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ABSTRACT

Accretion disks around super-massive black holes (SMBH) not only power active galactic nuclei (AGNs) but also host single

and binary embedded stellar-mass black holes (EBHs). The merger of these EBHs provides a promising mechanism for the

excitation of some gravitational wave events observed by LIGO-Virgo. In addition to their mass and mass-ratio distribution, their

hitherto enigmatic small spin-parameters (χeff) carry important clues and stringent constraints on their formation channels and

evolutionary pathways. Here we show that, after each coalescence, the typical rapid spin of the merged EBHs is suppressed

by their subsequent accretion of gas from a turbulent environment, due to its ability to randomize the flow’s spin orientation with

respect to that of the EBHs on an eddy-turnover timescale. This theory provides supporting evidence for the prolificacy of EBH

mergers and suggests that their mass growth is dominated by gas accretion rather than their coalescence in AGN disks. In

addition to their contributions to the mass and χeff distribution observed by LIGO-Virgo, EBHs’ gas accretion also provides

auxiliary powers to the heating of the global disk in AGNs.

Direct observation of the center of our milky way1–4, as well as abundant tidal disruption event samples5–7 suggest that stellar

clusters commonly exist around super-massive black holes (SMBHs)8. In active galactic nuclei (AGNs), the cluster stars

may be captured into circularized orbits on the SMBH accretion disk midplane through resonance coupling and gas drag

during disk passage9–11. Embedded stars may also form in situ from gravitational instability12–16 and migrate throughout

AGN disks. Due to the rapid accretion of disk material, they evolve quickly to become massive stars17 and then undergo

supernova or gravitational collapse, leaving behind not only ejecta that might account for metallicity abundances in AGNs18, 19,

but also embedded stellar mass black holes (EBHs). Binary stellar-mass black holes (BBHs) may form and harden through

the accumulation of stand-alone EBHs at migration traps, as well as their single-single dynamical encounters, and potentially

produce gravitational waves (GW) that contribute to some LIGO-Virgo events20–24. In particular, BBH mergers in an AGN

disk may shock-heat the surrounding accretion flow and generate optical/UV flares, an electromagnetic counterpart that could

differentiate them from other merger channels25.

The coalescence of two comparable-mass EBHs generally leads to a merged product with a combined mass M★ and large

spin angular momentum J★
26. In a laminar global AGN disk, EBHs with circularized orbits around the SMBH can gain spin

angular momentum between merger events through gas accretion from their local circum-stellar disks (CSDs), and quickly

become aligned with each other (prograde to the disk rotation). The coalescence of such EBHs also favors high-spin merger

events. However, the projection of the mass-weighted spin-angular-momentum of individual EBHs in the BBHs’ orbital

angular momentum direction (χeff), inferred from the observed GW events, prefers low values27. This distribution suggests

low natal EBH spins or random directions between the binary orbital angular momentum and the EBHs’ individual spins28.

While dynamical encounters between BBHs/EBHs and other stars can tilt their orbital planes significantly away from the disk

plane23, EBHs or BBHs with non-negligible eccentricity are also surrounded by CSDs with retrograde spins29 which introduces

misalignment between spin axes of merging EBHs, as possible solutions to this paradox. En route potential paths of BBHs’

migration, evection and eviction resonances between their precession and orbital frequencies can excite eccentricity in BBHs

with nearly co-planar and highly inclined orbits whereas spin-orbit resonances can also modify BBHs’ obliquity30.

While fore-mentioned mechanisms rely on misalignment/counter-alignment between EBH populations to produce low-χeff

events, they pose no constraint on the growth of individual EBH spins. Magneto-rotational and gravitational instabilities (MRI

and GI), both common in AGN accretion disks14, excite turbulence with locally chaotic eddies13, 31. In this letter, we show that

that EBHs’ accretion from these eddies provides an alternative and novel mechanism to robustly reduce the dimensionless
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Figure 1. Left panel: Evolution of EBH spin a with sign determined with respect to CSD spin for the laminar case (fixed CSD

spin direction, black line), and turbulent case with S ≙ 104 (red line). In the turbulent case, the CSD spin changes

discontinuously every accretion episode so a shifts between positive and negative values with a trend of decaying in magnitude;

Right panel: Evolution of ∣a∣ in these cases, with an additional S ≙ 9×104 case shown in blue solid line. The green dotted line

shows analytical prediction for the initial spin-down phase, before the spin magnitude becomes comparable to S−0.5.

spin parameter a ≙ cJ★/GM2
★

of individual EBHs before they capture their binary companions. In the EBH-centric coordinates,

the inclination θ between CSD spin vector Jd and EBH spin vector J★ is frequently randomized, and the growth of EBH’s

spin occurs through a series of short and independent accretion episodes. The final characteristic magnitude of EBHs’ spin is

limited by a random walk (RW) factor on the order of aRW ∼ S
−0.5, where S(≫ 1) is the number of CSD spin-reorientation

episodes during each Eddington mass doubling timescale. Moreover, the spin axes distribution also becomes isotropic. For

typical turbulence in AGN disks, the characteristic turbulence-coherence (eddy-turnover) timescale is the local dynamical

timescale, which gives S ∼ 104 (see Methods). A final spin distribution with low magnitude and isotropic direction implies a

general low-χeff distribution in subsequent merger events.

The left panel of Figure 1 shows two exemplary individual cases of EBH spin a evolution. By convention, the sign of a

is determined relative to the local CSD flow23, 32, or explicitly, a ≙ ∣a∣sign(cosθ) ≙ ∣a∣sign(Jd ⋅J★). In a laminar AGN disk, a

steady-state CSD flow is either prograde or retrograde with respect to the absolute global disk rotation29, and EBH spin will

monotonically grow towards this preferred direction. The solid black line shows how an initially counter-aligned a ≙ −1 EBH

would grow its spin towards the CSD rotation axis, with mass increasing exponentially on the doubling timescale τM ≙ τSalη★
through Eddington-limited accretion, where τSal is the Salpeter timescale33 and η★ is the EBH accretion efficiency. In this ideal

reference case, we assume initial spin axis is counter-aligned with CSD spin, and in time θ ≙ π would discontinuously jump to

θ ≙ 0 as a crosses over to positive, since for θ ≙ π,0 there is no Lense-Thirring (LT) precession torque to change θ continuously

(see Methods). On this “fundamental track", the EBH can at most grow its mass up to 3M0 during this spin accretion process,

where M0 is the initial mass, as it reaches asymptotic limit a ≃ 1 after a timescale of τM ln(3). EBHs born with spin larger than

-1 starts somewhere middle on this same track but the final spins all converge towards 1.

The red line in left panel of Figure 1 shows evolution of a in a fiducial turbulent case with S ≙ 104. The initial magnitude

of the spin is ∣a∣ ≙ 1, but at the start of every accretion episode with constant duration τM/S ≙ τSalη★/S, the orientation of

CSD spin is randomized with respect to the current EBH spin, and we take account of LT torque in the evolution of θ during

every episode. Although a, by definition (see Methods), oscillates between positive and negative values due to the sporadic

shift of CSD spin, through plotting the evolution of ∣a∣ in the right panel of Figure 1 in logarithmic scale, we can more clearly

see a continuous change in the spin magnitude. We found in the turbulent case, the typical value of ∣a∣ first evolves as an

exponential decay due to the intrinsic asymmetry between spin-up and spin-down, but after some typical spin-down timescale

τd comparable to τM, random fluctuations around a ≙ 0 due to accretion of individual cycles dominate, and characteristic values

fluctuate around the random-walk dispersion aRW ∼ S
−0.5. We also tested with S ≙ 9×104 (right panel, blue line), in which

case the random walk factor is smaller, and a longer decay timescale τd is needed for the initial spin to decay below this factor.

The green dotted line shows analytical prediction ∣a∣ ≈ exp(−2.876t/τM), which could very well describe the initial spin-down

phase. The derivation of this prescription as well as expression τd ≈ τM lnS/5.752 are elaborated in the Appendix.

In the left panel of Figure 2 we show evolution of average dispersion ⟨a2⟩ for a population of 103 EBHs, starting from

a uniform distribution of a between -1 and 1. The root mean square of the spin converges towards an asymptotic value of
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Figure 2. Spin evolution of a population of 103 EBHs with S ≙ 104. Left panel: the root-mean-square of spin parameter,

evolving with time, shown in red solid line. The decay time (green dotted line) serves as an accurate estimate of the time where

initial
√⟨a2⟩ ≙ 1/√3 (for uniform distribution) decays to the random walk factor aRW (red dotted line), which is much larger

than the critical spin (black dotted line) required for systematic spin-up by LT torque; Right panel: The histogram of a and ∣a∣
after 3 τM, reaching a semi-steady state. The distribution of ∣a∣ can very well be approximated by half a Gaussian with standard

deviation aRW .

aRW ≈ 1.5S−0.5 (red dotted horizontal line), and it does not grow subsequently as it would have in a pure RW. This outcome

is due to the competing effect of spin down and RW. With ∣a∣ ≈ aRW , the spin down effect that reduces ∣a∣ has stricken an

equilibrium with RW diffusion that tends to expand ∣a∣. The decay time τd is shown as the green dotted line, which serves as an

estimate of the time of transition from initial spin-down-dominated phase to a RW-dominated phase on a population level, since

it reflects the slowest possible spin-down timescale of any EBH within this population. The critical spin acrit (black dotted line)

below which LT effect becomes important is a sensitive function of S (see Figure 3 and Methods). Since the characteristic

value of ∣a∣ never gets below aRW ≫ acrit , LT torque does not play a significant role in this evolution process.

In the right panel of Figure 2, we show the histogram for a and ∣a∣. Note that due to the slight asymmetry between spin

up and spin down with respect to Jd (spin down is more efficient), the PDF of a has a mean value slightly shifted towards

the positive. However by formulation, the Jd vector distribution is also isotropic, therefore the distribution of spin projection∣a∣sign(Jd ⋅z) with respect to any reference absolute vector z would essentially be a symmetrically expanded version of the

magnitude ∣a∣ distribution. We show that the ∣a∣ histogram can be approximated very well by Gaussians with dispersion 1.5S−0.5

(dashed red line).

In Figure 3 we plot
√⟨a2⟩ for different populations after 3τM with a range of S . Provided S > 100,

√⟨a2⟩ ≃ 1.5S−0.5 very

accurately. For the LT-free models (e.g. θ does not evolve during each spin-reorientation episode, see Methods for details),√⟨a2⟩ completely conforms with 1.5S−0.5 and the ∣a∣ distributions are always well-approximated by Gaussians. When the LT

torque is included, only the small-S models show deviations from Gaussian. In most other cases (with S ≳ 100), the random

walk impedes the spin down with aRW ≫ acrit such that contribution from the LT torque is negligible in the EBH context. This

random walk factor have been overlooked in previous analysis of chaotic spin accretion of SMBHs with much larger black hole

masses and smaller relevant S (see Method). We confirm that in the SMBH context, the LT torque can significantly modify the

value of
√⟨a2⟩ and the a, ∣a∣ distribution, which could significantly deviate from Gaussian (Figure 1 [Extended Data]) with a

deficit in small values34, 35.

We extrapolate the above analysis for stand-alone EBHs to the merging BBHs observed by LIGO-Virgo. If these BBHs

form with very close separation and evolve quickly towards coalescence (before the components’ spins are significantly

modified by three-body encounters and/or multiple-disk interaction), the relative contribution of each member to the merger’s

χeff generally cannot exceed the magnitude of aRW of stand-alone EBHs (see Methods, last section). In widely separated

BBHs, the individuals’ spins and the BBHs’ orbital angular momentum may still have ample time to evolve and couple as

they accret prior to merger. But, if they are surrounded by CSDs with persistent spin orientation, non-negligible quadruple

moment in the gravitational potential would induce precession in their orbits. Moreover, either BBHs’ migration through

the global disk or their orbital contraction can lead to eccentricity and inclination excitation through evection and eviction

resonances. These effects significantly reduce the magnitude and reorient the direction of BBHs’ orbital angular momentum30.

Although these resonances might otherwise be suppressed for those BBHs embedded in CSD with frequent stochastic spin
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Figure 3. Red dots: The steady-state root mean square spin value of EBH populations after 3τM of evolution, varying the

spin-reorientation number S . aRW as a function of S is shown in red dashed line and acrit in black dashed line. For large S and

acrit ≪ aRW we verify that the dispersion converges to aRW , and the ∣a∣ histograms are consistently Gaussian. when acrit ,aRW

becomes comparable, the final dispersion begins to deviate from aRW due to LT effects. Nevertheless, S ≲ 100 is highly

unrealistic for the dynamical timescale of disk turbulence and EBH masses.

re-orientation (S ≫ 1), the cumulative consequence of accretion on the individual components’ spins would be analogous to

that of the stand-alone EBHs with asymptotic
√⟨a2⟩ ∼ aRW, which sets an upper limit to χeff. An uncertainty in our model

is the assumption that that the turbulence field in the circum-SMBH is able to rapidly change the circumstellar flow over an

eddy-turnover timescale. This assumption can be quantitatively tested with follow-up numerical simulations.

During coalescence of EBHs which might contribute to some of the gravitational wave events detected by LIGO, the

EBH mass would increase monotonically with resulting ∣a∣ ∼O(1)26. Such growth may account for EBHs’ larger masses in

comparison with the BHs in Galactic binary systems, but in order to reconcile with the low-χeff found by LIGO, the coalesced

EBHs need to substantially reduce their ∣a∣ prior to succeeding coalescence with other EBHs and/or randomize their spin axes.

To achieve this, we suggest that EBHs’ accretion of GI or MRI-induced turbulent gas in the circum-SMBH disks can lead to

both mass increases and ∣a∣ decreases.

The highly uncertain EBHs’ merger timescale τmerge is determined by many effects including EBHs’ migration, mass

growth and BBHs’ orbital evolution under the influence of circum-BBH disks36–38 and external secular perturbations30. The

efficiency of these competing mechanisms are beyond the scope of this letter, but we generally conclude that EBHs’ mass

increase may be primarily due to mergers/gas accretion in the limit τmerger ≶ τM ≙ τSalη★. The latter effect of diminishing ∣a∣
is due to the ceaseless re-orientation of the relative angle between the EBHs’ spin axis and the angular momentum of the

turbulent gas accreted onto them. Considering the spin-down and RW-dominated phase of EBH spin evolution through gas

accretion, in the limit τmerge ≳ τM, the first phase takes about time τd ≙ τM lnS/5.752 ∼ τM to erase any initial spin and the

subsequent evolution is dominated by random motion, until the dispersion reaches an asymptotic value aRW ∼ S
−1/2 throughout

the AGN duration. The gas-accretion contribution would lead to the small χeff(< 0.1) reported by the LIGO detection as well

as a significant fraction of EBHs’ mass growth. In the limit τmerge ≲ τM when merger is very frequent, the first spin-down phase

can not be completed and the lowest reachable value for the characteristic spin is
√⟨a2⟩ ∼ exp∥−2.876τmerge/τM∥ before merger

resets a to O(1).
We conclude that spin-reorientation of CSDs,fed by rapidly-varying turbulent global disk reconciles efficient gas accretion of

EBHs with their low spins, and reinforces the scenario that AGN disks are fertile hosting venues for BBH mergers. Furthermore,

a low χeff distribution from observation suggests that EBHs’ mass growth is dominated by gas accretion rather than their

coalescence and the energy dissipated during this process provides intense auxiliary heating sources for the global disk.

Methods

Evolution of BH Spin Parameter

In gaseous disks around SMBHs, accretion onto the EBHs is likely constrained by the Eddington limit Ṁ★ ≙ LE/η★c2, where

the EBH luminosity reaches its Eddington luminosity L ≙ LE ≙ 1.25×1038M★/M⊙erg s−1, and η★ is the efficiency factor of
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EBH accretion. The EBH’s mass-growth timescale is

τM ≈
M★

Ṁ★
≃ η★τSal (1)

where τSal ≙M★c2/LE ≙ 4.5×108 yr is the Salpeter33 timescale. Within an order-of-magnitude, gas in the circumstellar disks

(CSDs) is accreted onto the EBHs at the innermost stable circular orbit (ISCO) ∼ Risco with specific angular momentum

j(Risco) ∼√GM★Risco, such that in a quiescent environment the spin parameter ∣a∣ evolves towards unity on a similar timescale

as τM (e.g. Figure 1, black line).

The accretion efficiency η★, which also depends on black hole mass and spin, is usually on the order of a few percent for

isolated black holes39, 40 or even lower due to the strong outflow/jet for the EBHs in AGN disks41, 42, which may provide an

important source of heating to the global disk environment. Here we neglect feedback effects and assume η★ to be a constant

such that τM can be a natural unit in our calculations, and M★(t) ≙M(t ≙ 0)exp(t/τM) is a universal mapping of how M★
evolves with time.

Generally in a turbulent medium, gas accretion occurs in randomly oriented episodes. For SMBH growth over cosmic

time, the duration of accretion episodes ∆t● may be characterised by the timescale that a total “self-gravitating-disk" mass is

accreted at the Eddington rate34, 35. Alternatively, applied to stellar-mass EBHs in an AGN disk, the episode timescale should be

comparable to local dynamical timescale ∆t★ ≃Ω
−1≪ τM , which generally reflects the eddy-turnover or auto-correlation time

for MRI and gravito-turbulence43–45. We consider the appropriate cadence limit such that the number of eddy-spin-reorientation

episodes could elapse during one accretion timescale τM is

S ≡ τM/∆t★ ≃ τMΩ

≈ 3×104 η★

0.1
( M●

108M⊙
)1/2( D

pc
)−3/2

.

(2)

Here M● is the host SMBH mass, and D is the EBH’s orbital radius around SMBH. Since the EBH’s η★ does not necessarily

equal to the SMBH’s accretion efficiency η●, there are Sη●/η★ cycles within the SMBH’s growth timescale or the AGN lifetime.

But here we consider η● ∼ η★ such that the AGN lifetime is comparable to τM of individual EBHs.

Given the ratio ∆t★/τM ≙ S
−1 as the frequency parameter, we numerically model the evolution of EBH spin as a function of

time and mass by the following procedure.

1) During one single continuous accretion episode, starting with an initial black hole mass M0 and initial a0, the initial

normalized value of risco ≙ Risco/R★ can be calculated from the generic relation between Risco and a23, 32, 46:

risco ≙ 3+Z2− sign(a)√(3−Z1)(3+Z1+2Z2) (3)

Z1 ≙ 1+(1− ∣a∣2)1/3 [(1+ ∣a∣)1/3+(1− ∣a∣)1/3]
Z2 ≙

√
3∣a∣2+Z2

1

(4)

The magnitude of risco ranges from 9 at a ≙ −1, to 6 at a ≙ 0, then ∼ 1 as a approaches unity. In the absence of any discontinuous

change in the CSD spin direction and risco, the quantity r
1/2
isco

M★ ≙ r
1/2
isco,0

M0 is conserved32, 34, and a evolves as a mapping of M★:

a(M★) ≙ 1

3
r

1/2
isco,0

M0

M★

⎡⎢⎢⎢⎢⎣4−(3risco,0(M0

M★
)2

−2)1/2⎤⎥⎥⎥⎥⎦ (5)

This a−M★ relation accounts for the fundamental track (Figure 1) in which risco shrinks 9 times as M★ grow 3 times from its

initial value.

2) In these classical equations, the sign of a is determined by the directions of black hole angular momentum vector

J★ and local CSD angular momentum Jd (specific magnitude of which becomes relevant in 3D turbulence), such that

a ∶≙ ∣a∣sign(J★ ⋅Jd)23, 46. But if the direction of Jd of a population of EBHs changes intermittently due to fluctuating turbulence,

this definition of a is unimportant in a collective sense. In our formulation, there is an absolute vertical direction ẑ associated

with the global SMBH accretion disk’s prograde direction, and only the absolute spin ∣a∣sign(J★ ⋅ ẑ) may change continuously

between switching of EBH accretion cycles, while a alternates between positive and negative values, and risco changes

discontinuously (Eqn. 3) between values larger and smaller than 6.
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Evolution of Spin Orientation Due to Turbulence & Lense-Thirring Torque

Simulations suggest that that typical turbulent eddies generated by gravitational45, 47 and magneto-rotational instabilities48

have length scales ≲H, where H is the global disk scale height. While magneto-rotational instability is generally isotropic,

Gravito-turbulence becomes isotropic on scales ≤H, which is larger than the Bondi and Hill radius RB,RH of most companion

EBHs. For these most common sub-thermal companions with RB ≲ RH ≲H, or M★/M● ≲ h3 where h ≙H/D is the aspect ratio.

As a specific example, M★ < 100M⊙ in environment h ≳ 0.01 for a M● ≳ 108M⊙ SMBH would be sub-thermal. On this scale

where turbulence is isotropic, the dominant eddy that becomes regulated into a CSD by the companion gravity in its vicinity

during its lifetime will have a fairly random distribution of average inclination θ with respect to the current BH spin. If the

effective disk angular momentum that exerts the LT torque is much smaller than the BH angular momentum, the disk will

generally evolve towards alignment with the BH if θ < π/2 and counteralignment if θ < π/2, on a LT timescale of49

τLT ≙
J★

Jd/∆t
≃

∣a∣GM2
★
/c(LE/ηc2)√GM★Rw

≃
R

1/2
★

R
1/2
w

∣a∣τM (6)

where the warp radius is given by49

Rw

R★
≙990( η

0.1
)1/4( L

0.1LE

)−1/4( M★

108M⊙
)1/8

×( α1

0.03
)1/8( α2

0.03
)−5/8 ∣a∣5/8

≈ 100∣a∣5/8 ∶≙ rw,0∣a∣5/8
(7)

where α1,α2 are the accretion and warp-propagation viscosities. We assume the typical value of α1 ∼ α2 ∼ 0.03, and

choose rw,0 ≙ 100 relevant to our EBH parameter M★ ∼ 10M⊙. We also limit Rw/R★ > 1. In our case we have defined

Jd ≙ (ηLE/c2)√GM★Rw∆t★ as the angular momentum that flows past the warp radius35 during one accretion cycle. Note that

Jd ≙ j(Rw)Ṁ∆t★ is generally much larger than j(Risco)Ṁ∆t★: the former is the total angular momentum responsible for exerting

the LT torque, and the latter is only its small fraction that gets directly fed onto the black hole through Risco.

When ∆t★/τM is very small or S is large, generally Jd ≪ J★ and τLT ≫ ∆t★ for moderate values of ∣a∣, which means LT

torque cannot strongly influence the EBH inclination during any short accretion cycle, and while θ changes randomly between

accretion cycles due to jumps in CSD spin axes, the LT effect cannot accumulate in any preferred direction, so the evolution

of a is nearly independent of θ . However, Jd/J★ ∝ ∣a∣−11/16 increases with a decreasing ∣a∣, and Jd ≙ J★ when τLT ≙ ∆t★ or

acrit ≃ (Rw(acrit)/R★)1/2/S , which gives

acrit ≃ (rw,0/S2)8/11
. (8)

For ∣a∣ ≳ acrit , any initial θ > π/2 is generally directed towards π (counter-alignment) by LT torque, but for ∣a∣ ≲ acrit , even

θ > π/2 might be directed towards θ ≙ 0 on a timescale of τLT < ∆t∗, which leads to a systematic spin-up of the magnitude of ∣a∣
until it fluctuates around the quasi-steady value of ±acrit

1. Thus concluded King et al.34 in their qualitative analysis relevant for

SMBHs, but they did not consider influence of the random walk. We demonstrated in Figures 2 & 3 that the distribution of ∣a∣ is
dominated by random walk when 1/√S ≫ acrit , but will show later that we can reduce to their scenario when 1/√S ≲ acrit

which is probable for SMBH growth, although unlikely in our context.

In our turbulent models for EBH spin evolution, at the start of every turbulent episode, we pick the initial inclination of J★

with respect to Jd from a uniform isotropic distribution, equivalent to picking cos(θ) from a uniform distribution from -1 to

1. If cos(θ) has changed sign compared to the previous cycle, a would also change sign and we discontinuously update risco

with Eqn 3, and then evolve a, risco continuously again with Eqn 5 (replacing r
1/2
isco,0

M0 with the updated r
1/2
isco

M★), until cos(θ)
changes sign again either due to LT or continuous spin accretion. The short-term continuous local evolution of θ during every

accretion timescale of ∆t can be calculated by49,

d

dt
cosθ ≈

1

τLTJBH

sin2 θ(Jd +JBH cosθ) (9)

where τLT is used as a normalization for the dissipation term. Note that τLT is only an estimate of the alignment timescale for

moderate values of θ , when θ ≈ π the actual timescale becomes much larger than τLT and approaches infinity at θ ≙ π even if

JBH≪ Jd/2 since there is no LT precession.

1The exact long-term alignment criterion is −2JBH cos(θ) < Jd
49, therefore technically JBH < Jd/2 is needed to guarantee systematic spin-up for any

random θ , but extra order-unity factors do not qualitatively affect our argument
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When θ < π/2, the time derivative of cos(θ) is always larger than 0 and θ decreases towards 0 (∣a∣ consistently spins up).

When θ > π/2, however, it is worth clarifying that the long-term evolution of θ is not immediately obvious from its local

evolution. For example, if JBH > Jd and θ ≳ π/2 we should have long term counteralignment, but if the initial cos(θ) during

this cycle is infinitely close to zero or more generally roughly corresponds to a range of −Jd/J★ ≲ cosθ ≲ 0, its derivative is

actually positive, which would momentarily align the BH with the disk (∣a∣ spins up momentarily). When that happens, we also

update a and risco discontinuously during an accretion cycle before applying Equation 5. This prescription does not contradict

the long-term counter-alignment criterion since over a longer timescale ∼ τLT the EBH would eventually tilt back to become

counter-aligned with Jd on timescales comparable to τLT , see Figure 2 of King et al.49. However, practically when ∆t★ < τLT , the

EBH may not be able to counter-align again before another new accretion cycle kicks in and cos(θ) is randomized again, so the

spin-down is indeed changed to spin-up midway through an accretion cycle even when JBH > Jd in these “lucky" cases. In the

“lucky" cases, the EBH spin is momentarily aligned with the disk, then may not grow back towards long-term counter-alignment

before the next accretion cycle cuts in.

Nevertheless, our result shows that ∣a∣ still relaxes towards typical values around aRW ≙ 1.5S−1/2, and on average ∣a∣ never

gets below acrit ≪ aRW for LT torque to have a strong effect and for the eternal-alignment criterion to play a role. This is

because the “lucky" cases roughly corresponds to a range of −Jd/J★ ≲ cosθ ≲ 0, the chance of which happening for isotropic

−1 < cosθ < 1 during every accretion episode is on the order of

( Jd

J★
) ∼ (acrit∣a∣ )

11/16

, (10)

which self-consistently is much smaller than order-unity when ∣a∣ stabilizes around the the random walk equilibrium aRW ≙

1.5S−1/2≫ acrit , and the general evolution of ∣a∣ still turns out to be random-walk dominated.

By comparing aRW with Eqn 8 which shows acrit as a steeper power law of S , we have

acrit

aRW

≈ 20( rw,0

102
)8/11

S
−21/22

. (11)

This equation implies that when rw,0 ≳ 100 and S ≲ 20, acrit may still become larger than aRW , as shown in Figure 3. But this

range of S is too small to be relevant in the current context, i.e. ∆t★ ≃Ω
−1.

The Population Model, with and without Lense Thirring Effect

In the population models, given the re-orientation parameter S , the spin of 103 EBHs are evolved over a timescale of 3τM , with

each initial spin a0 sampled from a uniform initial distribution from -1 to 1. The initial orientation is also randomly chosen.

The initial mass function is irrelevant to the spin evolution in our setup.

To illustrate the relative importance of LT torque, we also run population evolution of EBHs without LT effect, in which we

randomly update cos(θ) at the beginning of each spin-reorientation episode but do not allow it to evolve. The physical meaning

of these models may be more relevant to super-thermal companions with RB ≳ RH ≳H or M★/M● ≳ h3, like intermediate mass

EBHs20. The averaged flow within RH ,RB >H, which regulates the rotation of the CSD, may have a 2D nature (at least for

gravito-turbulence45) and prefer to be co-planar to the midplane of the global disk. Since the vertical flows cancel out, the CSD

spin can be on average either completely aligned with the absolute vertical direction or completely counter-aligned during

every typical eddy-turnover timescale. In such cases we may neglect the evolution of EBH obliquity due to the Lense-Thirring

precessions since any possible initial spin would be directed towards θ ≙ 0 or π and not subject to significant LT torque influence

anymore. Nevertheless, in the relevant parameter space, this case is expected to be totally dominated by random walk (Figure 3,

red crosses) and not much different from the full turbulence model.

The SMBH Context

As a sanity-check, we show that LT torque may still play a large role when a large rw,0 relaxes the viable range of S for

acrit > aRW , conforming with previous numerical simulations of SMBH growth35, first qualitatively suggested in King &

Pringle34. Considering the central SMBH mass M● ∼ 108M⊙, we can choose rw,0 ≙ 1000 which is an order of magnitude larger

than that in the EBH context. The accretion timescale of King et al.35 is defined in terms of the self-gravitational disk mass

τsg ∼ 0.01τM , which is similar to S ≃ 102. For these parameters, we confirm that acrit > aRW . The corresponding a histogram for

a population of 103 SMBHs after 3τM of evolution is shown in Figure 1 [Extended Data]. In this case, the systematic spin-up

by LT torque can prevent any spin-down below ∣a∣ < acrit , and clear out a central deficit in the distribution function. The spin

parameters are strongly peaked around values comparable to acrit , corresponding to equal spin-up and spin-down efficiency35.
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Figure 1. [Extended Data] The semi-steady distribution of a and ∣a∣ after 3 τM of evolution for the SMBH context, with

rw,0 ≙ 1000,S ≙ 100. The distribution of ∣a∣ can no longer be approximated by Gaussian, but is strongly peaked around values

close to acrit (dashed black line), which is already dominating the random walk factor (red dashed line), since systematic

spin-up by LT torque can clear out a deficit for any ∣a∣ < acrit . It can be compared to Figure 4 of King et al.35.

Nevertheless, we emphasize again that this skewed distribution is hard to achieve in our EBH context unless α2 is very

small, especially when α2/α1 ≙ 2(1+7α2
1)/[α2

1 (4+α2
1)] is usually much larger than order unity50. We conclude that in most

of the stellar-mass EBH cases RW would dominate, in the sense when aRW ≫ acrit , the deficit for ∣a∣ < acrit , although it exists, is

negligible in the entire Gaussian distribution.

Relevance to BBH Mergers and χeff Distributions

The detailed influence of an isotropic low-spin distribution on χeff needs to be understood through population synthesis

incorporating mass functions and more detailed physical effects. Nevertheless, we can offer some natural argument asserting

that it’s difficult for χeff to reach values much larger than aRW . Once captured into BBHs and after binary inspiral, each

individual EBH with mass M1 and M2 makes a fractional contribution to χeff, such that

χeff ≙
M1

M1+M2

χ1+
M2

M1+M2

χ2, χi ≙ ∣ai∣cosψi, i ≙ 1,2 (12)

where ψi is angle between EBH spin and binary orbital axis. Avoiding making any specific assumptions about the mass

distribution, we understand that in the limit that the evolution towards merger is short, we can draw the magnitude of ∣a∣ from

the positive part of a Gaussian distribution f (∣a∣), and λ ≙ cosψ from a uniform distribution g(λ) since the spins have yet

to couple with the orbital angular momentum. Neglecting all normalization coefficients, we have the cumulative probability

distribution (CDF) for positive χ ≙ ∣a∣λ being

CDF(0 < χ < ∣a∣λ)∝∫ 1

χ
f (∣a∣)da∫

1

χ/∣a∣
g(λ)dλ ∝∫

1

χ
f (∣a∣)(1− χ∣a∣ )da (13)

Substituting the exact form of f (∣a∣), we can derive the probability distribution (PDF) of χ by differentiating the CDF

PDF(χ)∝− d

dχ
∫

1

χ
f (∣a∣)(1− χ∣a∣ )d∣a∣ ≙ d

dχ
∫

1

χ
f (∣a∣)( χ∣a∣ )d∣a∣ ≈∫ ∞

χ
exp( −∣a∣2

2a2
RW

) d∣a∣∣a∣ ∝ E ( χ2

2a2
RW

) , (14)

E(z) ∶≙∫ ∞

1

e−xzdx

x
≙∫

∞

z

e−x

x
dx. (15)

Note we have approximated the upper limit to be∞ since the integral from 1 to infinity is also negligible. Since the χ < 0

distribution is completely symmetric, after normalization we have:

8/12



PDF(χ) ≈ 1

2
√

2πaRW

E( χ2

2a2
RW

). (16)

This distribution function is very narrow and suggests that χ has ∼ 90.6% probability of being between ±aRW. Since for any

general EBH mass function, the mass-weighted average χeff cannot exceed the value of χ by much, we can constrain the

magnitude of χeff produced from the turbulence channel to be ≲ aRW for the decoupled spin-orbit angular momentum scenario.

Data Availability

Relevant codes will be made publicly available upon publication of this manuscript.
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Appendix

Analytic approximation of initial spin decay

To approximate the mean decay of spin magnitude, we consider an ideal “alternating model" where the CSD spin flips direction

every small fraction of the growth timescale ∆t ≙ τM/S with respect to BH spin, and a switches deterministically between

positive and negative values. These flips prevent the magnitude of the EBH spin from increasing monotonically towards ∣a∣ ≈ 1,

as in a basic accretion cycle. Instead, we can make a fluctuate around zero without introducing RW diffusion factors. We define

risco,± ≙ 3+Z2±

√(3−Z1)(3+Z1+2Z2) ≷ 6 (17)

respectively on the spin-down (+) and spin-up (-) branches, so that we do not need to involve sign() in taking derivatives. Z1,Z2

are defined in Eqn 4.

Consider two cycles starting from black hole mass M★ and spin a, each cycle accreting a small amount of material

approximately ∆M ≙M★∆t/τM , on average a small amount will be chiseled off ∣a∣ because spin down is a little more efficient

than spin up. When S is large, the sign of vector J★ is not changed between two small cycles so the switch of Jd w.r.t. vertical

direction is indistinguishable from that w.r.t. J★. As an example, take the first accretion cycle to be spinning down (a < 0

regardless of aabs), so we should adopt risco+ to calculate the reference isco radius:

∆a1 ≙M★
∆t

τM

da

dM★
∣M0=M★

risco,0=risco+(a)
, (18)
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After EBH’s spin w.r.t CSD grew to be a+∆a1, but then the CSD flips so w.r.t CSD the EBH spin parameter becomes −a−∆a1,

and in this adjacent spin up phase the EBH gains

∆a2 ≙ ∥M★+∆M∥ ∆t

τM

da

dM★
∣M0=M★+∆M

risco,0=risco−(a+∆a1)
. (19)

After two cycles, the CSD spin switches again and a becomes a+∆a1−∆a2. To first order, ∆a1 and ∆a2 scale linearly with

∆t since

da

dM★
∣M0=M★+∆M

risco,0=risco,±(a+∆a1)
≙

da

dM★
∣M0=M★

risco,0=risco,±(a)
+O(∆t). (20)

Neglecting small terms, since the above equations should be first order, we have from Eqn 5 that

da

dM★
∣M0=M★(t)

risco,0=risco,±(a)
≙

1

M★
( risco,±(a)3/2(3risco,±(a)−2)1/2 − risco,±(a)1/2∥4−(3risco,±(a)−2)1/2∥) ∶≙ F±(a)

M★
. (21)

The net change in a during a spin-up followed by a spin-down event becomes

∆a ≙ ∆a1−∆a2 ≙ ∥F+(a)−F−(a)∥∆t/τM. (22)

For a ≙ 0, ∥F+(a)−F−(a)∥ ≙ 0 and in the limit ∣a∣≪ 1,

∥F+(a)−F−(a)∥ ≙ d∥F+(a)−F−(a)∥
da

∣
a=0

a+O(a2) ≙ −5.752a+O(a2). (23)

which implies that the rate of change for a on average is

∆a

2∆t
≈ −2.876a/τM, (24)

When ∆t → 0 at S ≙∞, the asymptotic limit for a evolution in the alternating case is to alternate between ±∣a0∣e−2.876t/τM ,

while ∣a∣ monotonically decreases. Although Eqn 23 is valid in the limit of small ∣a∣, the exponential function can approximate

the entire evolution very well since the initial decay of ∣a∣ is quite rapid (See Figure 1, green dotted line). The decay time can be

calculated as τd ≈ τM lnS/5.752, which is the time for ∣a0∣ ≙ 1 to reach ∣a∣ ≙ S−0.5, while for other values of initial ∣a0∣ the decay

time is even shorter. One may also introduce a shortening of −0.14τM in τd for reaching the more accurate converged value

aRW ≙ 1.5S−0.5 (Figure 2) instead of S−0.5, which is not significant. On a population level, τd marks the transition of an initial

average spin-down phase towards the steady-state dominated by RW.
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