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Abstract
In this current paper, by using ¢—fractional calculus, we study the Duffing-Rayleigh
type problem with sequential fractional g—derivative of the Caputo type. We investigate
the existence and uniqueness of solutions by applying some classical fixed pointtheorems.
Also we define and study the Ulam-Hyers and the Ulam-Hyers-Rassias stabilities of
solutions for our problem. An example is presented to illustrate the main results.

(2010) Mathematics Subject Classifications: 26A33, 39B72, 34C45.
Keywords: Fractional ¢g—calculus; Uniqueness; Existence; Duffing-Rayleigh equation; Ulam-
Hyers stability.

1 Introduction

The study of nonlinear differential equations involving g—calculus has gained intensive interest
in the last years, these types of equations have several applications in diverse fields and thus
have evolved into multidisciplinary subjects, see for instance [[d, 8, 06]. Also nonlinear differ-
ential equations with fractional g—calculus have been investigated by several scholars, see for
example [9, 13, 20, 22, 23, 29] and the references cited therein. Recently, many scientific re-
searchers, have studied the uniqueness, existence and Hyers-Ulam stability (H-US) of solutions
for some differential equations with fractional quantum calculus, see the papers [10, IR, 25].
Considerable attention has been given to the study of the existence and uniqueness of solu-
tions of sequential g—differential equations, see the research works [1-3, 5, [6].

So, in this current paper, we study the existence and US of solutions for sequential
g—fractional Duffing-Rayleigh problem (¢ — FD-RIP). The Duffing-Rayleigh problem (D-RP)
has played a very important role and has many applications in applied sciences, for more
details, see [G, I, 14, 26]. The fractional version of the D-RIP is given by

D2+ (A + s (D'2)°) DUz + €07 (1) + £ (5) = 9 (7).
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where \;,7 = 1,2 denote coefficients of linear and nonlinear dampings, D" is the fractional

derivative of order 7,
f(s) = wis + ks®,

is the unequivocally nonlinear function representing restoring force, with wy being the fre-
quency of degenerate linear system and k the concentrated of nonlinearity; ¢ (7) is Gaussian
white noise with intensity 2D [19].

Nonlinear D-R oscillators involving the fractional calculus have recently been studied by
several scholars [B, 12, 4, 21, B0]. Xiao et al. have used the collocation method to study the
Rayleigh oscillator with a small fractional damping problem

D%s (1) — €|l — (D"s (1))* | D"s (1) + s (1) = 0, 0<e<l,

under conditions s (0) = by, D's (0) = by, where 0 < 7 < 1 and D" is the Caputo fractional
derivative [28]. Also Zhang et al. in [30], studied the fractional Caputo modified D-R oscillator
given by D"s (1) =u, 0 <n <1, and

D" (T) = c15 — cp5° + e[vu (1 —|ul) + ¢ cos (k) |, Te€Q:=10,T],

where v, ¢;, 1 = 1,2 are respectively, nonlinear damping, linear and nonlinear restoring pa-
rameters, 1) and k are respectively, amplitude and frequency of the external force and € is a
small nonnegative constant. Recently in [24], Selvam et al. discussed the H-US of solutions
for discrete forced FD-RE described by

D's(r)+ys(t+n)+((s(r+n)’+e(r+n), T€QNNy,,

with s (0) = by, D's (0) = by, where D" (1 < n < 2) is the Caputo derivative of order 7, v and
¢ are used to control the stiffness, ¢ : Q — R is the driving force with b; € R™,7 =1, 2.

In this current paper, we discuss the existence, uniqueness and US of solutions for sequen-
tial ¢ — FD-RP, (0 < ¢ < 1) given by

( Dy (D} (Dy +0))s(1) =p(1) = ¢(7,5(7))
—Ap (T,S(T),Dg‘s (7'))
—0y (1,5 (1), Dis (1)), 7€ Q:=10,1], (1.1)
S(O) :Al,
(D? +6) 5(1) = A,
[ DE((DY+0)) s (w) = As, N ER,i=1,23,

where 0, \, § e R*, 0 <w <1,0<n, pu, 9 <1, a<d, <9 and Df, € {n,ud,a, B} is
the Caputo fractional g—derivative of order sc, p : @ = R, ¢ : QxR — Rand ¢, 7 : QxR? - R
are given continuous functions.
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In Section B, we recall some essential definition of fractional quantum calculus. Section B
contains our main results in this work, while an example is presented to support the validity
of our obtained results. stability results are extensively discussed in Section A. An illustrative
example with some needed algorithms for the problem are given in Section H. Finally, in
Section B, conclusion are presented.

2 Preliminaries regarding g—fractional calculus
The operator Dy is the fractional g—derivative of the Caputo type of order s is given by
D7 [s(1)] = ]tg’{]_” [D[”] [s(T)]] . x>0,

and D) [s(7)] = s(7), where [x] is the smallest integer greater than or equal to s. The
fractional g—integral of the Riemann-Liouville type [4, IR], defined by

17 [s(7)] = T, 1(%) /OT (r —qr)" Vs (r) dgr, k>0,

and I [s ()] = s (), where the g—gamma function is defined by
L,(e)=(1-q" " (1-9'", 0<g<1,

and satisfies I'; (3 + 1) = [»],[', (3¢) , such that [»], = (1 —¢*)(1 — ¢)7},

1 n=>0
1— (n) _ ) B ;
1-9 { 1—" =I5 (1—¢"*), neN.

Algorithm @ shows MATLAB function to obtain ¢g—gamma function. By using Algorithm B,
we can calculate this type g—integral. We recall the the following lemmas [4, [Ig].

Lemma 2.1. Let sz, 0 > 0 and s be a function defined in 2. Then
I []g s (7‘)]} = I;{J“” [s(7)] & DIy [s(T)] =s(T).

Lemma 2.2. Let »x € RT\N. Then, the following equality is valid

[y

3

L7 [DF [s(1)]] = s (1) — rlz(;—mH)quS (0),

3
Il

such that n is the smallest integer greater than or equal to .

Lemma 2.3. For »x € R, and 0 > —1, we have

[ [r) = 0Dk,
a Ly(x+0+1)

If 0 =0, we can obtain I7[1] = mT(%)'
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Lemma 2.4. [27] Assume that W is a completely continuous self operator on a Banach
space ' and the set

{SGF : s = oW (s), O<g<1},
is bounded. Then, there exists s° € W such that W (s°) = s°.
In order to study the problem (), we need the following space
E = {3 . s, D?s&:Dfs € C(,R) },
endowed with the norm

sl z = IIsll + HDqO‘sH + HD?SH = sup|s(7)| + sup |Df;s (7’)‘ + sup ‘Dgs (7‘)‘ )
TEQ TEQ TEQ

Then it is well known that (£, .|| ;) is a Banach space.

3 Existence of solutions for ¢ — FD-RP

In this part, we demonstrate the existence and uniqueness of solution of problem (IT).
Lemma 3.1. Suppose that | € C' (Q,R). Then the q—fractional problem
Dj (Dé‘ (D}j+0))s(7) =1(r), 7€,

s(0) = Ay, (3.1)
(DY +6) s (1) = Ay,
Di (DY +0)) s (w) = As, A eR, i=1,3,

where 0 <, pu, ¥ < 1,0 >0,0 <w <1, admits the following solution

T

_— (n+p+9-1)
s(r) = / (Fq (fflﬂ (O e (3.2)

T (-1
- [HE s a

Ly (0)

FhtD (w _ q(z_’)(n—l) I (E)
Lo(p+9+1)Tg(n)

d,&

|
O\E o

7_19 (1 _ qa)(ﬂ'f‘M_U
Lo+ )T, (n+p)

/ -9 (w _ qa)(ﬁ—l)
Fy(@+1) Ty (p+1)T (n)

A3 ) Fq (M+1)A2_A3
- T
Ty(p+9+1) T, (0+1)T, (n+1)

[(&) dgé&

g O o —

+ (&) dgé&

+ 77+ Ay,
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Proof. Applying Lemma P74, we can write

DY (D§+9)S<T) = I7[l(7)] + eo, ep € R.

q

Now, using the operator I}, we get

(DZ; +0) s (1) =1 [1(7)] + eoll [1] + eq, e; € Ri=0,1.

It follows that

s(t) = I;H”J”g ()] — 0];9 [s(T)] + 60](’]”’9 1] + 61]:19 1] + eo,

where e¢; € R, (1 =0, 1,2). By using the boundary conditions, we get

= Az = IJ [l (w)],

=Ny — I (1 (1)] - As !

Fq(u+1)+rq(ﬂ+1)

L),
€y = Al.
Hence, we obtain (B2).

Using Lemma BT, we define an operator W : E — E as follows

Ws ()

T

- (n+u+9-1)

/0 T_q‘i (7") dg&
0

7—IH-19( qa)(n 1)
T,(u+ 0+ 0T, (n)

LS~

77 (1 — g&)mY . . .
/ o (0(8) = 6. (8) = Al () — 605 () Ay

qﬁ"’1 g (n+ 1)

7 (w—q&)"" ) ) )
" 0/ T, (0+ )T, (x+ 1)L, (n) (P (&) = 95 (&) = Aps (&) = 07 (&) dg&,
Agr# Ty (1) Ap — Agr”

_|_

Ly(p+0+1)  Tyo(p+1)T(0+1)

Also, we have

gy )
Dy (wWs)(r) = [ (Rq(lq—a_)y)wqws) R -~}

0

(3.4)

(3.5)

(3.6)

(3.7)
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(T gg) ) . , .
/Fq (n+p+0—1) (P (&) = &5 (&) = Apy (&) — 095 () dgé

T

6 (7 — q&)??
- [
0

Ly (9

W—qa””m+ﬁ«ﬂ”1
Ly (m)Tq(p+7+1)

(P (&) = 95 (&) = MA@ (&) — 05 (&) dyé

[19] (1 gg) Y
L@+ 1)Tq(n+p)
9], 7% (w — q&)" 7Y
Ly (¥ +1) Iy (n+1) Iy (n)
Ag[p+ 9], =0 Ty (p+ 1) Ay — Ag) [0], 7771
Ly(p+9+1) N T,(0+1)T,(u+1)

Before stating and proving the main results, we impose the following hypotheses.

(P (&) = ¢5 (&) = A (&) — dyg (r)) d

+

(P (&) = ¢5 (&) = A (&) — ¢35 (&) dg&,

|
St —— g O — . T —¢

(Hy) : The functions ¢ and 1 are continuous over Q x R?, ¢ is continuous over 2 X R and p is
continuous over 2.

(Hs) : There exists constant a; > 0, j = 1,2, 3 such that for all 7 € Q and s;,¢; € R, (i = 1, 2),
we have

[ (T,51,52) — @ (T, t1,t2)| < ay (|s1 — ta| + [s2 — L2]),
0 (7,81, 82) — ¥ (T, t1, t2)| < as (st — 1] + |s2 — t2]),
and |¢(7'731) - 7/1(7'>t1)| < ag |S1 — t1|-

(Hj3) : There exist a constants A; > 0,7 = 1,2,3,4 such that for all 7 € 2 and s,t € R, we

have
lo (1,8, 0)| <Ay, |0 (7, s,t)] < Do, B (71,5)] < As,

and |p(7)] < Ay
Theorem 3.2. Assume that (Hy) and (Hy) hold and that

Aay + das + az < (1 — 0<I>) @71, (38)
where
1 1 1
d = + + ) 3.9
L0+ T,e-ar,0) T, AT,0) (39)
¥

O =11+

I,2—a) T,2-5)
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and

II .=

Y=

1

wm

Ly(p+pu+9+1)

+

1

+
T, (p+9+1)T,(n+1)

w(m

r,(0+1)T,

1

+
(77+M+1) Ly

[+ 0], w™

Ly(n+p+9)

+

Proof. Let us define

here

and V =max{V;,i=1,2
v1 = sup |QO (77070)’ ’
TEQ

7],

Fq(u+79+1)rq<77+1)

r,(w+1)
Then, the ¢ — FD-RP (T

(_)*

*-_

*

Fq(77+ﬂ+1)

L@+ 1) T (p+1) g (n+1)°

) has a unique solution.

O(A+6+2)V+6°

>
p= 1—[@()\a1+5a2~|—a3)+9¢]’

=1I"+ > + >
Fe(2-a) Ty(2-5)

_ |As Fq(u-%l)!AzM+|Aﬂ_+|Al
Lo(p+9+1)  Tg(@+1)Tg(p+1) ’
[As| [+ 7], (Fq(u-+1)|A2M+|A3D[ﬁL
Ty(p+9+1) T,(0+1)T, (u+1)

, 3,4}, here V; are given by

v2 = sup |’(/} (7—7 07 0)| )
TEQN

TEQN

and V4 = sup,cq |p (7)|. Then we show that WB, C B,, where

B,={seE: sl <p}

Thanks to (Hs), we get

o7 (

7_

I
EE

||
??

IA AN AN IA

(VAN VAN VAN VAN

ay
a
a

as
a
a

/\

HH+HDﬁH
1lsllg + Vi
1P+v17

:1

(H || + ||DBSH)
2[lsllz + Va
2P+v27

75 ()]
“s (7))

ﬂﬂ

—¢(7,0,0)| + |¢ (7,0,0)]

_w(7—7070)‘ + W} (T7070)‘

(19+1)Fq<:u+1)rq(77+1>’

v3 = sup |¢(7—7 O)’ )

(3.10)

(3.11)

(3.12)

(3.13)
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and

|65 (7)

= ¢ (7,9)|
<I[¢(r,8) = &(7,0)] + | (7,0)|
<as|sll+ Vs
<az|sllp+ Vs

< azp+ Vs.

Then, thanks to (B13) and (BI4), we can write

W (s)] < [(Aa1+(5a2—|—a3)p+()\+5+2) v]

( 1 w™

X +

L,n+p+d+1) Tim+p+1)Ti(n+1)
1

IEVCESVIICESESY

w(m
+FA0+DFAu+DFAn+D>
L0y

L,(0+1) T,(u+9+1)
Lo +1)Ty (p+1) '

= |:H ()\al + das + a3) + m] P

FI(A+6+2)V+ 11"

Also, one can observe that
IDW ()l < | (har +baz +az) p+ (A +6+2) V|
1 [+ 9], w™
X(FAn+u+ﬁ>+FMu+ﬁ+UFAn+D
V],
F,(@+1)C,(n+p+1)
[ﬁ]qw(n
IEICESVIESIH) (n+U)
Op . A3 |[M+19]q
Lg(@)  Dg(p+9+1)
(q( 1) [Aa] + |As]) [V],
L, (0+ )T, (u+ 1)

0
= (Z (/\a1 + day + a3) + m)ﬂ
LA +2)V 4B

+

+

(3.14)
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Using (B7), we can write

1 0
HD(XW || < m[(Z()\al#—éaz—kag)jLqu))p
+Z(>\+5+2)V+Z*},
and
BV (s ; a as + a 0
3w 0] < g5 (20 oo o+ )
+Z(>\+(5+2)V+E*].

In consequence, we get

W ($)lly = W ()]l + | DgW (s)]| + | DGW (s)]|

< KH+ r (22_ ot I (22_ B)) (Aay + day + as) +9<I>] p

+ (H+Fq(22—a)+f‘q(2z—ﬁ)) A+6+2)V
) o e
+(H +Fq(2_0‘)+rq(2_ﬁ>>
=[O (Aay +daz+a3) + 0P p+O AN+ 0+2)V+ 0" < p,

which means that WB, C B,. For s,t € B, and by (H3), we have
(Ws () = Wt(r)]

(7 — g&)mHeto=1)
- [ (@ - s

q 77"’#‘*’19)

AL (&) = 92 (E) 180 (8) — 607 (&)] dgé.)
70 (r — g&)@ D
[P — s - @) dgg

[ w—q) " ‘
+O/Fq(u+19+1)Fq(n)<|¢s (&)~ ; (8)

AL (&) = 95 (E)] 186 (8) — 007 (&)] ) dgk

1

+/ U a8 ) - g o)

T, ( 19+1 g (n+ 1)

Nt (&) = 93 (E)] + 1802 (8) — 607 (&)] ) dgk
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[ =g e
+!nw+UQW+nnmﬂw““‘@“”
ALk (8) = oL ()] + 1607 (&) — 00 (&)] ) dgk.

So, we obtain

”W (S) - W (t)” S |:H ()\al + 5@2 + CL3) + %} ||8 — t“E .

On the other hand, we have

| DW (s) — DWW (1)]| < {E (Aay + das + az) + qu(ﬁ)} s —t|lz-

By (B22), we get

DWW (s) — DyW (t) ||
1
T, 2—a)

0
» _
|: ()\CLl+5CL2+CL3)+Fq (19)1 ||S tHE?

IDEW (s) — DEW (1) |
1
ST,2-7)

[E (Aay + das + ag) + qu(ﬁ)] s — ] -
Consequently, we obtain
IW (5) = W (8)]l < [© (Aar + baz + ag) + 69| |ls — tl] .
By the Banach fixed point theorem, W has a fixed point which is a solution of (). ]

Now, we prove the existence of solutions for the ¢ — FD-RP () by applying lemma 24.

Theorem 3.3. Assume that conditions (H;),_, 5 hold. If 6 < &1 where ® is given by (BD),
then the ¢ — FD-RIP () has at least one solution.

Proof. The operator W is continuous in view of the continuity of functions p, ¢, and ),
Hypothesis (H;) . Now, we demonstrate that the operator W is completely continuous. Firstly,
we prove that W maps bounded sets of B into bounded sets of B. Let us put

B. = {SEE : HSHE§5,6>O}.
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Then for all s € B, and thanks to (H3) and (B1), we can write

1 wm
W <
WO < (o5 T T T T

1 wm
+
rqq9+1 NUENTEE) Pq(ﬁ+1)rq(u+1)rq(n+1)>

€l ‘Agl
()\A1+5A2+ZA> N CESTRS e

=3
Fq + 1) [Ag| + | A5
T AT, (1)

4
el
=11 \A +5A—|—§ A | + ———= +1I".
( ! L ) T, (0+1)

On the other hand, for any s € B., we get

+ A4

4
e
< ; _ *,
| DWW (s)|| < XZ ()\Al + 0y + ;:3 Al> + T, () + X

Thanks to (BZ1), we have

N 1 i . el .
|1 DsW (s)|| < e | (AA1+6A2+;A1-) UL

r 4
1 el
DIW (s) SAA +0A+ ) A+ + ¥
1Pl < 5 =7 | ( 2.5 7
From the above inequalities, it follows that the operator W is uniformly bounded. Next, we
prove that W is equicontinuous. Let s € B, and 71,75 € Q, with 75 < 71. Then by (H3), we
have

(W (1) =Ws(12)]
[(71 — TQ)TlJmJﬂ9 + ‘T{H‘Hﬂ — Tg+“+0H
Lo(m+p+9+1)

U 9

<

w™ |1

Fﬂu+ﬁ+1) w+4)+FAﬂ+D T, (it D)

N w(n)‘r —7'2‘ AAL 4 BA ‘*‘iA
L@+ 1) (p+1)T (n+1) ' ’ '

=3

9 9
u+ 7_2;L+ ‘

0 [(n—m)"+ | -] Il
+
L,(0+1) Fy(p+9+1)
(Cy (4 1) [As] + [As]) |77 — 73|

T, (0 +1)T, (u+1)
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On the other hand, we have
|D,Ws (11) —DW's (12)]

|:(7_1 . 7_2)17+/L+19—l +
<
- Ly (n+p+9)

pr—1 pto—1
To - N

J—1 J—1
7_{7—4-#-&- o 7_277+u+

]

w [ +7], 9], |T§9_1 —7}9_1|
Lo(p+9+1)T(n+1) L@+ 1) (n+p+1)

w(n) [19] }Tﬁfl _ 7_1971| 4
q 1 2
M| + 6A A,
wrES e TS A GRS

1=3
S [(TQ —7)" 7+ |7y~ — Tf’lu

+

+

Ly (9)
|Ag| [ + 0], |77 =
* Ly(pn+9+1)

(Tq (e + 1) [As] + [Ag]) (9], |7 = ™
Lg(@+1)Tg (n+1)

By (B1), we have

1

|D?WS (7'1) - D?WS (TQ)‘ S m

[DgWs (11) = DgWs (1a)]

| DiWs (1) = DJWs (m)] < m [DgW's (1) = DgWs (1)]

Thanks to the above inequalities, we can state that [|Ws (1) — Ws (7)||z — 0 as 11 = 7. By
the Arzela-Ascoli theorem, we conclude that W is a completely continuous operator. Finally,
it will be proved that the set W, given by

\If:{SEE s =W (s), 0<g<1},
is bounded. Let s € U, then s = ¢W (s) for some 0 < ¢ < 1. Thus for any 7 € Q, we can write
s(t)=<W(s).
Then by (Hs), we get

4
SAE
<II | AA; +0A +E A | + ———=— +II".
Il < s ( ' ’ i—3 ) L,(9+1) >

On the other hand,

sO llsllg

4+ cX*.
L'y (9)

4
[ Dgs| <<% (AA1 + 04, + ZA’L) +
i=3
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Using (B), we can obtain

I 4
|Dgs]| < F; ¢ (AA1+5A2+ZA%'> 4 <0 ||s]| A
- =3

122 Lo
| DY s|| < _ —gE A+ 6A, + iAi N <0 |ls|l ) gz*_
L= 2 )T T

It follows from above inequalities, that

O (AA; + 000 + Y0, A) + 1T + ©F
1—69

where ©, ©*, IT* and & are given by (B10) and (BI2). This shows that the set ¥ is bounded.

Thanks to Lemma P24, we deduce that W has at least one fixed point, which is a solution of
q — FD-RP (D). ]

Islle <

< +00,

4 Ulam-Hyers stability of q — FD-RP

In this part, the Ulam-stability type of the ¢ — FD-RP (D) will be discussed.
Definition 4.1. The ¢ — FD-RP in (IX0) is stable

o in H-U sense if there exists a real number Dy« y+ 4+, > 0 such that for each d > 0 and
for each solution t of the inequality

Dy (D (D +6)) (1) = [p(r) = 61 (1) = Aol () =80 ()] | <d, (4D)
V1 €, there exists a solution s of the ¢ — FD-RP () with
[t = sl < Do e g7,

e in Ulam-Hyers-Rassias sense with respect to m € C (2, R,) if there exists a real number
Dy e g+ p > 0 such that for each d > 0 and for each solution t of the inequality

Dy (D5 (D2 +0)) () — [p(7) — 65 (7) — At (7) — 00 (7)]
<dm (1),
V1 € Q, there exists a solution s of the ¢ — FD-RP () with

It — SHE < Do g pdm (7).

(4.2)

Remark 4.2. A function t € E is a solution of the inequality (E1) iff there exists a function
h:Q — R (which depend on t) such that

|h(7)| < d, V71 e,
and

Dy (D (D) +0))E(7) = [p(r) = 65 () = App™ (1) = 00 ()| +h(7),  req
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Theorem 4.3. If conditions (H;);=12 and (B8) are valid. Then, the ¢—FD-RP (1) is stable
i H-U sense.

Proof. Let us denote by s € E the unique solution of the problem
Dy (Dy (D +6)) s (1) = k (1) = 63 (1) = Apr® (1) = 6027 (1),

t(0) = s(0), (4.3)
(D7 +0)¢(1) = (D7 +0)s(1),
DE((DE+0)) 1) = D (DY +0)) s @),
such that t € F is a solution of the inequality (E-T). Thanks to Remark B2, we can write

t(r) = I (L (7)] = 017 [t (7)) + eo 14+ [1]

eIl [+ ey + I h(r)], e €R, (i=0,1,2),
where
(1) = p (1) = 6} (1) = Ay (1) — 64" (7).

and |h (1) < d, 7 € Q. By Lemma B and Remark B=2, we have

[t (7) =Wt (r)] =[]+ [ ()]

< I

Using Lemma P23, we obtaint

d
t—W(t < . 4.4
=W Ol < ey (4.4
On the other hand, we have
[t(T) = s(r)] = [t (1) = L7 (1 ()] = 017 [s (7)] + eIy [1]
+ 61];9 [1] + €9
=t(r)—=Wt(r)+Wt(r) —Ws(71)]
< |t (r) =Wt (r)|+ |[Wt(r) —Ws(1)].
Thanks to (B4) and (H,), we can write
d
It — sz < AR + [0 (Aay + das + az) + 0] ||s — t|| 5
Then
It~ sllp < - (45)
BT+ p+0) [1— (0 Ay +daz + a3) + 0P)] '
if we put
D = !
PO D+ pw+ 9) [ — (O (Aay + day + ag) + 609)]
then

[t = sllp < Dyr o g+ p.
Hence, the ¢ — FD-RP (D) is stable in H-U sense. O
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Theorem 4.4. If conditions (H;);—12 and (BR) are valid. Suppose there exist m € C (2, R,)
s nondecreasing and &, > 0 such that

9
I;7+“+ [m(7)] < &nm(T). (4.6)
Then the ¢ — FD-RP () is stable in H-U-R sense.
Proof. From Remark =2, we have

t(r) =17l (7)) = 017 [t ()] + eol4H [1] + ey I [1]
+ey + I [0 (7)),

where |h (7)] < dm(1),7 € Q and ¢t € F is a solution of the inequality (B=2). Let us denote
by s € E the unique solution of (A=3), then using Lemma BT, we get

|t (1) = Wt (r)] = |17 [ (7)]| < dIJ* [m (7)) (4.7)
< d&um ().

From these relations, we have

H(r) =5 (D) = [¢(7) = B+ 1, ()] = 017 5 (7)]

+ 60[5—“9 [1] —|— 61];9 []_] + €9
=lt(r)=Wt(r)+Wt(r) —Ws (1)
< |t(r) =Wt(r)|+ |[Wt(r) —Ws(71)].

Thanks to (Hy) and by (B27), we get
It = sllg < dém (7) + (O (Aay + das + a3) + 0P] ||s —t|| 5.

Then, we have

Em
[@ ()\Cll + 5@2 + (13) -+ ‘9@]

It =sllp < 7= dm(r), e (4.8)

If we take
Em
D % ok ¥ =
LAt at 1—[@(/\(114—(5@2—}‘@3)4‘6@]7

we can obtain

||t — SHE S D(p*7¢*7¢*’pdm (T) s T € Q.

Therefore, the ¢ — FD-RPP (I0) is stable in H-U-R sense. O
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5 Example with algorithms

Consider the following ¢ — FD-RP, ¢ € {0.2,0.5,0.87} C (0, 1),
( 1o 1 inh7+2  si
D D Dz@ s(T):Sm T+2 sm(i(r))
13 T+er  21(e” +2)
_cos(ve) [ cosh(e” +2) N s (7)]

50y/7 5 43 <1n (r+%5> +2) (I3 +s (1))

_In2 (111 (e +2)+1 N arctan (s (7))

55e 27T3 37 <ef+3+g>
}D“s T
Tt (e (pise) \+1>>’
=2,

and
2 In2 Ve 1 inh 2
D;’ (Dq3 ( q2€ +E)>t(7—)_ (%—qb: (T>
In2
-l - e ()
<d,
o (o (o ) - (222
In2
e - B o))
<dm(1),
where
; h(e” +2) |s (7)]
P (1) = = +
D 43(111(7’—1—‘/?5)-1—2)(’ —i—s()‘)

(5.1)
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WP (7) = In(e™+2)+1 N arctan (s (7‘72)
2m 37 (e + 2
3
3
‘D“s T
+
37 (5 +e7) ([Dis ] +1).
. _ sin(s(7))
qbs (7-) - 21 (et2 + 2) .
We have
)\_cos(\/é) _In2 9 — 1
507 7 Bhe’ 137
1 1
ar = ) a2 = ——F 7\ as = —,
13 (2 4 2) 37 (e 4 7) 63
0.690983, ¢ = 0.2, 0.864585, q = 0.2,
W], = { 0.585786, ¢ = 0.5, [+ 9], = { 0.795069, ¢ = 0.5, (5.2)
0.517401, ¢ = 0.87, 0.744589, q = 0.87,
5 1 In2 1 1
)\al+5a2+a3:£>< —i—n X —~ t =
2 ag(mfr2) ¢ gr(ersl) O
~ (0.015905,

and by (B3), (B10), (B12) and using the given data, we find that

Table 1: Numerical results of ¢, I, ¥, © and (1 — @) ©~ !, of ¢ — FD-RP (E21) whenever g = 0.2.

n ) I b)) ) (1-62)01
q=0.2
1 —0.3484 1.8556 1.2867  3.0646 0.3351
2 —0.2661 1.8449 1.2697  3.0220 0.3377
3 —0.2512 1.8428 1.2663 3.0137 0.3382
4 —0.2483 1.8424 1.2657 3.0120 0.3383
5 —0.2477 1.8423 1.2655 3.0117 0.3384
6 —0.2476  1.8423 1.2655 3.0116 0.3384
7 —0.2476  1.8423 1.2655 3.0116 0.3384
1 1 1
Y= r ) T, (T, e-B)T,
¢(U+1) (2—a)ly(9) (2—8)T (V)

1 1 1

+ +
L% +1) - (¥) ne-Hn (%)
—0.248293, ¢ = 0.2,

~ { 0.1835834, ¢ =0.5,
0.0837188, ¢ = 0.87,
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Table 2: Numerical results of ¢, II, ¥, © and (1 — §®) ©~ !, of ¢ — FD-RP (621) whenever q = 0.5.

n o I > e (1-6d)e!
q=0.5
1 0.0991  0.8800 0.5559 1.1934 0.8316
2 0.1593  0.8694 0.5147 1.1384 0.8677
3 0.1768  0.8658 0.4969 1.1166 0.8834
4 0.1836 0.8643 0.4886  1.1069 0.8907
5 0.1866  0.8636 0.4846 1.1023 0.8942
6 0.1880  0.8633 0.4826 1.1001 0.8959
7 0.1887  0.8632 0.4817  1.0990 0.8967
8 0.1890 0.8631 0.4812 1.0984 0.8972
9 0.1892  0.8631 0.4809  1.0981 0.8974
10 0.1892  0.8630 0.4808 1.0980 0.8975
11 0.1893  0.8630 0.4807  1.0979 0.8975
12 0.1893  0.8630 0.4807 1.0979 0.8976
13 0.1893  0.8630 0.4807 1.0979 0.8976
14 0.1893  0.8630 0.4807 1.0979 0.8976
1 wm
Hi —
Lon4+p+9+1) Tg(p+9+1)Ti(n+1)
1 w(™
+ )
Fg@+D)lem+p+1) Ty@+1)l(p+1)T(n+1)
2
1 (6
2, In2 | e In2 e 2
Fq(5+3+2—+1> Fq<7+%+1)rq(§+1)
+ Ve 2, In2
e n
I (2_@+1)Fq(§+T+1)
2
(¢ (5)
+ Ve 71 2 2 ’
€ n
L (3 +1) T (B + )T 3+ 1)
1.842326, ¢ = 0.2,
~ ¢ 0.863329, ¢ =0.5,

0.147619, ¢q = 0.87,
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and

Table 3: Numerical results of ¢, II, ¥, © and (1 — §®) ©~!, of ¢ — FD-RP (61) whenever ¢ = 0.87.

n o I > o (1-¢a)0!
q=0.87

1 0.0389 0.1336 0.1601 0.1733 5.7517

2 0.0761 0.1359 0.1331 0.1634 6.0843

3 0.0830 0.1391 0.1175 0.1605 6.1889

4 0.0837 0.1423 0.1073 0.1601 6.2043

5 0.0828 0.1451 0.1001  0.1607 6.1839
31 0.0709 0.1635 0.0725 0.1717 5.7924
32 0.0708 0.1635 0.0724 0.1717 5.7908
33 0.0708 0.1636 0.0723 0.1718 5.7894
34 0.0707 0.1636 0.0723 0.1718 5.7882
35 0.0707 0.1637 0.0723 0.1719 5.7871
55 0.0706  0.1639 0.0720 0.1721 5.7805
56 0.0706  0.1639 0.0720 0.1721 5.7804
57 0.0706  0.1639 0.0720 0.1721 5.7804
58 0.0706 0.1639 0.0720 0.1721 5.7803
59 0.0706  0.1639 0.0720 0.1721 5.7803
60 0.0706  0.1639 0.0720 0.1721 5.7803
61 0.0706 0.1639 0.0720 0.1721 5.7802
62 0.0706  0.1639 0.0720 0.1721 5.7802
63 0.0706  0.1639 0.0720 0.1721 5.7802
64 0.0706  0.1640 0.0720 0.1721 5.7802
65 0.0706  0.1640 0.0720 0.1721 5.7801
66 0.0706  0.1640 0.0720 0.1721 5.7801
67 0.0705 0.1640 0.0720 0.1721 5.7801

Ve
2e q
+ Ve 2, In2
e n
Dy (Y +1)Ty (34132 +1)

_|_

@)(%)

7

L (1)1, (52 )1, (4 1)

1.2655036, ¢q = 0.2,
q = 0.5,
0.0947624, q = 0.87,

0.4826411,

> >
e =II+ +
L,2—a) T,2-5)
b)) by
=1+ -
Le(2-3) T,(2-3)

Aaq + das + as ~ 0.015905

2.095123, ¢ =0.2,
0.889252, ¢ = 0.5,
0.152063, ¢ = 0.87,

19
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0.486366, ¢ = 0.2,
<{ 1108352, q=0.5,
6.058737, ¢ = 0.87,

~(1-6d)0~ "

Thus Inequality (BR) in Theorem B2 hold. Tables M, & and B show the numerical results of
¢, I, ¥, © and (1 —09)O~L, for ¢ = 0.2,0.5,0.87. We can see graphical representation of
¢i, I1;, ¥; and ©; of ¢ — FD-RIP (B) for three cases of ¢ = 0.2, 0.5, 0.87 ¢ in Figure 0. Also,
Figure B show values of (1 — ;) @;1, for ¢ = 0.2, 0.5, 0.87. In the other hand, once can see

q=0.2
4=05
q=087|

9=0.2 12
¢=05
& 01 =087 SN

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

(a) ©; (b) II;

14 T T T T T T T T T 35

1 1 25
=02

02 | |
=05
1=0.5 0,87

08 a087| 2 L 1

0

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
n n

(c) i (d) ©;

Figure 1: Graphical representation of ¢;, IT;, 3; and ©; of ¢ — FD-RP (&) for ¢ = 0.2, 0.5, 0.87.

that
sin(s(7))
Vi =su ,0,0)| =sup | —————| =0,
' Teg |S0 (7_ )| Teg 21(67—2 + 2) ‘
h(e™ +2
Vy =sup|¢ (7,0,0)] = sup M’ =11.198,
TEQ TEQ 5)
In(e™ + 2 1
V3 =sup|¢(7,0)| = sup u‘ = 0.4060,
TEQ T7€QN 27T
sinh 7 + 2
V4 =su VN =sup|——| =1
! —reg |p( )l Teg 1+4e7 ‘
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T —=0.2
9 4 g=0.5
& q=0.87
S

I 3F
=

O 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

n

Figure 2: Graphical representation of (1 — 0®;) ©; !, for ¢ = 0.2, 0.5, 0.87.

Hence V = maxV; ~ 11.198. So, by Theorem B3, ¢ — FD-RP (5) has a unique solution on
[0,1] and by Theorem B=3 is H-US with

17.1739d, ¢=0.2,
It —sl|, <{ 81707d, ¢=0.5, d>0.
7.3773d, q =087,

S

If we take m(7) = 72, then we obtain

2+lr12+TJ§

LT T ()] < 0787197 = &um(7).

Hence, the condition (E8) is satisfied with m(7) = 7% and &n = 0.78719. Tables @ and B
show H-US and H-U-RS for ¢ = 0.2,0.5,0.87. We can see graphical representation of these
results of ¢ — FD-RP (6) for three cases of ¢ = 0.2, 0.5, 0.87 ¢ in Figures B and @. It follows
from Theorem B4, ¢ — FD-RP (&) is H-U-RS with

1.0207dr%, ¢ =02,
It —slly <{ 1.0331dr%, ¢=0.5, d>0,7€l0,1].
1.0083d7%, q=0.87,
Algorithm B shows the MATLAD lines to calculate values of all variables in Example 1.

6 Conclusion

The g—FD-RP has been investigated in this work in details. The investigation of this particular
equation provides us with a powerful tool in modeling most scientific phenomena without the
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24 T T T T T I I I I
d
\ t— <_
‘ It = sl L,n+p+9)[1—(© (Aa1+6a2+a3)+9q’)]_

20 b

18 b

—=0.2
g=0.5

12r q=0.87| T

101 1

6 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

n

Figure 3: Graphical representation of H-US for ¢ = 0.2, 0.5, 0.87.

Table 4: Numerical results of H-US inequality (B53) for ¢ — FD-RP (61) for ¢ = 0.2, 0.5, 0.87.

n q=0.2 q=0.5 q=0.87
1 22.9611 11.3750 23.3089
2 18.0161 9.2300 13.1796
3 17.3337 8.6264 10.9944
4 17.2056 8.3839 9.9860
5 17.1803 8.2741 9.3848
6 17.1752 8.2216 8.9780
7 17.1742 8.1960 8.6820
8 17.1740 8.1833 8.4565
14 17.1739 8.1709 7.7781
15 17.1739 8.1708 7.7214
16 17.1739 8.1707 7.6734
17 17.1739 8.1707 7.6325
18 17.1739 8.1707 7.5975
69 17.1739 8.1707 7.3774
70 17.1739 8.1707 7.3774
71 17.1739 8.1707 7.3774
72 17.1739 8.1707 7.3774
73 17.1739 8.1707 7.3773
74 17.1739 8.1707 7.3773
75 17.1739 8.1707 7.3773

need to remove most parameters which have an essential role in the physical interpretation
of the studied phenomena. ¢ — FD-RP () has been studied under some B.Cs. An example
has been provided to support our results’ validity and applicability in fields of physics and
engineering.
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Figure 4: Graphical representation of H-U-RS for ¢ = 0.2, 0.5, 0.87.

Table 5: Numerical results of H-U-RS inequality (B53) for ¢ — FD-RP (&) for ¢ = 0.2, 0.5, 0.87.

1.035

1.03

1.025

1.02

1.015

1.01

1.005

Declarations

—=0.2
q=0.5
q=0.87

5711
d
[© (Aay + das + a3) + 69] "

()

t— <
It = slly < =

2 4 6 8 10 12 14 16 18
n

n q=0.2 q=0.5 q=0.87
1 1.0224 1.0273 1.0058
2 1.0284 1.0313 1.0085
3 1.0295 1.0324 1.0090
4 1.0297 1.0328 1.0091
5 1.0297 1.0329 1.0090
6 1.0297 1.0330 1.0089
7 1.0297 1.0331 1.0088
8 1.0297 1.0331 1.0087
16 1.0297 1.0331 1.0084
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20 1.0297 1.0331 1.0083
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Supplement

Algorithm 1: MATLAB function for calculation g—gamma function.

1 function p = gGamma (g, kappa,n)

2 s=1;

3 for k=0:n

4 s=s*x (1-g~ (k+1))/(1-9q~ (x+k-1));
5 end;

6 P = sx(l-q)  (1-x);

7 end

Algorithm 2: MATLAB function for calculation the fractional g—integral of the Riemann-Liouville type.

function g=Ig.sigma (g, sigma, tau,n, fun)
p=0;
for k=0:n
s=1;
for i=0:n
s=s*(1-gq” (sigma+i-1))*x(1-g~ (k+i)) ...
/(1= (1+1))*(1-q" (sigma+k+i-1)));
end
p=p+sxqg kxeval (subs (fun, tauxq’"k));
end;
g=round (p* (tau”"sigma)* (1-q) “sigma, 6) ;
end
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Algorithm 3: MATLAB lines for calculation all variables in Example 1.

clear;
format long;
syms v e;
ag=[0.2 0.5 0.87];

[xg ygl=size(q);

k=120;

eta=2/3; mu=log(2)/3; vartheta=sqrt (exp(l))/ (2xsgrt (exp(1l)));
lambda=cos (sqrt (exp (1)) )/ (50%sqgrt (pi));

a=log(2)/ (55%xexp(1)); theta =1/13;

alpha=1/2; beta=3/4;

a_1=1/(43*%xlog(sqrt (5)/5)+2);

a_2=1/(37*«((exp(l)) "3+ pi/3));

a_3=1/63;

omega=6/7;

Lambda_l=sqrt (5)/12;
Lambda_2=sqgrt (pi) /5;
Lambda_3=1og(3)/5;
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18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

t_0

= 0;

T =1;

nabla=11.198;
column=1;
for s=1l:yqg

end;

for

end;

n=1:k

paramsmatrix(n, column)=n;
Gl=gGamma (g (s) ,vartheta+l,n);
G2=gGamma (g (s),vartheta,n);
G3=gGamma (g (s) , 2—-alpha,n) ;
G4=gGamma (g (s) , 2-beta, n) ;
paramsmatrix(n, column+l)=G1l;
paramsmatrix(n, column+2)=G2;
paramsmatrix(n, column+3)
paramsmatrix(n, column+4)=G4;
Phi=1/G1+1/ (G2*xG3)+1/ (G2%G4) ;
paramsmatrix(n, column+5)=Phi;
G5=gGamma (g (s) , etatmu+vartheta+l,n);

G6=gGamma (g (s) ,mut+vartheta+l,n);
G7=gGamma (g (s) ,eta+1l,n);
G8=gGamma (g (s) ,eta+tmu+l,n);
G9=gGamma (g (s) ,mu+l,n);
paramsmatrix(n, column+6)=G5;
paramsmatrix (n, column+7)=G6;
paramsmatrix (n, column+8)=G7;

( )

paramsmatrix(n, column+9)=G8;

paramsmatrix (n, column+10)=G9;
Pi=1/G5+omega“eta/ (G6xG7)+1/ (G1*G8) +omega“eta/ (G1xG9*xG7) ;
paramsmatrix(n, column+11)=Pi;
Hl=braketg(g(s),mutvartheta);

H2=braketqg(g(s),vartheta);

Gl0=gGamma (g (s) ,eta+tmu+vartheta,n);

paramsmatrix(n, column+12)=H1;

paramsmatrix(n, column+13)=H2;

paramsmatrix (n, column+14)=G10;

(
(
(
(
(

27

Sigma=1/G1l0+Hl*omega”eta/ (G6*G7)+H2/ (G1*G8) +H2%xomega “eta/ (G1xG9xG7) ;

paramsmatrix(n, column+15)=Sigma;
Theta=Pi+Sigma/G3 + Sigma/G4;
paramsmatrix(n, column+16)=Theta;
paramsmatrix (n,column+17)=lambda*xa_l+a*xa_2+a_3;
paramsmatrix (n, column+18)=(l-theta*Phi) /Theta;
paramsmatrix (n, column+19)=1/(G10x* (Theta

¥ (lambdaxa_l+axa_2+a_3) + thetaxPhi));
paramsmatrix (n,column+20)=1/(1- (Theta

¥ (lambdaxa_l+a*xa_2+a_3) + thetaxPhi));

column=column +21;




	Introduction
	Preliminaries regarding q-fractional calculus
	Existence of solutions for q-FD-RP
	Ulam-Hyers stability of q-FD-RP
	Example with algorithms
	Conclusion

