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Abstract 

The micro-texture of the aggregates of a pavement layer has a direct influence on their resistance. 

Whatever the position of these aggregates in a pavement structure, they must withstand, during 

construction or during life, the stresses of attrition and impact. In this study, a series of mechanical 

tests (Proctor, Los-Angeles and Micro-Deval) are carried out on grains of local materials (limestone 

and shale), the degree of crushing of the grains has been quantified using the concept of fractal 

dimension. 

The fractal dimension was calculated for the different grains constituting the samples before and 

after each test, with the use of two two-dimensional 2D methods (Masses Method at the scale of a 

sample and the Box Counting Method at the scale of a grain) and a three-dimensional 3D method 

(Blanket on a grain scale) which is based on the use of the difference between erosion and dilation. We 

seek to determine from these methods the correlation between the two fractal dimensions, namely 2D 

and 3D and study the influence of different parameters on the mechanical characteristics of the 

materials chosen: the shape and size of the grains, the presence or absence of water, the stress intensity 

as well as the nature of the material. 

The results obtained show that the three-dimensional method has a positive effect on the 

description of the 3D microstructure of the surface of the grains subjected to the various mechanical 

tests. 

Key words: Granular materials; Crushing; Mechanical tests; Fractal dimension; 2D and 3D.  
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1. Introduction  

The shape, size and texture of the grains have an influence on the mechanical behaviour of well-

recognized granular materials. In the road sector, these characteristics affect handiness, durability, 

rigidity, tensile strength, shear strength, response to fatigue, etc. In fact, the more the size of the grain 

increases, the more the probability of presence of areas of weakness in the latter increases. Indeed, the 

more the grain size increases, the more the probability of the presence of areas of weakness in this 

grain increases. Microcracks extend when the grains are subjected to a high load, thus constituting an 

important cause of grain breakage. We can simulate the degradation of the grains in the case of the 

road domain by tests (LA, MDE, fragmentability, degradability, Proctor and shear) in the laboratory. 

The purpose of this work is to use the notion of the fractal dimension to evaluate the crushing rate of 

the grains of granular materials (shale and limestone) according to their hardness while knowing that 

the characteristics of road tests have an influence on the fractal dimension of the grains of the 

materials used. 

According to B. Mandelbrot, the fractal dimension is, in a broad sense, "a non-integer real 

number (0 <FD <3) which measures the degree of irregularity or fragmentation of a geometric 

structure or a very irregular, whose shape or pattern is found on all observation scales or the 

measurement of the roughness of a surface; number which, in the case of Euclidean geometric objects, 

is reduced to the traditional dimension (Secrieru 2009). In fact, the dimensions are whole in Euclidean 

geometry (1, 2 and 3), while they are irrational for fractal objects. So in fractal geometry, the 

dimension of a series of points on a line will be between 0 and 1, that of an irregular and plane curve 

will be between 1 and 2, and that of a surface full of convolution will be between 2 and 3. The fractal 

dimension will therefore make it possible to quantify and measure the shapes and geometries, thus 

highlighting the universality of these shapes. 

The calculation of the fractal dimension is one of the main characteristics of fractal geometry, it 

has been used among others in the field of civil engineering where it finds several applications, 

formation of aggregates during hydration (Ji and al. 1997; Biggs and al. 1998), study of the artificial or 
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natural fragmentation of rocks and soils (Perrier and Bird 2002; Perfect 1997; Rieu and Perrier 1997; 

Inaoka and Ohno 2003; Turcotte 1997), soils study (Perrier and al. 1999; Xu 2003), etc. This fractal 

dimension is a number that can correspond to the characterization of the degree of compactness related 

to the arrangement of particles or grains, in the particular case of fracture surfaces, it can also 

correspond to a measurement of the roughness. 

The complexity of this calculation is due to the fact that the grains of the soil are differentiated 

by their shape, size, and orientation. So the latter can be differently associated and related, their 

masses can form complex and irregular configurations which are in general extremely difficult to 

characterize them in geometrically exact terms (Hillel 1982). 

  New image analysis theories such as calculating the fractal dimension (Mandelbrot 1983) are 

used in this study. They are used to quantify and study the variation in crushing of the grains of the 

different samples studied by varying several parameters. 

2. Calculation methods for the fractal dimension  

Founder Mandelbrot has developed several fractal mathematical models for the purpose of calculating 

the fractal dimension. For the case of a surface, this dimension gives us an idea of the degree of its 

roughness. 

There are several methods for calculating the fractal dimension, each method has its own 

theoretical bases. These diversities often lead to obtaining different dimensions by different methods 

for the same object. Although they are all different, the basic principles for calculating the dimension 

are always the same, they are summarized as follows: 

- Measure the volume occupied by the object using different "measures". 

- Plot the logarithm of the quantities measured as a function of the logarithm of the sizes and 

approximate this line by linear regression. 

- Estimate the fractal dimension (FD) as being the slope of the line obtained best suited. 
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These various methods can be grouped into three classes according to this measurement 

principle: those based on counting boxes; those based on fractional Brownian motion; and those based 

on an area measurement. 

Even today most of the fractal geometry calculations have been tested only in 2D (Arasan and 

al. 2011; Chouicha 2006; Xu 2003; Inaoka and Ohno 2003; Bouzeboudja and Melbouci 

2016). There are still few applications regarding their use on 3D images. 2D analysis is limited 

because it only allows the study of a single facet in a location and from a particular angle of view of 

this complex 3D structure. So, considering volume only through a set of projection planes results in 

the loss of information. 

Among the methods that have been extended in 3D, we find the algorithm of “differential 

counting of boxes” which belongs to the first class (counting of boxes), that of “variance” which 

belongs to the second class (fractional Brownian motion) and the “blanks recovery”  algorithm which 

belongs to the third class (area measurement). 

3. Use of the fractal dimension for granular materials  

Knowing the volumes and surfaces of irregularly shaped grains of soil from images is a complex 

problem. This question has been complicated when it comes to quantification, as in the case of any 

measurement and in particular the calculation of fractal dimensions. Several studies have shown that 

these grains have a fractal appearance. Perfect and Kay (1991) conclude that fractal theory can be used 

to characterize the size distributions of aggregates and compare their fractal dimensions relative to 

different soil treatments. 

Several studies have been made in this direction (study of granular materials with the fractal 

dimension), soils study (Perrier and al. 1999; Xu 2003), study of the artificial or natural fragmentation 

of rocks and soils (Perrier and Bird 2002; Perfect 1997; Rieu and Perrier 1997; Turcotte 1997), 

formation of aggregates during hydration (Ji and al. 1997; Biggs and al. 1998), study of cracking and 

breaking strength (Carpinteri and Invernizzi 2001; Lange and al. 1993) and that of porosity (Meng 
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1996), identification parameter of  particle size distribution curves (Leconte and Thomas 1992;  Ayed 

and al. 2003 ; Chouicha 2006) .  

The shape and texture of the grains have an influence on the mechanical behaviour of well-

recognized granular materials. In the road sector, these two characteristics affect handiness, durability, 

rigidity, tensile strength, shear strength, response to fatigue, etc. As Euclidean geometry does not 

accurately describe all of these irregularities in shape and texture, it becomes essential to study these 

irregularities by the fractal theory. This theory uses the concept of fractal dimension (FD) as a means 

to describe the degree of irregularity and fragmentation of the grains by numerical values. The Box 

Counting method is one of the most used fractional dimensions: its popularity is largely due to its 

relative ease of rigorous calculation and numerical estimate. This dimension was used to assess grain 

degradation (Bouzeboudja and Melbouci 2016).  

The fractal dimension of an aggregate can be linked to the arrangement of the particles forming 

it and will reflect the degree of its compactness or roughness. It can vary from 1 to 3, the value 3 

corresponding to a solid structure (Tang and Raper 2002). 

The fractal approach to grain fragmentation is attractive, easy to implement and can surely 

measure the variation in the fractal dimension of the granular structure.  

This study is carried out with the aim of understanding the behaviour and the influence of 

certain parameters (the shape and size of the grains, the presence or absence of water, the stress 

intensity as well as the nature of the material) by performing mechanical tests (Proctor test, Los 

Angeles test and Micro-Deval test) on samples reconstituted in the laboratory by local materials 

(limestone and shale) ; while taking into account the phenomenon of grain crushing during these tests 

using the concept of fractal dimension. The fractal dimension was calculated using three methods (two 

in 2D and one in 3D). We seek to determine from these methods the correlation between the two 

fractal dimensions, namely 2D and 3D and to know if the evaluation of the fractal dimension of a grain 

or of a volume of grains can be obtained correctly from the analysis of a single facet of the grain 
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(projection) or to study the whole grain itself in 3D. In this article, we will study the link between the 

3D fractal dimension of grains and the 2D fractal dimension of its projections or facets. 

4. Methods used to calculate the fractal dimension of granular materials 

Several methods have been developed to calculate the fractal dimension of a granular material. The 

most used methods for the quantification of the irregularity of the grains constituting the soil are based 

on two dimensional analysis techniques implemented from fractal theories. These methods are: the 

Masses method (Tyler and Wheatcraft 1992), Area Perimeter (Hyslip and Vallejo 1997), Line Divider 

(Mandelbrot 1983), Parallel Lines (Hammer 2005) and Box Counting methods (Russe and al. 1980). 

But the latter have shown an insufficiency in the description of the real geometric structure of the 

surface of the grains so that if we generate surfaces of the same shape but with increasing fractal 

dimensions (for example 2D and 3D) we notice an increase in the roughness of the soil. The results 

show that the fractal dimension in 3D is more practical for the precise description of a natural surface. 

In the field of civil engineering, 3D fractal dimension studies were practically few in number 

until the 2000s. In recent years, this method has started to be used (Taud and Parrot 2005; 

Xu and Sun 2005; Legrain 2006; Yang, and Xu 2007; Arasan and al. 2010; Wang and Zhu 2016). 

Analyzing the image texture of a given grain can be essential for more than one reason. We can 

find different regions in a grain image that are separated by their distinctive textures. To do this we use 

the Box Counting approach, which are used to subdivide the image into boxes of equal squares and 

then to calculate the fractal dimension, and the morphological approach which is extended in 3D 

(Blanket) and based on the use of the difference between the erosion and the expansion of each of the 

squares of the image after tests to calculate the fractal dimension. These two approaches have been 

applied in this article to quantify the irregularity and fragmentation of soil grains at the grain scale, and 

a third method which is the Masses method which gives us the fractal dimension using the results of 

the granulometric analysis of the studied sample, this dimension takes into account all the diameters of 

the measured sample. 

❖ Masses method 
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The principle of the Masses method is the determination of the fractal dimension of fragmentation 

FDFR by the relationship between the mass of the aggregate M and its size L corresponding to the 

radius of gyration and the maximum diameter. 

𝑀 𝛼 𝐿FD                                                                                                                                                (1) 

α (Alpha): means proportional to. (M proportional to LFD) 

This method is based on the distribution of the grain sizes of the sample, after having chosen a 

well-defined particle size of a sample of material. Tyler and Wheatcraft developed a formula using 

granulometric analysis to calculate the fractal dimension of fragmentation (FDFR) (Tyler and 

Wheatcraft 1992). This calculation method uses the mass of the screen rejection and its corresponding 

diameter. This equation is defined as follows:  

𝑀(𝑅<𝑟)𝑀𝑇 = ( 𝑟𝑟𝐿)3−FDFR
                                                                                                                             (2) 

Where M (R <r): cumulative mass of the grains; the size R is smaller than a given comparison of class 

r; 

MT: total grain mass; 

r: opening size of the sieves; 

rL: maximum grain size defined by the largest opening of the sieve size; 

FDFR: fractal dimension of fragmentation. 

The fractal dimension is calculated using the following equation: 

FDFR = 3-m                                                                                                                                             (3) 

With "m" is the exponent of the regression line best suited to the point cloud (Fig. 1). 

Fig. 1 Determination of the DFFR fractal dimension by the masses method for limestone in 

the soaked state before and after compaction at 75 blows 

❖ Box Counting method 
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This method defined by Russe and al in 1980 is by far the most frequently used. The fractal dimension 

calculated by this method makes it possible to quantify the degree of fragmentation and therefore the 

variation in the dimensional distribution of the grains in the granular medium. 

This method consists in dividing the image of a grain into small squares of identical dimensions 

(making a mesh), so the contour of the grain which passes through these boxes is counted, and we 

repeat the same operation but this time with boxes decreasing sizes and so on… 

This method is based on the principle that the image of the grain corresponds to the number of 

boxes according to their sizes, this relationship is represented by the following formula: 

𝑁(𝑋  𝑥) = 𝐾𝑥−FD                                                                                                                                (4) 

x: size of boxes; 

X: linear dimension of the grains larger than the dimension x; 

N (X> x): number of boxes; 

k: proportionality constant; 

FD: fractal dimension of fragmentation (Huang and Zhan 2002; Wang and al. 2006). 

By plotting these values; size of the boxes as a function of the number of boxes in a logarithmic 

graph (Fig. 2), the fractal dimension is obtained according to the slope best suited to the regression 

line and can be calculated by the following equation: 

DF = −𝑚                                                                                                                                     (5) 

m: the exponent of the line best suited to the point cloud. 

Fig. 2 Application of the Box Counting method, calculation of the fractal dimension of a grain of Φ = 

8 mm from the limestone 

The Box Counting method has the advantage of giving, at the grain scale, detailed information 

and more or less veritable measurements of the grain. Indeed, the fractal dimension varies not only 

according to the shape and the size of the grains, but also according to: 
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- The measurement scale (the larger the scale, the more precise the fractal dimension will be); 

- The front of the grain for image taking; 

- The quality of the image taken (number of pixels). 

❖ The Blanket fractal dimension (3D) 

The blanket fractal dimension has been historically defined by Peleg et al. (1984) in order to calculate 

the surface area of the grey levels and thus to estimate the fractal dimension FD of the volume. It is 

based on the Mandelbrot method and the work on Minkowski logic. Thus Peleg et al. (1984) 

considered all the points in a 3D space (the third dimension being the grey level) separated by a 

distance ε, and a surface covered therefore with a structuring element of thickness 2ε. The picture was 

like this defined by two surfaces, one called maximum and the other minimum (obtained by expansion 

and erosion of the image). The authors have shown the efficiency of their method of calculating the 

FD on small 3x3 windows, while other methods in the literature have estimated this dimension on 

larger windows. The advantage of considering small windows is to limit the surface used to locally 

represent the texture and therefore to ensure better delimitation of the contours, for example. 

One of the advantages of this method is that if the image had its grey levels reversed, the 

estimated FD would not change. A second strong point is that the use of asymmetric structuring 

elements allows the identification of anisotropic structure inside the image (Chappard et al. 2001). 

The principle of this method is as follows: 

Let g (x, y, z) be a 3D signal, and uε and bε respectively the surfaces of high and low intensities:  𝑢𝜀(𝑖, 𝑗, 𝑘) = 𝑚𝑎𝑥{𝑢𝜀−1(𝑖, 𝑗, 𝑘), 𝑚𝑎𝑥|(𝑚,𝑛,𝑚)−(𝑖,𝑗,𝑘)|𝑢𝜀−1(𝑚, 𝑛, 𝑝)}                                                             (6) 

𝑏𝜀(𝑖, 𝑗, 𝑘) = 𝑚𝑖𝑛{𝑏𝜀−1(𝑖, 𝑗, 𝑘), 𝑚𝑖𝑛|(𝑚,𝑛,𝑚)−(𝑖,𝑗,𝑘)|𝑏𝜀−1(𝑚, 𝑛, 𝑝)}                                                         (7) 

 Where g (i, j, k) = u0 (i, j, k) = b0 (i, j, k) and ε is the number of blanks. So the total white area is 

calculated by: 

𝐴(𝜀) = ∑ (𝑢𝜀𝑖,𝑗,𝑘 (𝑖,𝑗,𝑘)−𝑏𝜀(𝑖,𝑗,𝑘))2𝜀                                                                                                                  (8) 
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An estimate of the fractal dimension is equal to [3- the slope of the linear regression of log 

(A(ε)) as a function of log (ε)]. This method depends on the choice of ε and the FD found can vary 

greatly from one ε to another. It will therefore be important to take this parameter into account when 

using it. 

The MATLAB R2009b software was used to facilitate the calculation of the fractal dimension 

with the Box Counting method and the Blanket method. 

5. Characteristics of the materials used 

Tizi-Ouzou province has several deposits of materials (limestone, shale, sandstone, etc.) located on the 

surface and near national roads, which makes their exploitation easy and inexpensive. Their choice is 

justified by the very important place they occupy in the realization of several civil engineering projects 

such as dams, roadways, railways, etc. 

The two local materials used are extracted from the province of Tizi-Ouzou, limestone at a place 

called "candle bridge" located 7 km east of the capital of Tizi-Ouzou and shales are extracted from the 

deposit located at a locality called "Sidi naamane" situated about 13 km northwest of Tizi-Ouzou 

town. The results of the chemical analysis to determine the different minerals of the two materials 

which are grouped in Tables 1 and 2.  

Table 1 Mineralogical compositions of limestone and shale material 

Table 2 Chemical compositions of limestone and shale material 

The petrographic study was carried out in a specialized laboratory of the National Office of 

Geological and Mining Research known as the Center for Research and Development (CRD) 

SONATRACH at Boumerdes town. These are thin section studies whose aim is to identify the 

petrographic and mineralogical characteristics of shale and limestone and to assess their relative 

importance, thus allowing a better understanding of their behaviour. The different minerals obtained 

from the two materials are described in Table 1. 
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The chemical study of shale (Table 2) reveals the presence of clay, this shows that they are 

sedimentary and not metamorphic rocks. The sample contains 60% of stable minerals (quartz) and 

around 30% of unstable minerals (AL2O3, Fe2O3 and K2O), which makes this material more sensitive 

to its degradation under stresses. In the case of limestone, we are in the presence of a rather pure 

calcite-dominated limestone having a chemical composition of 52% CaO and 2% MgO (Table 2); 

whereas a pure limestone composed entirely of calcite (100% CaCO3) would have the chemical 

composition of 56% CaO and 44% CO2 (composition of calcite). According to the classification of 

Folk (1959) (matrix-cement-grain), we are in the presence of allochems with grain greater than 10% 

and whose matrix is micrite intramicrite.  

The results of the main geotechnical identification characteristics are grouped in Table 3 and the 

results of the aggregates tests in Table 4 for the two materials limestone and shale. 

Table 3 The values of the physical characteristics of limestone and shale 

Table 4 Results of the aggregates tests of the two materials 

Material shale is more fragmentable than limestone: the fragmentability coefficient, FR (NF 

P94-066), of the two materials is less than 7, so they are not very fragmentable. The degradability 

coefficient, DG (NF P94-067), of the two materials (limestone and satin shale) is less than 5, so they 

are not very degradable (Table 4). The Micro-Deval coefficient (MDE) (NF P18-572) of limestone is 

lower than that of shale. The MDE coefficient of limestone is less than 20, so the material can be used 

for the road bodies (however class 10/16 can only be used for the sub-grade) (Table 4). For shale, the 

MDE coefficient is greater than 45, so the material is not usable either for the pavement bodies or for 

the form layers. 

The Los Angeles (LA) coefficient for shale (NF P18-573) is slightly higher than that of 

limestone. The coefficients LA of the two materials are between 25 and 45, therefore these materials 

can only be used for the form layers (Table 4). Thus, the GTR (The Road Earthworks Guide) classifies 

the limestone used in the subclass R21 (hard limestone) and the shale in the subclass R61 (Hard 

magmatic and metamorphic rocks) (NF P 11-300). 
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SEM images (Scanning Electron Microscope) of limestone (Fig. 3a) show a moderately rough 

granular surface, a dense structure and illustrate the zones of presence of calcite (CaCO3), dolomite 

(CaMg (CO3) 2) and traces of siderite (FeCO3) (in light grey it is calcite, in dark grey it is dolomite 

and in white it is siderite). 

The images (Fig. 3b) also show rough surfaces with a sheet structure arranged in parallel layers 

for shale and illustrate the areas of presence of a few pyrite crystals, quartz, iron and clay with traces 

of apatite and titanium dioxide in the quartz (Bar: barite, Qtz: quartz, Pyr: pyrite, Fe : iron) 

Fig. 3 SEM images of the materials studied, (a) limestone and shale (b)  

These two materials (limestone and shale) were extracted in the form of large blocks. The latter 

are crushed using a hammer for large diameters and a jaw crusher for small diameters. The grains thus 

obtained are of irregular shape. The samples were made in such a way that each sample consists of a 

single grain shape. After sieving, the selection of shapes was made visually for each diameter of the 

two materials according to the most dominant shape during crushing (the angular shape for limestone 

and the elongated shape for shale) (Fig. 4). 

Fig. 4 Forms of the materials used, angular for limestone (a), and elongated for shale (b) 

6. Equipment and operating mode 

Whatever the position of the aggregates in a pavement structure, they must withstand, during 

construction or during life, the stresses by attrition and by shocks. So, good recognition of the 

materials used (knowing the mechanical behaviour and characteristics of these materials) is essential. 

In this study, a series of mechanical tests was carried out on grains of local materials (limestone and 

shale), namely: 

- Los Angeles test allowing us to measure the impact resistance of aggregates; 

- Micro Deval test allowing us to measure the resistance to wear of aggregates and also their 

sensitivity to water; 
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- Another test was carried out (Proctor test) in order to improve the shear strength of the materials and 

better withstand the road loads: by tightening the grains, one against the other and reducing the 

volume of the voids between them, by expelling air, by compaction. The reduction in void volume 

between the grains leads to a reduction in the subsequent inflow of water, the effects of which are 

harmful, as well as the causes of attrition. 

7. Characteristics of the Proctor test 

Water content is an important parameter in soil compaction, since it can significantly modify its 

behaviour (Holtz and Kovacs 1991; Soulié 2005). The optimal water content depends on the 

compaction energy, so it may be more economical to choose a more powerful compaction than to 

water the material and compact it with lighter material. 

The results of the Proctor tests, carried out on the two materials used in this study, showed the 

following curves (Fig. 5). 

Fig. 5 Proctor curves of both limestone and shale material 

The Proctor curve obtained has a slightly flattened appearance for limestone, which shows that 

it is not very sensitive to water, since a fairly large variation in humidity has little effect on dry 

density. Unlike the Proctor curve of shale which is slightly sharp, which means that it is more sensitive 

to water. 

The sharper the Proctor curve, the more it will be necessary to have a water content very close 

to the optimum to obtain the desired density. The flatter the curve, the easier it will be to obtain the 

desired density. 

To better highlight the influence of the water content on the crushing of the grains, three states 

of water contents were studied in this work (dry sample which means a sample with its natural water 

content, sample at the optimum Proctor and sample which was soaked for 24 hours) and three 

compaction energies (25 blows, 55 blows and 75 blows). 
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When preparing the samples, five control grains of each diameter were colored with a color 

distinct from the other diameters (Fig. 6a), which are positioned in each of the layers (five layers) of 

the modified Proctor mold (Fig. 6b). Photos were taken before and after the tests for each control 

grain, with a good resolution camera, in order to study their variations in size and shape during each 

test, by calculating their fractal dimensions with the Box Counting method in 2D and the Blanket 

method in 3D, which are based on image analysis techniques. 

Fig. 6 The colored grains of each diameter (a), arrangement of the colored grains in the layers of the 

Proctor mold (b) 

Also the fractal dimension of the samples was calculated with the masses method from the 

particle size distribution curve. A granulometric analysis is carried out for the entire sample before and 

after each test, this calculation method gives us the fractal dimension of fragmentation at the sample 

scale. 

Fines have been defined as particles having a diameter less than the smallest diameter of the 

initial particle size distribution curve. 

8. Presentation of results 

The study of the behaviour of a granular material requires the characterization of aggregates which 

form it, these materials are part of civil engineering structures such as: pavements, foundations, dams, 

etc. For economic reasons, it is necessary to use as much as possible local materials in the realization 

of these structures. These materials are subject to climate change and high compressive stresses. 

Because of these charges, these aggregates fragment, causing a change in the granulometry (size and 

shape) of the grains, which induces a change in their mechanical characteristics. 

8.1. Particle size distribution curves 

The results of the tests are presented in the form of particle size distribution curves. These show that 

there is a big change in the granular structure as a function of the compaction energy (25 blows, 55 
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blows and 75 blows), of the variation of the water content (dried up, soaked and at the optimum) and 

of the granular class (4 / 6.3, 6.3 / 10 and 10/16) for the Los Angeles test and Micro-Deval test. 

Fig. 7 Particle size distribution curves before and after Proctor test of limestone material 

Fig. 8 Particle size distribution curves before and after Proctor test of shale material. 

To highlight the grain crushing phenomenon, a granulometric analysis after each test was 

carried out and compared to the initial Particle size distribution curves. As a result of the increase in 

the number of blows, the curves shifted in ascending order (Figs. 7 and 8). In fact, the higher the 

number of blows, the more the crushing of the grains increases, regardless of the state of the material 

(dried up, soaked or at the optimum) and the nature of the sample (shale or limestone). 

The photos taken after the tests show that the crushing of the grains took place during the tests 

carried out. In fact, during these tests, there was a crushing of the grains according to one or more 

failure modes (chipping, abrasion and fracture) (Fig. 9) defined by Troadec and Guyon (1994) (Fig. 

10). This crushing resulted in a modification of the grain size, its shape and its surface condition. 

Fig. 9 Real photos which represent the different modes of grain breakage after Proctor test 

Fig. 10 Different modes of grain breakdown (Troadec and Guyon 1994) 

Fig. 11 Particle size distribution curves before and after Los-Angeles test test for the three grain 

classes used of the two materials, (a) limestone and (b) shale 

Fig. 12 Particle size distribution curves before and after Micro-Deval test for the three grain classes 

used of the two materials, (a) limestone and (b) shale. 

Figs. 11 and 12 show a very large spread of the particle size distribution curves after the Los-

Angeles and Micro-Deval tests, for the three particle size classes studied (4/6.3, 6.3/10, 10/16) of the 

two materials, shale and limestone. This spreading is the consequence of a very considerable 

production of fine particles having a diameter smaller than the smallest diameter of the initial particle 

size distribution curve, which means a significant crushing of the grains. 
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8.2. Results of the fractal dimension calculation 

The fractal dimension was calculated for all the samples studied before and after each test with three 

methods (Masses method, Box Counting method and the Blanket method) using MATLAB R2009b 

software, to facilitate calculations, following their principles defined above. 

The results of the evolution of the fractal dimension obtained after tests are analyzed, as a 

function of the compaction energy, the water content, the nature of the material and also the grain size. 

8.2.1. Fractal dimension calculated with the Masses method (FDFR) 

After each test, a granulometric analysis is carried out, a curve is drawn and the fractal dimension is 

then calculated by the masses method.  

Fig. 13 Fractal dimensions of fragmentation calculated by the Masses method before and after Proctor 

test for limestone 

The fractal dimension of fragmentation increases with the increase in compaction energy during 

the Proctor test, which consequently changes the grain crushing rate. The trend lines shown in Fig. 13 

show a good fit of the data and the power law with a high degree of correlation R2> 0.90, the higher 

the number of blows, the closer the correlation coefficient R2 is to 1, which means a better correlation 

between the fractal dimension and the number of blows. 

Fig. 14 Evolution of the fractal dimension of fragmentation determined with the Masses method for 

the different water contents of the two materials (shale and limestone) 

Fig. 14 shows an increase in the fractal dimension of fragmentation (FDFR) with the increase in 

the number of blows for the different water contents (dried up, soaked and at the optimum) of the two 

materials (shale and limestone).Indeed, the more the compaction energy applied increases, the more 

there is an increase in fragmentation, generating a production of fine particles as shown by the increase 

in FDFR in Fig. 14. 

However, we note that under a low compaction energy, the variation of the fractal dimension is 

small. The value of the highest fractal dimension is 2,29 for a number of 75 blows for the shale 
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material and 1,96 for a number of 75 blows also for the limestone material. According to Turcotte 

(1997), a sample has reached total crushing when the fractal dimension of fragmentation is 2,5.These 

FD values show that the shale and limestone grains were not completely crushed even under this high 

number of blows, the sample experienced a significant but not total crash. 

The figures also show that shale crushes more than limestone; this is due to the mineralogical 

composition where the shale has more than 30% of unstable minerals and the internal structure of the 

two materials (limestone with more than 78% of calcite being harder than shale). Indeed, Crushing 

increases with the percentage of unstable minerals present in the samples. Overall, the results thus 

obtained are consistent with the results of the Los Angeles, Micro-Deval and Fragmentability tests 

(Table 4). 

The results of the calculation of the fractal dimension of fragmentation with the Masses method 

before and after Los Angeles and Micro Deval tests are shown in Table 5. 

Table 5 Fractal dimension of fragmentation calculated by the Masses method before and after 

the Los Angeles and Micro-Deval tests of the two materials (limestone and shale) 

 

Table 5 clearly show a very significant increase in FDFR after the Los Angeles test and that for 

the three granular classes (4/6.3, 6.3/10 and 10/16) of the two materials studied (limestone and shale), 

which means a very high production of fine particles, particularly for class 10/16. This result is 

explained by the fact that small grains are more resistant than large grains. In fact, the more the size 

increases, the more the probability of the presence of the zones of weakness (or cracking) in the grain 

increases. The results also show that the FDFR values of shale and limestone after Los Angeles tests are 

approximately the same, which means that the two materials have almost the same resistance to impact 

fragmentation. 

Table 5 also shows a significant increase in FDFR after the Micro Deval test (in the presence of 

water) for the three granular classes (4/6.3, 6.3/10 and 10/16) of the two materials studied (limestone 

and shale), which means a significant production of fine particles, particularly for shale material where 

we observe values of FDFR> 2, which means that the material has undergone significant crushing. 
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While the values of FDFR are less than 2 for limestone, it can be concluded that the presence of water 

has a fairly significant effect on the variation of the fractal dimension of the shale and therefore on its 

crushing; while its effect is less on limestone. 

8.2.2. Fractal dimension calculated by the Box Counting method (2D) and the Blanket method 

(3D) 

We also study the relation existing between the two fractal dimensions (2D and 3D) of the control 

grains already calculated in this work. We will therefore deduce the relevance of a three-dimensional 

fractal analysis of the entire volume of the grains and thus for its projections on a 2D plan calculated 

from image analysis techniques. 

Fig. 15 Variation of the fractal dimension of the different layers calculated by the Blanket method 

(3D) for the dry state and the soaked state of the limestone material after Proctor test, under a 

compaction energy of 55 blows 

Fig. 16 Variation of the fractal dimension of the different layers calculated by the Box counting 

method (2D) for the dry state and the soaked state of the limestone material after Proctor test, under a 

compaction energy of 55 blows 

Fig. 17 Variation of the fractal dimension of the different layers calculated by the Blanket method 

(3D) for the dry state and the soaked state of the shale material after Proctor test, under a compaction 

energy of 55 blows 

Fig. 18 Variation of the fractal dimension of the different layers calculated by the Box Counting 

method (2D) for the dry state and the soaked state of the shale material after Proctor test, under a 

compaction energy of 55 blows 

The deviation of the fractal dimension calculated in 2D and 3D increases with increasing 

compaction energy whatever the layer (1st, 2nd, 3rd, 4th or 5th layer), the water content (dried up, soaked 

or  at the optimum) and the nature of the material (limestone or shale) (Figs. 15, 16, 17 and 18). The 

deviation of the highest fractal dimension is obtained for the first layer (accumulation of compaction 
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energies of the upper layers plus the reaction of the mold) then it decreases from one layer to another 

depending on the depth, which means the more we go back to the upper layers the more the deviation 

of the fractal dimension decreases, knowing that the 1st layer is subjected to 5 times the compaction 

energy, the 2nd to 4 times, the 3rd to 3 times and so on. 

The figs. 15, 16, 17 and 18 also show that the variation of the fractal dimension is all the more 

important as the grain size increases (increase in the diameter of the grains). These results are 

explained by the fact that the smallest grains are more resistant than the largest. Indeed, the more the 

size increases, the more the probability of presence of zones of weakness (or cracking) in the grain 

increases, these microcracks propagate when the grains are subjected to a high load. 

Fig. 19 Variation of the fractal dimension calculated in 2D and 3D of the two materials, limestone and 

shale, after the Los Angeles test 

Fig.19 shows an increase in the deviation of the fractal dimension calculated in 2D and 3D of 

the three studied granular classes of the two materials (limestone and shale) after the Los Angeles 

tests. The deviation of the highest fractal dimension is obtained for the class (10/16) and the smallest is 

obtained for the class (4/6.3) for the two types of calculated fractal dimension (FD calculated by the 

Box Counting method (2D) and FD calculated by the Blanket method (3D)) of the two materials 

studied (limestone and shale). This can be explained by the presence of angularities or cracks in the 

large grains which can possibly favor their crushing more than the small grains which are healthier and 

more resistant (Ramamurthy 1969). This crushing causes an increase in the roughness of their surface 

parts, therefore an increase in the fractal dimension. 

 Fig. 19 also shows that there is practically no continuity of the FD curves in 2D (there is a 

drop between classes 6.3/10 and 10/16), which shows that 2D is not as precise as 3D where there is a 

perfect continuity of the values of the fractal dimension of the three granular classes. 

For the Micro-Deval test, the fractal dimension was calculated only with the Masses method, 

because after the test it was impossible to distinguish the colored control grains from the other grains 

to photograph them (the color of the control grains has been erased by abrasion). 
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8.3. Influence of the water content on the variation of fractal dimension calculated in 2D and 3D 

of the two materials after Proctor test 

Fig. 20 Variation of the fractal dimension of the first layer calculated in 2D and 3D for the three water 

contents of the limestone material under a compaction energy of 55 blows 

Fig. 20 shows an increase in the deviation of the fractal dimension calculated with the 2D and 3D 

methods (Box Counting method and the Blanket method) with the increase in the size of the limestone 

grains and this for all the water contents studied (dried up, optimum and soaked).It is also noted that 

the deviation of the highest 2D and 3D fractal dimension is obtained for the grains in the dry state, the 

smallest deviation is obtained for the grains in the soaked state in 3D. 

In 2D the FD curve in the soaked state is almost confused with the FD curve in the optimal 

state. We can conclude that limestone is not sensitive to water, this is due to its low absorption (often 

in limestones, a high absorption indicates a poor quality of aggregates) and the absence of micas-type 

minerals in its chemical composition. 

The difference between the 2D and 3D calculated FD values of the first layer is important, this 

is justified by the fact that the first layer is the most stressed during compaction. The figure also shows 

that the spindle is restricted in 2D. 

Fig. 21 Variation of the fractal dimension of the first layer calculated in 2D and 3D for the three water 

contents of the shale material under a compacting energy of 55 blows 

 Fig. 21 shows an increase in the deviation of the fractal dimension calculated with both 2D 

and 3D methods (Box Counting method and Blanket method) with the increase in grain size (grain 

diameter) of shale and this for all the water contents studied (dried up, optimum and soaked). 

The deviation of the highest fractal dimension is obtained for the grains in the soaked state, the 

smallest deviation is obtained for the grains in the dry state. The grains in the optimum state Proctor 

has an intermediate fractal dimension deviation which means that the more the water content increases 

the more the crushing of the grains increases. This sensitivity to water is due to the presence of 
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laminated minerals like micas in the chemical composition of shale. So, we can conclude that the 

presence of water weakens the grains and reduces the resistance to fragmentation under impact during 

compaction. The water surrounding the grains penetrates into the microcracks and makes the fragile 

areas less consistent, this induces easily degradable crusts. 

Fig. 21 also shows that the difference between the values of FD calculated in 2D and in 3D is 

reduced in the case of shale (the spindle is more loaded). 

8.4. Comparative study between the fractal dimension calculated in 2D and the fractal dimension 

calculated in 3D 

Fig. 22 Fractal dimension calculated in 2D and 3D of limestone before and after Proctor test 

Fig. 23 Fractal dimension calculated in 2D and 3D of the shale before and after Proctor test 

The two figs. 22 and 23 show that the values of the fractal dimension calculated with the Blanket 

method (3D) are higher than the values calculated with the Counting Boxes method in 2D (the values 

of FD in 2D are between 1 and 2, on the other hand the values of FD in 3D are between 2 and 3), 

which means that the 3D method takes into account all the irregularities of the grain (the whole grain) 

unlike the 2D method which takes into account only the irregularities of the surface on a single 

plane,(the more the fractal dimension increases the more the object is irregular). It is obvious that the 

quantity of fine particles obtained on all facets of a grain is greater than the quantity of fines obtained 

on a facet, which indicates the increase in FD (3D) compared to FD (2D). 

The fractal dimension obtained after the Proctor test calculated in 2D and 3D is less than that 

before the test for practically all the diameters of the grains of limestone material (Fig. 22). This is 

explained by the fact that after crushing certain grains lose part of their material (rupture of the 

angularities), which leads to a reduction in their sizes then a modification of the shape (less irregular 

shape) and grain texture (less rough surface) which induces a reduction in the fractal dimension after 

testing. 
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Fig. 23 shows an increase in the fractal dimension obtained after the test calculated with the 

Blanket method unlike the results calculated with the Box Counting method, which show a reduction 

in the fractal dimension obtained after testing, because this method does not take into account the 

mode of rupture of shale grains which is a break throughout a grain sheet giving us fines that are 

produced from small pieces of sheets which remain stuck on the grain. This breaking mode leads to a 

reduction in the thickness of the grain which cannot be seen with the 2D method (projection on a 

single plane), but with the 3D method (the entire volume of the grain) we can see all the irregularities 

that are produced after test (increase in irregularities means an increase in FD), this explains the 

increase in fractal dimension calculated with the 3D method after test. 

Fig. 24 Variation of the fractal dimension calculated in 2D and 3D of the two shale and limestone 

materials before and after Los Angeles test 

During the Los Angeles tests, the samples underwent a rupture of the asperities, then an intense 

fragmentation, which makes the surface of the grains of the two materials (shale and limestone) 

rougher and many small particles were produced. Thus, it was reasonable to have higher values of the 

fractal dimension after testing calculated with the two methods (2D and 3D) (Fig. 24). 

The arrangement of grains in a volume is a complex 3D network of grains in contact with each 

other. Therefore, 2D analysis is limited because it only allows the study of a single facet (on a plane) 

in a particular place and under a particular angle of vision of this complex 3D structure, therefore this 

analysis does not take into account all the irregularities which justifies the high values of the FD in 3D 

compared to those in 2D. 

9. Conclusion 

Using fractal theory, it is possible to quantify the structures of grains of complex shape through the 

fractal dimension which is a parameter which indicates how an irregular structure tends to fill the 

space after observation at different scales. The breakage of the grains depends on many factors which 

affect the variation of the fractal dimension, namely: the granulometry, the size, the shape and the 

nature of the grains; the intensity of the energy applied; and the presence or absence of water. The FD 
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decreases in the case of a "splitting and / or breaking of the roughness" and it increases in the case of a 

"chipping" which causes the increase in grain irregularities. 

The results of calculation of DF in 2D and in 3D show that the projection on a single plane or a 

single facet of the grain is not sufficient to characterize the volume of a grain, because it provides 

information on this part only and not on the entire volume of the grain. Likewise, the fractal dimension 

of a single facet (a single plane) is not an appropriate parameter for characterizing the volume of the 

grain. Under the effect of a stress, the degradation of the microstructure of the grain is not limited to a 

single direction. 

The results also show a correlation between the values of the fractal dimension calculated with 

the Blanket method and the values of the fractal dimension calculated with the Box Counting method. 

But there is no possibility, in the general case, to find an exact link between the values of the FD in 3D 

of the grains and the values of FD in 2D of its projections. Moreover, even if it exists, this relationship 

between the fractal dimension of a volume and that of its projections changes with the direction of 

projection. 

High values of fractal dimensions are associated with a high number of blows in the Proctor test 

and a high water content, these high values of this dimension indicate that the sample is fractal. The 

presence of minerals like micas is an element of weakness for the aggregate. When they are dominant, 

the resistance of the aggregates is low and the sensitivity to water is pronounced. 

The fractal approach of the grains of soil is interesting, easy to implement and makes it possible 

to measure the complex variation of the micro-architecture of the grains. It would be interesting to 

extend the study to other 3D fractal and multi-fractal methods in order to better quantify the total 

degradation of the grain. 
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Figures

Figure 1

Determination of the DFFR fractal dimension by the masses method for limestone in the soaked state
before and after compaction at 75 blows.

Figure 2

Application of the Box Counting method, calculation of the fractal dimension of a grain of Φ = 8 mm from
the limestone



Figure 3

SEM images of the materials studied (limestone and shale)

Figure 4

Forms of the materials used, respectively angular for limestone and elongated for shale



Figure 5

Proctor curves of both limestone and shale material

Figure 6

(a) The colored grains of each diameter, (b) arrangement of the colored grains in the layers of the Proctor
mold



Figure 8

Particle size distribution curves before and after Proctor test of shale material.

Figure 10

Different modes of grain breakdown (Troadec and Guyon 1994)



Figure 14

Evolution of the fractal dimension of fragmentation determined with the Masses method for the different
water contents of the two materials (shale and limestone)

Figure 15

Variation of the fractal dimension of the different layers calculated by the Blanket method (3D) for the dry
state and the soaked state of the limestone material after Proctor test, under a compaction energy of 55
blows



Figure 16

Variation of the fractal dimension of the different layers calculated by the Box counting method (2D) for
the dry state and the soaked state of the limestone material after Proctor test, under a compaction energy
of 55 blows

Figure 17

Variation of the fractal dimension of the different layers calculated by the Blanket method (3D) for the dry
state and the soaked state of the shale material after Proctor test, under a compaction energy of 55
blows



Figure 18

Variation of the fractal dimension of the different layers calculated by the Box Counting method (2D) for
the dry state and the soaked state of the shale material after Proctor test, under a compaction energy of
55 blows

Figure 19

Variation of the fractal dimension calculated in 2D and 3D of the two materials, limestone and shale,
after the Los Angeles test



Figure 21

Variation of the fractal dimension of the �rst layer calculated in 2D and 3D for the three water contents of
the shale material under a compacting energy of 55 blows

Figure 23

Fractal dimension calculated in 2D and 3D of the shale before and after Proctor test



Figure 24

Variation of the fractal dimension calculated in 2D and 3D of the two shale and limestone materials
before and after Los Angeles test


