter α for 
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A = 0.06 and the normalized probability distributions of α + σ λ for three values of σ. 

There are two pairs of attractors (in blue and red) corresponding to the solutions in each 

potential well. For α < -0.47, four coexisting solutions exist (see Fig. 21 for the basins at 

the mean value). At α = -0.47, the nonresonant solutions disappear, and for α > -0.47, 

only two resonant attractors remain, one in each potential well. Similar to what was 

observed for the Helmholtz oscillator, the scaling parameter   changes the expected 

outcome considerably. Specifically, the α > -0.47 region becomes statistically significant 

for σ > 0.02, as indicated by the superposition of the bifurcation diagrams and the 

normalized densities. 

The analysis of the global dynamics considering the uncertain natural frequency is 

conducted through levels 11 to 17, the same levels used in the deterministic analysis. 

However, this resolution is not satisfactory for the analyzed attractors. To overcome this 

problem, an additional discretization of each attractor is performed: a local transfer matrix 

Ph of each attractor is computed and refined from levels 17 to 21, with 25 initial conditions 

per box for each level. Therefore, the basins boundaries have a maximum resolution 

corresponding to the 17th level, while the attractors have a maximum resolution 

corresponding to the 21th level. This is necessary to obtain a good representation of the 

attractors, for which the Poincaré sections are curves in the plane. Again, 30 parameter 

values are considered, and the mean basins of attraction and mean attractors’ densities are 

obtained. Since the system is deterministic for a fixed parameter, the same integrator is 

considered, i.e., the fourth-order Runge-Kutta method with time-step T/200. 

Initially, σ = 0.01 is adopted, see Fig. 25. The parameter uncertainty diffuses the basins’ 

boundaries, similar to what is observed for the Helmholtz oscillator, see Fig. 6. The 

attractors’ distributions also demonstrate the uncertainty effect. Due to a large number of 

coexisting attractors and the basins` competition, there is a significant diffusion of the 

boundaries, corroborating the influence of the parameter uncertainty in these regions. 

Fig. 26 displays the mean basins and mean distributions of the Duffing oscillator 

attractors for σ = 0.02. As σ increases, the diffusion along the basins’ boundaries increases 

and spreads over larger regions of the phase-space, with the resonant region engulfing the 

nonresonant one, which is in agreement with Fig. 24. The degradation of the nonresonant 

basins of attraction is observed by the decreasing regions with probability equal to one 

and large regions of phase-space where the outcome is uncertain. This pattern continues 

in the last considered case, Fig. 27, for σ = 0.03. The degradation of the nonresonant 

basins is so intense that all intra-well initial conditions have a non-null probability to 

converge to the resonant solution. 

Table 8 presents the dependency of the final partition, 17B , with the scaling parameter, 

σ. As σ and the uncertainty of the outcome increases, the subdivision of most of the phase-

space and a high degree of refinement become necessary, increasing the computational 

cost, which approaches that of a computation without adaptative refinement but with a 

very refined, yet unknown, initial discretization. Thus, the proposed algorithm is 
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computationally attractive when regions that must be refined are localized. This can be 

seen in the last two columns, where the current box count is almost equal to the maximum 

box count for the 17th level. 

Fig. 28 shows the variation of the basins’ area as a function of the scaling parameter σ for 

A = 0.060 and various probability thresholds, computed through eq. (5). Again, a 

probability threshold close to 1 is a conservative measure, giving smaller integrity values, 

while a threshold of exactly 0 would give the area of the entire phase-space X . The 

parameter uncertainty decreases the integrity measure of all four attractors as the scale 

parameter increases. However, the two nonresonant attractors show faster integrity loss 

than their resonant companions, as already perceived in Fig. 25, Fig. 26, and Fig. 27. 

Fig. 29a presents the probability density estimated from a Monte Carlo experiment 

considering 100000 initial conditions uniformly distributed over the phase-space window 

with σ = 0.03. Each response is integrated up to t = 1000T, demonstrating the influence 

of the parameter uncertainty on the Poincaré sections of the four attractors. The results 

agree with the attractors’ distribution, Fig. 29b, and the bifurcation diagram, Fig. 29c, in 

terms of the attractor shape (plane curves), size, and probability distribution, thus 

validating the operator results and endorsing the present methodology. 

3.2 The case of a chaotic attractor under white noise 

The next example is the Duffing oscillator using the parameter values from [60], 

presented in Table 9. For these parameters, two attractors are obtained in the deterministic 

case: a period-1 attractor and a chaotic attractor. This example is used to demonstrate the 

capabilities of the proposed strategy to address not only periodic attractors but also 

nonperiodic attractors. 

The global analysis is carried out considering the phase-space window 

   3.5,3.5 3.5,3.5   X . The parameters of the subdivision procedure are 

summarized in Table 10. In the case of deterministic analysis, the Perron-Frobenius 

operator, eq. (2), is adopted, whereas for the stochastic analysis, the Foias operator, eq. 

(6), is adopted. In the latter case, each point in each box is integrated ten times to evaluate 

the effect of noise for each set of initial conditions. 

The deterministic basins of the period-1 attractor and the chaotic attractor are shown in 

Fig. 30. The influence of noise in such case was previously studied in [36] where a box 

covering of the attractors is adopted, instead of the present operator framework. Here a 

distinction between chaotic and nonchaotic solutions is observed in the attractors’ 

distributions. Since chaotic solutions usually spread over the phase-space, they have an 

intrinsic distribution that is not a Dirac delta function. Nevertheless, the subdivision 

procedure is capable of identifying and refining this distribution. This is similar to 

previous results [75–77], where a subdivision procedure was adopted to cover attractors. 
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Furthermore, the basins’ boundaries are correctly identified, showing the capability of the 

proposed subdivision procedure.  

The effect of additive white noise with increasing standard deviation is illustrated in Fig. 

31 for s = 0.005 and Fig. 32 for s = 0.008. The attractors’ distributions are more affected 

by noise in comparison with the basins’ boundaries, diffusing over the phase-space as s 

increases. The boundaries remain localized to a certain degree, but a small diffusion is 

also observed. The proximity of the chaotic attractor to the boundary is an important 

characteristic of this system, which is already observed in the deterministic basin (Fig. 

30b) with the considered excitation amplitude A. Increasing A would indeed lead to a 

boundary crisis (see also [74]), with the chaotic basin being completely captured by the 

periodic one. When adding a low noise intensity, an attractor-saddle connection (here 

already observed for s = 0.008, Fig. 32) also occurs with the considered excitation 

amplitude A = 0.204, highlighting how the stochasticity leads to the occurrence of the 

global bifurcation event. Note also that in Fig. 32 the basins for a long time-horizon 

(1/ε = 1e8) are displayed. Actually, with the considered value of noise intensity 

(s = 0.008) as well as higher ones, regions with 100% certainty of staying at the chaotic 

attractor are actually inexistent, with all trajectories eventually converging to the period-

1 attractor, as it will be seen later on. Therefore, the chaotic outcome for s > 0.008 only 

occurs as a long transient, with the final asymptotic attractor being periodic. 

Fig. 33 displays the corresponding eigenmeasure for selected values of the standard 

deviation. Similar to Fig. 17, they are almost invariant, with eigenvalues equal to 

0.999999995 for s = 0.008 and 0.999999882 for s = 0.01. In this case, two solutions 

collide, the period-1 and the chaotic attractor. The period-1 attractor remains stable, with 

eigenvalue 1. Trajectories stay in each region depicted in Fig. 33(a.2, b.2) for a long time 

before decaying to an attractor. In this example, chaotic solutions decay to the period-1 

solution, as observed in Fig. 32. 

The final partition 18B  is depicted in Fig. 34 for increasing noise levels. The results 

confirm that the proposed subdivision procedure can identify and refine regions of higher 

diffusion, especially the attractors’ densities, minimizing the numerical diffusion across 

the entire phase-space. Table 11 gives information on the total box count and the achieved 

economy. Since the basin boundaries are localized for all noise levels, the algorithm 

performs well, with economy values higher than 75%, for all cases. 

Fig. 35 and Fig. 36 illustrate the time-dependency of the basins of attraction for s = 0.01. 

As for the Helmholtz oscillator, values of ε ≈ 1 correspond to small time-horizons, 

identifying regions that converge to a given attractor after a small-time interval in the 

mean sense. As ε decreases, the time-horizon increases, approaching the asymptotic limit 

of all time responses, that is, the steady-state basin of attraction. Fig. 35 shows the results 

for the period-1 attractor. Initially (ε = 0.9 and ε = 0.5), only a small region of initial 

conditions surrounding the attractor is obtained with a high probability of converging to 

the noisy attractor. For ε = 0.1, a much larger region with varying probability is detected. 
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For ε = 1e-4 (long transient), a large region with probability equal to one is obtained 

whose topology is rather similar to the basin of the period-1 attractor obtained in the 

deterministic case and for lower values of the standard deviation (see Fig. 30 to Fig. 32). 

Fig. 36 shows that up to this time-horizon the two attractors are clearly distinct, see Fig. 

35d and Fig. 36d. For smaller values of ε (see the longer time-horizon 1e8), all solutions 

converge to the period-1 attractor, with its basin covering the whole phase-space. The 

chaotic attractor basin vanishes completely for this time horizon as shown in Fig. 36f. 

According to [60], jumps from the chaotic to the period-1 attractor were not expected for 

s < 0.02. This shows the importance of considering long transients in this kind of analysis, 

although this increases the computational effort. However, in many applications, transient 

basins are of importance [6, 62, 78], and the present results clearly demonstrate the impact 

of noise on them and how transient basins of noisy systems can be used to evaluate the 

system safety. Also, they can be considered in control algorithms.  

Fig. 37 shows, for ε = 1e-8, the variation of the basins’ area as a function of the scaling 

parameter σ for A = 0.060 and various probability thresholds. Again, for each attractor, 

the measure is computed employing eq. (5). The basin area of the period-1 attractor 

remains constant for small values of s up to s=0.0050, being about 40% of the total area 

of the adopted window, while the remaining 60% belongs to the chaotic attractor. 

However, when s increases beyond this threshold, the period-1 attractor basin area 

increases steadily with the noise intensity s, converging to one at s = 0.01. In this range, 

the chaotic attractor displays an increasing loss of integrity with noise, as already 

illustrated by the analysis of its basin and distribution. This system represents a noise-

sensitive case whose global effect is non-trivially enhanced also due to the relatively low 

amplitude value (A = 0.060) considered for the deterministic excitation, with one attractor 

suddenly vanishing in the asymptotic sense for a small parameter change. 

A Monte Carlo experiment was conducted to demonstrate the time-dependency of the 

attractors for s = 0.01 and the difference with the results presented in [60]. The initial 

condition    , 0,0x x &  at the center of the chaotic region was integrated 5000 times with 

the fourth-order stochastic Runge-Kutta. Fig. 38 presents the histograms for three time-

horizons, 1000T, 10000T, and the final value of 100000T. For 1000T, the results already 

indicate that some samples converge to the period-1 attractor, see Fig. 38a. The other 

histograms show that, as time progresses, an increasing number of samples converge to 

the period-1 region. This validates the previous results obtained through the proposed 

operator perspective, demonstrating the time-dependency of the responses and of their 

respective basins. 

4 Parametrically excited Duffing oscillator 

This final example illustrates the behavior of a parametrically excited Duffing oscillator 

with noise, described by 
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  3cos 0x x A t sW x x        &&& &  (8) 

The adopted parameters are summarized in Table 12. They represent a case of forced 

principal parametric resonance, where the natural frequency is one and the parametric 

excitation frequency is two. For these parameters, there is one potential well delimited by 

two saddles. This example is based on [79], where quasiperiodic oscillations of the vocal 

folds are investigated. 

The parameters of the subdivision procedure are summarized in Table 13. In the 

deterministic case, the Perron-Frobenius operator is adopted, eq. (2), whereas for the 

stochastic analysis, the Foias operator is adopted, eq. (6). For the latter case, each point 

in each box is integrated ten times to obtain the effect of noise for each set of initial 

conditions. 

The global analysis is carried out considering the phase-space window 

   1.99,2.01 1.09,1.11   X . This particular window was chosen to avoid the 

attractors or repellors at    , 0,0x x &  to be at a box edge, helping the refinement 

convergence. 

The results of the deterministic global analysis for increasing values of A are shown in 

Fig. 39. Initially, the free vibration results are obtained (A = 0.00), Fig. 39a. The yellow 

region corresponds to the equilibrium point at    , 0,0x x & , while black corresponds to 

escape. The yellow region for A ≥ 0.50 is associated with the period-2 oscillations, 

characteristic of the main parametric resonance region at twice the natural frequency. This 

is indicated in the transfer operator Ph by a minus one eigenvalue. The Markovian nature 

of the transfer operators expresses that it has a spectral radius of one, i.e., all eigenvalues 

are within the unit circle in the complex plane [72]. The cyclic behavior is identified 

through eigenvalues with an absolute value of one but a real part less than one. 

Specifically, the eigenvalues corresponding to an attractor are  

 1 2

, ,
n I r

r n e






 

(9) 

where r ≥ 1 is the periodicity of the attractor and 1 ≤ n ≤ r. For r = 1, there is only one 

eigenvalue μ1,1 = 1; for r = 2, there are two, μ 2,1 = 1, and μ 2,2 = -1, and so on. For more 

details, refer to [75]. 

As the forcing amplitude increases, the safe basin area decreases, with increasing 

incursive tongues from the escape region eroding the original stable basin, a mechanism 

common to all periodically driven nonlinear damped oscillators with the ability to escape 

from a potential well [80]. Due to a global bifurcation, shortly after the Melnikov 

tangency, large incursive fractal fingers start to penetrate into the yellow parametrically 

resonant basin. The basins for the last three amplitude values, A = {0.75, 0.80, 0.85}, Fig. 

39(f, g, h), show a central region with increasing fractality, resulting in a rapid rate of 

erosion of the safe area. 
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4.1 Effects of parametric white noise 

The noise-induced dynamics is considered next. An amplitude of A = 0.6 with varying 

noise intensity s is adopted. The transfer matrix of the noise-driven system is the Foias 

operator, Fh. The probability integral in eq. (6) is solved by the Monte Carlo method. Ten 

noise samples for each initial condition in each box are considered to calculate the 

discretized transfer operator Fh. 

Fig. 40 presents the results for the three noise levels, s = 0.01, 0.02, and 0.03. The effect 

of noise on the probability density of this periodic attractor is clearly demonstrated by its 

swift diffusion over the phase-space. The basins’ boundaries are also affected by noise, 

becoming blurred as noise increases. The case with s = 0.03, Fig. 40c, is interesting 

because the periodic counterpart is an almost invariant eigenmeasure, with eigenvalue 

equal to -0.999999973. The depicted eigenmeasure corresponds only to the permanent 

eigenvalue, λ = 1. This is an almost cyclic behavior, that is, a collection of frequently 

cyclically permuted sets as the dynamical system evolves [75]. These sets are depicted 

for the selected values of s in Fig. 41. The two colors identify the two distinct cyclic sets. 

This behavior corresponds to the first scenario described by Dellnitz and Junge [75], 

where cyclic components lose stability. 

For the next noise level, s = 0.04, there is no attractor in the asymptotic sense. The 

previous attractors are long transient solutions, decreasing the probability density as time 

evolves. The eigenvalues of the transfer matrix Fh demonstrate this, with a value of 

0.999999719. This long transient behavior is depicted in Fig. 42, where the variation of 

the areas that converge to the initial attractors as a function of the time-horizon 1/ε is 

depicted. For 1/ε ≥ 1e6, Fig. 42(e, f), the basin loses stability, with zero probability of 

converging to the initially stable attractor. The opposite is observed when the sink cell is 

treated as an attractor, Fig. 43. We observe that the escape region remains almost identical 

to the previous case until 1/ε = 1e4. For the last cases with 1/ε ≥ 1e6, Fig. 43(e, f), the 

basin set is absorbed by the escape basin (see the long time instability of the period-2 

attractor in Fig. 44. The proposed measure to quantify the system’s integrity is presented 

in Fig. 45, for ε = 1e-8. The product between the period-2 attractor probability and its 

normalized basin area for each threshold, eq. (5), is depicted with its noise dependence. 

As before, the attractor loses stability at s = 0.04, upon a fast decrease in safe area. 

Therefore, the results can be used to quantify the effect of noise on the dynamic integrity 

measures. 

5 Conclusions 

The global dynamics of nonlinear oscillators can display coexisting periodic, 

quasiperiodic and chaotic attractors in addition to unbounded solutions leading to 

interwoven basins of attraction with smooth or fractal boundaries. The presence of 

uncertainty parameters or a noisy excitation is known to affect their global dynamics [36, 

47] and integrity [63], but a proper probabilistic description of these effects is rarely 
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addressed in the literature. To address these issues, an operator strategy has been  

proposed and developed in Part I [1] using a phase-space subdivision strategy, allowing 

to obtain the stochastic basins of attraction [72]. 

To explore these issues, here two archetypal nonlinear oscillators, the Helmholtz and the 

Duffing oscillators displaying different bifurcation scenarios are analyzed. The 

deterministic analysis of the Helmholtz oscillator under harmonic excitation displayed 

three possible outcomes depending on the excitation amplitude: a nonresonant attractor, 

a resonant attractor and escape solutions. The adaptative discretization procedure was 

able to obtain the attractors and the boundaries of the basins with high fidelity, even when 

the basin boundary becomes fractal and highly convoluted. It is demonstrated that the 

subdivision strategy can mitigate the numerical diffusion, a common hindrance inherent 

to many phase-space discretization procedures. A comparison with the initially refined 

discretization shows that the economy achieved by the proposed procedure can be as high 

as 90% for highly refined levels. Next, the Helmholtz oscillator with a random stiffness 

parameter is considered, with the uncertainty parameter defined as a truncated normal 

variable to prevent large spurious values. Mean basins and densities were obtained for 

varying uncertainty intensity, being the attractors’ densities described by one-dimensional 

structures in the phase-space. As the uncertainty increases, broader regions along the 

basins’ boundaries need to be refined. Here, the economy of the proposed methodology 

is verified through a box count procedure. The results quantify the decrease of the safe 

basin area of both attractors, particularly the resonant one, with increasing uncertainty. 

For high uncertainty values, no set of initial conditions has a 100% probability of 

converging to the resonant attractor. The results are validated by a Monte Carlo analysis, 

demonstrating the efficiency of the proposed methodology. Increasing noisy excitation 

leads to an increasing diffusion of the attractors, affecting particularly the resonant 

attractor which approaches the basin boundary. This leads to a global bifurcation due to 

a connection between the resonant attractor and the saddle. After this bifurcation, the 

resonant basin vanishes and solutions either converge to the nonresonant attractor or 

escape. The detailed analysis of the global bifurcation shows that formerly resonant 

solutions become long transients after a critical noise intensity. Long transient solutions 

are detected by the almost invariant eigenmeasures, identifying regions where solutions 

stay for a long time with basins of attraction varying with the final time horizon. The 

variation of resonant basin area with noise intensity displays a characteristic Dover cliff 

profile, with a sudden drop to zero. 

Next, the Duffing oscillator under harmonic excitation with added noise and uncertainties 

is investigated considering two sets of parameters: one leading to two potential wells with 

resonant and non-resonant attractors within each well, with a total of four coexisting 

attractors, the second leading to one period-1 attractor coexisting with a chaotic attractor. 

The box count comparison shows that the base and the last discretization levels should be 

raised to obtain a significant computational economy, as the number of coexisting 

attractors and, consequently, the basin competition increases. Therefore, deeper levels 

should be considered to attain a significant economy when compared to the full 
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discretization of the phase-space. As regards the effect of a random linear stiffness, 

addressed by considering the first parameter set, the nonresonant solutions are more 

sensitive to uncertainty, losing stability in the mean sense for larger uncertainty values, 

as corroborated by the erosion of the corresponding basin areas with the uncertainty level. 

However, all basins’ area with probability equal to one decreases steadily with the 

uncertainty with large regions of phase-space showing high sensitivity, which should be 

considered in a dynamic integrity analysis. The effect of added noise excitation was 

investigated for the second parameter set. The adaptative discretization is able to refine 

both the chaotic attractor and its basin boundary. The proximity of the chaotic attractor 

to the basin boundary led to an attractor-saddle connection, which occurs even for low 

noise levels. The chaotic attractor became a long transient solution, with the basin of 

attraction being dependent on the time-horizon for large noise levels. Monte Carlo 

analysis also confirmed the result. The basin area followed the same pattern, indicating 

the stability loss of the chaotic attractor with noise. The attained economy depends on the 

noise level and, consequently, on the diffusion level of the given flow map. 

Finally, the parametrically excited Duffing oscillator with added noise is investigated. 

This allows the analysis of a different scenario where a period-2 attractor and escape 

coexist, with increasing competition observed as the excitation amplitude increases. The 

cyclic component of the attractor loses stability as noise increases, with the attractor 

behaving almost cyclically. Again, depending on the noise level, the attractor can lose 

stability, behaving as a long transient solution, with the obtained basin depending on the 

adopted time-horizon. Time-history and spectrum analysis for varying noise confirmed 

these conclusions. Again, the basin area displays a sudden Dover cliff type erosion as 

noise increases, demonstrating the importance of a dynamic integrity analysis is such 

cases. 

In conclusion, the investigated cases, comprising different potential energy profiles and 

coexisting attractors, show that the adaptative discretization procedure proposed in Part I 

[1] can address efficiently all discussed cases. Additionally, the different methodologies 

for the parametric and stochastic uncertainty are essential to understand the observed 

phenomena and correctly analyze each case. Finally, the weighted basin area is able to 

quantify the integrity of nondeterministic cases, being also the most natural generalization 

of the global integrity concept. 
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