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ABSTRACT 22 

 23 

Building a reliable water quality prediction model in the catchment is of importance both for 24 

understanding the process of these natural systems and providing a basis for water quality 25 

management decisions. Due to a rapid change of river flow during a Typhoon season in South 26 

Korea, water quality parameters in reservoirs are affected significantly within a short-time 27 

period by a rainfall-runoff process. Integrated conceptual hydrological and water quality 28 

models seem to be complicated to produce a good model calibration and prediction with 29 

reasonable generalizations under these dynamic condition of heavy rainfall events. As an 30 

alternative, this paper proposes an evolutionary model induction system based on grammar-31 

based genetic programming (GBGP) to derive the transparent mathematical model for 32 

estimating the dynamic change of water quality parameters within a short-time period in an 33 

agricultural reservoir affected by the rainfall-runoff process during a typical Typhoon summer 34 

period.  35 

 36 

Results showed that the GBGP system performed to evolve accurate water quality models, 37 

expressed in the form of explicit mathematical formulae which could predict the concentration 38 

and load of COD, SS, T-N, and T-P during the heavy rainfall event as a function of easily 39 

measurable rainfall, cumulative rainfall, and flow rate. The performance of the water quality 40 

models evolved by the GBGP was superior to ANN and optimized pollutant rating curve (PRC) 41 

model, showing that it has the lowest RMSE value. The transparent nature of water quality 42 

models evolved by the GBGP may allow inferences about underlying processes to be made. 43 

This work demonstrates that complex dynamic water quality change affected by the rainfall-44 

runoff process in natural catchments can be successfully modelled through the use of GBGP 45 

system without costly or time-consuming tasks required in the conceptual modeling approach. 46 
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 50 

 51 

1. INTRODUCTION  52 

 53 

Developing a mathematical model for estimating a change of water quality concentration and 54 

load influenced by a rainfall-runoff process in the watershed is extremely important because it 55 

can provide a basis for water quality management decisions that can minimize water pollution 56 

risk to the public. 57 

 58 

There are integrated hydrological and water quality models to estimate the water quality 59 

variables incorporating the rainfall-runoff process (Arnold et al., 2012; Rossman & Huber, 60 

2016). Most of them are typically based on the mechanistic principles such as water balances, 61 

physical and chemical laws. The resulting models have complicated model structures and 62 

present the largest sources of uncertainty such as closure assumptions, unmodelled phenomena, 63 

empirical formulas, and uncertainty in the model input and structure.  64 

 65 

Alternatively, unstructured data-driven input/output models using machine learning/searching 66 

algorithm in artificial neural networks has been applied to hydrological modeling (Abrahart et 67 

al., 2004) and water quality modeling (Chau, 2006) due to their simplicity and high levels of 68 

prediction accuracy. They only require the definition of relevant input and output variables and 69 

the more data are available, the more the model can be enhanced using the learning algorithm. 70 

However, the neural network-based models act in a ‘‘black-box’’ manner where the stored 71 
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knowledge cannot be easily interpretable and requires large amounts of data to generate an 72 

accurate prediction. The key weakness of these unstructured data-driven input/output model 73 

approach in artificial neural networks is that there is no coherence between the internal 74 

structure of the derived model and the structure of the real systems. Thus, the transparency of 75 

the derived model is low or missing. 76 

 77 

In recent years, there has been growing interest in implementing automatic model induction 78 

systems, which involves automatic translation of a problem statement into a mathematical 79 

model using a computer, without requiring the development of a process-focused model, in 80 

diverse science and engineering fields. Automatic model induction systems heuristically search 81 

through a subset of all possible models given a set of arithmetical operators, mathematical 82 

functions, and variables (Hong et al, 2005). These systems aim to find the model that best 83 

represents observations. A diverse set of approaches to solving automatic model discovery 84 

problems have been developed. These include: Automatic programming (Barr and 85 

Geigenbaum 1982), inductive logic programming (Muggleton 1992; Lavrac and Dzeroski 86 

1994), and evolutionary computational intelligence (Cramer 1985; Koza 1992). A particularly 87 

fast growing and interesting research topic in the automatic model induction field today is 88 

genetic programming (GP) which was created by John Koza (1992, 1994). Genetic 89 

programming is an evolutionary computation algorithm that uses a population-based search 90 

method that works on a population of individuals whose output is a potential model in the space 91 

of search to a given problem (Koza 1992). There are several successful applications of this GP 92 

technique to hydrological modeling (Whigham and Crapper, 2001; Hong and Rosen, 2002; 93 

Hong et al., 2005, Parasuraman and Elshorbagy, 2008; Selle and Muttil, 2011; Fallah-94 

Mehdipour et al., 2013; Chadalawada et al., 2017; Heřmanovský et al., 2017; Liu and Shi,2019; 95 

Sepahvand et al., 2019) and water quality modeling (Whigham and Recknagel 2001; Muttil 96 

http://www.sciencedirect.com/science/article/pii/S0022169410006955?via%3Dihub#!
javascript:;
javascript:;
javascript:;
http://www.sciencedirect.com/science/article/pii/S0022169417300951#!
javascript:;
javascript:;
javascript:;
http://www.sciencedirect.com/science/article/pii/S0304380005002127?via%3Dihub#!
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and Lee, 2005; Hong & Paik, 2012). 97 

 98 

South Korea’s typhoon-related rainy season during the months of June to August leads rivers 99 

to easily peak and overflow. Due to a rapid change of river flow to a reservoir, water quality 100 

parameters in reservoirs are affected significantly within a short-time period by a rainfall-101 

runoff process during a Typhoon season. Under these dynamic condition of heavy rainfall 102 

events, integrated conceptual hydrological and water quality models seem to be complicated to 103 

produce a good model calibration and prediction with reasonable generalizations where water 104 

quality parameters can be changed significantly within a short-time period due to heavy rainfall 105 

events. As an alternative of complex, integrated conceptual hydrological and water quality 106 

models, we propose a new automatic model induction system based on grammar-based genetic 107 

programming (GBGP) to derive the transparent inference model for estimating the dynamic 108 

change of water quality in the reservoir affected by the rainfall-runoff process during a heavy 109 

rainfall summer period. Given a set of arithmetical operators, mathematical functions and 110 

variables, the GBGP is designed to perform an automatic model induction of water quality 111 

prediction models that best fit observed data using a context-free grammar via the mechanism 112 

of genetics and natural selection. Unlike the back-box model in artificial neural networks, the 113 

inducted water quality models by the GBGP technique are structured by the transparent 114 

representation of evolved models in the form of multivariate mathematical formulae explicitly. 115 

The performance of our proposed modeling methodology is compared to the performance of a 116 

multilayer perceptron (MLP) neural network trained with the backpropagation (BP) learning 117 

algorithm, optimized pollutant rating curve (PRC) model, and multiple linear regression 118 

(MLR) model. 119 

2. METHODOLOGY 120 

http://www.sciencedirect.com/science/article/pii/S0304380005002127?via%3Dihub#!
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2.1  Grammar-based genetic programming (GBGP) 121 

Grammar-based genetic programming (GBGP) (Whigham 1995; O’Neill and Ryan 2001; 122 

McKay et al. 2010) is a variant of GP technique and uses a grammar system to derive possible 123 

models that best fit observed data. The grammar system in the GBGP is designed to represent 124 

syntactical constraints and to incorporate background knowledge in order to guide the model 125 

evolution process (Hong & Paik, 2012). In our proposed GBGP system, a context-free grammar 126 

(CFG) (Hopcroft and Ullman, 1979; Chomsky, 1986) is implemented to derive possible models 127 

by incorporating arithmetic operators, use-defined function, and variables proposed by 128 

proposed by Whigham (1995).  129 

 130 

 131 

2.1.1 Context-free grammar (CFG) 132 

 133 

Figure 1 is an example of a context-free grammar. A context-free grammar consists of a four 134 

tuple, GR= {Start, P, N, T} where Start is the designated start nonterminal’ symbol, P is a set 135 

of productions, and N and T is a set of ‘non-terminals’ symbols and a set of ‘terminal’ symbols, 136 

respectively. In Figure 1, the start symbol Start in a grammar GR refers to the nonterminal used 137 

to start generating the expressions from the grammar. In the GBGP system, a context-free 138 

grammar contains a finite set of non-terminals N each representing sets of expressions that can 139 

appear in the model equations. A set of terminals T is represented by general arithmetic or logic 140 

operation, external inputs and constants, and zero argument functions. The expressions 141 

represented by the nonterminals are described in terms of nonterminals and terminals. As seen 142 

in Figure 1, the productions P are rules connecting the Non-terminals among themselves and 143 

to other terminals and represent the space of possible models that may be created during the 144 

evolution process (Whigham and Crapper, 2001; Hong & Paik, 2012). The productions P in 145 
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the grammar are of the form X→  Y, where X is a member of nonterninal N and Y is any 146 

combination of symbols from {terminal T ∪  nonterninal N}. In Figure 1, productions of the 147 

form Eq→<Eq> + <Eq> and Eq→<Eq> - <Eq> is expressed using the distinctive symbol |, 148 

as Eq→<Eq> + <Eq> | Eq→<Eq> - <Eq>. The terminal Constant ∈T is used to denote a 149 

constant parameter in an equation that has to be fitted to the give data. The non-terminal 150 

Variable∈N is to denote any variables (e.g., X, Y, Z) from the input domain. The grammar 151 

determines how model expressions can be formed (e.g., what functions and variables can be 152 

part of an expression) (Hong and Paik, 2012). 153 

 154 

2.1.2 Generating model trees from the grammar 155 

Figure 2 shows an example of a model derivation tree representing the mathematical equation 156 

X+(3.8Y) that can be produced by grammar GR. In Figure 2, the connection points are called 157 

‘nodes’. According to their position in the tree, the symbols in the nodes of a tree are divided 158 

into two types, terminals T and nonterminals N (Whigham 1995).  159 

 160 

The model derivation trees are built using rules in grammar. When a new model derivation tree 161 

is built, the GBGP starts with a tree containing just one node. This node contains the Start 162 

symbol which is a non-terminal. The model derivation tree should satisfy the constraints that 163 

every vertex has a label: 1) interior nodes have labels from the set of non-terminals N and 2) 164 

leaf nodes have labels from the set of non-terminals N. The rules in the grammar tell us that a 165 

certain non-terminal given on the left-hand side of the rule can be replaced by a certain small 166 

tree containing a mix of terminals and nonterminals given on the right-hand side of the rule. 167 

However, the root will always be a non-terminal and the leaves will always be terminals in 168 

Figure 2 (Hong and Paik, 2012). This results in a population of possible models from which 169 

models are selected and modified using evolutionary search processes to produce better fitting 170 



8 

 

models. 171 

 172 

As shown in Figure 2, the following model derivation tree steps, which defines the 173 

mathematical expression for X+(3.8Y): 174 

Start ⇒  <Eq> ⇒  + <Eq>< Eq> ⇒  + <Variable>< Eq> 175 

⇒  + <X>< Eq> ⇒  +<X> * <Eq><Eq> ⇒  + <X> * <Variable> <Eq>  176 

⇒  + <X >* <Y>< Eq> ⇒  +<X> * <Y> <Constant> ⇒  +<X> * <Y ><3.8>       (1) 177 

 178 

In Figure 2, the height of the model derivation tree is five (equal to the length of the path from 179 

the root node (the Start symbol) to the leaf nodes Y). The height of the model derivation tree 180 

as the maximum depth of a path from the root and a leaf node should be limited to prevent the 181 

evolution of a model with too many parameters.  182 

 183 

2.1.3  Optimization of model derived 184 

Generally, the models generated by the GBGP system may include a number of internal model 185 

parameters, thus the optimization process of these model parameters is required to prevent the 186 

possibility of removing a potentially good model due to poor model parameters. (Whigham 187 

and Crapper, 2001; McKay et al. 2010). In our work, the parameters evolved in the models are 188 

optimized by the Powell’s algorithm (Powell, 1964). 189 

 190 

2.1.4  Evaluating derived models 191 

A crucial first step for evolving any model under the GBGP is to design a fitness function 192 

which determines how well an evolved model is able to solve the problem. In the GBGP, the 193 
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fitness is based on the error between the model inducted by genetic programming and the actual 194 

data. The performance of each model inducted is tested against a set of fitness cases. 195 

 196 

The error functions such as the root mean square (RMSE) or R-square have been used as a 197 

fitness measure. Each model of the population is evaluated once for each of the data points in 198 

the training data and the results are compared to the observed values in the training period. A 199 

fitness value for each model of the population is then calculated by an error function. This 200 

fitness value is used to select parent models to generate the new models for the next generations. 201 

 202 

Several selection methods have been suggested in the literature (Goldberg and Deb, 1991) and 203 

a fitness-proportionate selection has been used in this work. In the fitness- proportionate 204 

selection, a model (individual) is selected with a probability proportionate to its fitness. From 205 

Koza (1992), if ))(( tSf i  is the non-zero fitness of model Si at time t, then the probability that 206 

model Si will be selected from a population of P for breeding is: 207 

∑
=

P

j

i

i

tSf

tSf

1

))((

))((

                                                             (2) 208 

This method is described by Goldberg (1989). 209 

 210 

2.1.5  Creating subsequent generations using Selection, Crossover, and Mutation 211 

Once an individual (a model) has been selected based on its fitness value from the current 212 

population, three genetic operators (crossover, mutation, and direct reproduction) may be 213 

applied to modify models during the evolution. The choice of each operator is probabilistic, 214 

with crossover probability Pc; mutation probability Pm; and reproduction probability Pr (= 1- Pc 215 

– Pm) (Hong et al., 2005). 216 
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 217 

The function of the crossover operator is to generate new or offspring models from two parent 218 

models by combining information extracted from the parents. This operator tries to combine 219 

parts of two models in order to create a superior model. In the GBGP system, this is done by 220 

selecting a random sub-tree from within each of the parent models, then swapping them over. 221 

Figure 3 illustrates two trees in the parent models before and after the crossover operation. This 222 

small difference between parents and offspring models, shown in Figure 3, is vital for the 223 

GBGP and allows selection pressure to drive the evolution of the population. This crossover 224 

process is done in such manner as to follow the grammar. The operation of mutation allows 225 

new models to be created by making random changes to models about to enter the new 226 

generation. In the GBGP system, a single model is chosen and a random sub-tree within it is 227 

replaced with a new, freshly generated sub-tree. That model then is placed in the new 228 

population (Figure 4). The direct reproduction operator directly copies a model unaltered from 229 

the parent population to the next generation. 230 

 231 

2.1.6  Model evolution procedure in the grammar-based genetic programming (GBGP) 232 

The following steps show the model evolution procedure in the grammar-based genetic 233 

programming (GBGP) (Figure 5) (Hong and Paik,2012): 234 

1. Initialization: Generate an initial population of P models using context-free grammar. 235 

Generation K=0. 236 

2. Optimize each model (variables and constants) in the population. 237 

3. Execute and evaluate the fitness of each model in the population. 238 

4. Genetic loop: Repeat until termination criterion is met (maximum generation, K=max). 239 

     4-a. Generate a new population by crossover, and mutation of models 240 
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4-a-i. Select two models (parents) based on their fitness for breeding to the next 241 

generation. 242 

        4-a-ii. Probabilistically perform crossover to randomly swap sub-trees of the two parents 243 

to two child models. 244 

        4-a-iii. Probabilistically perform mutation to modify a random sub-tree of each child 245 

model. 246 

        4-a-iv. Repeat steps 4-a-i and 4-a-ii to generate a total of P new offspring models. 247 

        4-a-v. Old models from the parent population are replaced by new models generated. 248 

    4-b. Go to next generation: K+1. 249 

 250 

2.2  Pollutant rating curve (PRC) 251 

Over the years, researchers have proposed several rating curves to determine the average 252 

relationship between discharge and pollutant load (Asselman, 2000; Overleir, 2004; Crowder 253 

et al., 2007). A typical rating curve consists of a graph or equation, relating pollutant discharge 254 

or concentration to stream discharge, which can be used to estimate pollutant load from the 255 

flow record. The PRC generally represents a functional relationship of the form:  256 

 257 

                                   
baQL =                                                                           (3) 258 

 259 

where Q is stream discharge and L is either pollutant load. Values of a and b for a particular 260 

stream are determined from data via a linear regression between (logL) and (LogQ). 261 

 262 

3. WATER QUALITY MODEL DERIVATION USING A GRAMMA-BASED 263 

GENETIC PROGRAMMING 264 
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3.1  Study area and rainfall-runoff monitoring data 265 

In South Korea, over 50% of pollutant load inflows to reservoirs are affected by rainfall-runoff 266 

processes, particularly during the rainy summer period. The Idong reservoir catchment in 267 

Korea is a typical example of this case. The Jein sub-watershed area (Figure 6) is 1,636ha (16% 268 

of Idong reservoir watershed) and is composed of 68% forested area, 22% agricultural area and 269 

5% residential area. The data set measured in 1 or 2 hour intervals was collected from the 270 

monitoring network installed in the catchment during the heavy rainfall events. The data set 271 

contained 15 variables such as rainfall, cumulative rainfall, river flow rate, pH, electronic 272 

conductivity (EC), BOD, COD, SS (suspended solid concentration), NH4-N, NO3-N, total 273 

nitrogen (T-N), PO4-P, and total phosphorus (T-P).  274 

 275 

3.2  Gramma-based genetic programming (GBGP) setup  276 

3.2.1 Parameter setting for the GBGP system 277 

Table 1 shows the GBGP system setup parameters which were used to derive the water quality 278 

model. A population in the GBGP is the number of programs that the system will evolve. The 279 

larger the population, the more difficult a problem that will be solved and the longer the run 280 

will take. A population of 500 candidate models was created and tested in each run. The model 281 

evolution process was carried out for a maximum 50 generations (Table 1). The function set F 282 

and the maximum depths of model tree are two important control parameters that affect both 283 

the search space and the complexity of models in the algorithm.  284 

 285 

To ensure that the created programs did not grow in an unbounded fashion, a limit is placed on 286 

the maximum depth of any program created by crossover. This parameter is referred to as Max. 287 

depth of model tree in Table 1 and reflected the maximum depth of any program that was 288 
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expected to be required to produce a model. The maximum depth of a model tree was limited 289 

to 6 to prevent the evolution of a model with too many parameters. 290 

 291 

The probability of crossover and mutation was 80 and 10%, respectively. Hence, the direct 292 

reproduction probability was 10%, meaning that 10% of the population was passed unchanged 293 

into each subsequent generation. This ensured that good models are not prematurely discarded 294 

from the population (Hong et al., 2005) 295 

 296 

The RMSE was used as the fitness function to evaluate the performance of each model in a 297 

population during the training phase and as a measure of generalization capability for the 298 

testing data. Therefore the GBGP evolution proceeded by minimizing the RMSE value to each 299 

model.  300 

 301 

3.2.2 Context-free grammar and functional set  302 

The grammar, GR, used by GBGP to develop the water quality models allowed general 303 

mathematical functions to be evolved, and was defined in Figure 7. In terminals T, the 304 

mathematical functions available as part of the evolved expression were the standard arithmetic 305 

operators, plus the inverse function, natural logarithm, power function and logarithm to an 306 

arbitrary base ( Figure 7 and Table 1).  307 

 308 

The terminal symbol Constant is used as an index to an external array of numbers to get the 309 

value of the node. It represents an independent variable or real value in a model. The Powell’s 310 

optimization algorithm was used to find the specific value for this Constant node for which the 311 

value of the RMSE for this expression is minimal.  312 

 313 



14 

 

The Var(Constant) retrieved the value of one of the independent variables for the current data 314 

point. The independent variable was selected depends on the value of Constant optimized by 315 

the Powell’s algorithm. If the first independent variable in the data set provided was a rainfall, 316 

Var(1) represents a rainfall value at current time. As mentioned earlier, a number 1 was 317 

optimized by the Powell’s optimization algorithm. 318 

 319 

The exponential function was represented by the terminal string “Exp”. The production Eq  320 

Exp(Eq) allowed the exponential function to be included with any part of the evolved 321 

mathematical expression. Eq  EqConstant also allowed the power function of xConstant to be 322 

included with any part of the evolved mathematical model expression. In the grammar GR, the 323 

terminal Constant is a random floating point number which is generated for each occurrence 324 

of Constant when the initial population is created. These random “Constants” were potentially 325 

optimized once the initial generation of a solution was created. 326 

The terminal symbols eT and Rain represented the elapsed time and rainfall, respectively. The 327 

cR and Q terminals represented the cumulative rainfall and rive flow rate, respectively.  328 

 329 

3.3  Result from predicting water quality concentration by GBGP derived model  330 

 331 

In this study, the modeling aim of GBGP was to develop the mathematical inference models in 332 

the form of explicit mathematical formulae for predicting the concentration (mg/L) and load 333 

(kg/d) of COD, SS, T-N, and T-P during the rainfall event as a function of easily measurable 334 

R (rainfall), cR (cumulative rainfall), Q (flow rate), and eT (elapsed time)  335 

 336 

The specific water quality monitoring program in an agricultural catchment was undertaken to 337 
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analyze the impact of rainfall-runoff process on water quality parameters in a reservoir during 338 

a rainy summer period associated with rainfall events in 2016 and 2019 year. The data sets 339 

were split into two sets for modeling purposes: (1) the training data set (August 2016); and (2) 340 

the testing data set (July 2019). The training data set was used to derive the models and the 341 

testing data set was used to evaluate the models evolved by the GBGP system to show how 342 

well evolved models generalized the unseen data set. A multivariate model was first evolved 343 

to predict the COD concentration. A series of ten runs of the GBGP system was performed 344 

with different randomly generated initial models so that each run took a different genetic loop 345 

to evolve the better performing models for predicting COD concentration. 346 

 347 

It was observed that despite different initial conditions all runs were able to evolve a good 348 

model after 25 generations. The model evolution process was carried out for 50 generations. 349 

The best performing model evolved by the GBGP system are presented in Table 3. 350 

 351 

The best performing model was selected at Run 7. The following model is discovered as the 352 

best performing model of SS prediction using the grammar GR: 353 

 354 

( ) ( )( )2.325 1.0568 0.89490.231 54.26 * 1378 eTSS Q R R Q− ×= × × + × +             (4) 355 

 356 

The best model evolved from Eq.(4) using only eT, R, and Q variables has a RMSE of 19.22 357 

mg/L and R2 of 0.97 shown in Table 2. It was observed that there was no overfitting condition 358 

for GBGP model, meaning that there was no significant difference between training and testing 359 

result with good model generalizations. Therefore, the average value of training and test result 360 

for RMSE and R2 is shown in Table 2. Figure 8 shows the measured and predicted SS 361 

concentration by Eq.(4) on both the training set and testing set. A visual comparison with the 362 
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measured SS concentration indicated that Eq.(4) has captured the dynamic pattern of SS 363 

concentration and performed well over the full range data with good prediction and 364 

generalization. 365 

 366 

The same simulation procedure as was applied for SS concentration to evolve a process model 367 

for the T-N concentration. The same GBGP parameter settings and grammar GR (Figure 8) 368 

were used. The best performing model for T-N concentration was defined as follows: 369 

7 0.08235 0.19942.024 6.76 10 0.5485 0.1698QT N cR eT cR−− = − × × − × − ×       (5) 370 

 371 

Figure 8 shows the measured and predicted T-N concentration in the effluent by Eq.(5) on both 372 

the training and testing data set. A RMSE of the best evolved inference model by Eq. (5) for 373 

predicting T-N concentration is computed as 0.09 mg/L, respectively. 374 

 375 

The best performing models for the prediction of T-P evolved by GBGP was: 376 

( )
( ) ( )

( )
( )

0.9 0.00001
0.15393 0.84607

0.96297 0.03703

4.7127 0.42244 0.57

870.83 0.95665 0.04335

eT
T P R Q

cR eT

Q cR

Q eT

× + ×
− = × × + × +

× + ×

× × + ×
× × + ×

Q

           (6) 377 

 378 

Table 2 shows a RMSE and R2 for the model evolved from Eq.(6). Figure 8 displays the 379 

measured T-P and the prediction of the best model evolved from Eq. (6). 380 

 381 

The following model was discovered as the best performing model for predicting COD 382 

concentration: 383 

 384 
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117.32 (935 (0.24 0.75 ))

0.67 0.3 173.9 (0.547 0.45 )

R Q
COD

cR eT Q eT

× +
= +

+ × +
             (7) 385 

 386 

The model evolved from Eq.(7) had a very satisfactory performance with a RMSE of 0.55 387 

mg/L and R2 of 93%. 388 

 389 

A multi-layer perceptron (MLP) trained with the backpropagation learning algorithm (MLP-390 

BP) provided a comparison with the models evolved by the GBGP system by using the same 391 

inputs and output data. We employed a genetic algorithm (Goldberg, 1989) to design the 392 

architecture of the MLP-BP. The optimized MLP-BP model for predicting water quality 393 

concentrations employed the same 4 inputs, one hidden layer with 5 neurons, 3 of which used 394 

a sigmoid transfer function and 2 of which use a hyperbolic transfer function. Multiple linear 395 

regression model was also applied with same 4 inputs for the comparison purpose. Statistical 396 

measures of model accuracy (RMSE and R2) for the three modelling approaches are 397 

summarized in Table 2. It was observed that like GBGP model, there was no overfitting 398 

condition for MLP-BP model with reasonable model generalizations. 399 

 400 

Models evolved by the GBGP system and the MLP-BP models performed well on predicting 401 

water quality concentration of SS, T-N, T-P, and COD over the full data range and gave 402 

reasonable generalizations as shown in Figure 8 and 9. Although models generated from both 403 

systems produced very similar model accuracy, the model evolved by GBGP performed 404 

slightly better than one evolved by the MLP-BP. The best evolved models from Eqs.(4)–(7) 405 

show that multivariate models are created in a nonlinear fashion. This demonstrates that a 406 

highly nonlinear relationship between dependent variables (water quality variables) and 407 

independent variables (hydrological variables) exist in this catchment. For this reason, Table 2 408 
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and Figure 8 show that the MLR models do not follow the measured pattern of water quality 409 

concentration and perform poorly when compared to the GBGP models and MLP-BP models. 410 

 411 

3.4  Result from predicting water quality load  412 

 413 

The estimation of water quality load in terms of kg/d was undertaken due to its importance 414 

in reservoir water quality management. To predict the water quality load of COD, SS, T-415 

N, and T-P affected by the rainfall-runoff process, the pollutant rating curve (PRC) 416 

method was also applied for the comparison with GBGP, ANN, and MLR. The constants 417 

(a and b) in Eq.(3) of PRC model was optimized to provide the best prediction accuracy. 418 

 419 

The best evolved models from the GBGP system and best optimized models of PRC are 420 

presented in Table 4. The prediction results from four modelling approaches (GBGP, 421 

ANN, MLR, and PRC) for predicting the water quality load of COD, SS, T-N, and T-P 422 

on both training set and testing set are displayed in Figure 10. 423 

 424 

As seen in Table 5, the best evolved models from the GBGP and MLP-BP system 425 

performed better than the PRC and MLR models. However, the model evolved by GBGP 426 

performed slightly better than the MLP-BP models. 427 

 428 

The SS load prediction is the most important task in reservoir water quality management 429 

in Korea as SS load inflows to reservoir are significantly influenced by the rainfall-runoff 430 

process, particularly during the rainy summer period. From Table 5 and Figure 10, it is 431 

clear that the MLP and PRC models do not provide the reasonable model accuracy to 432 
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predict the SS load to reservoir during the rainy period. Both the models evolved by GP 433 

and the MLP-BP model were more accurate and produced better predictions. They have 434 

captured phenomena that cause the high SS load inflow to reservoir during the rainy 435 

period. The SS load model evolved by the GBGP system produced the best predictive 436 

performance among the four modelling techniques. 437 

 438 

The best evolved models in Table 4 show that multivariate models are created in a 439 

complex nonlinear fashion as a function of flow rate, Q. This means the SS load cannot 440 

be predicted easily by the simple linear like PRC model.  441 

 442 

4. CONCLUSION  443 

 444 

The evolutionary model induction system based on grammar-based genetic programming 445 

(GBGP) was proposed and applied to evolve process models from a set of mathematical 446 

functions with a context-free grammar for predicting the water quality in the reservoir 447 

affected by the rainfall runoff process in a heavy rainfall summer period. 448 

 449 

Results have shown that the evolved water quality models by the GBGP system 450 

successfully derives accurate water quality models to predict the concentration and load 451 

of COD, SS, T-N, and T-P during the rainfall event as a function of easily measurable 452 

rainfall, cumulative rainfall, and flow rate. The performance of the water quality models 453 

evolved by the evolutionary process model induction system is superior to the 454 

performance of ANN, optimised PRC and MLR model, demonstrated by the good 455 

generalization result with the lowest RMSE value.  456 

 457 
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Our paper demonstrates that unlike other black-box modeling techniques such as neural 458 

networks, the explicit multivariate mathematical representation of evolved models in the 459 

GBGP provides a better understanding of water quality variables affected by rainfall-460 

runoff process by allowing analysis of the resulting models and identifying important 461 

inputs variables. Our result shows that the GBGP system can work most efficiently where 462 

the possible model is unknown or partially known and the understanding of the resulting 463 

model is important. 464 

 465 

Further work is planned to show how the conceptual-type models can be derived so that 466 

models evolved by the GBGP system may provide better conceptual hydrological 467 

information combined with known conceptual hydrological knowledge. This can be 468 

achieved by creating a new context-free grammar in the GBGP system through 469 

hybridizing known conceptual hydrological functions or models. 470 

 471 
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 578 

Table 1 GBGP parameters setting. 579 

Parameter Value 

Population size 500 

Max. depth of model tree 6 

Generation No. 50 

Crossover probability 80% 

Mutation probability 10% 

Optimization algorithm Powell method 

Fitness measure 

Available functions  

Minimize RMSE 

+,-,*,/ 

inv(x), 

ln(x), xy, logxy, exp(x) 

Constant 

 580 

 581 

 582 

Table 2. The RMSE (mg/L) of three models for predicting water quality concentration  583 

 584 

  MLR MLP-BP GBGP 

COD 
RMSE 1.45 0.74 0.55 

R2 0.54 0.88 0.93 

SS 
RMSE 72.84 27.72 19.22 

R2 0.52 0.93 0.97 

T-N 
RMSE 0.19 0.09 0.09 

R2 0.50 0.88 0.89 

T-P 
RMSE 0.05 0.035 0.023 

R2 0.38 0.66 0.84 
 585 

 586 

 587 

 588 

 589 

 590 

 591 

 592 
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Table 3. Best evolved models from the GBGP system and optimized MLP models for predicting water 593 

quality concentration  594 

 Best Model derived 

COD 

MLR 2.2 0.001 0.095 0.005 1.8eT R cR Q− × + × + × + ×  

GBGP 
117.32 (935 (0.24 0.75 ))

0.67 0.3 173.9 (0.547 0.45 )

R Q

cR eT Q eT

× +
+

+ × +
 

SS 
MLR 13.68 1.118 10.87 0.8 25.07eT R cR Q+ × + × − × + ×  

GBGP ( ) ( )( )eTR QRRRQ ×−+××+++×× 8949.0325.2 13780568.026.54231.0  

T-N 
MLR 1.357 0.005 0.003 0.007 0.039eT R cR Q− × + × − × − ×  

GBGP 1994.008235.07 1698.05485.01076.6024.2 cReTcRQ ×−×−××− −  

T-P 

MLR 0.004 0.00001 0.002 0.00000008 0.044eT R cR Q+ × + × + × + ×  

GBGP 

( )
( ) ( )

( )
( )

0.9 0.00001
0.15393 0.84607

0.96297 0.03703

4.7127 0.42244 0.57

870.83 0.95665 0.04335

eT
R Q

cR eT

Q cR

Q eT

× + ×
× × + × +

× + ×

× × + ×
× × + ×

Q

 

 595 

 596 

 597 

 598 

 599 

 600 

 601 

 602 

 603 

 604 

 605 

 606 

 607 

 608 
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Table 4. Best evolved models from the GBGP system and optimized PRC models for 609 

predicting water quality load (kg/d)  610 

 611 

 612 

  Best model derived 

COD 

GBGP ( ) QQQeTReT ×+×−××+×+×− 7.2761.11777.32984.1038.1 22  

PRC 26.157.474 Q×  

SS 

GBGP ( )( ) ( ) QQRQQcRQ ×+×+××−×+ 39.6937351230  

PRC 19.6643 Q×  

T-N 

GBGP ( )( )eTReTQcRQ +××××+−× 898.601786.01.115  

PRC 884.0079.85 Q×  

T-P 

GBGP 
( )

30

3272.0
89.2153.251

+
××××++ ×−

eT

QeTQcRQQ Q

 

PRC 596.1081.6 Q×  

eT : elapsed time, R : rainfall, cR : cumulative rainfall, Q : river flow rate 613 

 614 

 615 

Table 5. The RMSEs (kg/day) and R2 for predicting water quality load  616 

  MLR MLP-BP GBGP PRC 

COD 
RMSE 95 55 36 111 

R2 0.95 0.97 0.99 0.94 

SS 
RMSE 5839 1376 1181 6917 

R2 0.55 0.95 0.98 0.37 

T-N 
RMSE 10 7 4 11 

R2 0.97 0.99 0.99 0.96 

T-P 
RMSE 3 1 1 3 

R2 0.88 0.98 0.98 0.89 

 617 

 618 

 619 



Figures

Figure 1

An example of the grammar (Eq represents the word equation).

Figure 2



Example of model derivation tree for the mathematic expression X+3.8Y.

Figure 3

Crossover between model derivation trees



Figure 4

Mutation process in the model derivation tree



Figure 5

Structure of the model induction by the GBGP system.



Figure 6

Idong reservoir catchment watershed and Jein sub-catchment.



Figure 7

A context-free grammar used for the water quality model evolution.

Figure 8

Observed and predicted water quality concentration



Figure 9

Observed versus predicted water quality concentration.



Figure 10

Observed and predicted water quality load using included �ow data set.
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