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Abstract The problem of fault estimation and fault
tolerant control for Lipschitz nonlinear systems subject

to actuator and sensor faults is investigated in this pa-
per. A fault decomposition technique is introduced to
design a set of iterative estimation observers for the

system in consideration. The obtained mean sequence

of estimates, under certain conditions, converge to the

true values of state and multi-faults. A convergence the-

ory with a theoretical proof is given. A sufficient LMI-

based stability condition dependent on the coefficient
matrix of disturbance is proposed to determined the
observer gains. Finally, an output feedback FTC is de-

signed to stabilize the Lipschitz nonlinear system. The

longitudinal dynamics of an aircraft is applied to test

the proposed method.

Keywords Nonlinear systems · LMI-based stability

condition · Integrated estimation observer · Fault
tolerant control · Convergence

1 Introduction

As the increase of the safety and reliability require-

ments for actual control systems, the fault tolerant con-

trol (FTC) has become a hot topic in the industrial

and theoretical areas and some excellent works have

emerged, see [1–13]. Meanwhile, as one of the important

means of FTC, the research of fault diagnosis (FD) has
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become more and more frequent. In the field of fault

diagnosis, fault estimation (FE) technique can obtain

more exact fault information such as size and shape

so as to perform desired fault detection alternately,

which has become an important research topic. In re-

cent years, the field of fault estimation has been fully

developed by the efforts of scholars, such as the robust

observers (RO) [1,14], adaptive observers (AO) [15–17],

sliding mode observers [18,19], and other estimation ob-

servers, [4, 7, 20, 21] and so on.

It is undeniable that the vast majority of the above

works designed estimators based on the output and ob-

server output information, which may result in unsat-

isfactory estimation results since that part of state es-

timation information is not utilized. In [21], an inter-

mediate estimator was proposed based on the interme-

diate variable, where the observer matching condition

needed not be met and the state estimation informa-
tion was partially utilized. However, the designed in-
termediate estimator ignores the key output signal in-
formation and the intermediate variable parameter has

to be designed as a special form, which may lead to

the obtained stability condition is conservative and af-

fect the accuracy of fault estimation. Therefore, it is a

challenging problem to reduce the conservatism of the
stability condition of the error dynamics, utilize fully
state estimation and output information, and further
improve the estimation accuracy, which arouses great

interest. In addition, in [1], a k-step iterative estima-

tion technique has been proposed, by which the effect
of the fault derivatives in the error dynamics can be

constrained in certain conditions effectively. Obviously,

the design is mainly to constrain the negative effect of

fault derivatives from the perspective of observer re-

construction. However, there is still a large gap in the

research to achieve the above effect from the perspec-
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tive of stability analysis, which further motivates the

current work.

On the other hand, the existence of the faults, dis-

turbances and model uncertainties brings great chal-

lenges to maintaining ideal performance and the stable

operation of the control systems. For instance, the oc-

currence of the sensor fault may result in poor regula-

tion or tracking performance and even affect the stabil-

ity of the control systems, which has caused great con-

cern by the related scholars, see works [12, 21–29], and

references therein. Nevertheless, linear systems [22], or

systems without uncertainties [23–29], are still the main-

stream of the models mentioned above, which may not

be able to better characterize actual control systems.

Furthermore, almost all of the sensor fault estimation

methods in the past (see [12,21,24–27]), required an ini-

tial assumption about the fault derivatives (i.e., ḟs(t)
is norm bounded or belongs to L2[0,∞)). Therefore,

there is an incentive to construct an estimation observer

for the nonlinear systems with uncertainties, where the

constraint on sensor fault derivatives can be loosened.

Lastly, in the field of FTC, the output feedback con-

trol is critical when the state is unknown or unmea-

sured. For the output feedback FTC, the static output

feedback has better control effect, which inspires schol-

ars to conduct numerous research, see [5, 30–32]. How-

ever, the controller gain based on static output feedback

may be hard to obtain without increasing stability con-
servatism (see e.g. [5]), which also drives the research
in the paper.

Inspired by the above aspects, this paper focuses on
the problem of fault estimation and output feedback

FTC for Lipschitz nonlinear systems involving faults

and disturbances. Here, the actuator and sensor faults

are considered simultaneously. A set of iterative esti-

mation observers different from the existing ones in the

literature are design to obtain the multi-faut estimates

with a good accuracy. An output feedback FTC is de-

signed to stabilize the Lipschitz nonlinear system in
consideration. A numerical example tests the proposed
method. The main contributions of this paper can be
summarized as follows:

i) A fault decomposition technique is proposed to

design a new integrated estimation observer, which is
different from the existing ones, such as the interme-
diate estimation observer in the work [21], the lower
triangular matrix linear transformation based estima-

tion observers in the research [4, 7].

ii) Based on the fault decomposition technique, a set

of iterative estimation observers are further established

for the system in consideration. Under certain condi-

tions, the obtained mean sequence of estimates converge

to the true values of state and multi-faults. The conver-

gence theory and its proof are both given. An iterative

estimation algorithm is exhibited subsequently.
iii) A sufficient LMI-based stability condition depen-

dent on the introduced coefficient matrix of disturbance

is proposed to determine the observer gains, which can

reduce to the existing ones in the work [4].

2 Problem formulation

Consider the following nonlinear system described
by






ẋ(t) = Ax(t) +N(t, x(t))

+B(u(t) + fa(t)) +Dw(t),

y(t) = Cx(t) + Ffs(t) + Ew(t).

(1)

where, the system state vector x(t) ∈ Rn is unmea-

surable; u(t) ∈ Rm is the control input; fa(t) ∈ Rm

represents the unknown actuator fault; w(t) ∈ Rq is

the exogenous disturbance input; y(t) ∈ Rp is the con-

trol output vector; fs(t) ∈ Rl represents the unknown
sensor fault; the nonlinear vector function described by

N(t, x(t)) could depict modeling uncertainties; the sys-

tem matrices A, B, C, D, E and F are constant ma-

trices of appropriate dimensions. Here, the pairs (A,B)

and (A,C) are controllable and observable, respectively.

Before starting the work, some assumptions in the

following are required:

Assumption 1 ḟa(t), fa(t) and w(t) are norm bounded,

i.e., there exists three positive scalars α, β and δ such

that ‖ḟa(t)‖ ≤ α, ‖fa(t)‖ ≤ β, ‖w(t)‖ ≤ δ.

Assumption 2 The nonlinear term N(t, x(t)) is known
and satisfies a Lipschitz constraint, i.e.,

‖N(t, x1(t))−N(t, x2(t))‖ ≤ h‖x1(t)− x2(t)‖,

∀x1(t), x2(t) ∈ Rn. (2)

where, h is the Lipschitz constant independent of x(t)

and t.

Remark 1 The scalars α, β and δ in Assumption 1 can

be unknown. Similar assumptions can be seen in [16,

33]. In the actual systems, some nonlinear terms can

be assumed as Lipschitz, so Assumption 2 is a common

assumption in [7, 21].

Assumption 3 The system matrices satisfy: rank(F ) =

l, rank(B) = m, l < p = rank(C), and m ≤ p =

rank(C).

Remark 2 In some literature that considers both actua-

tor and sensor fault estimation, the condition: rank(F )

= l, rank(B) = m, l +m < p = rank(C) must be sat-

isfied to be able to provide fault estimation, as can be
seen in [25,26]. In contrast, the condition in Assumption

3 are less conservative.
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3 Iterative observers based fault estimation

In this section, a fault decomposition technique is
to be introduced to design a set of iterative estimation

observers for the Lipschitz nonlinear system, so as to

obtain the estimates of state and multi-faults with a

good accuracy. Relevant stability analysis will be dis-

cussed subsequently.

3.1 Fault decomposition based initial estimation

observer design

If the state matrix of the system is stable (else Γ =

0), we introduce a virtual fault decomposition

fa(t) = Γx(t) + d(t). (3)

where, Γ is a learning matrix to be designed.

Remark 3 In fact, if the state matrix of the system is
stable, the state curve of the system can roughly de-

scribe the shape of the system fault to a certain extent.

Therefore, the fault decomposition in (3) is reasonable.

Furthermore, under certain conditions, one has the fol-

lowing inequalities:

||d(t)|| ≤ ||fa(t)||, ||ḋ(t)|| ≤ ||ḟa(t)||.

On the other hand, when the system is controllable, one

can easily design a feasible output feedback control to

make the state matrix of the system stable.

From (1) and (3), one has

ḟa(t) =Γ [Ax(t) +N(t, x(t))

+B(u(t) + fa(t)) +Dw(t)] + ḋ(t). (4)

Then, a virtual system can be obtained as






















ẋ(t) = Ax(t) +N(t, x(t))

+B(u(t) + fa(t)) +Dw(t),

ḟa(t) = Γ [Ax(t) +N(t, x(t))

+B(u(t) + fa(t)) +Dw(t)] + ḋ(t),
y(t) = Cx(t) + Ffs(t) + Ew(t).

(5)

Denote χT (t) = [xT (t), fT
a (t)], according to Assump-

tion 3 and (5), the virtual system described in (5) can

be re-expressed as














χ̇(t) = G[Āχ(t) + ĪnN(t, ĪTn χ(t))

+B̄u(t) + D̄w(t)] + Īmḋ(t),

y(t) = C̄χ(t) + Ffs(t) + Ew(t),

fs(t) = Φy(t)− ΦC̄χ(t)− ΦEw(t).

(6)

where, Φ = (FTF )−1FT ,

Ā =

[

A B

0 0

]

, G =

[

In 0

Γ Im

]

, C̄ =
[

C 0
]

,

D̄ =

[

D

0

]

, B̄ =

[

B

0

]

, Īm =

[

0

Im

]

, Īn =

[

In
0

]

.

According to the virtual system (6), an integrated

estimation observer based on fault decomposition is de-

signed as:














˙̂χ(t) = G[Āχ̂(t) + ĪnN(t, ĪTn χ̂(t))

+B̄u(t)] + L(ŷ(t)− y(t)),

ŷ(t) = C̄χ̂(t) + F f̂s(t),

f̂s(t) = Φy(t)− ΦC̄χ̂(t).

(7)

where, χ̂(t), ŷ(t) and f̂s(t) are the estimates of χ(t),

y(t) and fs(t), respectively. In this case, x̂(t) and f̂a(t)

can be obtained as

x̂(t) = ĪTn χ̂(t), f̂a(t) = ĪTmχ̂(t).

Remark 4 Compared with the estimation observer based

on the transform d(t) = f(t)−Γy(t) in [4] and Γ = RC
in [7], the estimation observer in this paper is more gen-

eral in form and applies more state estimation informa-

tion. On the other hand, in reference [21], the learning

matrix contained in the intermediate variable was de-

signed as wET , while the learning matrix of the virtual
fault decomposition in this paper is obtained by solv-

ing LMIs. Obviously, the designed estimation observer
in this paper is superior to the estimators mentioned in
the above literature.

Remark 5 In some sensor fault estimation references,

such as [21,26], the generalized coordinate transforma-
tion method is generally used to construct the estima-
tion observer, that is, set x̄T (t) = [xT (t), fT

s (t)], which

is based on the premise that ‖ḟs(t)‖ ≤ ℓ satisfies. In the

paper, the constraint on sensor fault derivatives can be
loosened. In this case, the magnitude of ΦE must be

relatively small to ensure the accuracy of the sensor
fault estimates, which leads to the conservativeness of
the proposed approach.

Further denote e(t) = χ̂(t)−χ(t), ey(t) = ŷ(t)−y(t),

efs(t) = f̂s(t) − fs(t), efa(t) = f̂a(t) − fa(t), ex(t) =

x̂(t) − x(t). Obviously, e(t) = [eTx (t), e
T
fa
(t)]T , then the

corresponding error dynamic can be gained by:














ė(t) = G[Āe(t) + ĪnNg(t)] + Ley(t)

−Īmḋ(t)−GD̄w(t),

ey(t) = C̄e(t) + Fefs(t)− Ew(t),

efs(t) = −ΦC̄e(t) + ΦEw(t).

(8)

where Ng(t) = N(t, x̂(t))−N(t, x(t)).

Then, the estimation error dynamic (8) can be fur-
ther calculated as

ė(t) = (GĀ+ LΦ̄C̄)e(t) +GĪnNg(t)− L̄w̄(t). (9)

with Φ̄ = I − FΦ, L̄ = [LΦ̄E + GD̄, Īm], w̄T (t) =

[wT (t), ḋT (t)].
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Remark 6 The lower triangular matrix transformation

technique is a contribution in our published literature
[4], which essentially does not change the original eigen-
values of the system. In contrast, the eigenvalues of GĀ

in this paper can be optimized by selecting the learning
matrix Γ reasonably.

3.2 Disturbance coefficient dependent observer gains
design

The following subsection is the stability analysis

for the estimation error dynamic (9) and the solution
of observer gains via disturbance coefficient dependent
LMIs.

Lemma 1 Under Assumptions 1-3, the state of the es-
timation error dynamic described in (9) is uniformly

ultimately bounded, if for given scalars γ1 > 0, γ2 > 0,

µ > 0 and an adjustable parameter matrix H with large

norm, there exist matrices Γ , L and P > 0 such that
the following inequality holds:

Π1 =





Π11 + µP PGĪn PL̄H

∗ −γ2
1I 0

∗ ∗ −γ2
2I



 < 0. (10)

where

Π11 = P (GĀ+ LΦ̄C̄) + (GĀ+ LΦ̄C̄)TP + γ2
1h

2ĪnĪ
T
n .

Proof Consider the Lyapunov function as

V (t) = eT (t)Pe(t). (11)

then one has

V̇ (t) =eT (t)[P (GĀ+ LΦ̄C̄) + (GĀ+ LΦ̄C̄)TP ]e(t)

+ 2eT (t)PGĪnNg(t)− 2eT (t)PL̄w̄(t). (12)

Furthermore, the following inequalities always hold:

2eT (t)PGĪnNg(t)

≤eT (t)
PGĪnĪ

T
n G

TP

γ2
1

e(t) + γ2
1h

2eT (t)ĪnĪ
T
n e(t),

2eT (t)PL̄w̄(t) ≤ eT (t)
PL̄L̄TP

γ2
2

e(t) + γ2
2‖w̄(t)‖

2.

(13)

From Assumption 1 and Remark 3, it is obvious that

w̄(t) is norm-bounded. Then, set w̄(t) = Hg(t), H is an

adjustable parameter matrix to be designed to ensure

that ‖g(t)‖ ≤ ‖w̄(t)‖ is satisfied. Further, (14) can be
inferred as

2eT (t)PL̄Hg(t)

≤eT (t)
PL̄HHT L̄TP

γ2
2

e(t) + γ2
2‖g(t)‖

2. (14)

Then, one can have

V̇ (t) ≤eT (t)[P (GĀ+ LΦ̄C̄) + (GĀ+ LΦ̄C̄)TP ]e(t)

+ eT (t)[1/γ2
1PGĪnĪ

T
n G

TP + γ2
1h

2ĪnĪ
T
n ]e(t)

+ 1/γ2
2e

T (t)PL̄HHT L̄TPe(t) + γ2
2‖g(t)‖

2.

(15)

On the other hand, if (10) holds, by Schur complement,

it follows that

P (GĀ+ LΦ̄C̄) + (GĀ+ LΦ̄C̄)TP

+1/γ2
1PGĪnĪ

T
n G

TP + γ2
1h

2ĪnĪ
T
n

+1/γ2
2PL̄HHT L̄TP ≤ −µP. (16)

It further follows that

V̇ (t) ≤ −µV (t) + γ2
2‖g(t)‖

2. (17)

which implies that the state of estimation error dynamic

described in (9) is uniformly ultimately bounded ac-

cording to stability theory. The proof is completed.

Remark 7 The inequality (13) can be converted to (14)

by introducing an adjustable parameter matrixH, which

is helpful to constrain fault derivatives and other bounded

uncertainties in the estimation error dynamic so as to

ensure that the state of corresponding system can con-

verge to smaller range.

In fact, when H = I, the stability condition in

Lemma 1 reduces to the form obtained in [4, 7]. Obvi-

ously, compared with the result in Lemma 1, the obtain

results in the mentioned literature are conservative.

Theorem 1 Under Assumptions 1-3, the state of the

estimation error dynamic described in (9) is uniformly

ultimately bounded, if for given scalars γ1 > 0, γ2 > 0,

µ > 0, adjustable parameter matrices H1, H2 with large

norms, and a parameter matrix ג ∈ Rn×m, there exist

matrices ̥, X, Pn > 0 and Pm > 0, such that the
following LMIs hold:

P =

[

Pn Pmג

∗ Pm

]

> 0, (18)

Π̄1 =









Π̄11 + µP Π̄12 Π̄13 Π̄14

∗ −γ2
1I 0 0

∗ ∗ −γ2
2I 0

∗ ∗ ∗ −γ2
2I









< 0. (19)

where,

Π̄11 =ḠĀ+ ĀT ḠT +̥Φ̄C̄ + C̄T Φ̄T̥T + γ2
1h

2ĪnĪ
T
n ,

Π̄12 =ḠĪn, Π̄13 = ̥Φ̄EH1 + ḠD̄H1,

Π̄14 =P ĪmH2, Ḡ =

[

Pn + Xג Pmג

PT
mגT +X Pm

]

.
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Then, the learning matrix and estimation observer gain

can be computed as

Γ = P−1
m X, L = P−1̥.

Proof Set P as defined in (18) and the variables:

̥ = PL, X = PmΓ, H =

[

H1 0
0 H2

]

.

the proof can be completed via the steps in the proof

of Lemma 1. The proof is completed.

3.3 Iterative estimation observers design

Based on the initial estimate from the fault decom-

position based estimation observer (7), we design the

following iterative estimation observers.















˙̂χk(t) = G[Āχ̂k(t) + ĪnN(t, ĪTn χ̂k(t))

+B̄u(t)] + L[ŷk(t)− y(t)] + Īmθ̇k(t),

ŷk(t) = C̄χ̂k(t) + F f̂sk(t),

f̂sk(t) = Φy(t)− ΦC̄χ̂k(t).

(20)

for k ∈ N, and θ0(t) = 0, θk(t) = d̂k−1, k ∈ N+, where

χ̂k(t) ∈ Rn+m is the kth estimate of the state χ(t),

ŷk(t) ∈ Rp is the kth observer output, and f̂sk(t) ∈ Rl

is the kth estimate of the sensor fault fs(t) and where L

and Γ are the gain matrices of appropriate dimensions

to be designed.

Denote ek(t) = χ̂k(t) − χ(t), eyk(t) = ŷk(t) − y(t),

ek(t) = χ̂k(t) − χ(t), eyk(t) = ŷk(t) − y(t), efsk(t) =

f̂sk(t)− fs(t), efak
(t) = f̂ak(t)− fa(t), edk(t) = d̂k(t)−

d(t) for k ∈ N. Obviously, ek(t) = [eTxk(t), e
T
fak

(t)]T ,

then the corresponding iterative error dynamics can be
gained by:















ė0(t) = G[Āe0(t) + ĪnNg0(t)] + Ley0(t)

−Īmḋ(t)−GD̄w(t),

ey0(t) = C̄e0(t) + Fefs0(t)− Ew(t),

efs0(t) = −ΦC̄e0(t) + ΦEw(t).

(21)

and














ėk(t) = G[Āek(t) + ĪnNgk(t)] + Leyk(t)

+Īmėd,k−1(t)−GD̄w(t),
eyk(t) = C̄ek(t) + Fefsk(t)− Ew(t),

efsk(t) = −ΦC̄ek(t) + ΦEw(t).

(22)

for k ∈ N+ and Ngk(t) = N(t, x̂k(t))−N(t, x(t)). Fur-

ther, (21) and (22) can be inferred as







ė0(t) = Ξ1e0(t) +GĪnNg0(t)

−Īmḋ(t)− Ξ2w(t),

efs0(t) = −ΦC̄e0(t) + ΦEw(t).

(23)

and







ėk(t) = Ξ1ek(t) +GĪnNgk(t)

+Īmėd,k−1(t)− Ξ2w(t),

efsk(t) = −ΦC̄ek(t) + ΦEw(t).

(24)

with Ξ1 = GĀ + LΦ̄C̄ and Ξ2 = GD̄ + LΦ̄E, for k ∈

N+. In fact, the kth error dynamics are affected by the

(k − 1)th bounded function ḋ(t) estimation errors.

3.4 Convergence analysis

As mentioned in literature [33], the iterative estima-

tion method is generally sensitive to the disturbances

and the noise in the iterative process, which is also the

limitation of iterative observers. Here, if the system is

in disturbances free, then one can have the following

result.

Theorem 2 Under Assumptions 1-3 and Theorem 1,
the state, actuator fault and sensor fault estimates ob-

tained from the iterative integrated estimation observers
in (20) satisfy that

lim
t→∞

lim
k→∞

rxk = lim
t→∞

lim
k→∞

1

k + 1

k
∑

i=0

exi(t) = 0, (25)

lim
t→∞

lim
k→∞

rfak
= lim

t→∞
lim
k→∞

1

k + 1

k
∑

i=0

efai
(t) = 0, (26)

and

lim
t→∞

lim
k→∞

rfbk = lim
t→∞

lim
k→∞

1

k + 1

k
∑

i=0

efsi(t) = 0. (27)

with N(t, x(t)) ≡ 0 and w(t) ≡ 0, for t > T0, if the gain

matrices L and Γ obtained from Theorem 1 can ensure
that the matrix G−1Ξ1 + (G−1Ξ1)

T is stable.

Proof According to (23) and (24), one has the following

estimation error dynamics































k
∑

i=0

ėi(t) = Ξ1

k
∑

i=0

ei(t) +GĪn
k
∑

i=0

Ngi(t)

+Īm[
k−1
∑

i=0

ėdi(t)− ḋ(t)]− Ξ2

k
∑

i=0

w(t),

k
∑

i=0

efsi(t) = −ΦC̄
k
∑

i=0

ei(t) + ΦE
k
∑

i=0

w(t).

(28)

with Ξ1 = GĀ+ LΦ̄C̄ and Ξ2 = GD̄ + LΦ̄E.
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Then, based on N(t, x(t)) ≡ 0, w(t) ≡ 0 and the

virtual equal substitution (3), the estimation error dy-
namic (28) can be further written as















k
∑

i=0

ėi(t) = Ξ1

k
∑

i=0

ei(t) + Īm[
k−1
∑

i=0

ėdi(t)− ḋ(t)],

k
∑

i=0

efsi(t) = −ΦC̄
k
∑

i=0

ei(t).

(29)

where, ėdi(t) = [−Γ Im]ėi(t). Further, one can obtain

that









k
∑

i=0

ėxi(t)

Γ
k
∑

i=0

ėxi(t) +
˙̂
dk(t)









=

k
∑

i=0

Ξ1ei(t). (30)

Set

ēxk(t) =
1

k + 1

k
∑

i=0

exi(t), ēfak
(t) =

1

k + 1

k
∑

i=0

efai
(t).

Then, one has

[

In 0
Γ Im

]

[

˙̄exk(t)
˙̂
dk(t)
k+1

]

= Ξ1ēk(t), (31)

with ēk(t) = [ēTxk(t), ē
T
fk(t)]

T . Then, (31) can be further

inferred as:

[

˙̄exk(t)
˙̂
dk(t)
k+1

]

= G−1Ξ1ēk(t). (32)

That is,

˙̄exk(t) = ĪTn G
−1Ξ1ēk(t),

˙̂
dk(t)

k + 1
= ĪTmG−1Ξ1ēk(t).

(33)

On the other hand, based on Lemma 1, one can in-

fer that ex0(t) and ef0(t) are uniformly bounded. It

further follows from (23) that ėx0(t) and ėf0(t) are
uniformly bounded. Then, by iterative process (as de-

scribed in [34]), exk(t), efk(t), ėx,k−1(t) and ėf,k−1(t)

in (24), for t > T0, ∀k ∈ N, are uniformly bounded.

That is, there exists positive scalars σ1, σ2, σ̄1, σ̄2 such

that ‖exk(t)‖ ≤ σ1, ‖efk(t)‖ ≤ σ2, ‖ėxk(t)‖ ≤ σ̄1,

‖ėfk(t)‖ ≤ σ̄2, for t > T0, ∀k ∈ N.

Set the Lyapunov function as

V̄xk(t) = ēTxk(t)ēxk(t), t > T0. (34)

Based on (33), it follows that

˙̄Vxk(t) = 2ēTxk(t) ˙̄exk(t)

=2ēTxk(t)Ī
T
n G

−1Ξ1ēk(t)

=ēTxk(t)[Ī
T
n G

−1Ξ1 + (ĪTn G
−1Ξ1)

T ]ēk(t)

+ ēTfk(t)[Ī
T
mG−1Ξ1ēk(t)−

˙̂
dk(t)

k + 1
]

+ [ĪTmG−1Ξ1ēk(t)−
˙̂
dk(t)

k + 1
]T ēfk(t)

=ēTk (t)Ωēk(t)−
2ēTfk(t)

˙̂
dk(t)

k + 1

≤ēTk (t)Ωēk(t) +
2ēTfk(t)[ėd,k(t) + ḋ(t)]

k + 1
. (35)

with Ω = G−1Ξ1 + (G−1Ξ1)
T , for t > T0.

In addition

‖ėd,k(t)‖
2 ≤‖Γ ėxk(t)‖

2 + ‖ėfk(t)‖
2

≤max{ξ2, 1} · [σ̄2
1 + σ̄2

2 ]. (36)

with ξ2 = ‖Γ‖2. Then, one can have

˙̄Vxk(t) ≤ēTk (t)Ωēk(t)

+
2σ2 · [

√

max{ξ2, 1} · [σ̄2
1 + σ̄2

2 ] + α]

k + 1
. (37)

Since that Ω is stable, then it further follows that

lim
t→∞

lim
k→∞

˙̄Vxk(t)

≤ lim
t→∞

lim
k→∞

ēTk (t)Ωēk(t)

+ lim
t→∞

lim
k→∞

2σ2 · [
√

max{ξ2, 1} · [σ̄2
1 + σ̄2

2 ] + α]

k + 1

<0. (38)

for ēk(t) 6= 0 and t > T0. Therefore,

lim
t→∞

lim
k→∞

V̄xk(t) = lim
t→∞

lim
k→∞

ēTxk(t)ēxk(t) = 0, t > T0.

(39)

That is, (25) holds. It further follows from (38) that

(26) holds.

Further denote ēfsk(t) =
1

k+1

k
∑

j=0

efsk(t). According

to (29), one has

lim
t→∞

lim
k→∞

ēfsk(t) = −ΦC̄ lim
t→∞

lim
k→∞

ēk(t) = 0. (40)

then, (27) holds. Thus, the proof is completed.
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Remark 8 In fact, when the nonlinear term satisfies

N(t, x(t)) = hx(t), the above theorem can be proved
easily and the proof details are omitted here. Further-

more, if there exists N(t, x(t)) such that ‖N̄gk(t)‖ <

h‖ēk(t)‖ with N̄gk(t) =
1

k+1

k
∑

i=0

Ngi(t), for ∀k ∈ N, then

the above mean convergence theorem is also valid for

the lipschitz nonlinear system in consideration. How-

ever, the N(t, x(t)) satisfying the above constraint is

uncommon.

Remark 9 The convergence of fault estimation errors
is explored in technical notes [33] and [34], which are

mainly based on initial estimation estimators constructed

from output and output derivative information. In con-

trast, fault decomposition based estimation observer is

the basis of the estimation error convergence in the pa-

per, where the convergence of sensor fault estimation
error is related to the convergence of state estimation
error.

Next, we can select the iteration number k suitably

such that
∑k

i=0 x̂k(t)/(k + 1),
∑k

i=0 f̂ak(t)/(k + 1) and
∑k

i=0 f̂sk(t)/(k+ 1) can be considered as the final esti-

mates of x(t), fa(t) and fs(t), respectively, which can

be summarized as the iterative algorithm of state and

multi-fault estimation in the following.

Iterative estimation algorithm

1). Obtain χ̂0(t) and f̂s0(t) by running the iterative

estimation observers in (20). Then, the initial estimates

can be obtained as

x̂0(t) = ĪTn χ̂0(t), f̂a0(t) = ĪTmχ̂0(t).

2). Let k = 1 and obtain χ̂k(t) and f̂sk(t) by running

the iterative estimation observers in (20). Compute

φk(t) =
k

∑

i=0

χ̂k(t)/(k + 1), ξk(t) =
k

∑

i=0

f̂sk(t)/(k + 1).

For tfinal = T > T0 and a given sufficiently small posi-
tive scalar ρ > 0, if

Mk =

∫ T

T0

‖φk(t)− φk−1(t)‖dt ≤ ρ.

then, φk(t) can be considered as the final estimate of

χ(t). Accordingly, the final estimates of x(t), fa(t) and

fs(t) can be obtained as

x̂(t) = ĪTn φk(t), f̂a(t) = ĪTmφk(t), f̂s(t) = ξk(t).

else, set k = k + 1, repeat until the above boundary is
reached.

Remark 10 In the above iterative algorithm, the value

of k is determined by the scalars T = tfinal, ρ and the

iterative errors χ̂k − χ̂i, for i = 0, 1, ..., k − 1. Based on

the algorithm, one has Jk =
∫ k

0
‖φk(t) − φk−1(t)‖dt ≤

λT /(k+1), with λT = max0≤i≤k

∫ T

T0

‖χ̂k−χ̂i‖dt. There-
fore, the value of k is required to satisfy k ≥ λT /ρ− 1.

4 Output feedback fault tolerant control

4.1 Output feedback FTC design

Here, it is assumed that the input matrix can be

represented as B = [BT
m, BT

n−m]T and Bm ∈ Rm×m

is nonsingular (which is obviously true based on As-

sumption 3). Now, we introduce a linear transformation
z(t) = T̃ x(t) with

T̃ =

[

Im 0

−Bn−mB−1
m In−m

]

.

Then, the plant in (1) can be transformed to the fol-
lowing form







ż(t) = Ãz(t) + T̃N(t, T̃−1z(t))

+B̃(u(t) + fa(t)) + D̃w(t),

y(t) = C̃z(t) + Ffs(t) + Ew(t).

(41)

where,

Ã = T̃AT̃−1 =

[

Ã11 Ã12

Ã21 Ã22

]

, B̃ = T̃B =

[

Bm

0

]

,

D̃ = T̃D =

[

D̃1

D̃2

]

, C̃ = CT̃−1 = [C̃1 C̃2].

Next, a controller that tolerates both actuator and sen-

sor faults is designed as follows

u(t) = K[y(t)− F f̂s(t)]− f̂a(t). (42)

where, K ∈ Rm×p is the output feedback gain to be
designed, f̂a(t) and f̂s(t) are final estimates of fa(t)

and fs(t), respectively, which can be obtained on-line

from Section III.

Therefore, the overall closed-loop system for the plant

in (41) can be inferred as

ż(t) = (Ã+ B̃KC̃)z(t) + T̃N(t, T̃−1z(t)) +Rω(t).

(43)

with R = [B̃, B̃KE + D̃], ωT (t) = [w̃T (t), wT (t)] and

w̃(t) = −KFefs(t)− efa(t).
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4.2 Controller gains design

Lemma 2 Under Assumptions 1-3, the state of the over-
all closed-loop system described in (43) is uniformly ul-

timately bounded, if for given scalars γ1 > 0, γ2 > 0,

µ > 0 and an adjustable parameter matrix N with large

norm, there exist matrices K and P > 0 such that the

following inequality holds:

Ξ̄1 =





Ξ̄11 + µP PT̃ PRN

∗ −γ2
1I 0

∗ ∗ −γ2
2I



 < 0. (44)

where

Ξ̄11 = P (Ã+B̃KC̃)+(Ã+B̃KC̃)TP+γ2
1h

2(T̃−1)T T̃−1,

Proof Set the Lyapunov function:

V (t) = zT (t)Pz(t). (45)

then, one has

V̇ (t) =2zT (t)P [(Ã+ B̃KC̃)z(t)

+ T̃N(t, T̃−1z(t)) +Rω(t)],

=zT (t)[P (Ã+ B̃KC̃) + (Ã+ B̃KC̃)TP ]z(t)

+ 2zT (t)PT̃N(t, T̃−1z(t)) + 2zT (t)PRω(t).

Further assume N(t, 0) = 0, then from Assumption 2,
one has

‖N(t, x(t))‖ ≤ h‖x(t)‖, ∀x(t) ∈ Rn. (46)

It thus holds that, for two scalars γ1 and γ2

2zT (t)PT̃N(t, T̃−1z(t))

≤zT (t)
PT̃ T̃TP

γ2
1

z(t) + γ2
1h

2zT (t)(T̃−1)T T̃−1z(t),

2zT (t)PRω(t) ≤ zT (t)
PRRTP

γ2
2

z(t) + γ2
2‖ω(t)‖

2.

(47)

According to Lemma 1, there exists a scalar α1 such

that ‖e(t)‖2 ≤ α2
1. In addition

w̃(t) =−KFefs(t)− efa(t)

=−KF [−ΦC̄e(t) + ΦEw(t)]− ĪTme(t)

=[KFΦC̄ − ĪTm]e(t)−KFΦEw(t). (48)

and ωT (t) = [w̃T (t), wT (t)]. Then, based on Assump-

tion 1, it can see that there exists a positive scalar β1

that makes ‖ω(t)‖ ≤ β1 true.

Set ω(t) = Nq(t), N is an adjustable parameter

matrix to be designed to ensure that ‖q(t)‖ ≤ ‖ω(t)‖ is
satisfied. Further, (47) can be rewritten as

2zT (t)PRNq(t)

≤zT (t)
PRNNTRTP

γ2
2

z(t) + γ2
2‖q(t)‖

2. (49)

Then, one can have

V̇ (t) ≤zT (t)[P (Ã+ B̃KC̃) + (Ã+ B̃KC̃)TP ]z(t)

+ zT (t)[1/γ2
1PT̃ T̃TP + γ2

1h
2(T̃−1)T T̃−1]z(t)

+ 1/γ2
2z

T (t)PRNNTRTPz(t) + γ2
2‖q(t)‖

2

=zT (t)[P (Ã+ B̃KC̃) + (Ã+ B̃KC̃)TP

+ 1/γ2
1PT̃ T̃TP + γ2

1h
2(T̃−1)T T̃−1

+ 1/γ2
2PRNNTRTP ]z(t) + γ2

2‖q(t)‖
2. (50)

On the other hand, if (44) holds, by Schur complement,

it follows that

Ξ̄11 + 1/γ2
1PT̃ T̃TP + 1/γ2

2PRNNTRTP ≤ −µP.

It further follows that

V̇ (t) ≤ −µV (t) + γ2
2‖q(t)‖

2. (51)

which implies that the state of the closed-loop system

described in (43) is uniformly ultimately bounded ac-

cording to stability theory. The proof is completed.

Theorem 3 Under Assumptions 1-3, the state of the

overall closed-loop system described in (43) is uniformly
ultimately bounded, if for given scalars γ1 > 0, γ2 > 0,

µ > 0, adjustable parameter matrices N1, N2 with large
norm, and a parameter matrix Ψ ∈ Rm×(n−m), there

exist matrices K̃, Pm > 0 and Pn−m > 0 such that the

following LMIs hold:

P =

[

Pm PmΨ

∗ Pn−m

]

> 0, (52)

Ξ̃ =









Ξ̃11 + µP PT̃ PB̃N1 Ξ̃14

∗ −γ2
1I 0 0

∗ ∗ −γ2
2I 0

∗ ∗ ∗ −γ2
2I









< 0. (53)

where,

Ξ̃11 =PÃ+ ÃTP + Φ̃C̃ + C̃T Φ̃T + γ2
1h

2(T̃−1)T T̃−1,

Ξ̃14 =Φ̃EN2 + PD̃N2, Φ̃ =

[

K̃

ΨT K̃

]

.

Then, the controller gain can be computed as

K = B−1
0 P−1

m K̃.
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Proof Set P as defined in (52) and the variables:

K̃ = PmB0K, N =

[

N1 0
0 N2

]

.

the proof can be completed via the steps in the proof

of Lemma 2. The proof is completed.

Remark 11 It should be noted that Theorem 3 gives a

feasible approach to convert the matrix inequality in

Lemma 2 into LMIs, by which, an ideal controller gain

can be obtained. However, it is difficult to deal with

the coupling term PBKC by using traditional output

feedback control method [5].

5 Simulation results

In the following, the longitudinal dynamics of an
aircraft [7] is used to test the proposed method.




ẋ1

ẋ2

ẋ3



 =





−0.277 1 −0.0002

−17.1 −0.178 −12.2

0 0 −6.67









x1

x2

x3





+





0.1sin(x1)

0
0



+





0.02

0.03

0.04



w(t)

+





0

0

6.67



 (u(t) + fa(t)). (54)

Here, the states x1, x2, x3 represent the angle of at-

tack, the pitch rate, and the elevator angle of the lon-
gitudinal dynamics, respectively. The measured output

is described by

y =

[

1 0 0

0 −1 1

]





x1

x2

x3



+

[

−0.5
0.5

]

fs(t) +

[

0.01
0

]

w(t).

(55)

5.1 Multi-fault estimation and error convergence

To verify the effectiveness of the proposed iterative

observer and the convergence of mean errors, we con-

duct simulation for this example by establishing γ1 =

0.15, γ2 = 0.15, µ = 1, ג = [2, 0, 0]T , H1 = 0 (since

w(t) ≡ 0), H2 = 1 and h = 0.1. A set of feasible solu-

tions for the system can be obtained based on Theorem
1. The iterative observer gains can be calculated as:
Γ = [−3.3877, 3.4312,−3.8886] and

L = 103 ·









1.0483 1.0621

−0.3989 −0.4044

−1.5735 −1.5931

−2.3914 −2.4189









.

For the simulation purpose, here, the actuator and
sensor faults are described by:

fa(t) =























0, t ∈ [0, 5]

2(1− e5−t), t ∈ (5, 18.5]

2sin(π(t− 10)), t ∈ (18.5, 30.167]

1.4− 0.4e−5π(t−30.167), t ∈ (30.167, 40]

1.4e40−t, t ∈ (40, 50].

fs(t) =































0, t ∈ [0, 6]

0.2t, t ∈ (6, 10]

0, t ∈ (10, 15]

3, t ∈ (15, 20]
0, t ∈ (20, 30]

1 + 0.5sin(0.8t), t ∈ (20, 50].

Based on the above conditions, some simulation results

for the model can be obtained as follows:

Fig. 1 Response curves of f(t), d(t), ḟ(t) and ḋ(t) .

Fig. 2 Response curves of state1 estimation errors under dif-
ferent numbers of iterations.

Fig. 1 simulates the response curves of f(t), d(t),
ḟ(t) and ḋ(t) under the virtual fault decomposition
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(3). Obviously, in the case, the response curves of d(t)

and ḋ(t) are norm bounded. Furthermore, compared
with f(t) and ḟ(t), d(t) and ḋ(t) have smaller function

boundaries, which shows the characteristics of virtual

fault decomposition.

First, the convergence effect of the mean sequence
of estimation errors is showed. Figs. 2-4 show the tra-

jectories of state, actuator fault and sensor fault esti-
mation error mean sequences under different iteration
numbers, respectively. It can be clearly seen from the

convergence direction in the figures that the mean se-

quence of estimation errors will be closer to zero as the

number of iterations increases.

Fig. 3 Response curves of actuator fault estimation errors
under different numbers of iterations.

Fig. 4 Response curves of sensor fault estimation errors un-
der different numbers of iterations.

Second, to test the effectiveness of the iterative pro-

cess of the integrated observer for fault estimation, the

faults and their estimated response curves can be ob-

tained when the iteration times k = 1 and k = 7, as

shown in Fig. 5. It is clear that the estimated response

curves when the number of iterations k = 7 can better
simulate the fault information than when k = 1, which

shows the advantage of observer iteration.

Fig. 5 Response curves of faults and their estimates under
the iteration number k = 1 and k = 7.

Fig. 6 Response curves of faults and their estimates under
different fault estimation methods.

Third, to further demonstrate the merits of the pro-

posed fault estimation method, we also run the simula-

tion of the intermediate estimator in reference [21] un-

der the above conditions. The intermediate estimator

gains can be obtained as follows: Γ = 0.23 · [0, 0, 6.67]
and

L =









−1.3912 0.2944

−6.3096 −5.8651

−21.8465 23.9795
−24.5589 −3.5068









.

Fig. 6 shows the faults and their estimated response

curves obtained by different methods. It is found that
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Table 1 The iterative observer gains obtained based on
H1 = 1

Parameter Γ LT

H2 = 1 [−1.02, 0.93,−1.42]

[

67.33 −20.08 −126.81 −96.45
17.01 1.84 −53.35 −24.19

]

H2 = 2 [−1.04, 0.99,−2.76]

[

8.96 4.67 −42.61 −18.11
74.34 −22.98 −136.47 −111.36

]

H2 = 4 [−1.07, 1.04,−5.40]

[

32.77 −5.67 −78.27 −63.35
49.67 −12.94 −102.85 −87.57

]

H2 = 6 [−1.17, 1.18,−8.04]

[

50.53 −13.26 −105.74 −96.19
32.68 −5.80 −80.27 −70.48

]

H2 = 8 [−1.27, 1.24,−10.54]

[

46.44 −11.78 −101.62 −99.73
47.68 −12.16 −103.06 −101.09

]

H2 = 10 [−1.30, 1.43,−13.23]

[

51.31 −13.83 −109.00 −113.76
48.67 −12.80 −105.30 −109.66

]

H2 = 12 [−1.42, 1.66,−15.84]

[

45.72 −11.45 −101.08 −111.47
51.49 −13.99 −109.66 119.48

]

Matlab: γ1 = γ2 = 0.11, µ = 1, ג = [1,−1, 0]T , h = 0.1.
“[tmin, xfeas]=feasp(LMIs, [0, 0, 1000000, 0, 0], 0)”.
Keep two valid numbers after the decimal point.

the derived iterative observer has better estimation ac-

curacy than the intermediate estimator in [21]. The re-

sponse trajectories of faults and their estimates pre-

sented in the subgraphs are more evident.

5.2 Observer gain optimization based on the proposed
stability condition

To test the superiority and rationality of the pro-

posed LMI-based stability condition, we run simulation
for this example by setting γ1 = γ2 = 0.11, µ = 1,

ג = [1,−1, 0]T , h = 0.1 and H (with different norms).
Here, the disturbance is assumed as w = cos(t). Based

on Theorem 1, a set of feasible solutions for the system
can be obtained, as shown in Table 1.

Fig. 7 Response curves of state1 estimation errors under dif-
ferent norms of H.

Here, H = diag{H1, H2}. Based on the above ob-

server gains shown in Table 1, the relevant simulation
results for the model can be obtained as follows.

Fig. 8 Response curves of actuator fault estimation errors
under different norms of H.

Fig. 9 Response curves of sensor fault estimation errors un-
der different norms of H.

Figs. 7-9 show the trajectories of state, actuator

fault and sensor fault estimation errors under differ-

ent norms of H, respectively. Obviously, when H = 1
(in [4, 7]), the fluctuation range of the corresponding

estimation error curve is the largest. Furthermore, one

can be clearly seen from the error movement direction

in the figures that the mean sequence of estimation er-

rors are well closer to zero when the norm of H is suffi-

ciently large, which indicates that the proposed method

can optimize the observer gains.
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5.3 Fault tolerant control (FTC)

Finally, we consider the problem of output feedback

FTC for the model. By setting x0 = [0.6, 0.4, 0.15]T ,
γ1 = γ2 = 0.08, µ = 1, Ψ = [−2, 0]T , N1 = 1, N2 = 1

and h = 0.1. A set of feasible solutions for the model

can be obtained based on Theorem 3. The controller

gain can be obtained as: K = [−23.9886,−32.1576].

Based on the obtained controller gain, the simulation

result is shown as follows.

Fig. 10 Response curves of system states activated by the
proposed multi-fault tolerant controller.

The response curves of system states activated by

the proposed multi-fault tolerant controller are given in

Fig. 10, which shows that the state of the overall closed-

loop system can converge to a small range rapidly al-

though the plant is subject to multiple faults and un-

certain disturbances.

6 Conclusion

This paper has studied the problem of fault esti-

mation and fault tolerant control for Lipschitz nonlin-
ear systems subject to actuator and sensor faults. A

fault decomposition technique is introduced to design
a set of iterative estimation observers for the system.
The obtained mean sequence of estimates, under cer-

tain conditions, converge to the true values of state and

multi-faults. A sufficient LMI-based stability condition

dependent on the coefficient matrix of disturbance is

proposed to determined the observer gains. Then, an

output feedback FTC is designed to stabilize the Lip-

schitz nonlinear system. Finally, the longitudinal dy-

namics of an aircraft is applied to test the proposed

method. The future work will focus on the construc-

tion and the optimization of fault-tolerant controllers

for linear/nonlinear control systems with actuator and

sensor faults.
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