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Abstract

In this current paper, by using q−fractional calculus, we study the Duffing-Rayleigh
type problem with sequential fractional q−derivative of the Caputo type. We investigate
the existence and uniqueness of solutions by applying some classical fixed pointtheorems.
Also we define and study the Ulam-Hyers and the Ulam-Hyers-Rassias stabilities of
solutions for our problem. An example is presented to illustrate the main results.

(2010) Mathematics Subject Classifications: 26A33, 39B72, 34C45.
Keywords: Fractional q−calculus; Uniqueness; Existence; Duffing-Rayleigh equation; Ulam-
Hyers stability.

1 Introduction

The study of nonlinear differential equations involving q−calculus has gained intensive interest
in the last years, these types of equations have several applications in diverse fields and thus
have evolved into multidisciplinary subjects, see for instance [7, 8, 16]. Also nonlinear differ-
ential equations with fractional q−calculus have been investigated by several scholars, see for
example [9, 13, 20, 22, 23, 29] and the references cited therein. Recently, many scientific re-
searchers, have studied the uniqueness, existence and Hyers-Ulam stability (H-US) of solutions
for some differential equations with fractional quantum calculus, see the papers [10, 18, 25].
Considerable attention has been given to the study of the existence and uniqueness of solu-
tions of sequential q−differential equations, see the research works [1–3, 15, 16].

So, in this current paper, we study the existence and US of solutions for sequential
q−fractional Duffing-Rayleigh problem (q − FD-RP). The Duffing-Rayleigh problem (D-RP)
has played a very important role and has many applications in applied sciences, for more
details, see [6, 11, 14, 26]. The fractional version of the D-RP is given by

D2z +
(

λ1 + λ2
(

D1z
)2
)

D1z + ξDηs (τ) + f (s) = φ (τ) ,
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where λi, i = 1, 2 denote coefficients of linear and nonlinear dampings, Dη is the fractional
derivative of order η,

f (s) = w2
0s+ ks3,

is the unequivocally nonlinear function representing restoring force, with w0 being the fre-
quency of degenerate linear system and k the concentrated of nonlinearity; φ (τ) is Gaussian
white noise with intensity 2D [19].

Nonlinear D-R oscillators involving the fractional calculus have recently been studied by
several scholars [5, 12, 17, 21, 30]. Xiao et al. have used the collocation method to study the
Rayleigh oscillator with a small fractional damping problem

D2s (τ)− ϵ
[

1− (Dηs (τ))2
]

Dηs (τ) + s (τ) = 0, 0 < ϵ ≤ 1,

under conditions s (0) = b1, D
1s (0) = b2, where 0 < η < 1 and Dη is the Caputo fractional

derivative [28]. Also Zhang et al. in [30], studied the fractional Caputo modified D-R oscillator
given by Dηs (τ) = u, 0 < η ≤ 1, and

Dηu (τ) = c1s− c2s
3 + ϵ

[

υu (1− |u|) + ψ cos (κτ)
]

, τ ∈ Ω := [0, T ] ,

where υ, ci, i = 1, 2 are respectively, nonlinear damping, linear and nonlinear restoring pa-
rameters, ψ and κ are respectively, amplitude and frequency of the external force and ϵ is a
small nonnegative constant. Recently in [24], Selvam et al. discussed the H-US of solutions
for discrete forced FD-RE described by

Dηs (τ) + γs (τ + η) + ζ (s (τ + η))3 + φ (τ + η) , τ ∈ Ω ∩ N2−η,

with s (0) = b1, D
1s (0) = b2, where D

η (1 < η ≤ 2) is the Caputo derivative of order η, γ and
ζ are used to control the stiffness, φ : Q → R is the driving force with bi ∈ R+, i = 1, 2.

In this current paper, we discuss the existence, uniqueness and US of solutions for sequen-
tial q − FD-RP, (0 < q < 1) given by















































Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

s (τ) = p (τ)− ϕ (τ, s (τ))

−λφ
(

τ, s (τ) , Dα
q s (τ)

)

−δψ
(

τ, s (τ) , Dβ
q s (τ)

)

, τ ∈ Ω := [0, 1] ,

s (0) = Λ1,
(

Dϑ
q + θ

)

s (1) = Λ2,

Dµ
q

((

Dϑ
q + θ

))

s (ω) = Λ3, Λi ∈ R, i = 1, 2, 3,

(1.1)

where θ, λ, δ ∈ R+, 0 < ω < 1, 0 < η, µ, ϑ < 1, α < ϑ, β < ϑ and Dκ
q ,κ ∈ {η, µ, ϑ, α, β} is

the Caputo fractional q−derivative of order κ, p : Ω → R, ϕ : Ω×R → R and φ, ψ : Ω×R2 → R

are given continuous functions.
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In Section 2, we recall some essential definition of fractional quantum calculus. Section 3
contains our main results in this work, while an example is presented to support the validity
of our obtained results. stability results are extensively discussed in Section 4. An illustrative
example with some needed algorithms for the problem are given in Section 5. Finally, in
Section 6, conclusion are presented.

2 Preliminaries regarding q−fractional calculus

The operator Dκ
q is the fractional q−derivative of the Caputo type of order κ is given by

Dκ
q [s (τ)] = I [κ]−κ

q

[

D[κ]
q [s (τ)]

]

, κ > 0,

and D0
q [s (τ)] = s (τ), where [κ] is the smallest integer greater than or equal to κ. The

fractional q−integral of the Riemann-Liouville type [4, 18], defined by

Iκq [s (τ)] =
1

Γq (κ)

∫ τ

0

(τ − qr)(κ−1)
s (r) dqr, κ > 0,

and I0q [s (τ)] = s (τ), where the q−gamma function is defined by

Γq (κ) = (1− q)(κ−1) (1− q)1−κ , 0 < q < 1,

and satisfies Γq (κ + 1) = [κ]qΓq (κ) , such that [κ]q = (1− qκ)(1− q)−1,

(1− q)(n) =

{

1, n = 0,

(1− q)(n) =
∏n−1

l=0

(

1− ql+1
)

, n ∈ N.

Algorithm 1 shows MATLAB function to obtain q−gamma function. By using Algorithm 2,
we can calculate this type q−integral. We recall the the following lemmas [4, 18].

Lemma 2.1. Let κ, σ ≥ 0 and s be a function defined in Ω. Then

Iκq
[

Iσq [s (τ)]
]

= Iκ+σq [s (τ)] &Dκ
q I

κ
q [s (τ)] = s (τ) .

Lemma 2.2. Let κ ∈ R+\N. Then, the following equality is valid

Iκq
[

Dκ
q [s (τ)]

]

= s (ι)−
n−1
∑

m=0

τm

Γq (m+ 1)
Dm
q s (0) ,

such that n is the smallest integer greater than or equal to κ.

Lemma 2.3. For κ ∈ R+ and σ > −1, we have

Iκq
[

τ (σ)
]

=
Γq (σ + 1)

Γq (κ + σ + 1)
τ (κ+σ).

If σ = 0, we can obtain Iκq [1] = 1
Γq(κ+1)

τ (κ).
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Lemma 2.4. [27] Assume that W is a completely continuous self operator on a Banach
space F and the set

{

s ∈ F : s = ϱW (s) , 0 < ϱ < 1
}

,

is bounded. Then, there exists s◦ ∈ W such that W (s◦) = s◦.

In order to study the problem (1.1), we need the following space

E =
{

s : s, Dα
q s&Dβ

q s ∈ C (Ω,R)
}

,

endowed with the norm

∥s∥E = ∥s∥+
∥

∥Dα
q s
∥

∥+
∥

∥Dβ
q s
∥

∥ = sup
τ∈Ω

|s (τ)|+ sup
τ∈Ω

∣

∣Dα
q s (τ)

∣

∣+ sup
τ∈Ω

∣

∣Dβ
q s (τ)

∣

∣ .

Then it is well known that (E, ∥.∥E) is a Banach space.

3 Existence of solutions for q − FD-RP

In this part, we demonstrate the existence and uniqueness of solution of problem (1.1).

Lemma 3.1. Suppose that l ∈ C (Ω,R). Then the q−fractional problem


















Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

s (τ) = l (τ) , τ ∈ Ω,

s (0) = Λ1,
(

Dϑ
q + θ

)

s (1) = Λ2,

Dµ
q

((

Dϑ
q + θ

))

s (ω) = Λ3, Λi ∈ R, i = 1, 3,

(3.1)

where 0 < η, µ, ϑ ≤ 1, θ > 0, 0 < ω < 1, admits the following solution

s (τ) =

τ
∫

0

(τ − qξ)(η+µ+ϑ−1)

Γq (η + µ+ ϑ)
l (ξ) dqξ (3.2)

−
τ
∫

0

θ (τ − qξ)(ϑ−1)

Γq (ϑ)
l (ξ) dqξ

−
ω
∫

0

τµ+ϑ (ω − qξ)(η−1)
l (ξ)

Γq (µ+ ϑ+ 1) Γq (η)
dqξ

−
1
∫

0

τϑ (1− qξ)(η+µ−1)

Γq (ϑ+ 1) Γq (η + µ)
l (ξ) dqξ

+

ω
∫

0

τϑ (ω − qξ)(η−1)

Γq (ϑ+ 1)Γq (µ+ 1)Γq (η)
l (ξ) dqξ

+
Λ3

Γq (µ+ ϑ+ 1)
τµ+ϑ +

Γq (µ+ 1)Λ2 − Λ3

Γq (ϑ+ 1) Γq (µ+ 1)
τϑ + Λ1,
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Proof. Applying Lemma 2.2, we can write

Dµ
q

(

Dϑ
q + θ

)

s (τ) = Iηq [l (τ)] + e0, e0 ∈ R. (3.3)

Now, using the operator Iµq , we get

(

Dϑ
q + θ

)

s (τ) = Iη+µq [l (τ)] + e0I
µ
q [1] + e1, ei ∈ R, i = 0, 1. (3.4)

It follows that

s (τ) = Iη+µ+ϑq [l (τ)]− θIϑq [s (τ)] + e0I
µ+ϑ
q [1] + e1I

ϑ
q [1] + e2, (3.5)

where ei ∈ R, (i = 0, 1, 2). By using the boundary conditions, we get

e0 = Λ3 − Iηq [l (ω)] ,

e1 = Λ2 − Iµ+ϑq [l (1)]− Λ3

Γq (µ+ 1)
+

1

Γq (µ+ 1)
Iηq [l (ω)] ,

e2 = Λ1.

Hence, we obtain (3.2).

Using Lemma 3.1, we define an operator W : E → E as follows

Ws (τ) (3.6)

=

τ
∫

0

(τ − qξ)(η+µ+ϑ−1)

Γq (η + µ+ ϑ)

(

p (ξ)− ϕ∗
s (ξ)− λφ∗

s (ξ)− δψ∗
s (ξ)

)

dqξ

−
τ
∫

0

θ (τ − qξ)(ϑ−1)

Γq (ϑ)
s (r) dqξ

−
ω
∫

0

τµ+ϑ (ω − qξ)(η−1)

Γq (µ+ ϑ+ 1) Γq (η)
(p (ξ)− ϕ∗

s (r)− λφ∗
s (ξ)− δψ∗

s (ξ)) dqξ

−
1
∫

0

τϑ (1− qξ)(η+µ−1)

Γq (ϑ+ 1) Γq (η + µ)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (r)) dqξ

+

ω
∫

0

τϑ (ω − qξ)(η−1)

Γq (ϑ+ 1)Γq (µ+ 1) Γq (η)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (ξ)) dqξ

+
Λ3τ

µ+ϑ

Γq (µ+ ϑ+ 1)
+

Γq (µ+ 1)Λ2 − Λ3τ
ϑ

Γq (µ+ 1)Γq (ϑ+ 1)
+ Λ1.

Also, we have

Dν
q (Ws) (τ) =

∫ τ

0

(τ − qξ)(−ν)

Γq (1− ν)
(DqWs) (ξ) dqξ, ν = α, β, (3.7)
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where

Dq (Ws) (τ)

=

τ
∫

0

(τ − qξ)(η+µ+ϑ−2)

Γq (η + µ+ ϑ− 1)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (ξ)) dqξ

−
τ
∫

0

θ (τ − qξ)(ϑ−2)

Γq (ϑ− 1)
s (ξ) dqξ

−
ω
∫

0

(ω − qξ)(η−1) [µ+ ϑ]q τ
µ+ϑ−1

Γq (η) Γq (µ+ ϑ+ 1)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (ξ)) dqξ

−
1
∫

0

[ϑ]q τ
ϑ−1 (1− qξ)(η+µ−1)

Γq (ϑ+ 1)Γq (η + µ)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (r)) dqξ

+

ω
∫

0

[ϑ]q τ
ϑ−1 (ω − qξ)(η−1)

Γq (ϑ+ 1)Γq (µ+ 1) Γq (η)
(p (ξ)− ϕ∗

s (ξ)− λφ∗
s (ξ)− δψ∗

s (ξ)) dqξ

+
Λ3 [µ+ ϑ]q τ

µ+ϑ−1

Γq (µ+ ϑ+ 1)
+

(Γq (µ+ 1)Λ2 − Λ3) [ϑ]q τ
ϑ−1

Γq (ϑ+ 1) Γq (µ+ 1)
.

Before stating and proving the main results, we impose the following hypotheses.

(H1) : The functions φ and ψ are continuous over Ω×R2, ϕ is continuous over Ω×R and p is
continuous over Ω.

(H2) : There exists constant aj > 0, j = 1, 2, 3 such that for all τ ∈ Ω and si, ti ∈ R, (i = 1, 2),
we have

|φ (τ, s1, s2)− φ (τ, t1, t2)| ≤ a1 (|s1 − t1|+ |s2 − t2|) ,
|ψ (τ, s1, s2)− ψ (τ, t1, t2)| ≤ a2 (|s1 − t1|+ |s2 − t2|) ,

and |ϕ (τ, s1)− ψ (τ, t1)| ≤ a3 |s1 − t1| .

(H3) : There exist a constants ∆i > 0, i = 1, 2, 3, 4 such that for all τ ∈ Ω and s, t ∈ R, we
have

|φ (τ, s, t)| ≤ ∆1, |ψ (τ, s, t)| ≤ ∆2, |ϕ (τ, s)| ≤ ∆3,

and |p (τ)| ≤ ∆4.

Theorem 3.2. Assume that (H1) and (H2) hold and that

λa1 + δa2 + a3 < (1− θΦ)Θ−1, (3.8)

where

Φ :=
1

Γq (ϑ+ 1)
+

1

Γq (2− α) Γq (ϑ)
+

1

Γq (2− β) Γq (ϑ)
, (3.9)

Θ := Π +
Σ

Γq (2− α)
+

Σ

Γq (2− β)
,
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and

Π :=
1

Γq (η + µ+ ϑ+ 1)
+

ω(η)

Γq (µ+ ϑ+ 1) Γq (η + 1)
(3.10)

+
1

Γq (ϑ+ 1)Γq (η + µ+ 1)
+

ω(η)

Γq (ϑ+ 1) Γq (µ+ 1) Γq (η + 1)
,

Σ :=
1

Γq (η + µ+ ϑ)
+

[µ+ ϑ]q ω
(η)

Γq (µ+ ϑ+ 1) Γq (η + 1)

+
[ϑ]q

Γq (ϑ+ 1)Γq (η + µ+ 1)
+

[ϑ]q ω
(η)

Γq (ϑ+ 1) Γq (µ+ 1) Γq (η + 1)
.

Then, the q − FD-RP (1.1) has a unique solution.

Proof. Let us define

ρ ≥ Θ(λ+ δ + 2)∇+Θ∗

1− [Θ (λa1 + δa2 + a3) + θΦ]
, (3.11)

here

Θ∗ := Π∗ +
Σ∗

Γq (2− α)
+

Σ∗

Γq (2− β)
, (3.12)

Π∗ :=
|Λ3|

Γq (µ+ ϑ+ 1)
+

Γq (µ+ 1) |Λ2|+ |Λ3|
Γq (ϑ+ 1)Γq (µ+ 1)

+ |Λ1| ,

Σ∗ :=
|Λ3| [µ+ ϑ]q
Γq (µ+ ϑ+ 1)

+
(Γq (µ+ 1) |Λ2|+ |Λ3|) [ϑ]q

Γq (ϑ+ 1) Γq (µ+ 1)
.

and ∇ = max {∇i, i = 1, 2, 3, 4} , here ∇i are given by

∇1 = sup
τ∈Ω

|φ (τ, 0, 0)| , ∇2 = sup
τ∈Ω

|ψ (τ, 0, 0)| , ∇3 = sup
τ∈Ω

|ϕ (τ, 0)| ,

and ∇4 = supτ∈Ω |p (τ)| . Then we show that WBρ ⊂ Bρ, where

Bρ =
{

s ∈ E : ∥s∥E ≤ ρ
}

.

Thanks to (H2) , we get

|φ∗,α
t (τ)| =

∣

∣φ
(

τ, s (τ) , Dα
q s (τ)

)∣

∣ (3.13)

≤
∣

∣φ
(

τ, s (τ) , Dα
q s (τ)

)

− φ (τ, 0, 0)
∣

∣+ |φ (τ, 0, 0)|
≤ a1

(

∥s∥+
∥

∥Dα
q s
∥

∥

)

+∇1

≤ a1 ∥s∥E +∇1

≤ a1ρ+∇1,

∣

∣ψ∗,β
s (τ)

∣

∣ =
∣

∣ψ
(

τ, s (τ) , Dβ
q s (τ)

)∣

∣

≤
∣

∣ψ
(

τ, s (τ) , Dβ
q s (τ)

)

− ψ (τ, 0, 0)
∣

∣+ |ψ (τ, 0, 0)|
≤ a2

(

∥s∥+
∥

∥Dβ
q s
∥

∥

)

+∇2

≤ a2 ∥s∥E +∇2

≤ a2ρ+∇2,
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and

|ϕ∗
s (τ)| = |ϕ (τ, s)| (3.14)

≤ |ϕ (τ, s)− ϕ (τ, 0)|+ |ϕ (τ, 0)|
≤ a3 ∥s∥+∇3

≤ a3 ∥s∥E +∇3

≤ a3ρ+∇3.

Then, thanks to (3.13) and (3.14), we can write

∥W (s)∥ ≤
[

(λa1 + δa2 + a3) ρ+ (λ+ δ + 2)∇
]

×
(

1

Γq (η + µ+ ϑ+ 1)
+

ω(η)

Γq (η + µ+ 1)Γq (η + 1)

+
1

Γq (ϑ+ 1)Γq (η + µ+ 1)

+
ω(η)

Γq (ϑ+ 1)Γq (µ+ 1) Γq (η + 1)

)

+
θ

Γq (ϑ+ 1)
+

|Λ3|
Γq (µ+ ϑ+ 1)

+
Γq (µ+ 1) |Λ2|+ |Λ3|
Γq (ϑ+ 1) Γq (µ+ 1)

+ |Λ1|

=

[

Π(λa1 + δa2 + a3) +
θ

Γq (ϑ+ 1)

]

ρ

+Π(λ+ δ + 2)∇+Π∗.

Also, one can observe that

∥DqW (s)∥ ≤
[

(λa1 + δa2 + a3) ρ+ (λ+ δ + 2)∇
]

×
(

1

Γq (η + µ+ ϑ)
+

[µ+ ϑ]q ω
(η)

Γq (µ+ ϑ+ 1) Γq (η + 1)

+
[ϑ]q

Γq (ϑ+ 1)Γq (η + µ+ 1)

+
[ϑ]q ω

(η)

Γq (ϑ+ 1)Γq (µ+ 1) Γq (η + 1)

)

+
θρ

Γq (ϑ)
+

|Λ3| [µ+ ϑ]q
Γq (µ+ ϑ+ 1)

+
(Γq (µ+ 1) |Λ2|+ |Λ3|) [ϑ]q

Γq (ϑ+ 1) Γq (µ+ 1)

=

(

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

)

ρ

+ Σ (λ+ δ + 2)∇+ Σ∗.
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Using (3.7), we can write

∥

∥Dα
qW (s)

∥

∥ ≤ 1

Γq (2− α)

[(

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

)

ρ

+ Σ (λ+ δ + 2)∇+ Σ∗

]

,

and

∥

∥Dβ
qW (s)

∥

∥ ≤ 1

Γq (2− β)

[(

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

)

ρ

+ Σ(λ+ δ + 2)∇+ Σ∗

]

.

In consequence, we get

∥W (s)∥W = ∥W (s)∥+
∥

∥Dβ
qW (s)

∥

∥+
∥

∥Dβ
qW (s)

∥

∥

≤
[(

Π+
Σ

Γq (2− α)
+

Σ

Γq (2− β)

)

(λa1 + δa2 + a3) + θΦ

]

ρ

+

(

Π+
Σ

Γq (2− α)
+

Σ

Γq (2− β)

)

(λ+ δ + 2)∇

+

(

Π∗ +
Σ∗

Γq (2− α)
+

Σ∗

Γq (2− β)

)

= [Θ (λa1 + δa2 + a3) + θΦ] ρ+Θ(λ+ δ + 2)∇+Θ∗ ≤ ρ,

which means that WBρ ⊂ Bρ. For s, t ∈ Bρ and by (H2), we have

|Ws (τ)−Wt (τ) |

=

τ
∫

0

(τ − qξ)(η+µ+ϑ−1)

Γq (η + µ+ ϑ)

(

|ϕ∗
s (ξ)− ϕ∗

t (ξ)|

+ λ |φ∗
s (ξ)− φ∗

s (ξ)|+ |δψ∗
s (ξ)− δψ∗

t (ξ)| dqξ
)

+

τ
∫

0

θ (τ − qξ)(ϑ−1)

Γq (ϑ)
|s (ξ)− t (ξ)| dqξ

+

ω
∫

0

τµ+ϑ (ω − qξ)(η−1)

Γq (µ+ ϑ+ 1) Γq (η)

(

|ϕ∗
s (ξ)− ϕ∗

t (ξ)|

+ λ |φ∗
s (ξ)− φ∗

s (ξ)|+ |δψ∗
s (ξ)− δψ∗

t (ξ)|
)

dqξ

+

1
∫

0

τϑ (1− qξ)(η+µ−1)

Γq (ϑ+ 1) Γq (η + µ)

(

|ϕ∗
s (ξ)− ϕ∗

t (ξ)|

+ λ |φ∗
s (ξ)− φ∗

s (ξ)|+ |δψ∗
s (ξ)− δψ∗

t (ξ)|
)

dqξ
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+

ω
∫

0

τϑ (ω − qξ)(η−1)

Γq (ϑ+ 1) Γq (µ+ 1)Γq (η)

(

|ϕ∗
s (ξ)− ϕ∗

t (ξ)|

+ λ |φ∗
s (ξ)− φ∗

s (ξ)|+ |δψ∗
s (ξ)− δψ∗

t (ξ)|
)

dqξ.

So, we obtain

∥W (s)−W (t)∥ ≤
[

Π(λa1 + δa2 + a3) +
θ

Γq (ϑ+ 1)

]

∥s− t∥E .

On the other hand, we have

∥DqW (s)−DqW (t)∥ ≤
[

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

]

∥s− t∥E .

By (3.7), we get

∥Dα
qW (s)−Dα

qW (t) ∥

≤ 1

Γq (2− α)

[

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

]

∥s− t∥E ,

∥Dβ
qW (s)−Dβ

qW (t) ∥

≤ 1

Γq (2− β)

[

Σ (λa1 + δa2 + a3) +
θ

Γq (ϑ)

]

∥s− t∥E .

Consequently, we obtain

∥W (s)−W (t)∥E ≤
[

Θ(λa1 + δa2 + a3) + θΦ
]

∥s− t∥E .

By the Banach fixed point theorem, W has a fixed point which is a solution of (1.1).

Now, we prove the existence of solutions for the q − FD-RP (1.1) by applying lemma 2.4.

Theorem 3.3. Assume that conditions (Hi)i=1,3 hold. If θ < Φ−1, where Φ is given by (3.7),
then the q − FD-RP (1.1) has at least one solution.

Proof. The operator W is continuous in view of the continuity of functions p, ϕ, φ and ψ,

Hypothesis (H1) . Now, we demonstrate that the operatorW is completely continuous. Firstly,
we prove that W maps bounded sets of B into bounded sets of B. Let us put

Bε =
{

s ∈ E : ∥s∥E ≤ ε, ε > 0
}

.
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Then for all s ∈ Bε and thanks to (H3) and (3.7), we can write

∥W (s)∥ ≤
(

1

Γq (η + µ+ ϑ+ 1)
+

ω(η)

Γq (µ+ ϑ+ 1) Γq (η + 1)

+
1

Γq (ϑ+ 1) Γq (η + µ+ 1)
+

ω(η)

Γq (ϑ+ 1) Γq (µ+ 1)Γq (η + 1)

)

×
(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ

Γq (ϑ+ 1)
+

|Λ3|
Γq (µ+ ϑ+ 1)

+
Γq (µ+ 1) |Λ2|+ |Λ3|
Γq (ϑ+ 1)Γq (µ+ 1)

+ |Λ1|

= Π

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ

Γq (ϑ+ 1)
+ Π∗.

On the other hand, for any s ∈ Bε, we get

∥DqW (s)∥ ≤ Σ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ

Γq (ϑ)
+ Σ∗.

Thanks to (3.7), we have

∥

∥Dα
qW (s)

∥

∥ ≤ 1

Γq (2− α)

[

Σ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ

Γq (ϑ)
+ Σ∗

]

,

∥

∥Dβ
qW (s)

∥

∥ ≤ 1

Γq (2− β)

[

Σ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ

Γq (ϑ)
+ Σ∗

]

.

From the above inequalities, it follows that the operator W is uniformly bounded. Next, we
prove that W is equicontinuous. Let s ∈ Bε and τ1, τ2 ∈ Ω, with τ2 < τ1. Then by (H3) , we
have

|Ws (τ1) −Ws (τ2)|

≤
(

[

(τ1 − τ2)
η+µ+ϑ +

∣

∣

∣
τ
η+µ+ϑ
1 − τ

η+µ+ϑ
2

∣

∣

∣

]

Γq (η + µ+ ϑ+ 1)

+
ω(η)

∣

∣

∣
τ
µ+ϑ
2 − τ

µ+ϑ
1

∣

∣

∣

Γq (µ+ ϑ+ 1)Γq (η + 1)
+

∣

∣τϑ2 − τϑ1
∣

∣

Γq (ϑ+ 1)Γq (η + µ+ 1)

+
ω(η)

∣

∣τϑ1 − τϑ2
∣

∣

Γq (ϑ+ 1)Γq (µ+ 1)Γq (η + 1)

)(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ
[

(τ2 − τ1)
ϑ +

∣

∣τϑ2 − τϑ1
∣

∣

]

Γq (ϑ+ 1)
+

|Λ3|
∣

∣

∣τ
µ+ϑ
1 − τ

µ+ϑ
2

∣

∣

∣

Γq (µ+ ϑ+ 1)

+
(Γq (µ+ 1) |Λ2|+ |Λ3|)

∣

∣τϑ1 − τϑ2
∣

∣

Γq (ϑ+ 1) Γq (µ+ 1)
.
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On the other hand, we have

|DqWs (τ1) −DqWs (τ2)|

≤
(

[

(τ1 − τ2)
η+µ+ϑ−1 +

∣

∣

∣
τ
η+µ+ϑ−1
1 − τ

η+µ+ϑ−1
2

∣

∣

∣

]

Γq (η + µ+ ϑ)

+
ω(η) [µ+ ϑ]q

∣

∣

∣
τ
µ+ϑ−1
2 − τ

µ+ϑ−1
1

∣

∣

∣

Γq (µ+ ϑ+ 1)Γq (η + 1)
+

[ϑ]q
∣

∣τϑ−1
2 − τϑ−1

1

∣

∣

Γq (ϑ+ 1) Γq (η + µ+ 1)

+
ω(η) [ϑ]q

∣

∣τϑ−1
1 − τϑ−1

2

∣

∣

Γq (ϑ+ 1)Γq (µ+ 1) Γq (η + 1)

)(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
εθ
[

(τ2 − τ1)
ϑ−1 +

∣

∣τϑ−1
2 − τϑ−1

1

∣

∣

]

Γq (ϑ)

+
|Λ3| [µ+ ϑ]q

∣

∣

∣τ
µ+ϑ−1
1 − τ

µ+ϑ−1
2

∣

∣

∣

Γq (µ+ ϑ+ 1)

+
(Γq (µ+ 1) |Λ2|+ |Λ3|) [ϑ]q

∣

∣τϑ−1
1 − τϑ−1

2

∣

∣

Γq (ϑ+ 1)Γq (µ+ 1)
.

By (3.7), we have

∣

∣Dα
qWs (τ1)−Dα

qWs (τ2)
∣

∣ ≤ 1

Γq (2− α)
|DqWs (τ1)−DqWs (τ2)| ,

∣

∣Dβ
qWs (τ1)−Dβ

qWs (τ2)
∣

∣ ≤ 1

Γq (2− β)
|DqWs (τ1)−DqWs (τ2)| .

Thanks to the above inequalities, we can state that ∥Ws (τ1)−Ws (τ2)∥E → 0 as τ1 → τ2. By
the Arzelà-Ascoli theorem, we conclude that W is a completely continuous operator. Finally,
it will be proved that the set Ψ, given by

Ψ =
{

s ∈ E : s = ςW (s) , 0 < ς < 1
}

,

is bounded. Let s ∈ Ψ, then s = ςW (s) for some 0 < ς < 1. Thus for any τ ∈ Ω, we can write

s (τ) = ςW (s) .

Then by (H3) , we get

∥s∥ ≤ ςΠ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
ςθ ∥s∥E

Γq (ϑ+ 1)
+ ςΠ∗.

On the other hand,

∥Dqs∥ ≤ ςΣ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
ςθ ∥s∥E
Γq (ϑ)

+ ςΣ∗.
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Using (3.7), we can obtain

∥

∥Dα
q s
∥

∥ ≤ 1

Γq (2− α)

[

ςΣ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
ςθ ∥s∥E
Γq (ϑ)

+ ςΣ∗

]

,

∥

∥Dβ
q s
∥

∥ ≤ 1

Γq (2− β)

[

ςΣ

(

λ∆1 + δ∆2 +
4
∑

i=3

∆i

)

+
ςθ ∥s∥E
Γq (ϑ)

+ ςΣ∗

]

.

It follows from above inequalities, that

∥s∥E ≤ Θ
(

λ∆1 + δ∆2 +
∑4

i=3 ∆i

)

+Π∗ +Θ∗

1− θΦ
< +∞,

where Θ,Θ∗,Π∗ and Φ are given by (3.10) and (3.12). This shows that the set Ψ is bounded.
Thanks to Lemma 2.4, we deduce that W has at least one fixed point, which is a solution of
q − FD-RP (1.1).

4 Ulam-Hyers stability of q− FD-RP

In this part, the Ulam-stability type of the q − FD-RP (1.1) will be discussed.

Definition 4.1. The q − FD-RP in (1.1) is stable

• in H-U sense if there exists a real number Dϕ∗,ψ∗,φ∗,p > 0 such that for each d > 0 and
for each solution t of the inequality

∣

∣Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

t (τ) −
[

p (τ)− ϕ∗
t (τ)− λφ

∗,α
t (τ)− δψ

∗,β
t (τ)

]∣

∣

∣
≤ d, (4.1)

∀ τ ∈ Ω, there exists a solution s of the q − FD-RP (1.1) with

∥t− s∥E ≤ Dϕ∗,ψ∗,φ∗,pd,

• in Ulam-Hyers-Rassias sense with respect to m ∈ C (Ω,R+) if there exists a real number
Dϕ∗,ψ∗,φ∗,p > 0 such that for each d > 0 and for each solution t of the inequality

∣

∣

∣

∣

Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

t (τ)−
[

p (τ)− ϕ∗
t (τ)− λφ

∗,α
t (τ)− δψ

∗,β
t (τ)

]

∣

∣

∣

∣

(4.2)

≤ dm (τ) ,

∀; τ ∈ Ω, there exists a solution s of the q − FD-RP (1.1) with

∥t− s∥E ≤ Dϕ∗,ψ∗,φ∗,pdm (τ) .

Remark 4.2. A function t ∈ E is a solution of the inequality (4.1) iff there exists a function
h : Ω → R (which depend on t) such that

|h (τ)| ≤ d, ∀ τ ∈ Ω,

and

Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

t (τ)−
[

p (τ)− ϕ∗
t (τ)− λφ

∗,α
t (τ)− δψ

∗,β
t (τ)

]

+ h (τ) , τ ∈ Ω.
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Theorem 4.3. If conditions (Hi)i=1,2 and (3.8) are valid. Then, the q−FD-RP (1.1) is stable
in H-U sense.

Proof. Let us denote by s ∈ E the unique solution of the problem






















Dη
q

(

Dµ
q

(

Dϑ
q + θ

))

s (τ) = k (τ)− ϕ∗
s (τ)− λφ∗,α

s (τ)− δψ∗,β
s (τ) ,

t (0) = s (0) ,
(

Dϑ
q + θ

)

t (1) =
(

Dϑ
q + θ

)

s (1) ,
Dµ
q

((

Dϑ
q + θ

))

t (ω) = Dµ
q

((

Dϑ
q + θ

))

s (ω) ,

(4.3)

such that t ∈ E is a solution of the inequality (4.1). Thanks to Remark 4.2, we can write

t (τ) = Iη+µ+ϑq [lt (τ)]− θIϑq [t (τ)] + e
′

0I
µ+ϑ
q [1]

+ e
′

1I
ϑ
q [1] + e

′

2 + Iη+µ+ϑq [h (τ)] , e
′

i ∈ R, (i = 0, 1, 2),

where
lt (τ) = p (τ)− ϕ∗

t (τ)− λφ
∗,α
t (τ)− δψ

∗,β
t (τ) ,

and |h (τ)| ≤ d, τ ∈ Ω. By Lemma 3.1 and Remark 4.2, we have

|t (τ)−Wt (τ)| =
∣

∣Iη+µ+ϑq [h (τ)]
∣

∣ ≤ dIη+µ+ϑq [1] .

Using Lemma 2.3, we obtaint

∥t−W (t)∥E ≤ d

Γq (η + µ+ ϑ)
. (4.4)

On the other hand, we have

|t (τ)− s (τ)| =
∣

∣

∣t (τ)− Iη+µ+ϑq [ls (τ)]− θIϑq [s (τ)] + e0I
µ+ϑ
q [1]

+ e1I
ϑ
q [1] + e2

∣

∣

∣

= |t (τ)−Wt (τ) +Wt (τ)−Ws (τ)|
≤ |t (τ)−Wt (τ)|+ |Wt (τ)−Ws (τ)| .

Thanks to (4.4) and (H2) , we can write

∥t− s∥E ≤ d

Γq (η + µ+ ϑ)
+ [Θ (λa1 + δa2 + a3) + θΦ] ∥s− t∥E .

Then

∥t− s∥E ≤ d

Γq (η + µ+ ϑ) [1− (Θ (λa1 + δa2 + a3) + θΦ)]
, (4.5)

if we put

Dϕ∗,ψ∗,φ∗,p :=
1

Γq (η + µ+ ϑ) [1− (Θ (λa1 + δa2 + a3) + θΦ)]
,

then
∥t− s∥E ≤ Dϕ∗,ψ∗,φ∗,pd.

Hence, the q − FD-RP (1.1) is stable in H-U sense.
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Theorem 4.4. If conditions (Hi)i=1,2 and (3.8) are valid. Suppose there exist m ∈ C (Ω,R+)
is nondecreasing and ξm > 0 such that

Iη+µ+ϑq [m(τ)] ≤ ξmm(τ). (4.6)

Then the q − FD-RP (1.1) is stable in H-U-R sense.

Proof. From Remark 4.2, we have

t (τ) = Iη+µ+ϑq [lt (τ)]− θIϑq [t (τ)] + e
′

0I
µ+ϑ
q [1] + e

′

1I
ϑ
q [1]

+ e
′

2 + Iη+µ+ϑq [h (τ)] ,

where |h (τ)| ≤ dm (τ) , τ ∈ Ω and t ∈ E is a solution of the inequality (4.2). Let us denote
by s ∈ E the unique solution of (4.3), then using Lemma 3.1, we get‘

|t (τ)−Wt (τ)| =
∣

∣Iη+µ+ϑq [h (τ)]
∣

∣ ≤ dIη+µ+ϑq [m (τ)] (4.7)

≤ dξmm (τ) .

From these relations, we have

|t (τ)− s (τ)| =
∣

∣

∣
t (τ)− Iη+µ+ϑq [ls (τ)]− θIϑq [s (τ)]

+ e0I
µ+ϑ
q [1] + e1I

ϑ
q [1] + e2

∣

∣

∣

= |t (τ)−Wt (τ) +Wt (τ)−Ws (τ)|
≤ |t (τ)−Wt (τ)|+ |Wt (τ)−Ws (τ)| .

Thanks to (H2) and by (4.7), we get

∥t− s∥E ≤ dξmm (τ) + [Θ (λa1 + δa2 + a3) + θΦ] ∥s− t∥E .

Then, we have

∥t− s∥E ≤ ξm

1− [Θ (λa1 + δa2 + a3) + θΦ]
dm (τ) , τ ∈ Ω. (4.8)

If we take

Dϕ∗,ψ∗,φ∗,p :=
ξm

1− [Θ (λa1 + δa2 + a3) + θΦ]
,

we can obtain

∥t− s∥E ≤ Dϕ∗,ψ∗,φ∗,pdm (τ) , τ ∈ Ω.

Therefore, the q − FD-RP (1.1) is stable in H-U-R sense.
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5 Example with algorithms

Consider the following q − FD-RP, q ∈ {0.2, 0.5, 0.87} ⊆ (0, 1),


















































































































































D
2

3
q

(

D
ln 2

3
q

(

D

√
e

2e
q +

1

13

))

s (τ) =
sinh τ + 2

1 + eτ
− sin (s (τ))

21 (et2 + 2)

−cos (
√
e)

50
√
π





cosh (eτ + 2)

5
+

|s (τ)|
43
(

ln
(

τ +
√
5
5

)

+ 2
)

(∣

∣

1
2
+ s (τ)

∣

∣

)

+
tan−1

(

D
1

2
q s (τ)

)

43
(

ln
(

τ +
√
5
5

)

+ 2
)





− ln 2

55e

(

ln (eτ + 2) + 1

2π
+

arctan (s (τ))

37
(

eτ+3 +
π

3

)

+

∣

∣

∣
D

3

4
q s (τ)

∣

∣

∣

37
(π

3
+ eτ+3

)(∣

∣

∣
D

3

4
q s (τ)

∣

∣

∣
+ 1
)

)

,

z (0) =

√
5

12
,

(

D

√
e

2e
q +

1

13

)

s (1) =

√
π

5
,

D
ln 2

3
q

((

D

√
e

2e
q +

1

13

))

s
(

6
7

)

=
ln 3

5
,

(5.1)

and
∣

∣

∣

∣

∣

D
2

3
q

(

D
ln 2

3
q

(

D

√
e

2e
q +

1

13

))

t (τ)−
(

sinh τ + 2

1 + eτ
− ϕ∗

s (τ)

− cos (
√
e)

50
√
π
φ∗,α
s (τ)− ln 2

55e
ψ∗,β
s (τ)

)∣

∣

∣

∣

≤ d,
∣

∣

∣

∣

D
2

3
q

(

D
ln 2

3
q

(

D

√
e

2e
q +

1

13

))

t (τ)−
(

sinh τ + 2

1 + eτ
− ϕ∗

s (τ)

− cos (
√
e)

50
√
π
φ∗,α
s (τ)− ln 2

55e
ψ∗,β
s (τ)

)∣

∣

∣

∣

≤ dm (τ) ,

where

φ∗,α
s (τ) =

cosh (eτ + 2)

5
+

|s (τ)|
43
(

ln
(

τ +
√
5
5

)

+ 2
)

(∣

∣

1
2
+ s (τ)

∣

∣

)

+
tan−1

(

D
1

2
q s (τ)

)

43
(

ln
(

τ +
√
5
5

)

+ 2
) ,
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ψ∗,β
s (τ) =

ln (eτ + 2) + 1

2π
+

arctan (s (τ))

37
(

eτ+3 +
π

3

)

+

∣

∣

∣
D

3

4
q s (τ)

∣

∣

∣

37
(π

3
+ eτ+3

)(∣

∣

∣
D

3

4
q s (τ)

∣

∣

∣
+ 1
) ,

ϕ∗
s (τ) =

sin (s (τ))

21 (et2 + 2)
.

We have

λ =
cos (

√
e)

50
√
π
, δ =

ln 2

55e
, θ =

1

13
,

a1 =
1

43
(

ln
√
5
5
+ 2
) , a2 =

1

37
(

e3 +
π

3

) , a3 =
1

63
,

[ϑ]q =







0.690983, q = 0.2,
0.585786, q = 0.5,
0.517401, q = 0.87,

[µ+ ϑ]q =







0.864585, q = 0.2,
0.795069, q = 0.5,
0.744589, q = 0.87,

(5.2)

λa1 + δa2 + a3 =

√
5

12
× 1

43
(

ln
√
5
5
+ 2
) +

ln 2

55e
× 1

37
(

e3 +
π

3

) +
1

63

≃ 0.015905,

and by (3.9), (3.10), (3.12) and using the given data, we find that

Table 1: Numerical results of φ, Π, Σ, Θ and (1− θΦ)Θ−1, of q − FD-RP (5.1) whenever q = 0.2.

n Φ Π Σ Θ (1− θΦ)Θ−1

q = 0.2q = 0.2q = 0.2

1 −0.3484 1.8556 1.2867 3.0646 0.3351
2 −0.2661 1.8449 1.2697 3.0220 0.3377
3 −0.2512 1.8428 1.2663 3.0137 0.3382
4 −0.2483 1.8424 1.2657 3.0120 0.3383
5 −0.2477 1.8423 1.2655 3.0117 0.3384
6 −0.2476 1.8423 1.2655 3.0116 0.3384
7 −0.2476 1.8423 1.2655 3.0116 0.3384

Φi =
1

Γq (ϑ+ 1)
+

1

Γq (2− α) Γq (ϑ)
+

1

Γq (2− β) Γq (ϑ)

=
1

Γq

(√
e

2e
+ 1
) +

1

Γq
(

2− 1
2

)

Γq

(√
e

2e

) +
1

Γq
(

2− 3
4

)

Γq

(√
e

2e

)

≃







−0.248293, q = 0.2,
0.1835834, q = 0.5,
0.0837188, q = 0.87,
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Table 2: Numerical results of φ, Π, Σ, Θ and (1− θΦ)Θ−1, of q − FD-RP (5.1) whenever q = 0.5.

n Φ Π Σ Θ (1− θΦ)Θ−1

q = 0.5q = 0.5q = 0.5

1 0.0991 0.8800 0.5559 1.1934 0.8316
2 0.1593 0.8694 0.5147 1.1384 0.8677
3 0.1768 0.8658 0.4969 1.1166 0.8834
4 0.1836 0.8643 0.4886 1.1069 0.8907
5 0.1866 0.8636 0.4846 1.1023 0.8942
6 0.1880 0.8633 0.4826 1.1001 0.8959
7 0.1887 0.8632 0.4817 1.0990 0.8967
8 0.1890 0.8631 0.4812 1.0984 0.8972
9 0.1892 0.8631 0.4809 1.0981 0.8974

10 0.1892 0.8630 0.4808 1.0980 0.8975
11 0.1893 0.8630 0.4807 1.0979 0.8975
12 0.1893 0.8630 0.4807 1.0979 0.8976
13 0.1893 0.8630 0.4807 1.0979 0.8976
14 0.1893 0.8630 0.4807 1.0979 0.8976

Πi =
1

Γq (η + µ+ ϑ+ 1)
+

ω(η)

Γq (µ+ ϑ+ 1)Γq (η + 1)

+
1

Γq (ϑ+ 1)Γq (η + µ+ 1)
+

ω(η)

Γq (ϑ+ 1)Γq (µ+ 1)Γq (η + 1)
,

=
1

Γq

(

2
3
+ ln 2

3
+

√
e

2e
+ 1
) +

(

6
7

)( 2

3)

Γq

(

ln 2
3

+
√
e

2e
+ 1
)

Γq
(

2
3
+ 1
)

+
1

Γq

(√
e

2e
+ 1
)

Γq
(

2
3
+ ln 2

3
+ 1
)

+

(

6
7

)( 2

3)

Γq

(√
e

2e
+ 1
)

Γq
(

ln 2
3

+ 1
)

Γq
(

2
3
+ 1
)

,

≃







1.842326, q = 0.2,
0.863329, q = 0.5,
0.147619, q = 0.87,

Σi =
1

Γq (η + µ+ ϑ)
+

[µ+ ϑ]q ω
(η)

Γq (µ+ ϑ+ 1)Γq (η + 1)

+
[ϑ]q

Γq (ϑ+ 1)Γq (η + µ+ 1)

+
[ϑ]q ω

(η)

Γq (ϑ+ 1)Γq (µ+ 1)Γq (η + 1)

=
1

Γq

(

2
3
+ ln 2

3
+

√
e

2e

) +

[

ln 2
3

+
√
e

2e

]

q

(

6
7

)( 2

3)

Γq

(

ln 2
3

+
√
e

2e
+ 1
)

Γq
(

2
3
+ 1
)
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Table 3: Numerical results of φ, Π, Σ, Θ and (1− θΦ)Θ−1, of q − FD-RP (5.1) whenever q = 0.87.

n Φ Π Σ Θ (1− θΦ)Θ−1

q = 0.87q = 0.87q = 0.87

1 0.0389 0.1336 0.1601 0.1733 5.7517
2 0.0761 0.1359 0.1331 0.1634 6.0843
3 0.0830 0.1391 0.1175 0.1605 6.1889
4 0.0837 0.1423 0.1073 0.1601 6.2043
5 0.0828 0.1451 0.1001 0.1607 6.1839
.
..

.

..
.
..

.

..
.
..

.

..
31 0.0709 0.1635 0.0725 0.1717 5.7924
32 0.0708 0.1635 0.0724 0.1717 5.7908
33 0.0708 0.1636 0.0723 0.1718 5.7894
34 0.0707 0.1636 0.0723 0.1718 5.7882
35 0.0707 0.1637 0.0723 0.1719 5.7871
..
.

..

.
..
.

..

.
..
.

..

.
55 0.0706 0.1639 0.0720 0.1721 5.7805
56 0.0706 0.1639 0.0720 0.1721 5.7804
57 0.0706 0.1639 0.0720 0.1721 5.7804
58 0.0706 0.1639 0.0720 0.1721 5.7803
59 0.0706 0.1639 0.0720 0.1721 5.7803
60 0.0706 0.1639 0.0720 0.1721 5.7803
61 0.0706 0.1639 0.0720 0.1721 5.7802
62 0.0706 0.1639 0.0720 0.1721 5.7802
63 0.0706 0.1639 0.0720 0.1721 5.7802
64 0.0706 0.1640 0.0720 0.1721 5.7802
65 0.0706 0.1640 0.0720 0.1721 5.7801
66 0.0706 0.1640 0.0720 0.1721 5.7801
67 0.0705 0.1640 0.0720 0.1721 5.7801

+

[√
e

2e

]

q

Γq

(√
e

2e
+ 1
)

Γq
(

2
3
+ ln 2

3
+ 1
)

+

[√
e

2e

]

q

(

6
7

)( 2

3)

Γq

(√
e

2e
+ 1
)

Γq
(

ln 2
3

+ 1
)

Γq
(

2
3
+ 1
)

≃







1.2655036, q = 0.2,
0.4826411, q = 0.5,
0.0947624, q = 0.87,

Θ = Π+
Σ

Γq (2− α)
+

Σ

Γq (2− β)

= Π +
Σ

Γq
(

2− 1
2

) +
Σ

Γq
(

2− 3
4

) ≃







2.095123, q = 0.2,
0.889252, q = 0.5,
0.152063, q = 0.87,

and

λa1 + δa2 + a3 ≃ 0.015905
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<







0.486366, q = 0.2,
1.108352, q = 0.5,
6.058737, q = 0.87,

≃ (1− θΦ)Θ−1.

Thus Inequality (3.8) in Theorem 3.2 hold. Tables 1, 2 and 3 show the numerical results of
ϕ, Π, Σ, Θ and (1− θΦ)Θ−1, for q = 0.2, 0.5, 0.87. We can see graphical representation of
ϕi, Πi, Σi and Θi of q − FD-RP (5.1) for three cases of q = 0.2, 0.5, 0.87 q in Figure 1. Also,
Figure 2 show values of (1− θΦi)Θ

−1
i , for q = 0.2, 0.5, 0.87. In the other hand, once can see

n

0 2 4 6 8 10 12 14 16 18 20

Φ
i

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

q=0.2
q=0.5
q=0.87

(a) Φi

n

0 2 4 6 8 10 12 14 16 18 20

Π
i

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

q=0.2
q=0.5
q=0.87

(b) Πi

n

0 2 4 6 8 10 12 14 16 18 20

Σ
i

0

0.2

0.4

0.6

0.8

1

1.2

1.4

q=0.2
q=0.5
q=0.87

(c) Σi

n

0 2 4 6 8 10 12 14 16 18 20

Θ
i

0

0.5

1

1.5

2

2.5

3

3.5

q=0.2
q=0.5
q=0.87

(d) Θi

Figure 1: Graphical representation of φi, Πi, Σi and Θi of q − FD-RP (5.1) for q = 0.2, 0.5, 0.87.

that

∇1 = sup
τ∈Ω

|φ (τ, 0, 0)| = sup
τ∈Ω

∣

∣

∣

∣

sin(s(τ))

21(eτ2 + 2)

∣

∣

∣

∣

= 0,

∇2 = sup
τ∈Ω

|ψ (τ, 0, 0)| = sup
τ∈Ω

∣

∣

∣

∣

cosh(eτ + 2)

5

∣

∣

∣

∣

= 11.198,

∇3 = sup
τ∈Ω

|ϕ (τ, 0)| = sup
τ∈Ω

∣

∣

∣

∣

ln(eτ + 2) + 1

2π

∣

∣

∣

∣

= 0.4060,

∇4 = sup
τ∈Ω

|p (τ)| = sup
τ∈Ω

∣

∣

∣

∣

sinh τ + 2

1 + eτ

∣

∣

∣

∣

= 1.
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n

0 2 4 6 8 10 12 14 16 18 20

(1
−
θ
Φ

i
)
Θ

−
1

i

0

1

2

3

4

5

6

7

q=0.2
q=0.5
q=0.87

Figure 2: Graphical representation of (1− θΦi)Θ
−1

i
, for q = 0.2, 0.5, 0.87.

Hence ∇ = max∇i ≃ 11.198. So, by Theorem 3.2, q − FD-RP (5.1) has a unique solution on
[0, 1] and by Theorem 4.3 is H-US with

∥t− s∥E ≤







17.1739 d, q = 0.2,
8.1707 d, q = 0.5,
7.3773 d, q = 0.87,

d > 0.

If we take m(τ) = τ
√

2

2 , then we obtain

I
2

3
+ ln 2

3
+

√
e

2e
q [m(τ)] ≤ 0.78719τ

√
2

2 = ξmm(τ).

Hence, the condition (4.6) is satisfied with m(τ) = τ
√

2

2 and ξm = 0.78719. Tables 4 and 5
show H-US and H-U-RS for q = 0.2, 0.5, 0.87. We can see graphical representation of these
results of q− FD-RP (5.1) for three cases of q = 0.2, 0.5, 0.87 q in Figures 3 and 4. It follows
from Theorem 4.4, q − FD-RP (5.1) is H-U-RS with

∥t− s∥E ≤











1.0297 dτ
√
2

2 , q = 0.2,

1.0331 dτ
√
2

2 , q = 0.5,

1.0083 dτ
√
2

2 , q = 0.87,

d > 0, τ ∈ [0, 1] .

Algorithm 3 shows the MATLAb lines to calculate values of all variables in Example 1.

6 Conclusion

The q−FD-RP has been investigated in this work in details. The investigation of this particular
equation provides us with a powerful tool in modeling most scientific phenomena without the
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n
0 2 4 6 8 10 12 14 16 18 20

6

8

10

12

14

16

18

20

22

24
‖t− s‖E ≤

d

Γq (η + µ+ ϑ) [1− (Θ (λa1 + δa2 + a3) + θΦ)]

q=0.2
q=0.5
q=0.87

Figure 3: Graphical representation of H-US for q = 0.2, 0.5, 0.87.

Table 4: Numerical results of H-US inequality (4.5) for q − FD-RP (5.1) for q = 0.2, 0.5, 0.87.

n q = 0.2q = 0.2q = 0.2 q = 0.5q = 0.5q = 0.5 q = 0.87q = 0.87q = 0.87

1 22.9611 11.3750 23.3089
2 18.0161 9.2300 13.1796
3 17.3337 8.6264 10.9944
4 17.2056 8.3839 9.9860
5 17.1803 8.2741 9.3848
6 17.1752 8.2216 8.9780
7 17.1742 8.1960 8.6820
8 17.1740 8.1833 8.4565
..
.

..

.
..
.

..

.
14 17.1739 8.1709 7.7781
15 17.1739 8.1708 7.7214
16 17.1739 8.1707 7.6734
17 17.1739 8.1707 7.6325
18 17.1739 8.1707 7.5975
.
..

.

..
.
..

.

..
69 17.1739 8.1707 7.3774
70 17.1739 8.1707 7.3774
71 17.1739 8.1707 7.3774
72 17.1739 8.1707 7.3774
73 17.1739 8.1707 7.3773
74 17.1739 8.1707 7.3773
75 17.1739 8.1707 7.3773

need to remove most parameters which have an essential role in the physical interpretation
of the studied phenomena. q − FD-RP (1.1) has been studied under some B.Cs. An example
has been provided to support our results’ validity and applicability in fields of physics and
engineering.
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n

0 2 4 6 8 10 12 14 16 18 20
1.005

1.01

1.015

1.02

1.025

1.03

1.035

‖t− s‖
E
≤

ξm

1− [Θ (λa1 + δa2 + a3) + θΦ]
dm (τ)

q=0.2
q=0.5
q=0.87

Figure 4: Graphical representation of H-U-RS for q = 0.2, 0.5, 0.87.

Table 5: Numerical results of H-U-RS inequality (4.5) for q − FD-RP (5.1) for q = 0.2, 0.5, 0.87.

n q = 0.2q = 0.2q = 0.2 q = 0.5q = 0.5q = 0.5 q = 0.87q = 0.87q = 0.87

1 1.0224 1.0273 1.0058
2 1.0284 1.0313 1.0085
3 1.0295 1.0324 1.0090
4 1.0297 1.0328 1.0091
5 1.0297 1.0329 1.0090
6 1.0297 1.0330 1.0089
7 1.0297 1.0331 1.0088
8 1.0297 1.0331 1.0087
.
.
.

.

.

.
.
.
.

.

.

.
16 1.0297 1.0331 1.0084
17 1.0297 1.0331 1.0084
18 1.0297 1.0331 1.0083
19 1.0297 1.0331 1.0083
20 1.0297 1.0331 1.0083
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Supplement

Algorithm 1: MATLAB function for calculation q−gamma function.

1 function p = qGamma(q,kappa,n)

2 s=1;

3 for k=0:n

4 s=s∗(1-qˆ(k+1))/(1-qˆ(x+k-1));
5 end;

6 p = s∗(1-q)ˆ(1-x);
7 end

Algorithm 2: MATLAB function for calculation the fractional q−integral of the Riemann-Liouville type.

1 function g=Iq sigma(q,sigma,tau,n,fun)

2 p=0;

3 for k=0:n

4 s=1;

5 for i=0:n

6 s=s∗(1-qˆ(sigma+i-1))∗(1-qˆ(k+i))...
7 /((1-qˆ(i+1))∗(1-qˆ(sigma+k+i-1)));
8 end

9 p=p+s∗qˆk∗eval(subs(fun,tau∗qˆk));
10 end;

11 g=round(p∗(tauˆsigma)∗(1-q)ˆsigma,6);
12 end

Algorithm 3: MATLAB lines for calculation all variables in Example 1.

1 clear;

2 format long;

3 syms v e;

4 q=[0.2 0.5 0.87];

5 [xq yq]=size(q);

6 k=120;

7 eta=2/3; mu=log(2)/3; vartheta=sqrt(exp(1))/(2∗sqrt(exp(1)));
8 lambda=cos(sqrt(exp(1)))/(50∗sqrt(pi));
9 ∆=log(2)/(55∗exp(1)); theta =1/13;

10 alpha=1/2; beta=3/4;

11 a 1=1/(43∗log(sqrt(5)/5)+2);
12 a 2=1/(37∗((exp(1))ˆ3+ pi/3));

13 a 3=1/63;

14 omega=6/7;

15 Lambda 1=sqrt(5)/12;

16 Lambda 2=sqrt(pi)/5;

17 Lambda 3=log(3)/5;
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18

19 t 0 = 0; T = 1;

20 nabla=11.198;

21 column=1;

22 for s=1:yq

23 for n=1:k

24 paramsmatrix(n, column)=n;

25 G1=qGamma(q(s),vartheta+1,n);

26 G2=qGamma(q(s),vartheta,n);

27 G3=qGamma(q(s),2-alpha,n);

28 G4=qGamma(q(s),2-beta,n);

29 paramsmatrix(n, column+1)=G1;

30 paramsmatrix(n, column+2)=G2;

31 paramsmatrix(n, column+3)=G3;

32 paramsmatrix(n, column+4)=G4;

33 Phi=1/G1+1/(G2∗G3)+1/(G2∗G4);
34 paramsmatrix(n, column+5)=Phi;

35 G5=qGamma(q(s),eta+mu+vartheta+1,n);

36 G6=qGamma(q(s),mu+vartheta+1,n);

37 G7=qGamma(q(s),eta+1,n);

38 G8=qGamma(q(s),eta+mu+1,n);

39 G9=qGamma(q(s),mu+1,n);

40 paramsmatrix(n, column+6)=G5;

41 paramsmatrix(n, column+7)=G6;

42 paramsmatrix(n, column+8)=G7;

43 paramsmatrix(n, column+9)=G8;

44 paramsmatrix(n, column+10)=G9;

45 Pi=1/G5+omegaˆeta/(G6∗G7)+1/(G1∗G8)+omegaˆeta/(G1∗G9∗G7);
46 paramsmatrix(n, column+11)=Pi;

47 H1=braketq(q(s),mu+vartheta);

48 H2=braketq(q(s),vartheta);

49 G10=qGamma(q(s),eta+mu+vartheta,n);

50 paramsmatrix(n, column+12)=H1;

51 paramsmatrix(n, column+13)=H2;

52 paramsmatrix(n, column+14)=G10;

53 Sigma=1/G10+H1∗omegaˆeta/(G6∗G7)+H2/(G1∗G8)+H2∗omegaˆeta/(G1∗G9∗G7);
54 paramsmatrix(n, column+15)=Sigma;

55 Theta=Pi+Sigma/G3 + Sigma/G4;

56 paramsmatrix(n, column+16)=Theta;

57 paramsmatrix(n,column+17)=lambda∗a 1+∆∗a 2+a 3;

58 paramsmatrix(n,column+18)=(1-theta∗Phi)/Theta;
59 paramsmatrix(n,column+19)=1/(G10∗(Theta ...

60 ∗(lambda∗a 1+∆∗a 2+a 3) + theta∗Phi));
61 paramsmatrix(n,column+20)=1/(1- (Theta ...

62 ∗(lambda∗a 1+∆∗a 2+a 3) + theta∗Phi));
63 end;

64 column=column +21;

65 end;
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