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Abstract: Existing simulation processing methods are difficult to obtain the tooth surface that is close 
to the actual processing. This paper proposes a high-precision simulation processing method for hard 
tooth surface gearing. Through the establishment of a high-precision cutter and tooth blank geometric 
model, analysis of the kinematics principle and meshing relationship between the cutter and tooth blank, 
combined with the functions of rotation, translation and Boolean operation in the 3D software, the high-
precision shaping simulation processing of hardened gears is realized. By measuring the normal distance 
between the standard involute and the gear tooth profile, the tooth surface error analysis is completed. 
The simulation model is reconstructed, and the models are analyzed by finite element method (FEM) 
respectively, and the effectiveness of the method in this paper is verified by comparing the analysis results. 
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1 Introduction 

Gear shaping is a widely used gear machining 
method[1]. For multi-connected gears, inner gears, 
and other special gears, gear shaping has its 
unique advantages.  

For double gear with compact structure, the 
pinion gear can’t be ground after heat treatment, 
and due to the influence of heat-treatment 
deformation, the accuracy of pinion gear can’t be 
guaranteed, and the use of hardened gear shaping 
should be the only feasible method[2]. 

At present, the tooth surface hardness that can 
be machined by the hardened gear shaping 
process is HRC45-64, the precision is 6-7, and the 
roughness  is 0.4-0.8um. 

However, for gears with hardened gear shaping, 
the surface will inevitably leave a machined 
texture, that is, tooth surface tool marks. During 
the meshing process, the protrusions formed by 
the tooth surface tool marks will exceed the 
thickness of the lubricating film and cause direct 
contact. Eventually, local contact stress is too 
large, and micropitting corrosion is formed[3]. 
Micropitting will gradually evolve into 
destructive pitting and even lead to tooth surface 
failure. If we need to analyze this kind of tooth 
surface contact conditions, we need to establish a 
gear model that matches the actual tooth surface. 

Researchers have established simulation 

machining models of gear shaping and predicted 
the cutting force through computer-aided design. 
Tsay et al.[4] proposed a complete geometric 
mathematical model of involute gears based on 
gear shaping according to the tool tooth profile 
theory and gear shaping motion model, and the 
effects of the cutter parameters on the generated 
tooth profile are investigated and illustrated with 
computer simulation. Fetvaci[5] obtained the 
mathematical model of asymmetric involute 
gears processed by gear shaping according to gear 
theory and geometric principles. In addition, the 
motion path in gear shaping is simulated, and the 
geometry of undeformed chips is obtained for 
further cutting force analysis. Erkorkmaz et al.[6] 
proposed a prediction model for the shaping 
cutting force of spur gears, the discretization 
method is used to calculate the stress value of a 
single node in the gear shaping process, and then 
the node stress value is correlated with the chip 
geometry, and the overall cutting force prediction 
is finally realized. Katz et al.[7] proposed a 
comprehensive model of gear shaping, including 
spur gear, internal gear, helical gear shaping 
kinematics model, and cutting force prediction 
model. Nan[8] established the gear blank and tool 
model in NX and completed the simulation 
machining of spur gears according to the principle 
of gear shaping. By extracting the tooth surface 
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from the simulation model, the accurate modeling 
of the gear was completed, but the accuracy of the 
model was not discussed. Pu et al.[9] simulated 
gear hobbing based on the CATIAV5, but the 
purpose of the simulation was only to establish a 
three-dimensional accurate model of the gear 
tooth profile, without considering the actual 
machining tooth surface condition. Kawalec et 
al.[10] used the finite element method to study the 
tooth root strength of gears processed by gear 
shaping. This paper proposes a high-precision 
gear shaping simulation method. First, an 
accurate model of the shaper cutter and the tooth 
blank is established. Then analyzed the spatial 
movement relationship between the gear shaper 
cutter and the gear blank, combined with the 
commands of translation, rotation, Boolean 
operation in the 3D software and secondary 
development functions, completed the high-
precision shaping simulation processing of 
cylindrical spur gears. A high-precision gear 
shaping simulation model is obtained. This paper 
only completed the simulation processing of spur 
cylindrical external gears, but many of the 
methods are also applicable to internal gears and 
helical gears. 

The rest of this paper is as follows: Section 2 
introduces the gear shaping processing method 
and vector modeling of gear shaping movement; 
Section 3 introduces the concrete realization of 
gear shaping simulation processing; Section 4 is 
the verification and analysis of simulation tooth 
surface accuracy; Finally, Section 5 is the 
conclusion. 
2 Gear shaping and machining motion model 

Gear shaping is the use of generative principles 
to machine gears. The process of machining a 
spur gear can be regarded as a discontinuous 
meshing process of a pair of spur gears. The teeth 
in one of the gears are given the same rake angle 

  and back angle   to form a cutting edge, 
and the gear can be regarded as a gear shaper 
cutter and another gear can be regarded as a tooth 
blank to be machined. As shown in Fig.1a, the 

teeth in the gear shaper cutter successively 
occupy positions I, II, III, and IV in the tooth 
blank, so that a complete involute tooth shape can 
be enveloped on the tooth blank by reciprocating. 
2.1 Gear shaping motion model 

The gear shaping movement process of the spur 
gear is shown in Fig.1b. In gear shaping, the main 
movement is the high-speed reciprocating linear 
movement of the gear shaper cutter in the axial 
direction. At present, the linear speed of ordinary 
high-speed steel tools is usually 30-50m/min. 
Generating motion is pure rolling between gear 
shaper cutter and gear blank. The gear shaper 
cutter rotates around its axis at an angular velocity 

, and the gear blank also rotates opposite to the 
gear shaper cutter around its axis at an angular 
velocity  . The retraction movement is the 
moving away of the cutter along with the radial 
direction of the tooth blank; the feed movement is 
the radial feeding movement of the gear shaper 
cutter along with the tooth blank, In the finishing 
machining of hard tooth surface gear shaping, the 
radial feed is generally not more than 0.12mm/str, 
and the rotary feed is not more than 0.1mm/str. 
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(c) Kinematic relationship between the shaper cutter 

and the machined gear 

Fig. 1. Principle movements and geometries in gear 

shaping 

Figure.1c shows the coordinate relationship 
between the gear shaper cutter and the gear blank, 
the right-handed coordinate systems are 

considered. The coordinate system  

is the reference coordinate system, the coordinate 

system   denotes the gear blank 

coordinate system, and the coordinate system 

  represents the shaper cutter 

coordinate system. In the generation process, the 
cutter rotates through an angle , while the gear 
blank rotates through an angle  . The 
relationship between the angles   and  is 

 , where   is the number of 

teeth of the cutter and  denotes the number of 
teeth of the generated gear.   and   donate 
the index circle radius of the gear shaper cutter 
and the machined gear respectively. The method 
of homogeneous coordinate transformation is a 
powerful tool for studying the motion of a rigid 
body among the different coordinate systems. The 
coordinate transformation matrix from coordinate 
system  to  is shown as follows: 

(2-1) 
According to the theory of gearing[11], the 

mathematical model of the generated gear tooth 
surface is a combination of the meshing equation 

and the locus of the rack cutter surfaces. The locus 
of the shaper cutter surface, expressed in 
coordinate system Sg, can be determined as 
follows:  

    (2-2) 
2.2 Establishment of gear shaper cutter and gear 
blank model 

When the gear shaper cutter cuts the gear, the 
track surface of the cutting edge's up and down 
movement should mesh with the gear to be 
machined, the projection of the cutting edge on 
the end surface should be an involute curve so that 
there is no error on the tooth surface. As shown in 

Fig.2a and 2b, when the rake angle   of 

the gear shaper cutter, the tooth profile of the rake 
face of the gear shaper cutter is involute, and there 

is no error. When the rake angle  of the 

gear shaper cutter, the rake surface is a conical 
surface, and the projection of the cutter on the end 
surface is no longer an involute. Taking the 
involute tooth profile in the section Ⅱ-Ⅱ as the 
reference, the thickness of the tooth tip will 
increase in section I- I. Similarly, the thickness of 
the tooth will decrease in section III-III, which is 
equivalent to the pressure angle of the reference 
circle will be reduced, resulting in a larger tooth 

profile error. In Fig. 2,  is the addendum circle 

radius,   is the root circle radius,   is the 

reference circle radius, and   is the top edge 

relief angle.  

ⅠⅡⅢ

ⅠⅡⅢ  

Ⅰ
Ⅱ
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Fig. 2.Gear shaper cutter tooth profile: (a)(b)Tooth 

profile error, (c)Tooth Angle correction, (d)Tooth 

projection. 

To reduce the tooth profile error, the profile 
angle of the gear shaper cutter is usually corrected 
in such a way that the reference circle pressure 
angle of the tool blade projection is equal to the 
gear reference circle pressure angle. That is, the 
tooth profile angle of the gear shaper cutter is 
corrected so that the tooth profile angle   of 
the gear shaper cutter and the gear reference circle 
pressure angle  are not equal, but the tangent 
of the tool blade projection on the reference circle 
coincides with the theoretical involute tangent, so 
we can get the original tooth profile angle of the 
shaper cutter. As shown in Fig. 2c, point M is any 
point on the blade curve,  is the radius at point 
M,   is the radius of the shaper cutter base 

circle, and  is the angle between the tangent 

and the radial passing through the M point. 
According to the gear cutter principle:  

(2-3) 

Let the angle  of the projection curve of the 

tool edge at the reference circle be equal to the 

pressure angle  of the theoretical involute:  

     (2-4) 
 can be obtained as follows:  

    (2-5) 

  is the original tooth profile angle of the 
cutter. The tooth profile projection before and 
after the correction is shown in Fig.2d. 

After obtaining the original tooth profile angle 
of the cutter, according to the parameters shown 
in Tab. 1, we established an accurate model of the 
shaper cutter, as shown in Fig.4a. 
Tab. 1.Cutter and workpiece geometry. 

Module 

[mm] 
No. of 
teeth 

Modification 

coefficient 
Rake 

angle 

[deg] 

Relief 
angle 

[deg] 

Tip 

Radius 

[mm] 
Cutter geometry 

2 38 -0.5 0.2 5 6 0.15 

Module 

[mm] 
No. of 
teeth 

Pressure 

angle [deg] 
Width 

[mm] 
Modification 

coefficient 

Workpiece geometry 

2 20 20 10 -0.2 

Measure the normal distance between the 
projection of the end face of the cutting edge of 
the gear shaper cutter and the standard involute, 
the resulting shape error data of the shaper cutter 
is shown in Fig.3. Among them, the left side is the 
tip part of the cutter. 

 

Fig. 3.Cutter tooth profile error 

Corresponding to Fig.2d, the shape projection 
of the shaper cutter protrudes slightly at the top 
and root of the tooth. 

According to the gear tool design manual[12], 
the error between the projection of the cutting 
edge and the theoretical involute as follows: 
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   (2-6) 

Where: 

     (2-7) 

It is obtained that the tooth profile error at the 
tooth tip is 1.8019um and the tooth root is 
2.6214um, which is basically consistent with the 
data of our model, thus verifying the correctness 
of the gear shaper cutter model. 

To reduce the amount of calculation while 
ensuring the accuracy of the simulation, in the 
gear shaping simulation, we simplified the gear 
shaper cutter model with rake and back angles. 
We projected the high-precision gear shaper 
cutter model on the end surface and stretched the 
curve obtained by the projection axially to obtain 
a simplified gear shaper cutter model that meets 
the simulation requirements, as shown in Fig.4b. 

 

(a) The accurate model  (b) The simplified model 

Fig.4 The model of Gear shaper cutter 

3 Simulation process of gear shaping 

The simulation processing flow chart of gear 
shaping is shown in Fig.5. Firstly, a simplified 
model of gear shaper cutter and a model of gear 
blank were established in 3D modeling software. 
Then the simplified model of the cutter and the 
model of the gear blank were assembled in the 
assembly design environment. Finally, the 
position adjustment and Boolean operation 
between the cutter and the gear blank were driven 
in the part design environment. 

In the simulation processing, we simplified the 
gear shaping movement, only retain the rotary 
movement of the cutter and the gear blank. Each 
time the above-mentioned spatial position 
transformation and Boolean operation are 
performed, it can be regarded as that the tooth 

blank model is cut by the cutter model once. 
In the simulation process, we repeated the 

above steps until the entire gear was cut out, thus 
completing the entire modeling process. 

In the entire cutting process, due to the need for 
a large number of position adjustments and 
Boolean operations, the use of the macro-function 
in the CATIA software can realize the automation 
of the entire simulation processing. 

Start catia

Create Cutter and 

Workpiece Model

Determine whether to 

process a complete gear

Model Assembly

Adjust Cutter 

Position

Boolean Operations 

Cut Teeth

Output Model

End catia

N

Y

 

Fig. 5.The flow chart of gear shaping simulation. 

The main control factors in simulation 
processing are the number of cycle feeds  and 
the circumferential feed  . The relationship 

between them as follows: 
          (3-1) 

The number of cycles  depends on the 
circumferential feed  . The smaller the 

circumferential feed, the higher the machining 
accuracy. In the simulation process, we chose to 
use three different circumferential feeds, which 
are 0.1mm/str, 0.2mm/str, and 0.3mm/str, which 
are consistent with the actual parameters in the 
precision gear machining process[2]. 

The simulation process is shown in Fig.6. 

  

(a) Before processing (b) During processing 
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(c) After processing 

Fig. 6.Gear shaping process 

4 Verification of tooth surface accuracy 

4.1 Tooth surface error 
To study the accuracy of the tooth surface of 

the simulation model, it is necessary to compare 
the model tooth surface with the standard involute. 
The involute equation can be written as 

     (4-1) 

We have obtained the theoretical involute 
shape and imported it into CATIA. To facilitate 
the comparison of the tooth surface error under 
different circumferential feeds, the midpoint of 
the tool mark closest to the reference circle was 
selected to intersect the involute. 

During the comparison, we performed two 
measurements: 

1. Measure the normal distance between the 
tooth surface of the simulation model and 
the theoretical involute, and show the true 
error of the tooth surface of the simulation 
model; 

2. Measure the normal distance between the 
tool mark line of the simulation model and 
the theoretical involute, and visually 
display the maximum error of the 
simulated machining tooth surface; 

After sorting the above data, the error curve 
between the simulation model tooth surface and 
the theoretical involute tooth surface can be 
obtained as shown in Fig.7a. Among them, the 
left side is the part close to the tooth root. The 
abscissa is the radial distance between the tool 
mark line and the reference circle, and the 
ordinate is the normal distance between the gear 
tooth surface and the standard involute. 

 

(a) Tooth surface error of simulation model 

 

(b) Tooth surface error of tool mark line 

Fig. 7.Error curve 

We took the midpoint of each tool mark and 
then reconstructed the tooth surface using B-
spline interpolation. The standard involute and 
the reconstructed spline curve intersected at the 
reference circle. The normal distance between the 
spline curve and the involute was measured, and 
the error curve between the reconstructed tooth 
surface and the standard involute as shown in Fig. 
7b was obtained. 
4.2 Error analysis 

Fig.7b intuitively shows the distribution of the 
error value on the tooth surface. The error value 
gradually increases in the direction of the tooth tip 
and the tooth root based on the reference circle. 
This also coincides with the slightly convex 
projection of the cutting edge of the gear shaper. 

Comparing the error curves under different 
circumferential feeds, it can be found that the 
errors of the gear models processed at different 
feeds are basically the same in the part near the 
tooth root. The reason analysis is that the tool 
marks near the tooth root of the gear are dense so 
that the point error on the tool mark line is small 
under different feed rates. As shown in Fig.8a. 
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(a) 0.3mm/str working conditions 

of the cutter mark line 

 

(b) Tool mark line error measurement 

Fig. 8.Tool marks 

In the area of the reference circle and the tooth 
tip, when the circumferential feed is 0.1mm/str, it 
can be found that compared with the fitted model, 
the error basically tends to zero. However, as the 
circumferential feed increases, the error tends to 
be negative, which is reflected in the model as the 
tool mark line is protruding from the involute line. 
The reason is that the point on the tool mark line 
is the point with the largest error on the tooth 
surface, which leads to a large error in the 
measured tooth surface, as shown in Fig.8b. 

As shown in Fig.7b, there is a small jump in the 
error curve of the tooth tip, and the error after the 
jump is close to the error of the fitting curve at 
this point. This is because the last measurement is 
not a point on the normal tool mark line, but a 
point on the addendum circle, which leads to a 
reduction in the measurement error. As the 
circumferential feed increases, the jump 
amplitude may also increase. 

In summary, as the circumferential feed step 
increases, the error between the simulation model 
tooth surface and the theoretical involute also 
increases. 

In actual processing, the gear shaper cutter and 

the gear blank carry out relatively discontinuous 
meshing movement. As the circumferential feed 
of the gear shaper cutter decreases, the more times 
the tooth groove is enveloped, the smoother the 
tooth surface and the higher the accuracy. 
4.3 FEM of the simulation model 

We reconstructed the simulation model with a 
typical circumferential feed of 0.1mm/str into a 
model without tool marks using B-spline 
interpolation. There are slight fluctuations 
between the reconstructed model tooth surface 
and the simulation model, as shown in Fig.9. 

  

(a) Comparative model  (b) Enlarged model 

Fig.9.Simulation model and reconstruction model 

The simulation model and the reconstructed 
model were imported into software respectively, 
and high-precision meshing was performed on 
them. The accuracy of finite element method 
depends on the mesh size of the model, but overly 
precise meshes will lead to excessive 
consumption of computer computing power and 
prolong calculation time while obtaining accurate 
results[13]. Therefore, we chose to refine the mesh 
of the gear meshing area, while the remaining 
areas are represented by larger units. To reflect the 
influence of the tool mark line in the finite 
element solution, nodes need to be arranged at the 
tool mark line, and the mesh at the tool mark line 
is shown in Fig.10a. The meshed model was 
installed as standard, as shown in Fig.10b. 

javascript:;
javascript:;
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(a)Meshes on milling  (b)Meshes of the simulation model 

Fig.10 Mesh model of the gear 

The above models were analyzed by finite 
element method. The material is 40Cr. When the 
resistance torque given to the simulation model 
and the reconstruction model is 25  , the 
simulation result is shown in Fig.11. 

 

(a)                  (b) 

1000
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      (c)               (d) 

 

(e) 

 

(f) 

Fig.11 Contact stress comparison 

Extract the maximum contact stress during 
gear meshing, as shown in Fig.12. According to 
the results of the finite solution, the maximum 
contact stress on the tooth surface is near the node. 

The maximum contact stress of the simulation 
model is 1021MPa, while the reconstruction 
model is only 905MPa. The maximum contact 
stress of the simulation model and the 
reconstruction model both change periodically. 
Compared with the reconstruction model, the 
maximum stress of the simulation model has 
increased by 20% on average, and the stress 
changes more frequently. 

 

Fig.12 Curve of maximum contact stress 

In practical applications, pitting corrosion first 
appears near the node near the tooth root, This is 
because the contact stress between tooth surfaces 
changes cyclically, and the contact stress changes 
most frequently near the pitch line near the tooth 
root. However, due to the existence of knife 
marks, the contact stress on the tooth surface 
changes frequently and the amplitude is larger 
than that of a smooth plane, so pitting corrosion 
is more likely to occur. 

The existence of tool marks in actual gear 
shaping and gear meshing is inevitable. If only the 
reconstruction model of the simulation model is 
used in the finite element analysis, the result 
cannot accurately reflect the stress distribution of 
the gear in actual meshing. To obtain an accurate 
stress distribution, a gear simulation model close 
to the actual tooth surface is required. The 
simulation model obtained by the method can be 
as close to the actual tooth surface as much as 
possible. Therefore, through the finite element 
analysis of the simulation model obtained by this 
method, the contact stress distribution closest to 
the actual meshing can be obtained. 
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5 Conclusion 

Based on the conjugate tooth surface 
generation processing principle and the gear 
shaping movement principle, this paper presents 
a simulation model of hard tooth surface gear 
shaping. By changing the circumferential feed, 
the simulation processing under different actual 
processing parameters is realized. The simulation 
results are compared with the theoretical 
involutes under the corresponding parameters, the 
error analysis is realized. The simulation model is 
reconstructed, and the simulation model and the 
reconstructed model are respectively solved by 
the finite element method. By comparing the 
analysis results, the validity of the simulation 
model obtained by this method is verified. The 
method in this paper is also applicable to helical 
gear and internal gear shaping and can provide a 
high-precision simulation solution for hard tooth 
surface gear shaping. 
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Figures

Figure 1

Principle movements and geometries in gear shaping



Figure 2

Gear shaper cutter tooth pro�le: (a)(b)Tooth pro�le error, (c)Tooth Angle correction, (d)Tooth projection.



Figure 3

Cutter tooth pro�le error

Figure 4

The model of Gear shaper cutter



Figure 5

The �ow chart of gear shaping simulation.



Figure 6

Gear shaping process



Figure 7

Error curve



Figure 8

Tool marks



Figure 9

Simulation model and reconstruction model

Figure 10

Mesh model of the gear



Figure 11

Contact stress comparison



Figure 12

Curve of maximum contact stress


