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Abstract This paper presents a new diagonal quasi-Newton method for solving unconstrained opti-
mization problems based on the weak secant equation. The new method uses new criteria to generate
the Hessian approximation to control the diagonal elements. We establish the global convergence of
the proposed method with the Armijo line search. Numerical results on a collection of standard test
problems show that the proposed method is superior to several certain diagonal methods.
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1 Introduction

In this study, the following unconstrained optimization problem is considered

min
x∈Rn

f(x), (1)

where f : Rn → R is a smooth function. A basic iterative process to solve (1) is

xk+1 = xk + tkdk, (2)

in which dk ∈ R
n is a search direction, tk is a positive step length, and x0 is a given initial point.

The success of the process (2) depends on effective choices of both the direction dk and the step
length tk. In this regard, the step length tk is selected so that it can cause a sufficient reduction in
the function value of f and the direction dk fulfills the descent condition, i.e., ∇f(xk)

T dk < 0.
It is known that choosing an appropriate line search is necessary to have an effective algorithm.
There are various line search algorithms that can be referred to line searches, such as Armijo [1],
Wolfe [2] or Goldstein [3]. Among them, the Armijo line search is a popular method that needs the
step length to fulfill the following condition:

f(xk + tkdk) ≤ f(xk) + σtkg
T
k dk, (3)

in which σ ∈ (0, 1).
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Choosing a descent direction dk is another critical factor in the line search algorithms. Various pro-
cesses for generating dk have been suggested, such as gradient, Newton and quasi-Newton, conjugate
gradient and trust region methods, see [4]. Among these processes, the quasi-Newton methods are
effective iterative ones to solve the problem (1) due to the strong convergence properties (see [5,6]).
The customary iteration of this family is as follows:

xk+1 = xk − tkB
−1
k gk (4)

where gk = ∇f(xk) and matrix Bk is a symmetric approximation of the Hessian ∇2f (xk). For the
next iteration, the updated Hessian approximation Bk+1 should fulfill the following secant equation:

Bk+1sk = yk. (5)

sk = xk+1 − xk, yk = gk+1 − gk.

Although, it is well known that these methods have good numerical and theoretical results. But,
there are some major defects in these methods. They require full matrix storage to approximate the
Hessian matrix or its inverse. Thus, they are not appropriate for solving large-scale optimization
problems. Some modified versions of quasi-Newton algorithms, such as truncated Newton meth-
ods [7] and Limited-memory quasi-Newton methods [8] are designed to solve a large-scale problem
while implementing of these strategies is very complicated.

To create some easy minimization algorithms for unconstrained optimization, Gill and Murray [9]
proposed that the Hessian matrix of the minimizing function can be approximated by a diagonal
matrix with positive diagonal elements. They only retained the diagonal elements of the BFGS up-
dating matrix. It is obvious that a diagonal matrix does not satisfy the secant equation (5). Based
on this fact, Dennis and Wolkowicz [10] suggested a weak secant equation as follows:

sTkBk+1sk = sTk yk. (6)

There are many various ideas for computing Bk+1 satisfy (6). One of the techniques is based on some
variational property similar to the technique used in PSB updates [11–13]. In this approach, the
diagonal matrix Bk+1 satisfying the weak secant equation (6) is determined by solving the following
subproblem:

min
B∈D

∥B −Bk∥ (7)

subject to sTkBsk = sTk yk,

where ∥.∥ is an arbitrary norm defined on R
n×n and

D = {B ∈ R
n×n : B is diagonal}. (8)

It is clear that selecting different matrix norms in (7) can generate some different diagonal quasi-
Newton methods. Using the Frobenius norm, Zhu et al. [14] got the following update formula:

Bk+1 = Bk +

(
sTk yk − sTkBksk

)

sTkE
2
ksk

E2
k, (9)

where

Ek = diag
(
s
(1)
k , s

(2)
k , . . . , s

(n)
k

)
. (10)

They claimed that the diagonal quasi-Newton (DQN) algorithm based on (9) has some appropriate
numerical performances. They also show this method has linear convergence. In 2021, to improve
the above update formula, Leong et al. [15] by using the following weighted Frobenius norm

∥A∥W = ∥W
1/2AW

1/2∥F , (11)
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proposed the following update formula:

Bk+1 = Bk +

(
sTk yk − sTkBksk

)

sTk (WE2
kW ) sk

WE2
kW, (12)

where Ek is defined by (10). Clearly, if W is chosen to be an n×n identity matrix In, the formula (12)
reduces to (9). In addition, they found that W = Bk is one of the best choices. In 2019, Andrei [16]
presented another idea to generate Bk+1 in which the diagonal matrix ∆k can be computed by
solving the following constrained optimization subproblem:

min
∆k∈D

1

2
∥∆k∥

2
F + tr (Bk +∆k) (13)

subject to sTk (Bk +∆k) sk = sTk yk,

in which the operator tr(A) defines the trace of matrix A and ∥.∥F denotes the Frobenius norm.
To control the eigenvalues of the updated matrix Bk+1, the second term in the objective function
of (13), tr (Bk +∆k), is added. By solving the subproblem (13), Andrei introduced the following
direction:

dk+1 = −B−1
k+1gk+1.

where Bk+1 is given by

Bk+1 = Bk +

(
sTk yk + sTk sk − sTkBksk

)

sTkE
2
ksk

E2
k − In, (14)

and Ek is defined by (10). It is clear that the positive definiteness of this update is not guaranteed.
Thus, the search direction dk+1 may not be a descent direction. To cope with this shortcoming,
Andrei modified the direction dk+1 by enforcing some simple technique. He also claimed this al-
gorithm is well defined and converges q-linearly to a solution under Wolfe line search. Numerical
experiments showed the numerical efficiency of this algorithm compared to some other diagonal
methods. It is noticeable that the DQN direction can be considered as a spectral gradient direction;
see, e.g., [17–20].
Applying the same pattern of the DQN method, another approach introduced by Andrei [21] in
which the diagonal elements are determined by minimizing the measure of Byrd and Nocedal func-
tion. In 2021, Andrei [22] presented an accelerated DQN algorithm. He used scaling of the forward
finite differences directional derivative of the gradient components as the elements of the diagonal
matrix approximating the Hessian.

In this paper, we present a new DQN method by modifying the subproblem (13). Under Armijo
line search, the global convergence of the new algorithm is established. Numerical results show that
the proposed method is more promising.
The rest of the paper is as follows. In the next section, we explain the main idea of the new method.
In section 3, the convergence analysis of the proposed algorithm is investigated. Numerical results
are presented in section 4. Some conclusions are delivered in the last section.

2 New Algorithm

In this section, we present a new DQN method by modifying the subproblem (13). In this sense, in
view of the fact that tr (Bk +∆k) = tr (Bk)+ tr (∆k), it follows that tr (Bk) in the subproblem (13)
does not play any role throughout the minimization procedure; while the updated matrix Bk+1 is a
combination of Bk and ∆k. To control the eigenvalues of matrix Bk+1, we modify the subproblem
(13) as follows:

min
∆k∈D

1

2
∥∆k∥

2
F + tr (∆kBk) (15)

subject to sTk (Bk +∆k) sk = sTk yk,
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The constrained problem (15) can be solved by finding a stationary point of the following Lagrangian
function

L(∆k, λ) =
1

2
tr
(
∆T

k∆k

)
+ tr (∆kBk) + λ

(
sTkBksk + sTk∆ksk − sTk yk

)
, (16)

where λ is the Lagrange multiplier. In this sense, we obtain a solution of the following nonlinear
system:

∂L

∂∆k
= ∆k +Bk + λE2

k = 0, (17)

∂L

∂λ
= sTkBksk + sTk∆ksk − sTk yk = 0, (18)

where Ek is defined by (10), and subsequently ∆k is obtained as

∆k = −Bk − λE2
k. (19)

Multiplying the relation (19) by sTk and invoking equation (18), we can result in

−sTkBksk − λ sTkE
2
ksk = sTk yk − sTkBksk,

and so,

λ = −
sTk yk

sTkE
2
ksk

. (20)

Substituting (20) into (19) concludes that

∆k =
sTk yk

sTkE
2
ksk

E2
k −Bk, (21)

and hence,
Bk+1 = θkE

2
k, (22)

where θk =
sTk yk

sT
k
E2

k
sk

=
sTk yk

∑

n
j=1

(

s
(j)
k

)4 . Therefore, the search direction can be obtained as follows:

dk+1 = −B−1
k+1gk+1, (23)

i.e. on components:

d
(i)
k+1 = −

g
(i)
k+1

b
(i)
k+1

, i = 1, . . . , n, (24)

where
b
(i)
k+1 = θk

(
s
(i)
k

)2

, i = 1, . . . , n. (25)

To be sure of the descent property of the search direction dk+1, it is sufficient to have b
(i)
k+1 > 0 for

all i = 1, . . . , n. In this sense, after computing b
(i)
k+1 from (25), we modify it as follows:

b̂
(i)
k+1 =

{
b
(i)
k+1, if εb ≤ b

(i)
k+1 ≤ γ,

1, otherwise,
(26)

where εb ∈ (0, 1) and γ is a suitable upper bound for the diagonal elements. Theoretically, the roles
of parameters γ and εb are to truncate the elements b

(i)
k+1 from two sides when they are too large or

too small. As a result, the sequence {B̂k+1} always satisfies

εb ≤ b̂
(i)
k+1 ≤ γ, i = 1, . . . , n, (27)
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and is bounded. Based on this discussion, we define the search direction as follows:

dk+1 = −B̂−1
k+1gk+1, (28)

i.e., on components:

d
(i)
k+1 = −

g
(i)
k+1

b̂
(i)
k+1

, i = 1, . . . , n. (29)

From the above discussion, the following lemma implies.

Lemma 1. Let b̂min
k+1 and b̂max

k+1 be the smallest and largest diagonal component of B̂k+1, respectively.
Then direction dk+1 yielded by (28) satisfies

|gTk+1dk+1| ≥
∥gk+1∥

2

b̂max
k+1

, (30)

|gTk+1dk+1|

∥dk+1∥2
≥

(
b̂min
k+1

)2

b̂max
k+1

. (31)

Proof Clearly, we know that the following inequality is held.

1

b̂max
k+1

In×n ≤ B̂−1
k+1 ≤

1

b̂min
k+1

In×n,

Multiplying this inequality by gT from the left and by g from the right result

∥gk+1∥
2

b̂max
k+1

≤ gTk+1B̂k+1gk+1 ≤
∥gk+1∥

2

b̂min
k+1

. (32)

Combining (32) with (28) follows the inequalities (30) and (31) immediately.

Based on the above discussion, the new algorithm can be introduced as follows.

Algorithm 2.1 (ADQN Algorithm)

Input: An initial point x0 ∈ R
n, given positive constants εb, εg, and σ, β ∈ (0, 1).

Step 0. Set k = 0 and d0 = −g0.
Step 1. If the stop criterion is established, stop. Otherwise, go to step 2.
Step 2. Set xk+1 = xk + tkdk with tk = βm, where m is the smallest non-negative integer that

tk satisfies (3).
Step 3. Compute the search direction dk+1 by (29).
Step 4. Set k = k + 1 and go to step 1.
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3 Convergence analysis

In this part, the global convergence of Algorithm 2.1 is proved. In this regard, we require the fol-
lowing assumptions.

Assumption 3.1

(A1) The level set S = {x ∈ R
n | f(x) ≤ f(x0)} is bounded.

(A2) In a neighborhood U of S, the function f is continuously differentiable and its gradient is
Lipschitz continuous; namely, there exists a constant L > 0 such that

∥g(x)− g(y)∥ ≤ L∥x− y∥, ∀ x, y ∈ U.

The next lemma displays that at each iteration, the reduction of the function f is at least as much
a constant coefficient of ∥gk∥2.
Lemma 2. Suppose that {xk} is generated by Algorithm 2.1 and Assumption 3.1 is fulfilled. Then,

f(xk)− f(xk+1) ≥ µ∥gk∥
2, (33)

where
µ = min

{
σ

γ
,
σ ε2b (1− σ)

Lγ2
β

}
.

Proof According to step 2 of Algorithm 2.1, we know tk ≤ 1 and

f(xk)− f(xk+1) ≥ σtk|g
T
k dk|, ∀ k ∈ N. (34)

Note that if tk = 1, then from the relations (27) and (30), we result in

fk − fk+1 ≥ µ1∥gk∥
2, (35)

where µ1 = σ
γ . Now, we consider tk < 1. In this case, similar to the proof of Proposition 1 in [23],

we can result that
tk >

β(1− σ)

L

|gTk dk|

∥dk∥2
. (36)

It follows from the relations (31) and (36) that

tk >
β(1− σ)

L

(
b̂min
k

)2

b̂max
k

. (37)

Embedding the relations (27), (30), and (37) into (34), we get

f(xk)− f(xk+1) ≥ µ2∥gk∥
2, (38)

in which µ2 =
σ ε2b (1−σ)

Lγ2 β.
Finally the inequalities (35) and (38) imply that

f(xk)− f(xk+1) ≥ µ∥gk∥
2,

where µ = min{µ1, µ2} and the proof is completed.

In the next theorem, the global convergence of Algorithm 2.1 with Armijo line search is proved.

Theorem 1 Assume that {xk} is generated by Algorithm 2.1. Under Assumption 3.1, we have

lim
k→∞

∥gk∥ = 0.
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Proof It follows from the relation (33) that f(xk) = f(xk+1) if and only if gk = 0, which is the same
as saying that xk is a stationary point of the problem (1). This implies that f(xk+1) < f(xk) for
any k ≥ 0 and since f is bounded below over a compact set, we have

lim
k→∞

f(xk)− f(xk+1) = 0.

This fact along with the relation (33) implies that that

lim
k→∞

∥gk∥ = 0.

and the proof is complete.

4 Numerical experiments

This section reports some numerical behavior of Algorithm 2.1 to evaluate its numerical performance.
We give some numerical results on a set of test problems consisting of 101 instances given by
Andrei [24], in which most of the problems are extracted from the CUTE collection by Bongartz et
al. [25]. We compare the ADQN method against the following DQN algorithms:

– SD: The steepest descent method. Consider Algorithm 2.1 with dk+1 = −gk+1.
– DQN-B: A modified version of the DQN method proposed by Leong et al. [15]. Consider Algo-

rithm 2.1 with dk+1 = −B−1
k+1gk+1 where Bk+1 is given by (12).

– DNRTR: The DQN method proposed by Andrei [21]. Consider Algorithm 2.1 with
dk+1 = −B−1

k+1gk+1 where Bk+1 is given by (14).

All the codes were written in MATLAB R2018b and run on a Laptop with 1.8 GHz CPU, 4
GB RAM and Windows 10 operation system.

For four tested algorithms, the step length tk was chosen by the backtracking procedure with the
parameters σ = 0.1 and β = 0.5. The following same parameters are used for all algorithms:

εg = 10−4, εb = 0.01, γ = 105;

We terminate algorithms when ∥gk∥ ≤ εg(1 + |fk|) or Itr > 10000, where Itr denotes the number of
iterations.

To investigate the numerical performance of the above mentioned algorithms, we adopt the per-
formance profiles of Dolan and Moré [26] based on the number of function evaluations (Nf ) and
gradient evaluations (Ng). These performance profiles enable us to study the various methods in
terms of efficiency and robustness. It is called a robust solver if it finds an optimal solution and is
called efficient if it needs fewer Nf and Ng. Efficiency and robustness rates are readable on the left
and right vertical axes of the performance profiles, respectively.

Figures 1 and 2 indicate the performance of the above mentioned algorithms based on Nf and
Ng for n = 1008, respectively.

Figure 1 displays that the ADQN solves nearly 46% of the test problems at the least Nf , while
DNRTR, DQN-B and SD solve nearly 31% , 33%, and 26% of the test problems, respectively.

Figure 2 displays that the ADQN solves nearly 43% of the test problems at the least Ng, while
DNRTR, DQN-B and SD solve nearly 36%, 37%, and 22% of the test problems, respectively.

According to Figures 1 and 2, we can result that the ADQN is robust and efficient for solving
unconstrained optimization problems.
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5 Conclusions

We presented a new DQN method for solving the unconstrained optimization problems and es-
tablished the global convergence of the proposed method with the Armijo line search. Based on
numerical results, the new method was more efficient and more robust than several available DQN
methods.
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