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Abstract- In this research, a novel position trajectory
tracking control architecture has been constructed for
an underactuated quadrotor unmanned aerial vehicle
(UAV) with uncertainties and disturbances. Primarily,
we divide the whole dynamic system into an underac-
tuated position subsystem and a fully-actuated atti-
tude subsystem. For the position subsystem, we have
transformed it into a fully-actuated system by con-
structing a virtual PD controller, and this controller
can render the position tracking error asymptotically
stable. Besides, based on the position controller de-
signed for quadrotor UAV, the desired attitudes, i.e.
roll, pitch and yaw angles, will be derived. Next, as
for the attitude subsystem which is sensitive to un-
certainties and external disturbances, a novel robust
attitude constraint-following controller is proposed for
this aircraft, this attitude controller can not only guar-
antee the uniform boundedness and uniform ultimate
boundedness of constraint deviation, but also does not
requiring more information of uncertainties and dis-
turbances except their bounds. Eventually, the sim-
ulations have demonstrated a sound tracking perfor-
mance of our proposed control strategy for quadrotor
UAV even in the presence of uncertainties and distur-
bances.
Key words- Quadrotor UAV; Robust tracking control;
Uncertainties and disturbances; PD control.

1 Introduction

Compared with the conventional fixed-wing un-
manned aircraft, the quadrotor UAV possesses the ad-
vantages of simplified mechanical structure and spe-

cial flying capabilities, for example, vertical take-off
and landing (VTOL), hovering over a target and fly-
ing through a narrow space [1], therefore, since the
first full-scale quadrotor unmanned aerial vehicle in
true sense was invented by De Bothezat in 1921 [2],
the quadrotor UAV has been applied broadly in ter-
rain mapping, resource exploration and archaeology
etc [3]. However, due to the special mechanical struc-
ture of this aircraft, the underactuation, high coupling,
nonlinearity as well as unmodeled dynamics will arise
in the dynamic system of quadrotor UAV inevitably.
Moreover, the uncertainties and external disturbances
will also exist in the system. As such, the set-point
regulation and trajectory tracking control problems of
quadrotor UAV have become a challenge in front of
researchers, and during last two decades, various ad-
vanced control methodologies have been developed to
address these problems either theoretically or experi-
mentally [4].

For instance, in [5], the dynamic system of quadro-
tor UAV was separated into three parts and a full state
backstepping technique proposed can not only realize
the trajectory tracking control of position and yaw an-
gle but also stabilize the roll and pitch angles to their
desired values, however, for the uncertainties and dis-
turbances which will emerge in real circumstances were
not considered. Based on the position dynamic system
of quadrotor UAV with Lagrangian form, [6] has built
an outer loop for position control and an inner loop
for attitude control respectively, in addition, neural
network method was also introduced to estimate the
unknown aerodynamic forces and moments. Similar
to the strategy taken in [6], for the sake of achiev-
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ing a precise tracking control of desired position and
yaw angle, a backstepping technique combined with
adaptive control has been put forward for quadrotor
UAV with mass uncertainties [7], although the iner-
tial uncertainties, external disturbances and aerody-
namic forces were neglected during the controller de-
sign. In [8], an attitude tracking control objective
for quadrotor UAV with external disturbances was re-
alized by adopting quaternion feedback and integral
backstepping control technique, in the end, the simula-
tion results indicated that, the angular velocities were
sensitive to external disturbances. Different with all
the control schemes mentioned above, a novel L1 adap-
tive backstepping control technique which was based
upon the inner-outer loop architecture has been pre-
sented in [9], and in which, the position control loop
was mainly designed to deal with position subsystem
with uncertainties and disturbances, while the attitude
control loop was responsible for stabilizing the attitude
angles.

Apart from the literatures aforementioned for
quadrotor UAV, aiming at the drawbacks of various
robust control methods, such as backstepping control
method, adaptive control and even sliding mode con-
trol, several synthetic control methodologies have been
proposed recently by combining the merits of each sin-
gle robust control method to further improve system
control performance. Specifically, in order to enhance
the robustness against uncertainties and disturbances,
various advanced sliding mode control methods [10–13]
connected with backstepping technique [14], adaptive
control technique [15, 16] and even passive control
scheme [17] are believed to be a principle trend for
the tracking control problems of quadrotor UAV. This
is attributed to the sound robustness of sliding mode
control against uncertainties and disturbances. For in-
stance, based on the inner-outer loop architecture, to
control the position and attitudes of quadrotor UAV
accurately, a second order sliding mode control method
was put forward in [10] to reject uncertainties and dis-
turbances, [11] proposed an integral backstepping slid-
ing mode control method, but in [12, 13, 15] and [16],
the sliding mode control integrated with the adaptive
control was employ to control the position and atti-
tude subsystems of quadrotor UAV. For the same pur-
pose, [14] and [17] have developed the backstepping
sliding mode control and passive control method for
quadrotor UAV, respectively. Furthermore, in recent
years, several other robust or intelligent control ap-
proaches, such as LQR [18], feedback linearization [19],
neural network [20] and fuzzy logic control [21], were
also introduced to the tracking control investigations
of quadrotor UAV with uncertainties and disturbances.

Despite extensive remarkable researches have
been done for quadrotor UAV, it’s not difficult to find
that, most of which preferred to put their focus on the
inner-outer loop architecture. That is, the position
outer loop provides the desired roll and pitch angles
for the attitude inner loop, then the controllers devised
for these two subsystems will stabilize the tracking er-
rors of all coordinates, and this is a common practice
researchers would like to adopt frequently when con-
trolling quadrotor UAV. Therefore, inspired by these
previous studies, in this paper, our proposed control is
also based on this inner-outer architecture. However,
the difference is that, we have advanced a novel servo
constraint-following controller for attitude subsystem,
instead of taking the aforementioned approaches. The
advantages of our proposed control lie in, the con-
straint motion problems of mechanical systems can
be well addressed no matter the constraints are holo-
nomic or nonholonomic [22, 23]. Moreover, the sound
robustness (i.e. uniform boundedness and uniform ul-
timate boundedness [24, 25]) can be also guaranteed,
and this is seldom mentioned in previous studies like
illustrated. The principle contributions of our current
study are twofold, first, to make the tracking error of
position subsystem asymptotically stable, a virtual PD
controller is constructed and will be used to derive the
desired attitudes. Second, by transforming the tra-
jectory tracking control problem into servo constraint-
following control problem, we have proposed a novel
attitude constraint-following controller for quadrotor
UAV to assure a sound robustness against uncertain-
ties and disturbances, and this attitude controller does
not require more information of uncertainties except
their bounds.

The remaining sections of this paper is arranged
as follows. The dynamic modelling of quadrotor UAV
is presented in Section 2, Section 3 will show the posi-
tion controller design. In Section 4, we will illustrate
the design of attitude controller which includes servo
constraint and robust controller design. In Section 5,
we will analyse the simulation results meticulously, and
ultimately, the conclusions are summarized in Section
6.

2 The dynamic modelling

As a classic underactuated mechanical system, the
quadrotor UAV has four independent control inputs
and six coordinate outputs, for the convenience of de-
scribing its motion in 3D space, two coordinate frames
are introduced to determine the dynamic system of this
aircraft. Like shown in Fig.1, the origin of body frame
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B{xb, yb, zb} is assumed to be at the gravity center of
UAV with zb-axis pointed upwards, and this frame is
connected with the earth frame E{x, y, z} by a coor-
dinate transformation matrix. θ, ψ and φ are corre-
sponding to roll, pitch and yaw attitudes of quadrotor
UAV in space, respectively.

The motion of this aircraft can be achieved via the
cooperation of four rotors mounted on the bracket of
quadrotor UAV symmetrically. Owing to the special
structure of rotors, the thrusts Fi (i = 1, . . . , 4) pro-
duced by four motors are always parallel to zb axis,
while the counteractive moments Mi (i = 1, . . . , 4)
produced are always opposite to the orientation of ro-
tors’ rotations, both the magnitudes of thrusts and mo-
ments can be changed by varying the speeds of rotors.
If we expect that the quadrotor UAV moves along the
positive direction of xb-axis, it’s necessary to increase
the speeds of rotor 3 and 4 wile decrease the speeds
of rotor 1 and 2 in the meantime, the motion along
yb-axis is similar to this mechanism. In addition, to
prevent the self-rotation of quadrotor UAV in space,
rotor 1 and 3 in one diagonal line are assigned to rotate
clockwise, but rotor 2 and 4 will rotate anticlockwise.

x
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Fig. 1. The schematic of quadrotor UAV

Before conducting the dynamic modelling for
quadrotor UAV in space, we prescribe the rotation or-

der of Euler angles as “ xbybzb(xyz)
φ(zb)→ x′by

′
bzb

ψ(y′
b
)→

x
′′

b y
′
bz

′
b

θ(x
′′

b
)→ x

′′

b y
′′

b z
′′

b ”. In accordance with this arrange-
ment, we can certainly decide the formulation of ro-
tation matrix R from frame B to frame E, which is
given as follows

R =





cosψ cosφ sin θ sinψ cosφ− cos θ sinφ cos θ sinψ cosφ+ sin θ sinφ
cosψ sinφ sin θ sinψ sinφ+ cos θ cosφ cos θ sinψ sinφ− sin θ cosφ
− sinψ sin θ cosψ cos θ cosψ



 . (2.1)

Therefore, the thrust components Fx, Fy and Fz in
frame E can be obtained from the rotation matrix R

and the total thrusts produced by four rotors
∑4

i=1 Fi,
that is,





Fx
Fy
Fz



 = R







0
0

4∑

i=1
Fi







=





cos θ sinψ cosφ+ sin θ sinφ
cos θ sinψ sinφ− sin θ cosφ

cos θ cosψ





4∑

i=1

Fi. (2.2)

According to the principle of force and moment bal-
ance, a complete dynamic model of quadrotor UAV in
Fig.1 can be written as

I :







mẍ = (cos θ sinψ cosφ+ sin θ sinφ)
4∑

i=1
Fi −K1ẋ,

mÿ = (cos θ sinψ sinφ− sin θ cosφ)
4∑

i=1
Fi −K2ẏ,

mz̈ = (cos θ cosψ)
4∑

i=1
Fi −mg −K3ż,

(2.3)

and

II :







Jxθ̈ =(Jy − Jz)ψ̇φ̇+ Jrψ̇Ωr + d(−F1 + F2 + F3

− F4)−K4θ̇,

Jyψ̈ =(Jz − Jx)θ̇φ̇− Jrθ̇Ωr + d(−F1 − F2 + F3

+ F4)−K5ψ̇,

Jzφ̈ =(Jx − Jy)θ̇ψ̇ + c(F1 − F2 + F3 − F4)

−K6φ̇,
(2.4)

where I and II represent the position and attitude
subsystems respectively, m denotes the total mass of
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quadrotor UAV, Jx, Jy and Jz are the inertial moments
with respect to their respective axes in frame B, Jr is
the inertial moment of each rotor, d stands for the dis-
tance from the center of rotor to xb and yb axis, g is
the gravitational acceleration, c is a scaling factor from
force to torque, Ki (i = 1, . . . , 6) denote the drag coef-
ficients, Ωr = −Ω1+Ω2−Ω3+Ω4 and Ωi (i = 1, . . . , 4)
denote the rotational speeds of four rotors. Jrψ̇Ωr and
−Jrθ̇Ωr denote the gyroscopic torques and which can
be regarded as disturbances because their impacts on
dynamic system are very tiny.

3 Position controller design

Define U1 =
∑4

i=1 Fi, U2 = −F1 + F2 + F3 − F4,
U3 = −F1 − F2 + F3 + F4 and U4 = F1 − F2 + F3 − F4

as new control inputs of quadrotor UAV, thus the dy-
namic model (2.3) and (2.4) can be transformed into

I :







mẍ = (cos θ sinψ cosφ+ sin θ sinφ)U1 −K1ẋ,

mÿ = (cos θ sinψ sinφ− sin θ cosφ)U1 −K2ẏ,

mz̈ = (cos θ cosψ)U1 −mg −K3ż,

(3.1)

and

II :







Jxθ̈ = (Jy − Jz)ψ̇φ̇+ Jrψ̇Ωr + dU2 −K4θ̇,

Jyψ̈ = (Jz − Jx)θ̇φ̇− Jrθ̇Ωr + dU3 −K5ψ̇,

Jzφ̈ = (Jx − Jy)θ̇ψ̇ + cU4 −K6φ̇.

(3.2)

Similar to [15], we provide the following PD controller
for position subsystem I

U1x = ẍr +Kpx(ẋr − ẋ) +Kdx(xr − x) + (K1/m)ẋ,

U1y = ÿr +Kpy(ẏr − ẏ) +Kdy(yr − y) + (K2/m)ẏ,

U1z = z̈r +Kpz(żr − ż) +Kdz(zr − z) + (K3/m)ż,

(3.3)

suppose U1x
∆
= (cos θ sinψ cosφ+ sin θ sinφ)U1, U1y

∆
=

(cos θ sinψ sinφ − sin θ cosφ)U1, U1z
∆
= (cos θ cosψ)U1

and substitute (3.3) into (3.1), then we have

U1 = m
√

U2
1x + U2

1y + (U1z + g)2,

θd = arcsin




U1x sinφr − U1y cosφr

√

U2
1x + U2

1y + (U1z + g)2



 ,

ψd = arctan

(
U1x cosφr + U1y sinφr

U1z + g

)

,

(3.4)

and

(ẍ− ẍr) +Kpx(ẋ− ẋr) +Kdx(x− xr) = 0,

(ÿ − ÿr) +Kpy(ẏ − ẏr) +Kdy(y − yr) = 0,

(z̈ − z̈r) +Kpz(ż − żr) +Kdz(z − zr) = 0.

(3.5)

Where Kpx,Kpy,Kpz and Kdx,Kdy,Kdz denote the
proportional and derivative parameters respectively,
xr,yr,zr and φr are the commanded signals of position
and yaw angle given priori for position controller (3.3),
the acquired θd and ψd are the desired roll and pitch
angles for attitude controller to be stabilized. From
(3.5), it can be inferred that, the position controller
(3.3) will make the tracking errors of position subsys-
tem asymptotically stable.

Since the attitude controller put forward requires
the first and second order derivatives of desired atti-
tude angles (i.e. θd, ψd) should be known priori, we
calculate the first order derivatives of θd and ψd as
below

θ̇d =
1

√

1− λ21
λ̇1, ψ̇d =

1

1 + λ22
λ̇2, (3.6)

with

λ1 =
U1x sinφr − U1y cosφr

√

U2
1x + U2

1y + (U1z + g)2
,

λ2 =
U1x cosφr + U1y sinφr

U1z + g
,

λ̇1 =[U2
1x + U2

1y + (U1z + g)2]−
1

2 [sinφr(U̇1x + U1yφ̇r)

+ cosφr(U1xφ̇r − U̇1y) + (U1y cosφr − U1x sinφr)

× (U2
1x + U2

1y + (U1z + g)2)−1(U1xU̇1x + U1yU̇1y

+ (U1z + g)U̇1z)],

λ̇2 =(U1z + g)−1[cosφr(U̇1x + U1yφ̇r) + sinφr(U̇1y

− U1xφ̇r)− (U1x cosφr + U1y sinφr)(U1z + g)−1

× U̇1z].

(3.7)

Regarding the second derivatives of θd and ψd, a track-
ing differentiator which has been frequently exploited
in aeronautical engineering [26] is adopted here to com-
pute the second order derivatives of θd and ψd numer-
ically,

χ̇1(t) = χ2(t)− k1(χ1(t)− u(t)),

χ̇2(t) = −k2(χ1(t)− u(t)),
(3.8)

where χ2 = [θ̈d, ψ̈d]
T is the output of system (3.8) and

u = [θ̇d, ψ̇d]
T is the input. k1, k2 ∈ R

2×2 denotes pos-
itive definite coefficient matrices. Aim to improve the
convergence rate of the second derivatives of θd and
ψd, k1 and k2 shall be selected appropriately.

Now we have accomplished the controller design
for position subsystem I of quadrotor UAV, as for the
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attitude subsystem II, taking Jx, Jy, Jz and c as uncer-
tain parameters, then Jx = J̄x +∆Jx, Jy = J̄y +∆Jy,
Jz = J̄z+∆Jz, c = c̄+∆c. Rewriting the attitude sub-
system II into a generalized mechanical system with
the following form

J(q(t), q̇(t), σ(t), t)q̈(t) + C(q(t), q̇(t), σ(t), t)q̇(t)

+G(q(t), q̇(t), σ(t), t) = B(q(t), q̇(t), σ(t), t)τ(t),

(3.9)

where t ∈ R denotes the time variable, σ ∈ Σ ⊂ R
ξ de-

notes an uncertain vector and which may be fast time-
varying, the compact set Σ indicates a possible bound
of σ with ξ as its dimension, q, q̇ ∈ R

n×1 represent
the generalized coordinate and velocity, B(q, q̇, σ, t) ∈
R
n×s represents a control input matrix while τ(t) ∈

R
s×1 denotes an actual control input, and s ≤ n. If

s = n, then (3.9) will degenerate into a fully actuated
mechanical system. J(q, q̇, σ, t) ∈ R

n×n, C(q, q̇, σ, t) ∈
R
n×n and G(q, q̇, σ, t) ∈ R

n×1 represent the inertial
matrix, the Coriolis force matrix and the gravitational
vector, respectively.

For the uncertain system parameter matrices
J(q, q̇, σ, t), C(q, q̇, σ, t), G(q, q̇, σ, t), and B(q, q̇, σ, t),
we decompose them into the nominal parts and uncer-

tain parts, e.g.

J(q, q̇, σ, t) = J̄(q, q̇, t) + ∆J(q, q̇, σ, t),

C(q, q̇, σ, t) = C̄(q, q̇, t) + ∆C(q, q̇, σ, t),

G(q, q̇, σ, t) = Ḡ(q, q̇, t) + ∆G(q, q̇, σ, t),

B(q, q̇, σ, t) = B̄(q, q̇, t) + ∆B(q, q̇, σ, t),

(3.10)

J̄(q, q̇, t), C̄(q, q̇, t), Ḡ(q, q̇, t) and B̄(q, q̇, t) in (3.10)
represent the nominal parts of system parameters,
while ∆J(q, q̇, σ, t), ∆C(q, q̇, σ, t), ∆G(q, q̇, σ, t) and
∆B(q, q̇, σ, t) are the uncertain parts. Let D(q, q̇, t) =
J̄−1(q, q̇, t), ∆D(q, q̇, σ, t) = J−1(q, q̇, σ, t)−J̄−1(q, q̇, t)
, then we can rewrite ∆D(q, q̇, σ, t) as ∆D(q, q̇, σ, t) =
D(q, q̇, t)E(q, q̇, σ, t).

Recalling the attitude subsystem II in (3.2), the
associated system parameter matrices for (3.10) are
given as

J̄ = diag(J̄x, J̄y, J̄z), ∆J = diag(∆Jx,∆Jy,∆Jz),

B̄ = diag(d, d, c̄), ∆B = diag(0, 0,∆c),

Ḡ = [0, 0, 0]T , ∆G = [d1, d2, d3]
T ,

(3.11)

C̄ =





−K4
1
2(J̄y − J̄z)φ̇

1
2(J̄y − J̄z)ψ̇

1
2(J̄z − J̄x)φ̇ −K5

1
2(J̄z − J̄x)θ̇

1
2(J̄x − J̄y)ψ̇

1
2(J̄x − J̄y)θ̇ −K6



 ,

(3.12)

∆C =





0 1
2(∆Jy −∆Jz)φ̇

1
2(∆Jy −∆Jz)ψ̇

1
2(∆Jz −∆Jx)φ̇ 0 1

2(∆Jz −∆Jx)θ̇
1
2(∆Jx −∆Jy)ψ̇

1
2(∆Jx −∆Jy)θ̇ 0



 , (3.13)

where τ = [U2, U3, U4]
T denotes system input, q =

[θ, ψ, φ]T is the state variable. The gyroscopic torques
Jrψ̇Ωr and Jrθ̇Ωr have been considered as external
disturbances (i.e. d1, d2, d3) with known bounds and
|d1| ≤ δ1, |d2| ≤ δ2, |d3| ≤ δ3. Furthermore, it’s as-
sumed that ∆1 ≤ ∆Jx ≤ ∆1, ∆2 ≤ ∆Jy ≤ ∆2,
∆3 ≤ ∆Jz ≤ ∆3, ∆4 ≤ ∆c ≤ ∆4, δ1, δ2, δ3 and
∆1,∆2,∆3,∆4 represent the known upper bounds of
disturbances and uncertainties, while ∆1,∆2,∆3,∆4

represent the known lower bounds, and ∆1 = −0.02,
∆1 = 0.02, ∆2 = −0.02, ∆2 = 0.02, ∆3 = −0.04,
∆3 = 0.04, ∆4 = −0.02, ∆4 = 0.02, δ1 = 0.01,
δ2 = 0.01, δ3 = 0.01. Based on the attitude subsys-
tem given in (3.9), in next section, we will consider
the design of attitude constraint-following controller
for quadrotor UAV.

4 Attitude controller design

4.1 Servo constraint

In analytical dynamics, the constraint can be clas-
sified into two categories, i.e. natural constraint and
servo constraint, the natural constraint will be met
via the constraint force provided by natural environ-
ment, but for the servo constraint, extra constraint
force should be contributed artificially. Our current
research falls into the second class and the trajec-
tory tracking control problem of quadrotor UAV has
been transformed into servo constraint-following con-
trol problem.

First of all, consider the first order constraints ex-
pressed in following form

n∑

i=1

Ali(q, t)q̇i = al(q, t), l = 1, 2, . . . , s, (4.1)
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where q̇i is ith element of q̇, Ali(q, t) and al(q, t) are
both C1 continuous in q and t. s can be explained as a
maximum quantity of constraints that can be imposed
on the attitude subsystem (3.9). The expression (4.1)
declares clearly that the constraints are put in form
of displacements or velocities. Rewrite the constraint
(4.1) into matrix form as follows

A(q, t)q̇ = a(q, t), (4.2)

i.e. A(q, t) = [Ali(q, t)]s×n, a(q, t) = [a1, a2, . . . , as]
T .

In order to facilitate stability analysis and robust con-
trol design, usually we need to transform the constraint
in first order form (4.1) into that in second order

n∑

i=1

[
d

dt
Ali(q, t)

]

q̇i +

n∑

i=1

Ali(q, t)q̈i −
d

dt
al(q, t) = 0,

l = 1, 2, . . . , s,

(4.3)

where

d

dt
Ali(q, t) =

n∑

k=1

∂Ali(q, t)

∂qk
q̇k +

∂Ali(q, t)

∂t
, (4.4)

d

dt
al(q, t) =

n∑

k=1

∂al(q, t)

∂qk
q̇k +

∂al(q, t)

∂t
. (4.5)

By using equations (4.1) and (4.3), the constraint in
second order form can be acquired as

n∑

i=1

Ali(q, t)q̈i = −
n∑

i=1

[
d

dt
Ali(q, t)

]

q̇i +
d

dt
al(q, t)

= bi(q, q̇, t),

(4.6)

and which can be further rewritten in matrix form

A(q, t)q̈ = b(q, q̇, t), (4.7)

with
A(q, t) = [Ali(q, t)]s×n, b(q, q̇, t) = [b1, b2, . . . , bs]

T .

Definition 1 The constraint (4.7) with second order
form is consistent if there exists at least a solution q̈
such that (4.7) can be met when A(q, t) and b(q, q̇, t)
are known priori.

Assumption 1 The constraint (4.7) is consistent.

Remark 1 The purpose of Assumption 1 is to en-
sure the desired trajectory reachable. In this paper,
to track the desired attitude trajectories accurately,
first of all, we need to determine the corresponding
constraint in first order (4.2), then by differentiating
it with respect to time once again, the second order
constraint (4.7) is derived and will be employed to con-
struct a legitimate Lyapunov function for the stabiliza-
tion and trajectory tracking control problems [27,28].

4.2 Robust controller design

Preceding to conduct the robust attitude controller de-
sign, we intend to present several assumptions which
will be exploited in subsequent derivative process.

Assumption 2 For any (q, q̇, σ, t) ∈ R
n×R

n×Σ×R,
the inverses of matrices J(q, q̇, σ, t), B(q, q̇, σ, t) and
[A(q, t)AT (q, t)] always exist.

Assumption 3 Define a matrix as

ω(q, q̇, σ, t)

=PA(q, t)D(q, q̇, t)[∆B(q, q̇, σ, t) + E(q, q̇, σ, t)

×B(q, q̇, σ, t)]B̄−1(q, q̇, t)D−1(q, q̇, t)AT (q, t)

× [A(q, t)AT (q, t)]−1P−1,

(4.8)

there exists a constant ρω ∈ R and ρω > −1 such that
for any (q, q̇, σ, t) ∈ R

n × R
n × Σ× R, inequality

1

2
λmin
σ∈Σ

[ω(q, q̇, σ, t) + ωT (q, q̇, σ, t)] ≥ ρω > −1 (4.9)

can be always satisfied, where λmin[·] denotes the min-
imum eigenvalue of a matrix.

Remark 2 Consider a special case when there are no
uncertainties in dynamic system, namely σ = 0, thus
ω(q, q̇, σ, t) = 0, the inequality (4.9) will evolve into
−1 < ρω ≤ 0, then we can definitely choose a proper
ρω such that (4.9) is satisfied. On the other hand, for
the uncertainties in the dynamic system of quadrotor
UAV, by continuity we stress that, the effect of un-
certainties on the possible offset of J(q, q̇, σ, t) from
J̄(q, q̇, t) and B(q, q̇, σ, t) from B̄(q, q̇, t) will be sus-
tained within a certain threshold and this threshold is
unidirectional.

Define a constraint following deviation as β(q, q̇, t)
= A(q, t)q̇−a(q, t), thus β̇(q, q̇, t) = A(q, t)q̈−b(q, q̇, t).
Construct the first and second parts of proposed con-
trol as

p1(q, q̇, t) =B̄
−1(q, q̇, t)J̄

1

2 (q, q̇, t)[A(q, t)J̄− 1

2 (q, q̇, t)]+

× [b(q, q̇, t) +A(q, t)J̄−1(q, q̇, t)(C̄(q, q̇, t)q̇

+ Ḡ(q, q̇, t))],

p2(q, q̇, t) =− κB̄−1(q, q̇, t)J̄(q, q̇, t)AT (q, t)[A(q, t)

×AT (q, t)]−1P−1β(q, q̇, t),

(4.10)

where κ is a positive constant and shall be selected
properly.
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Assumption 4 There exists a known vector α ∈
(0,∞)h and a known function Π(·) : (0,∞)h×R

n×R
n×

R → R+ such that for any (q, q̇, σ, t) ∈ R
n×R

n×Σ×R

(1 + ρω)
−1max

σ∈Σ
||PA(q, t)D(q, q̇, t)[(∆B(q, q̇, σ, t)

+ E(q, q̇, σ, t)B(q, q̇, σ, t))(p1(q, q̇, t) + p2(q, q̇, t))

− (∆C(q, q̇, t)q̇ +∆G(q, q̇, σ, t))− E(q, q̇, σ, t)

× (C(q, q̇, σ, t)q̇ +G(q, q̇, σ, t))]|| ≤ Π(α, q, q̇, t),

(4.11)

where || · || denotes the Euclidean norm of a matrix or
vector.

Remark 3 In Assumption 4, all the uncertainties and
disturbances have been lumped into the parameter α,
and then we bound the uncertain terms by a positive
real function Π(α, q, q̇, t). The function Π(α, q, q̇, t) can
be parametrized by α and α will be attained accord-
ing to the bounds of uncertainties and disturbances in
later developments.

Here as the nominal control p1(q, q̇, t) in (4.10)
can not guarantee a sound tracking performance when
there exist uncertainties and initial tracking errors, we
use Π(α, q, q̇, t) in (4.11) to build the third part of pro-
posed control to remedy this deficiency, i.e.

p3(α, q, q̇, t)

=− B̄−1(q, q̇, t)J̄(q, q̇, t)AT (q, t)[A(q, t)AT (q, t)]−1

× P−1γ(α, q, q̇, t)ρ(α, q, q̇, t)Π(α, q, q̇, t).

(4.12)

Where

ρ(α, q, q̇, t) = β(q, q̇, t)Π(α, q, q̇, t),

γ(α, q, q̇, t) =

{
1

||ρ(α,q,q̇,t)|| if ||ρ(α, q, q̇, t)|| > ǫ,
1
ǫ if ||ρ(α, q, q̇, t)|| ≤ ǫ,

(4.13)

ǫ is a positive constant which can be regulated based
on practical requirement.

Aim to realize a sound tracking control target for
underactuated quadrotor UAV, we put forward a com-
plete robust attitude controller as follows

τ(t) =p1(q(t), q̇(t), t) + p2(q(t), q̇(t), t)

+ p3(α, q(t), q̇(t), t).
(4.14)

As for the deterministic robust performance given by
the proposed control (4.14), we have the following the-
orem.

Theorem 1 Given the attitude subsystem of quadro-
tor UAV in (3.9), subject to Assumption 1-4, the ro-
bust control (4.14) can guarantee the following perfor-
mances,
(i) Uniform boundedness: For any r > 0 and ||β(t0)|| ≤
r, there always exists an η(r) <∞ such that ||β(t)|| ≤
η(r) for all t > t0.
(ii) Uniform ultimate boundedness: For any r > 0 and
||β(t0)|| ≤ r, there always exists an η > 0 such that
||β(t)|| ≤ η for any given η > η when t ≥ t0 + T (η, r),
and 0 ≤ T (η, r) <∞.

Proof : For the sake of simplifying the stability proof,
the arguments of functions will be omitted if there
are no confusions arising, select a legitimate Lyapunov
function as follows

V (β) = βTPβ, (4.15)

taking the derivative of V (β) along the trajectory of
(3.9), thus

V̇ = 2βTP β̇. (4.16)

Recalling the constraint (4.7) and uncertainty decom-
position (3.10), we have

V̇ =2βTP β̇

=2βTP(Aq̈ − b)

=2βTP
{
A[J−1(B(p1 + p2 + p3)− Cq̇ −G)]− b

}

=2βTP{A[(D +∆D)((B̄ +∆B)(p1 + p2 + p3)

− (C̄ +∆C)q̇ − (Ḡ+∆G))]− b},
(4.17)

where

A[(D +∆D)((B̄ +∆B)(p1 + p2 + p3)− (C̄ +∆C)q̇

− (Ḡ+∆G))]− b

=[

=0 (U−K approach)
︷ ︸︸ ︷

AD(B̄p1 − C̄q̇ − Ḡ)− b] + [ADB̄p2]

+ [A(D +∆D)Bp3] +AD[(∆B + EB)(p1 + p2)

− E(Cq̇ +G)− (∆Cq̇ +∆G)].

(4.18)

As shown in (4.18), V̇ has been separated into four
parts, and the first part disappears due to the p1 given
by Udwadia and Kalaba approach. From now on, we
will analyse the remaining parts sequentially, with p2
in (4.10), the second part of V̇ will become

2βTPADB̄p2

=2βTPADB̄[−κB̄−1D−1AT (AAT )−1P−1β]

=− 2κ||β||2.
(4.19)

7



By invoking the uncertainty decomposition ∆D = DE
and B = B̄+∆B in (3.10), the third part of V̇ can be
rewritten as

2βTPA(D +∆D)Bp3

=2βTPA(D +∆D)(B̄ +∆B)p3

=2βTPADB̄p3 + 2βTPAD(∆B + EB)p3,

(4.20)

next, with p3 in (4.12), Assumption 3 and Rayleigh’s
principle,

2βTPADB̄p3

=2βTPADB̄[−B̄−1D−1AT (AAT )−1P−1γρΠ]

=− 2γ||ρ||2,
2βTPAD(∆B + EB)p3

=2βTPAD(∆B + EB)[−B̄−1D−1AT (AAT )−1P−1γρΠ]

=− 2γρT [PAD(∆B + EB)B̄−1D−1AT (AAT )−1P−1]ρ

=− 2γρT [
1

2
(ω + ωT )]ρ

≤− 2γρω||ρ||2,
(4.21)

then we can obtain

2βTPA(D +∆D)Bp3 ≤ −2γ||ρ||2 − 2γρω||ρ||2

= −2(1 + ρω)γ||ρ||2,
(4.22)

and

−2(1 + ρω)γ||ρ||2 =
{

−2(1 + ρω)||ρ|| if ||ρ|| > ǫ,

−2(1 + ρω)
||ρ||2

ǫ if ||ρ|| ≤ ǫ.

(4.23)

As for the fourth part of V̇ , with (4.11) in Assumption
4, yield

2βTPAD[−E(Cq̇ +G) + (∆B + EB)(p1 + p2)

− (∆Cq̇ +∆G)]

≤2||β||||PAD[−E(Cq̇ +G) + (∆B + EB)(p1 + p2)

− (∆Cq̇ +∆G)]||
≤2(1 + ρω)||β||Π(α, q, q̇, t) = 2(1 + ρω)||ρ||.

(4.24)

with (4.19), (4.23) and (4.24) substituted into (4.17),
if ||ρ|| > ǫ,

V̇ ≤ −2κ||β||2 +
=0

︷ ︸︸ ︷

2(1 + ρω)||ρ|| − 2(1 + ρω)||ρ||
= −2κ||β||2,

(4.25)

otherwise,

V̇ ≤ −2κ||β||2 +

≤(1+ρω)ǫ/2
︷ ︸︸ ︷

2(1 + ρω)||ρ|| − 2(1 + ρω)
||ρ||2
ǫ

≤ −2κ||β||2 + (1 + ρω)ǫ/2.

(4.26)

Therefore, from (4.25) and (4.26), it can be concluded
that, for both cases,

V̇ ≤ −2κ||β||2 + (1 + ρω)ǫ/2. (4.27)

Let ξ1 = 2κ, ξ2 = (1 + ρω)ǫ/2, then

V̇ ≤ −ξ1||β||2 + ξ2. (4.28)

In view of the demonstrations offered in [29, 30], the
uniform boundedness with

η(r) =

{√

ρ2/ρ1r if r > R,
√

ρ2/ρ1R otherwise,
(4.29)

where R =
√

ξ2/ξ1, ρ1 = λmin[P ], ρ2 = λmax[P ], and
uniform ultimate boundedness with

T (η, r) =







ρ2r2−(ρ2
1
/ρ2)η̄2

ξ1(ρ1/ρ2)η̄2−ξ2
if r > η

√
ρ1
ρ2
,

0 otherwise,
(4.30)

where η =
√

ρ2/ρ1R, are guaranteed. Q.E.D.

To clarify the design process of robust atti-
tude controller and an overall control architecture for
quadrotor UAV, two flowcharts that summarizing the
procedures are displayed in Fig. 2 and Fig. 3, these fig-
ures are capable of providing experience in designing
robust controllers for mechanical systems.

Start

Mechanical system with uncertainties 

and disturbances (3.9)

Design the first and second part of 

proposed control     ,      in (4.10)

Verify Assumption 3 and 4, design control      

in (4.12) and     in (4.14)          

1p 2p

3p  

End

Constraints in first order and second 

order form (4.2), (4.7)

Rewrite the desired attitude trajectory 

(5.3) into (4.2) and (4.7)

Put the attitude subsystem of UAV 

(3.2) in form of (3.9)

Uncertainties decomposition (3.10), 

verify Assumption 1 and 2

Conduct numerical simulations and validate  

proposed algorithm

Fig. 2. The design procedure of attitude controller
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Commanded

signals 

generator

Attitude 
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following 

controller 

(4.14) 

PD 

position 

controller 

(3.3) 
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TD

TD

, ,r r rx x x   

, ,r r ry y y   

, ,r r rz z z   

, ,r r r      

,x x 

,y y 

,z z 

1U

2U

3U

4U

,! ! 

," " 

,   

,d d! ! 

d!
 

d!
  

,d d" " 

d" d"  

TD: Tracking Differentiator

Fig. 3. The control architecture for quadrotor UAV

5 Numerical simulations

In this section, we will present the simulation
results under our proposed control architecture for
quadrotor UAV, three classical position tracking tra-
jectories, i.e. the cylindrical helix, elliptic curve and
8-shaped curve, are taken for examples to demonstrate
the effectiveness of our proposed algorithm. The com-
manded signals of position and yaw angle for these
three cases are set as follows







xr
yr
zr
φr







=







5 sin t
5 cos(t)

t
sin(t)







︸ ︷︷ ︸

cylindrical helix

,







xr
yr
zr
φr







=







2 sin t
4 cos(t)

3
sin(t)







︸ ︷︷ ︸

elliptic curve

,







xr
yr
zr
φr







=







4 cos t
2 sin(2t)

3
sin(t)







︸ ︷︷ ︸

8−shaped curve

.

(5.1)
By taking the first and second order derivatives of (5.1)
with respect to time, the first order and second or-
der derivatives of commanded signals can be obtained
directly, the second order derivatives θ̈d and ψ̈d will
be calculated through the tracking differentiator. Re-
garding the attitude controller for quadrotor UAV, it’s
necessary to determine the constraints with first order
and second order formats, and to this end, first of all,
we want to elaborate several nomenclatures. The de-
sired attitude angle is defined as qd = [θd ψd φr]

T , then
the tracking error with desired attitude is e = q − qd.
In particular, eθ,eψ and eφ corresponds to the track-
ing errors of three attitude angles. And identically, ex,
ey and ez are on behalf of the tracking errors of three
translational movements. Aiming to render the initial
tracking errors of attitude angles asymptotically sta-
ble, we arrange the attitude constraints in following
form

ė = −ζe, (5.2)

where ζ = diag(ζ1, ζ2, ζ3) is a diagonal positive definite
matrix. Rewrite the constraint (5.2) into the formats
of (4.2) and (4.7) in Section 4.1, therefore,

A =





1 0 0
0 1 0
0 0 1



 , a =





θ̇d − ζ1(θ − θd)

ψ̇d − ζ2(ψ − ψd)

φ̇r − ζ3(φ− φr)



 ,

b =





θ̈d − ζ1(θ̇ − θ̇d)

ψ̈d − ζ2(ψ̇ − ψ̇d)

φ̈r − ζ3(φ̇− φ̇r)



 .

(5.3)

As a result of several assumptions (Assumption
1-4) have played an important role in controller de-
velopment, here it’s necessary to make further anal-
ysis about their correctness. Taking Assumption 1
into account, since A(q, t) in (5.3) is invertible, thus
A(q, t)A+(q, t)b(q, q̇, t) = b(q, q̇, t) and Assumption 1
will be met. As for Assumption 2, because the matri-
ces J(q, q̇, σ, t), B(q, q̇, σ, t) and A(q, t)AT (q, t) are all
positive definite for any (q, q̇, σ, t) ∈ R

n ×R
n ×Σ×R,

the inverses of these matrices always exist and then
Assumption 2 is satisfied. For Assumption 3, as P , A,
D, B and E are all diagonal matrices, then ω(q, q̇, σ, t)
in (4.8) will further turn into

ω =D(∆B + EB)B̄−1D−1

=diag(J̄xJ
−1
x − 1, J̄yJ

−1
y − 1, c̄−1cJ̄zJ

−1
z − 1),

therefore,

1

2
λmin
σ∈Σ

(ω + ωT )

=λmin
σ∈Σ

diag(J̄xJ
−1
x − 1, J̄yJ

−1
y − 1, cc̄−1J̄zJ

−1
z − 1)

> −1,

obviously, there exists a proper ρω such that −1 <
ρω ≤ λmin(ω)

σ∈Σ

. In this paper, we select ρω = λmin(ω)
σ∈Σ

,

and Assumption 3 can be satisfied. In the end, regard-
ing Assumption 4, regardless of the relevant arguments
of functions, we have

(1 + ρω)
−1max

σ∈Σ
||PAD[(∆B + EB)(p1 + p2)

− (∆Cq̇ +∆G)− E(Cq̇ +G)]||
=(1 + ρω)

−1||PAD||max
σ∈Σ

||(∆B + EB)(p1 + p2)

− (∆C + EC)q̇ − (∆G+ EG)||
≤(1 + ρω)

−1||PAD||max
σ∈Σ

[||∆B + EB||||p1 + p2||

+ ||∆C + EC||||q̇||+ ||∆G+ EG||].
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Let

Ĉ11 = −K4(
J̄x

J̄x +∆Jx
− 1),

Ĉ22 = −K5(
J̄y

J̄y +∆Jy
− 1),

Ĉ33 = −K6(
J̄z

J̄z +∆Jz
− 1),

Ĉ12 = Ĉ13 =
∆Jx(J̄z − J̄y) + J̄x(∆Jy −∆Jz)

J̄x +∆Jx
,

Ĉ21 = Ĉ23 =
∆Jy(J̄x − J̄z) + J̄y(∆Jz −∆Jx)

J̄y +∆Jy
,

Ĉ31 = Ĉ32 =
∆Jz(J̄y − J̄x) + J̄z(∆Jx −∆Jy)

J̄z +∆Jz
,

due to

|Ĉ11| ≤ |K4(
J̄x

J̄x +∆1

− 1)| ∆
= δ11,

|Ĉ22| ≤ |K5(
J̄y

J̄y +∆2

− 1)| ∆
= δ22,

|Ĉ33| ≤ |K6(
J̄z

J̄z +∆3

− 1)| ∆
= δ33,

|Ĉ12| = |Ĉ13| ≤
|∆1||J̄z − J̄y|+ J̄x|∆2 −∆3|

|J̄x +∆1|
∆
= δ12,

|Ĉ21| = |Ĉ23| ≤
|∆2||J̄x − J̄z|+ J̄y|∆3 −∆1|

|J̄y +∆2|
∆
= δ21,

|Ĉ31| = |Ĉ32| ≤
|∆3||J̄y − J̄x|+ J̄z|∆1 −∆2|

|J̄z +∆3|
∆
= δ31,

then

||∆C + EC||

=

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣





Ĉ11 0.5Ĉ12φ̇ 0.5Ĉ13ψ̇

0.5Ĉ21φ̇ Ĉ22 0.5Ĉ23θ̇

0.5Ĉ31ψ̇ 0.5Ĉ32θ̇ Ĉ33





∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤
√
3max([|Ĉ11|+ 0.5|Ĉ21||φ̇|+ 0.5|Ĉ31||ψ̇|,

|Ĉ22|+ 0.5|Ĉ12||φ̇|+ 0.5|Ĉ32||θ̇|,
|Ĉ33|+ 0.5|Ĉ13||ψ̇|+ 0.5|Ĉ23||θ̇|])

≤
√
3max([δ11 + 0.5δ21|φ̇|+ 0.5δ31|ψ̇|,

δ22 + 0.5δ12|φ̇|+ 0.5δ31|θ̇|,

δ33 + 0.5δ13|ψ̇|+ 0.5δ21|θ̇|]) ∆
= α2.

Furthermore,

||∆B + EB||
=||diag(d(J̄xJ−1

x − 1), d(J̄yJ
−1
y − 1), cJ̄zJ

−1
z − c̄)||

≤max(d| J̄x
J̄x +∆1

− 1|, d| J̄y
J̄y +∆2

− 1|,

|(c̄+∆4)
J̄z

J̄z +∆3

− c̄|)

∆
=α1,

||∆G+ EG||
≤|J̄xJ−1

x d1|+ |J̄yJ−1
y d2|+ |J̄zJ−1

z d3|

≤| J̄x
J̄x +∆1

||δ1|+ | J̄y
J̄y +∆2

||δ2|+ | J̄z
J̄z +∆3

||δ3|

∆
=α3.

Hence, we select Π(α, q, q̇, t) = (1 + ρω)
−1||PAD|| ×

(α1||p1 + p2||+ α2||q̇||+ α3) and Assumption 4 can be
always satisfied.

Table 1 The physical parameters of quadrotor UAV

Parameter Value (unit) Parameter Value (unit)

m 2 (kg) K1 0.1 (N · s ·m−1)
J̄x 0.04 (kg ·m2) K2 0.1 (N · s ·m−1)
J̄y 0.04 (kg ·m2) K3 0.1 (N · s ·m−1)
J̄z 0.08 (kg ·m2) K4 0.01 (N · s ·m)
l 0.2 (m) K5 0.01 (N · s ·m)
c̄ 0.05 (m) K6 0.01 (N · s ·m)
g 9.8 (kg ·m/s2)

The simulations have been performed in Matlab
R2017b by exploiting ode45 solver and the total sim-
ulation time were set as 20 seconds. Other relevant
physical parameters utilized in simulations are sum-
marized in Table 1. As far as the cylindrical helix
tracking control is concerned, these control parame-
ters and initial conditions are given as below. k1 =
diag(10, 10), k2 = diag(10, 10), P = diag(0.1, 0.1, 0.1),
Kpx = 1, Kpy = 1, Kpz = 1, Kdx = 1, Kdy = 1,
Kdz = 1, κ = 10, x(0) = 1, y(0) = 0, z(0) = 1,
θ(0) = −π/8, ψ(0) = 0, φ(0) = π/8, ẋ(0) = 5,
ẏ(0) = 0, ż(0) = 1, θ̇(0) = 0, ψ̇(0) = 0, φ̇(0) = 1,
χ1(0) = [0, 0]T , χ2(0) = [0, 0]T . Additionally, in or-
der to verify a sound robustness and tracking preci-
sion of proposed attitude controller sufficiently, several
time-varying uncertainties and disturbances are intro-
duced, namely, ∆Jx = 0.02 sin(t), ∆Jy = 0.02 cos(t),
∆Jz = 0.04 sin(5t), ∆c = 0.02 cos(5t), d1 = 0.01 sin(t),
d2 = 0.01 cos(t), d3 = 0.01 sin(t). Fig.4-21 have mani-
fested the simulation results under our proposed algo-
rithm for underactuated quadrotor UAV.
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Fig. 5. The response of tracking errors ex, ey, ez
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Fig. 7. The response of coordinate x
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Fig. 8. The response of coordinate y
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Fig. 9. The response of coordinate z
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Fig. 10. The tracking history for cylindrical helix
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Fig. 11. The response of attitude θ
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Fig. 12. The response of attitude ψ
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Fig. 13. The response of attitude φ

Fig.4 has shown the time response of constraint
deviation norm ||β||, from this figure, it’s not difficult
to find that, the constraint deviation norm decreased
fast and then entered into a small region around zero,
this phenomenon indicated the uniform boundedness
and uniform ultimate boundedness were assured under
our proposed control. The tracking errors of each po-
sition or attitude coordinate were presented in Fig.5-6,
the variation of tracking errors in these figures has val-
idated our declaration in former sections, that is, the
tracking errors of attitudes are approximately asymp-
totically stable. Similar to the results reflected by
Fig.5-6, the tracking histories of every position or atti-
tude coordinate were presented in Fig.7-13, and to take
on the tracking state in 3D space clearly, Fig.10 has
been plotted. The results displayed by all these figures
have drawn the conclusion that a sound robustness and
tracking precision can be achieved under our proposed
algorithm.
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Fig. 14. The time history of θ̈d
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Fig. 15. The time history of ψ̈d
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Fig. 16. The time history of U1
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Fig. 17. The time history of U2
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Fig. 18. The time history of U3
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Fig. 20. The tracking history for ellipse trajectory
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Fig. 21. The tracking history for 8-shaped trajectory

To evaluate the effectiveness of tracking differen-
tiator (3.8) on calculating second order derivatives of
θd and ψd, the time histories of θ̈d and ψ̈d were also
drawn in Fig.14-15, as indicated by these two figures,
the variation of these two parameters (i.e. θ̈d, ψ̈d) was
always at a reasonable range, this has further veri-
fied the feasibility of tracking differentiator in acquir-
ing derivatives indirectly. With regard to the control
efforts devoted by our proposed algorithm, the evolu-
tions of four intermediate control variables (i.e. U1-U4)
with respect to time have been presented in Fig.16-19,
according to U1-U4, the original control inputs F1-F4

can be obtained straightforward. In the end, for the
tracking control of ellipse and 8-shaped trajectories,
only the tracking histories in 3D space were shown (see
Fig.20-21) due to the similarities with cylindrical helix,
and a sound tracking performance under our proposed
strategy was also self-evident.

6 Conclusion

In this paper, based on the inner-outer loop con-
trol architecture, a novel position control strategy
has been put forward to address the position control
problem of quadrotor UAV. The aircraft considered
in this research is underactuated and suffering from
uncertainties and external disturbances. To realize a
sound tracking control performance, first, a virtual
PD position controller was designed to drive this air-
craft toward its desired position trajectories. Second,
with the desired attitudes acquired from this posi-
tion controller, we have constructed a novel attitude
constraint-following controller for attitude subsystem
of quadrotor UAV, as a deterministic robust controller,
no further information about the uncertainties is re-
quired except their bounds. In addition, the uniform
boundedness and uniform ultimate boundedness of
attitude constraint deviation were also guaranteed un-
der this controller. In the end, the simulation results
presented have demonstrated the effectiveness of our
proposed control architecture on the trajectory track-
ing control of underactuated quadrotor UAV.
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Figures

Figure 1

The schematic of quadrotor UAV



Figure 2

The design procedure of attitude controller

Figure 3



The control architecture for quadrotor UAV

Figure 4

The response of IIβII

Figure 5

The response of tracking errors ex, ey, ez



Figure 6

The response of tracking errors eΘ, eΨ, eΦ

Figure 7

The response of coordinate x



Figure 8

The response of coordinate y

Figure 9

The response of coordinate z



Figure 10

The tracking history for cylindrical helix

Figure 11

The response of attitude Θ



Figure 12

The response of attitude Ψ

Figure 13

The response of attitude Φ



Figure 14

The time history of Θd

Figure 15

The time history of Ψd



Figure 16

The time history of U1

Figure 17

The time history of U2



Figure 18

The time history of U3

Figure 19

The time history of U4



Figure 20

The tracking history for ellipse trajectory

Figure 21

The tracking history for 8-shaped trajectory


