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Abstract
In this paper, it is proposed a new approach to numerical simulations of stochastic biochemical oxygen
demand equations. The analysis of biochemical oxygen demand is necessary in evaluating the effects of
water pollution. Here, we consider radial basis functions. This approximation process can also be
interpreted as a simple kind of neural network. Illustrative example is included to demonstrate the validity
and applicability of the approach. The numerical experiments show that method perform well.

AMS subject classi�cations: Primary: 65C30, 60H35, 65C20, Secondary: 60H20, 92E99.

1 Introduction
White noise is a widespread and common phenomenon in many engineering, biological, economics and
chemical models involving some form of error prediction. In these types of applications, the deterministic
model is often already available and stochastic models are an active area of researches.

In the last decades, the use of mathematical models describing wastewater treatment is taken into
consideration. Biochemical Oxygen Demand (BOD) is a measure of the dissolved oxygen consumed by
microorganisms during the oxidation of reduced substances in waters and wastes. The analysis and
forecast of BOD are vital and essential in assessing the effects of water pollution. The purpose of this
paper is to extend Radial Basis Functions (RBFs) method on stochastic models for BOD in a more
stochastic and therefore more realistic point of view. The �nal model will be used to predict the amount
of BOD at any point on the stream [1–4].

The biochemical oxygen demand model presented in this paper is often used in water quality
determination of river and estuarine systems and is an extension of the so-called StreeterPhelps model. In
this model, the concentration levels of Carbonaceous Biochemical Oxygen Demand (CBOD), Dissolved
Oxygen (DO), and Nitrogenous Biochemical Oxygen Demand (NBOD) are related to each other by a set of
differential equations. Although the concentrations are time dependent, the purpose behind the model is
often to monitor the concentration levels within a �xed volume of water, �owing downstream a river. An
underlying assumption is that the velocity of the water �ow is constant and thus time and distance are
linearly related [5–7].

This paper establishes a direct method for solving system of stochastic differential equations via a set of
RBFs. The approximation using RBF is an extremely powerful method to interpolation of functions. Sums
of radial basis functions are typically used to approximate given functions. The RBF methodology was
�rst introduced in 1971 and have been variously studied [8–10]. Recently, these functions have also been
used in the numerical solution of stochastic equations, Also, they used in solving equation arisen in
�nancial mathematics [11–14]. This method has been applied for solving different kinds of equations,
problems and models such as PDEs, IEs and ODEs arisen in physics, biology and neural network etc.
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The chapters of this paper are organized as follows. In next section, radial basis functions and the
approach in solving stochastic Volterra integral equations are reviewed. In Section 3, it is introduced a
model that we want to solve in this paper and our numerical �ndings are reported. In Section 4, the error
of the RBFs method for the linear integral equations is discussed. Finally, Section 5 conclusions of this
article are stated.

2 Rbf
The goal of this section is to recall notations and de�nitions of RBFs that are used for approximating the
solutions of BOD equations. Also, applying the method for solving stochastic integral equations is
described.

De�nition 2.1

A function Φ(t) :Rn → R is called radial if there exists a one variable function φ:(0, ∞) → R such that 
Φ(t) = φ(‖t‖), where ‖ . ‖ is the Euclidean norm. A radial basis function φ(r)is a univariate continuous
real valued function which depends on the distance from the origin (or any other �xed center point).

De�nition 2.2

A set of of RBF depend toφ:(0, ∞) → R is de�ned as follow.

φi(t) = φ(‖t − ti‖), i = 1, 2, . . . , N,

Where φi :Rn → R and ti for i = 1, 2, . . . , Nis the center of RBFs. Additionally,t, ti are belong to Rn.

RBFs are mostly identi�ed on the basis of smoothness. Some functions are in�nitely smooth and some
are piecewise smooth. Gaussian Function (GS), Multiquadric (MQ), Inverse Multi- quadric (IMQ) and
Inverse quadric (IQ) are some example of in�nitely smooth RBFs where as Thin Plate Spline (TPS) and
Linear radial function (LR) are piecewise smooth RBFs. For in�nitely smooth RBFs, there exists a free
parameter called the shape parameter which controls the shape of RBF. The RBF become �at if shape
parameter is closer to 0.

Let t1, t2, . . . , tN ⊂ Rn be a given set of distinct nodal points. To approximate a function y(t) using

the radial function Φ(t) = φ(‖t‖) we can give the following linear combination:

y(t) ≅ yN(t) =
N
∑
j=1

λ jφ(‖t − tj‖)

where the coe�cients λ1, λ2, . . . , λN are determined by the interpolation conditions

yN(ti) = y(ti) = yi,              i = 1, . . . , N.

{ }
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1

Therefore, the solution of the interpolation problem based on the extended expansion(1) reduces to the
solution of a system of linear equations of the matrix form

Aλ = y,

where the pieces are given by   A jk = φ ‖tj − tk‖ , j, k = 1, 2, . . . , N, λ = λ1, . . . , λN
Tand

y = y1, . . . , yN
T .

2.1 Description of Method on stochastic Volterra integral
equation
The nonlinear stochastic Volterra integral equation takes the following form:

u(t) = u0(t) +
t

∫
0

k1(s,  t)u(s)ds +
t

∫
0

k2(s, t)u(s)dB(s)  t ∈  [0, T],

2

where, u(t), u0(t), k1(s, t) and k2(s, t), for s, t ∈ [0, T), are the stochastic processes de�ned on the
same probability space (Ω, F, P) with a �ltration {Ft, t ≥ 0} that is increasing and right continuous and 
F0 contains all P-null sets.u(t) is unknown random function and B(t) is a standard Brownian motion

de�ned on the probability space and 
t
∫
0

k2(s, t)u(s)dB(s) is the Itˆo integral.

Let’s approximate the function u(t) in terms of radial basis functions,φ(t),  as follows

u(t) ≃  
N

∑
i=1

λiφ( ∥ t − ti ∥ )    

3

Then, from substituting Eq. (3) into Eq. (2) we have,

N
∑
i=1

λiφ( ∥ t − ti ∥ ) = u0(t) + ∫t
0k1(s, t) 

N
∑
i=1

λiφ( ∥ s − ti ∥ )ds +

∫t
0k2(s,  t)

N
∑
i=1

λiφ( ∥ s − ti ∥ )dB(s),  t ∈ [0, T],                           (4)

Substituting the collocation points tj
N
j=1 into Eq. (4), we obtain:

( ) [ ]
[ ]
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N
∑
i=1

λiφ( ∥ tj − ti ∥ ) = u0(tj) + ∫tj0k1(s, tj) 
N
∑
i=1

λiφ( ∥ s − ti ∥ )ds +

∫tj0k2(s,  tj)
N
∑
i=1

λiφ( ∥ s − ti ∥ )dB(s),  t ∈ [0, T],    j = 1, . . . , N.                  (5)

In above equation, we let s =
tj
2 x+

tj
2 . It reduces Eq. (5) to the following equation

N
∑
i=1

λiφ( ∥ tj − ti ∥ ) = u0(tj) +
tj
2∫1

−1k1(
tj
2x +

tj
2 , tj) 

N
∑
i=1

λiφ( ∥
tj
2x +

tj
2 − ti ∥ )dx +

∫tj0k2(s,  tj)
N
∑
i=1

λiφ( ∥ s − ti ∥ )dB(s),  t ∈ [0, T],    j = 1, . . . , N.                        (6)

For computing or approximating the �rst integral, several methods can be used. Now, by applying
Legendre-Gauss-Lobatto integration formula, we approximate the �rst integral of Eq. (6) as follow

N
∑
i=1

λiφ( ∥ tj − ti ∥ ) = u0(tj) +
tj
2

N
∑
k =1

wkk1(
tj
2xk +

tj
2 , tj)

N
∑
i=1

λiφ( ∥
tj
2xk +

tj
2 − ti ∥ ) +

∫tj0k2(s,  tj)
N
∑
i=1

λiφ( ∥ s − ti ∥ )dB(s),  t ∈ [0, T],    j = 1, . . . , N.                        (7)

where wk, xk, k = 1, . . . , N. are weights and nodes of the integration rule respectively.

For approximating the Itˆo integral, let 0 = s0 < s1 < . . . < sm = T. Given a suitable function , the
integral

T
∫
0

f(t)dt,

may be approximated by the Riemann sum

N−1

∑
j=0

f(sj)(sj+1 − sj)

8

where the discrete points sj = jδt Indeed, the integral may be de�ned by taking the limit δt → 0 in (8). In
a similar way, we may consider a sum of the form

N−1
∑

j=0
f(sj)(B(sj+1) − B(sj)),
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which, by analogy with (8), may be regarded as an approximation to a stochastic integral

T

∫
0

f(t)dB(t) =
N−1

∑
j=0

f(sj)(B(sj+1) − B(sj)),

9

Here, we are integrating with respect to Brownian motion.

In Eq. (6) for Itˆo integral, let 0 = s0 < s1 < . . . < sm = t0. So, achieved

N
∑
i=1

λiφ( ∥ tj − ti ∥ ) = u0(tj) +
tj
2

N
∑
k =1

wkk1(
tj
2xk +

tj
2 , tj)

N
∑
i=1

λiφ( ∥
tj
2xk +

tj
2 − ti ∥ ) +

m−1
∑

k =0
k2(sk,  tj)

N
∑
i=1

λiφ( ∥ sk − ti ∥ ) B(sk +1) − B(sk) ,  t ∈ [0, T],    j = 1, . . . , N.           (10)

We have a system of equations that can be solved by mathematical software for the unknowns vector λ.
By computing that, unknown function u\left(t\right) can be approximated.

3 Stochastic Biochemical Oxygen Demand Model
Biochemical oxygen demand (BOD) model is a model for the concentration of oxygen needed by aerobic
microorganisms. The concentration is purposely for stabilization of waste water organic matters. The
water quality in bodies of water is generally measured by BOD and oxygen concentration. Let b, o and n
be the concentration levels, measured in mg/l, for Carbonaceous Biochemical Oxygen Demand (CBOD),
Dissolved Oxygen (DO) and Nitrogenous Biochemical Oxygen Demand (NBOD) respectively [6, 15]. The
CBOD, DO and NBOD are de�ned by the following differential equation

\begin{gathered} \frac{{db}}{{dt}}= - {k_b}b+{s_1}, \h�ll \\ \frac{{do}}{{dt}}= - {k_c}b - {k_2}o -
{k_n}n+s_{2}^{*}, \h�ll \\ \frac{{dn}}{{dt}}= - {k_n}n+{s_3}, \h�ll \\ \end{gathered}
11

Where, {k_b}={k_c}+{k_3},s_{2}^{*}={k_2}{d_s}+{p_0} - {r_0}+{s_2}, {k_c}is the reaction rate coe�cient,{k_2}is
the reaeration rate coe�cient, k3 is the sedimentation and adsorption loss rate for CBO, {k_n} is the decay
rate of NBOD, p0 is photosynthesis of oxygen, r0 is the respiration of oxygen, ds is the saturation
concentration of oxygen, s1 is the independent source for CBOD, s2 is the independent source for OD, and
s3 is the independent source for NBOD. As for many environmental models, BOD is also subject to various
uncertainties. These uncertainties can be incorporated into the model by adding white noise processes to
each of the three equations of the model. For this equation assumes that we can model uncertaties in the
source terms (s1, s2, s3) by adding a random noise factor to each of three equations. The resulting linear
SDE is [15]:

[ ]
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\begin{gathered} \frac{{db}}{{dt}}= - {k_b}b+{s_1}+{\sigma _b}d{B_1}, \h�ll \\ \frac{{do}}{{dt}}= - {k_c}b -
{k_2}o - {k_n}n+s_{2}^{*}+{\sigma _o}d{B_2}, \h�ll \\ \frac{{dn}}{{dt}}= - {k_n}n+{s_3}+{\sigma _n}d{B_3},
\h�ll \\ \end{gathered}
12

where Bi(t) are independent standard Brownian motions and {\sigma _b}, {\sigma _o}, and {\sigma _n} are
diffusion coe�cients in the noises of CBOD, OD and NBOD respectively and represent the intensities of
Bi(t), i = 1, 2, 3. Usually stochasticity is introduced into the model by making simple assumption about the
random nature of coe�cient. If, we can assume that the coe�cients {k_b}, {k_2} and {k_n} have random
nature, the equation can be written as follow:

\begin{gathered} \frac{{db}}{{dt}}= - {k_b}b+{s_1}+{\sigma _b}bd{B_1}, \h�ll \\ \frac{{do}}{{dt}}= - {k_c}b -
{k_2}o - {k_n}n+s_{2}^{*}+{\sigma _o}od{B_2}, \h�ll \\ \frac{{dn}}{{dt}}= - {k_n}n+{s_3}+{\sigma _n}nd{B_3},
\h�ll \\ \end{gathered}
13

for more information about this model see [6].

By integration of Eq. (13) the method presented in Section 2 is applied for the following system of
equations:

\begin{gathered} b(t)={b_0}(t) - \int_{0}^{t} {{k_b}} b(s)ds+\int_{0}^{t} {{s_1}} ds+\int_{0}^{t} {{\sigma
_b}bd{B_1}} (s), \h�ll \\ o(t)={o_0}(t) - \int_{0}^{t} {{k_c}} b(s)ds - \int_{0}^{t} {{k_2}} o(s)ds - \int_{0}^{t}
{{k_n}} n(s)ds+\int_{0}^{t} {s_{2}^{*}(s)} ds+\int_{0}^{t} {{\sigma _0}od{B_2}} (s), \h�ll \\ n(t)={n_0}(t) -
\int_{0}^{t} {{k_n}} n(s)ds+\int_{0}^{t} {{s_3}(s)} ds+\int_{0}^{t} {{\sigma _n}nd{B_3}} (s). \h�ll \\
\end{gathered}
14

We approximate the functions based on RBF method and after solving the system, b\left(t\right),
o\left(t\right)and n\left(t\right)are approximated.

3.1 Numerical example
The parameter values used in the simulations are de�ned in the Table (1). In order to conform the results
above, initial value b\left(0\right) = 15, o\left(0\right) = 8.5 andn\left(0\right) = 5 are chosen and
parameters corresponding to Table (1). Then b\left(t\right), o\left(t\right)andn\left(t\right) are shown in
the Figs. 1.

4 Conclusion
Some system of stochastic differential equations cannot be solved analytically; in this article we present
a new technique for solving them numerically. In this paper, we used Radial Basis Functions for
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approximating the solution of the BOD equations. Such nonlinear models occur in �nancial epidemiology,
and biology. For solving Riemann integral part Legendre-Gauss-Lobatto integration formula was applied,
then the problem was discretized. The proposed method reduces an integral equation to a system of
equations. Implementation of our method is easy and accuracy of that has been veri�ed by test
examples. E�ciency of this method and good degree of accuracy was con�rmed by a numerical
example.

References
1. Padgett, W. J., Schultz, G. and Tsokos, C. P., 1977, A stochastic model for BOD and Do in streams

when pollutants are discharged over a continuous stretch, International Journal of Environmental
Studies11:1, 45-55.

2. Mbalawata, I. S., Srkk, S. and Haario, H., 2013, Parameter estimation in stochastic differential equa-
tions with Markov chain Monte Carlo and non-linear Kalman filtering, Computational Statistics28,
1195-1223 DOI 10.1007/s00180-012-0352-y.

3. Damaskos, S. D. and Papadopoulos, A. S., 1983, A general stochastic model for predicting BOD and
DO in streams, International Journal of Environmental Studies, 21:3-4, 229-237, DOI:
10.1080/00207238308710080.

4. Bell, K. M. and Papadopoulos. A. S., 1979, A stochastic model for bod and do when the discharged
pollutants and the �ow of the stream are random quantities, International Journal of Environmental
Studies, 14:1, 37-42, DOI:10.1080/0020723790873737

5. Kwak, J., Khang, B., Kim, E. and Kim, H., 2013, Estimation of Biochemical Oxygen Demand Based on
Dissolved Organic Carbon, UV Absorption, and Fluorescence Measurements, Journal of Chemistry,
243-769.

�. Berg, E. van den., Heemink, A. W., Lin, H. X., and Schoenmakers, J. G. M., 2006, Probability density
estimation in stochastic environmental models using reverse representations, Stochastic
Environmental Research and Risk Assessment20, 126-139.

7. Wang, S. H. and Li, R., 2017, Forecasting dissolved oxygen and biochemical oxygen demand in a
river with numerical solution of one-dimensional BOD-DO model, Applied ecology and environmental
research15(3), 323-333.

�. Safdari-Vaighani, A., Larsson, E. and Heryudono, A., 2018, Radial Basis Function Methods for the
Rosenau Equation and Other Higher Order PDEs, Journal of Scienti�c Computing 75, 1555-1580.

9. Esmaeilbeigi, M., Chatrabgoun, O. and Shafa, M., 2019, Numerical solution of time-dependent
stochastic partial differential equations using RBF partition of unity collocation method based on
�nite difference, Engineering Analysis with Boundary Elements104, 120- 134.

10. Ahmadi, N., Vahidi, A. R. and Allahviranloo, T., 2017, An e�cient approach based on radial basis
functions for solving stochastic fractional differential equations, Mathematical Sciences11, 113-
118.



Page 9/10

11. Toura, G., Thakoora, N., Yannick Tangmana, D. and Bhurutha, M., 2019, A High-Order RBF-FD Method
for Option Pricing under Regime-Switching Stochastic Volatility Models with Jumps, Journal of
computational sciences35, 25-43.

12. A. Golbabai, A., Ahmadiana, D. and Milev, M., 2012, Radial basis functions with application to
finance: American put option under jump diffusion, Mathematical and Computer Modelling 55, 1354-
1362.

13. Li, H., Mollapourasl, R. and Haghi, M., 2019, A Local Radial Basis Function Method for Pricing
Options Under the Regime Switching Model, Journal of Scientific Computing79, 517-541.

14. Pettersson, U., Larsson, E., Marcusson, G. and Persson, J., 2008, Improved radial basis function meth-
ods for multidimensional option pricing, Journal of Computational and Applied Mathematics,222(1),
82-93.

15. Nsengiyumva, A. C., 2013, Numerical Simulation of Stochastic Differential Equations.
https://urn.�/URN:NBN:�-fe201311217382.

Tables
Table 1: The parameter values used in simulations of BOD model.
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Figure 1

The trajectory of the approximate solution by RBF method for simulating the BOD example


