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Piezoelectric ceramic actuators exhibit nonlinear hysteresis characteristics owing to their material 

properties. To modify the inverse piezoelectric effect as an ideal linear execution, the classical Prandtl–

Ishlinskii (PI) model is usually used for compensation by feedforward control. The PI model 

compensates well on simple hysteresis characteristics. However, when the output requirements are 

complex, the PI model demonstrates uneven compensation accuracy on the complex hysteresis 

characteristics and cannot achieve an accuracy similar to that of simple hysteresis. This paper proposes 

a simplification of complex hysteresis: Separated Level-loop PI (SLPI) model. First, we use a loop-

separation logic algorithm to simplify the complex hysteresis characteristics to obtain hysteresis in the 

form of single loops with loop levels and vertexes. Second, the hysteresis characteristics of each loop 

are independently modeled using the PI model. Finally, the inverse model is reconstructed using a 

rollback method to restore a positive sequence of the feedforward voltage; then, the feedforward 

voltage is input as a compensation value to achieve higher and more uniform accuracy. Experiments 

and discussions show that the SLPI model can effectively improve the compensation results of 

complex hysteresis characteristics; moreover, the average compensation accuracy difference between 

single hysteresis loops was reduced. 

Piezoelectric ceramics actuator· Inverse piezoelectric effect· Nonlinear 

characteristics· Algorithm identification· Feedforward control compensation 
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1 Introduction 

 Owing to the inverse piezoelectric effect of piezoelectric materials, piezoelectric 

ceramic actuators demonstrate the advantages of nanometer precision and fast 

response [1,2]. The effect is widely used in precision measurement, micro-

/nanoprocessing, nanopositioning, and other precision mechanical engineering fields 

[3-6]. However, the nonlinear output exhibited by the inherent characteristics of 

piezoelectric materials affects the accuracy of the piezoelectric actuator [7]. The 

hysteresis characteristic is the most important factor that leads to nonlinear 

characteristics [8]. 

To correct the nonlinear characteristics to an ideal linear state, several international 

scholars have conducted extensive research on the feedforward hysteresis 

compensation in piezoelectric actuators [9]. Establishing differential equations and 

operator models are common phenomenological modeling solutions [10-13]. The 

classical Prandtl–Ishlinskii (PI) model is a type of operator model, which has the 

advantages of a simple structure and only few parameters in the inversion process; 

moreover, it has a wide range of applications [14,15]. The PI model is formed by the 

weighted superposition of the Play operators. Although the Play operator can describe 

the characteristics of the hysteresis well, its symmetry limits the modeling accuracy of 

the PI model [16]. The improved classical PI models apply methods such as 

generalized models and the parameters increase in the models to maintain the 

hysteresis while eliminating the symmetry; consequently, the compensation accuracy 

can be improved to a certain extent [17]. 

In previous studies, a segmented PI model was also used to divide the hysteresis 

characteristics into PI model segments [18]; however, this method is based only on 

the physical properties of the crystal phase change of the material. No segmentation 

basis is associated with the operator model. When facing complex hysteresis, the 
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calculation of characteristics data is large, and the increase in the number of segments 

will easily cause the inverse model to lose connectivity, which results in difficulty in 

applying compensation for complex hysteresis characteristics. Therefore, the above 

research is only suitable for improving the modeling accuracy of simple hysteresis 

characteristics. Complex hysteresis has multiple hysteresis loops, and the loops do not 

have the same characteristics [19,20]. Neither the classical PI model nor the improved 

PI model can eventually satisfy the requirements of uniform, high-precision 

compensation for complex hysteresis characteristics. 

To solve the aforementioned problems, this paper proposes a Separated Level-loop PI 

(SLPI) model. First, the complex hysteresis characteristics data are obtained through 

experiments conducted under the complex working voltage of the device. Second, a 

loop-separation logic algorithm is used to simplify the complex hysteresis 

characteristics and record the loop levels and vertexes according to the characteristics 

change law, i.e., Madelung principle. Each single loop is modeled by the classical PI 

model, and the inverse model is calculated. Before compensating, a rollback method 

is used to restore the positive sequence of the inverse model of each inner loop of the 

hysteresis. The complete inverse model is reconstructed according to the vertexes and 

loop levels, and then used for feedforward control. Experiments show that the overall 

modeling accuracy of the SLPI model is higher than that of the classical PI model, 

and the differences in the accuracies between the loops at all levels are reduced; 

moreover, the compensation result for complex hysteresis characteristics is 

satisfactorily improved. 

The remainder of this paper is structured as follows. The second section presents the 

design of a two-degree-of-freedom nanopositioning device based on a flexible 

mechanism by performing analysis and optimization; moreover, it presents a 

measured set of complex hysteresis characteristics data. In the third section, the 

characteristics of complex hysteresis data are discussed, and a reasonable 
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simplification method is derived from the Madelung principle, with a detailed 

description of the process of the level-loop-separation logic algorithm and rollback 

reconstruction for feedforward control. The fourth section presents the comparison 

and verification experiment of the compensation control results of the SLPI and 

classical PI models. The fifth section presents an analogy summary of the work of this 

paper and similar research work. 

2 Background 

This section contains two parts. The first part describes the device that supports this 

paper: a nanopositioning device for precision machining based on a flexible 

mechanism, and its design modeling and working principles. The second part is the 

voltage-displacement complex nonlinear characteristic data that are measured using 

the positioning device in the experiment, including the detailed process and 

characteristic analysis. 

2.1  Mechanical design based on actuators 

The design of the nanopositioning device for precision machining refers to a type of 

nanopositioning stage that uses a rectangular cut-section flexure hinge [21]. The 

working principle of the flexible hinge mechanism is shown in Fig. 1. The expansion 

and contraction of the piezoelectric ceramic can be amplified by the flexible hinge 

and transmitted to the driven part. Therefore, the output direction of the displacement 

is perpendicular to the deformation direction of the piezoelectric ceramic. 

The positioning device has two degrees of freedom in the 𝑥𝑥 and 𝑦𝑦 directions and 

supports the processing of the planar shape by the working device. During the 

positioning process, it is necessary to divide the specified displacement into 𝑥𝑥 and 𝑦𝑦 

directions of displacement in advance to obtain the corresponding voltage value of 

each displacement, and then cooperate with the voltage drive output to complete the 
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nanopositioning for the machining. Fig. 2 shows the three-dimensional model of the 

working device. 

Table 1 lists the design stiffness calculation table, where 𝑘𝑘𝑥𝑥,  𝑘𝑘𝑦𝑦, 𝑘𝑘𝑧𝑧 are the stiffness 

in the 𝑥𝑥, 𝑦𝑦, and 𝑧𝑧 directions, respectively, and 𝑘𝑘𝜃𝜃𝑥𝑥, 𝑘𝑘𝜃𝜃𝑦𝑦, 𝑘𝑘𝜃𝜃𝑧𝑧 are the torsional 

stiffness around the 𝑥𝑥, 𝑦𝑦, and 𝑧𝑧 directions, respectively [22]. The flexible hinge 

part adopts slow-moving wire cutting and nickel plating on the surface of the material 

because these processing technologies are widely used [23,24]. 

 

Fig. 1 Schematic diagram of flexible hinge 
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Fig. 2 Three-dimensional diagram of precision machining positioning device 

Table. 1 Calculated stiffness values 

xk
， yk

， zk : N/mm， xkθ ， ykθ ， zkθ : N·mm/rad 

 
xk
 yk

 
zk
 xkθ  ykθ  

zkθ  

Stiffness ≈60 ≈105 ≈2× 104 ≈2× 107 ≈108 ≈7× 106 
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2.2 Data acquirement and characteristic analysis 

The experimental system was built according to the equipment shown in Fig. 3. A 

high-precision laser interferometer manufactured by Renishaw and a 0-100 V 

range voltage controller were selected. 

The following steps were performed to test the complex voltage-displacement 

nonlinear characteristics of the nanopositioning device in the 𝑥𝑥 direction: 

(1) The computer, voltage controller, and laser interferometer were connected. 

The data were collected by the corresponding software of the computer. Then, the 

laser interferometer was adjusted to obtain a signal intensity within a reasonable 

range. 

(2) The random complex voltage is shown in Fig. 4. The initial drive voltage was 

0 V; then, the voltage controller was used to load the electrical signal, as shown in 

Fig. 4. 

(3) The laser interferometer was used to measure the displacement value, which 

was recorded once every 0.8 s at an interval of 4 V. The peak and valley 

displacements of the complex voltage shown in Fig. 4 must be additionally 

recorded. 

(4) The average of the two measurements was calculated. The equipment was 

checked and shut down. 

 

Fig. 3 Experimental system for measuring the complex characteristics 
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Fig. 4 Random complex voltage 

 

Fig. 5 Nonlinear characteristics of complex voltage-displacement  

The obtained nonlinear characteristics curve of the complex voltage-displacement 

is shown in Fig. 5. 

The nonlinear characteristics of voltage-displacement of piezoelectric ceramic 

materials are often caused by the following three reasons [25-28]: 

(1) Hysteresis characteristics: When voltage is applied to piezoelectric ceramics, 

the nonlinear late-achieving characteristics shown by the displacement are called 

hysteresis characteristics, as shown in Fig. 6a, of the voltage-displacement curve. 

The hysteresis of the boost phase is often shown as a concave curve, and the 

hysteresis of the back phase is often shown as a convex curve. 

(2) Creep characteristics: After the applied voltage remains unchanged, the 

piezoelectric ceramic material still produces additional deformation for a period of 

time after the immediate response. This deformation is referred to as creep 
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characteristics, as shown in Fig. 6b. The rate of the extra displacement value 

gradually decreases with time and reaches a stable value after a period of time. 

(3) Temperature-change characteristics: The property of changing the deformation 

ability of piezoelectric ceramic materials caused by temperature changes is called 

the temperature-change characteristics, as shown in Fig. 6c. Too high or too low 

temperature will reduce the deformability of the piezoelectric ceramics. The ideal 

working temperature for piezoelectric ceramic materials is between 220-390 K. 

a                          b                     

     

 

c 

 

Fig. 6 Schematic diagram of the causes of nonlinear characteristics: a Hysteresis characteristics; b 

creep characteristics; c temperature characteristics 

In the complex voltage-displacement curve shown in Figure 5, the nonlinear 

characteristics are almost all hysteresis characteristics. When outputting a 

complex displacement, the residence time at a specific voltage value is 

sufficiently short; therefore, the influence of creep characteristics can be ignored. 

When the working environment is at room temperature, the temperature-change 

characteristics are not a nonlinear factor. Therefore, the nonlinear characteristics 

are primarily caused by hysteresis. 
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To ensure working stability, it is necessary to output a linear displacement. It is a 

simple and effective solution to directly analyze the nonlinear characteristics of 

hysteresis and use the correct mathematical model for compensation. 

3 Separated- Level-loop Prandtl–Ishlinskii (SLPI) 

model 

This section specifically describes the modeling ideas and steps of the SLPI 

model. The first part analyzes the characteristic differences of varied levels of 

hysteresis loops, and explains why the classical PI model cannot compensate for 

complex characteristics with high precision through the feature of the Play 

operator. The second part uses a logical algorithm for the separation to identify 

the vertexes of each loop and split them according to the loop level. The third part 

reviews the classical PI model and uses this model to describe each separated loop 

individually. Each loop is inverted separately after PI modeling. Therefore, the 

positive sequence for compensation is restored and reconstructed using a rollback 

method, and the total inverse model for feedforward control is finally obtained. 

3.1  Analysis of complex hysteresis characteristics and Play 

operator 

To establish a correct mathematical model, the complex hysteresis characteristics 

and PI model features are further discussed in this section. 

When analyzing the characteristics of the hysteresis loop, the Madelung principle 

is usually used as a reference law [29,30]. The Madelung criterion summarizes 

complex hysteresis characteristics. According to one feature of the Madelung 

principle, only the inner loops with the same length show consistent hysteresis 

characteristics. However, in complex hysteresis characteristics, the probability of 

obtaining inner loops with the same data length is significantly low.  

As shown in Fig. 7, the three hysteresis loops exhibit different hysteresis 

inclinations. The complex hysteresis inclination angle under the same voltage 

affects the modeling accuracy. 
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Fig. 7 Differences in the hysteresis inclination angle of three hysteresis loops 

 

Fig. 8 Play operator 

 

When analyzing the features of the PI model, let us first analyze the Play operator 

that constitutes the PI model, as shown in Fig. 8. When the input is 𝑥𝑥(𝑡𝑡𝑛𝑛), the 

output Play operator expression 𝑝𝑝(𝑡𝑡𝑛𝑛) can be expressed as 

⎩⎨
⎧ 𝑝𝑝(0) =                                                               

     max{𝑥𝑥(0) − 𝑟𝑟, min[𝑥𝑥(0) + 𝑟𝑟,𝑝𝑝0]}

 𝑝𝑝(𝑡𝑡𝑛𝑛) =                                                              

    max{𝑥𝑥(𝑡𝑡𝑛𝑛)− 𝑟𝑟, min[𝑥𝑥(𝑡𝑡𝑛𝑛) + 𝑟𝑟,𝑝𝑝(𝑡𝑡𝑛𝑛−1)]}

,   (1) 

where 𝑟𝑟 is the operator threshold, 𝑛𝑛 ∈ [1, 𝑒𝑒], and 0 = 𝑡𝑡0 < 𝑡𝑡1 < 𝑡𝑡2 < ⋯ < 𝑡𝑡𝑒𝑒 are 

reasonably divided intervals. When the PI model describes the hysteresis of the 

inverse piezoelectric effect, the initial value of displacement is usually recorded as 

0; therefore, 𝑝𝑝0 = 0. 
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When building the model, the single-sided operator in the first quadrant is 

selected. As shown in Fig. 8, the properties of the boost-phase single-sided 

operator are:  � 𝑝𝑝(𝑡𝑡) = 0                               𝑥𝑥(𝑡𝑡) ≤ 𝑟𝑟           

  𝑝𝑝(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) − 𝑟𝑟               𝑟𝑟 < 𝑥𝑥(𝑡𝑡) ≤ 𝑥𝑥(𝑡𝑡𝑒𝑒)
.(2) 

The properties of the single-sided operator on the back phase are �  𝑝𝑝(𝑡𝑡) = 𝑥𝑥(𝑡𝑡𝑒𝑒)    𝑥𝑥(𝑡𝑡𝑒𝑒)− 2𝑟𝑟 ≤ 𝑥𝑥(𝑡𝑡) < 𝑥𝑥(𝑡𝑡𝑒𝑒)

  𝑝𝑝(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) + 𝑟𝑟      0 ≤ 𝑥𝑥(𝑡𝑡) < 𝑥𝑥(𝑡𝑡𝑒𝑒)− 2𝑟𝑟.(3) 

It can be observed from the nature of the operator that, when compared to the 

classical PI model, the generalized or segmented improved PI models show an 

increase in accuracy when describing the hysteresis loop under simple voltage; 

however, these models do not perform well while considering complex hysteresis 

characteristics with multiple inner loops. There are two primary reasons: one is 

that complex hysteresis data tends to have uneven distribution of hysteresis 

characteristics; therefore, large and small data segments are not suitable for 

building the optimal model under the same number of iterations; the second is that 

the model itself increases parameters; therefore, when facing complex hysteresis 

characteristics, the generalized improved model is embodied in additional 

mathematical formulas that continue to be superimposed and nested, and the 

segmented improvement is embodied in too many segmented points. The 

influence of a large number of redundant parameter problems and segmental 

cohesion problems on compensation control cannot be ignored. In addition, the 

generalized and segmented improved PI model also has other problems, such as a 

significant increase in computation. 

The modeling essence of the PI model is the weighted superposition of a limited 

number of Play operators. From the perspective of modeling features, when 

describing a single hysteresis loop, the boost-phase operator is selected for the 

data increase edge, and the back-phase operator is selected for the data reduction 

edge, which can model the hysteresis loop with high accuracy without affecting 

each other. From the perspective of hysteresis characteristics, a complex 

hysteresis often has multiloop characteristics. Multiple single loops of different 

lengths contained in multiple loops corresponding to different hysteresis 

inclination angles. There are certain voltage values corresponding to more than 
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one unilateral displacement value. Hence, the modeling accuracies of each 

segment are affected. Judging from the above two perspectives, to eliminate the 

influence of operator modeling, different hysteresis loops should be modeled 

strictly according to their independent characteristics. Therefore, a single 

hysteresis level-loop-separation logic algorithm is proposed. 

3.2 Logical algorithm for level-loop separation 

The Madelung principle summarizes the characteristics of the complex hysteresis 

loop. Except for the law mentioned in the first part of this section, there are three 

more important laws: 

(1) Turning point law: The characteristic of the hysteresis curve starting from the 

loop turning point is uniquely determined by this point. 

(2) Loop formation law: The trend of the hysteresis curve starting from a new 

turning point tends to return to the last turning point. 

(3) Regression law: The trend of the curve returns to the last lower-level loop after 

formation and exceeds the last turning point constructed by law (2) 

It can be determined from the above laws that the complex hysteresis 

characteristics must be composed of several hysteresis inner loops and one 

hysteresis outer loop. To eliminate the influence of the Play operator modeling in 

the PI model, single hysteresis loops should be separated. The outer loop is 

defined as the zero-level loop, and the number of levels gradually increases; 

therefore, the innermost hysteresis ring has the highest level. In the separation 

process, the priority of separating the data of the high-level loop does not affect 

the hysteresis characteristics of the low-level loop. To achieve level-loop 

separation, it is necessary to obtain the vertex information and loop-level 

information from the complex hysteresis characteristics. 

Hence, a logical algorithm of single level-loop separation is used to divide the 

complex characteristics into single hysteresis loops at all levels, including the 

number of loop levels and vertex information. To facilitate the calculation of the 

algorithm, the kth experimental data is converted from ( 𝑣𝑣𝑣𝑣𝑣𝑣𝑡𝑡𝑣𝑣𝑣𝑣𝑒𝑒𝑘𝑘,𝑑𝑑𝑑𝑑𝑑𝑑𝑝𝑝𝑣𝑣𝑣𝑣𝑑𝑑𝑒𝑒𝑑𝑑𝑒𝑒𝑛𝑛𝑡𝑡𝑘𝑘 ) into the following format: 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(𝑘𝑘): [𝑘𝑘, 𝑣𝑣𝑘𝑘 ,𝑑𝑑𝑘𝑘, 𝑡𝑡𝑟𝑟(𝑘𝑘), 𝑣𝑣𝑣𝑣(𝑘𝑘), 𝑑𝑑𝑝𝑝(𝑘𝑘)],(4) 
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where k is the measurement sequence when acquiring data, 𝑣𝑣𝑘𝑘 and 𝑑𝑑𝑘𝑘 are the 𝑘𝑘th voltage data and corresponding displacement data, respectively, 𝑡𝑡𝑟𝑟(𝑘𝑘) is the 

mark of the boost or back phase: 𝑡𝑡𝑟𝑟(𝑘𝑘) = 1 indicates the boost phase and 𝑡𝑡𝑟𝑟(𝑘𝑘) = −1 indicates the back phase, 𝑣𝑣𝑣𝑣(𝑘𝑘) is the value of the hysteresis loop 

level of the 𝑘𝑘th data, 𝑑𝑑𝑝𝑝(𝑘𝑘) is the vertex identifier: the non-vertex data 𝑑𝑑𝑝𝑝(𝑘𝑘) =

0, the suspected vertex data 𝑑𝑑𝑝𝑝(𝑘𝑘) = 1, and the true vertex data 𝑑𝑑𝑝𝑝(𝑘𝑘) = 2. 

The logical judgment process is started from the initial data in the data sequence. 

The outer-loop level is the zero level, and the initial phase is the boost phase. The 

zero point must be the true vertex of the outer loop or the zero-level loop; hence, 

the zero point is defined as 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(0) =  [ 0, 0, 0, 1, 0, 2 ].       (5) 

After determining the initial new data, the subsequent data are judged 

sequentially. Because of the data changes at the turning points of the hysteresis 

curve, the sequence trend must be increased and decreased alternately; therefore, 

the logic algorithm flow is also an alternate cycle of boost-back logic judgment. 

When the 𝑘𝑘th data is not a turning point in the hysteresis curve, it satisfies the 

following condition.  

�𝑣𝑣𝑘𝑘+1 − 𝑣𝑣𝑘𝑘 > 0               𝑡𝑡𝑟𝑟(𝑘𝑘) = 1 

       𝑣𝑣𝑘𝑘+1 − 𝑣𝑣𝑘𝑘 < 0           𝑡𝑡𝑟𝑟(𝑘𝑘) = −1 
              (6) 

At this time, it is impossible for the 𝑘𝑘th data to be a vertex; therefore, 𝑑𝑑𝑝𝑝(𝑘𝑘) = 0. 

The level value of subsequent data hysteresis loops remains unchanged: 𝑣𝑣𝑣𝑣(𝑘𝑘) =𝑣𝑣𝑣𝑣(𝑘𝑘 − 1); moreover, the boost-back mark remains unchanged: 𝑡𝑡𝑟𝑟(𝑘𝑘) = 𝑡𝑡𝑟𝑟(𝑘𝑘 −
1). 

The decreasing data appearing in the boost phase and the increasing data 

appearing in the back phase are the turning points of the hysteresis curve. When 

the limited influence of creep characteristics on the data is ignored, a turning point 

satisfies the following condition. 

�𝑣𝑣𝑘𝑘+1 − 𝑣𝑣𝑘𝑘 < 0               𝑡𝑡𝑟𝑟(𝑘𝑘) = 1 

       𝑣𝑣𝑘𝑘+1 − 𝑣𝑣𝑘𝑘 > 0           𝑡𝑡𝑟𝑟(𝑘𝑘) = −1 
      (7) 

The Madelung principle stipulates that two turning points form a closed loop, and 

one of them is the vertex of the closed loop. Therefore, when a new turning point 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(𝑘𝑘𝑠𝑠) is determined by Eq. (7), the current data should be marked as a 
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suspected vertex: 𝑑𝑑𝑝𝑝(𝑘𝑘) = 1. Then, one is added to the value of the hysteresis 

loop level for the data: 𝑣𝑣𝑣𝑣(𝑘𝑘) = 𝑣𝑣𝑣𝑣(𝑘𝑘 − 1) + 1, and the boost-back mark is 

inverted: 𝑡𝑡𝑟𝑟(𝑘𝑘) = −𝑡𝑡𝑟𝑟(𝑘𝑘 − 1). The suspected vertex must use the subsequent 

logic to determine whether the uncertain vertex is removed from the suspicion or 

becomes a true vertex. The authenticity of suspected vertexes is judged in the 

following situations: 

(1) When the logic judgment flow is in the back phase, i.e., 𝑡𝑡𝑟𝑟(𝑘𝑘) = −1, if the 

voltage data value is judged to be less than or equal to the last suspected vertex 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(𝑘𝑘𝑎𝑎), whose value of level is the current level minus one, then confirm 

that 𝑑𝑑𝑝𝑝(𝑘𝑘𝑎𝑎) = 2; 

(2) When the logic judgment flow is in the boost phase, i.e., 𝑡𝑡𝑟𝑟(𝑘𝑘) = 1, if the 

voltage data value is judged to be greater than or equal to the last suspected vertex 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(𝑘𝑘𝑎𝑎), whose value of level is the current level minus one, then confirm 

that 𝑑𝑑𝑝𝑝(𝑘𝑘𝑎𝑎) = 2; 

After confirming that 𝑁𝑁𝑒𝑒𝑁𝑁𝑁𝑁𝑣𝑣𝑡𝑡𝑣𝑣(𝑘𝑘𝑎𝑎) is the true vertex with the hysteresis loop 

level of 𝑣𝑣𝑣𝑣(𝑘𝑘𝑎𝑎) = 𝑣𝑣𝑣𝑣(𝑘𝑘)− 1, all the data of this level are separated under the 

hysteresis single loop starting and ending from the vertex. The separated data are 

sewed at the vertex to form a single hysteresis loop with level value and vertex 

information. Then, 𝑣𝑣𝑣𝑣(𝑘𝑘 + 1) = 𝑣𝑣𝑣𝑣(𝑘𝑘) − 2, and subsequent judgments are 

determined.  

If the separation of the hysteresis loop is performed on a higher-level loop before 

the new separation, separation is performed on the remaining data after the last 

separation. The remaining data are sewed together at the vertex of the previously 

separated single hysteresis loop to form a new hysteresis characteristic waiting for 

the next separation. 
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a      b 

 

c 

 

Fig. 9 Single-loop-separation results: a Level-II single loop; b level-I single loop; c level-0 single 

loop 

After operating the single-loop-separation logic algorithm, the original complex 

multiloop hysteresis characteristics are separated into several hysteresis single 

loops of different levels from the highest value to zero. Fig. 9 shows three 

hysteresis single-loop images obtained from the data in Fig. 5 after applying the 

single-loop separation logic algorithm. The triangle signs mark the vertexes as 

original points of the loop of each level of the hysteresis loops, and the circle 

signs mark the position of the sewed point as a recovery of the lower hysteresis 

loop after the higher one is separated. Fig. 9a shows the highest-level inner loop in 

the experimental data; therefore, this single hysteresis loop is preferentially 

separated from the level-II true vertex. Fig. 9b shows the level-I hysteresis loop. 

The data are separated from the level-I true vertex and sewed at the level-II true 
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vertex. Fig. 9c shows the remaining level-0 outer hysteresis loop; therefore, the 

true vertex of the outer loop is the zero point. 

In a period of complex hysteresis with nonlinear characteristics, the largest data of 

the curve, which is also a turning point, will be defined as a suspected level-I 

vertex when it is detected. Therefore, suspected vertexes that appear on the back 

phase of the outer loop will continue to increase the level value while the original 

suspected vertex still exists, until the judging process is completed. The 

phenomenon of adding one to the level value in the back phase will not affect the 

result of the single-loop-separation logic algorithm because the purpose of the 

logic algorithm is to separate the hysteresis single loop, and the separation step 

depends only on the level values and position of the true vertexes. Consequently, 

the exact number of level values is irrelevant. 

In conclusion, the single-loop-separation logic algorithm imports the data in the 

order measured in the experiment and applies the sequential conditional sentence 

detection algorithm of the programming language. Logical judgment filters out 

the hysteresis loop vertexes with loop-value information. Then, the obtained level-

value information is used for separation from the highest value to zero. In the next 

two parts of this section, high-precision modeling of complex hysteresis 

characteristics can be obtained by using the PI modeling on each single loop. 

3.3 Prandtl–Ishlinskii and inverse models 

Each obtained single-loop hysteresis is modeled independently by the PI model. 

As shown in Fig. 8, unilateral operators are selected for the boost and back 

phases. The selected operators are weighted and superimposed. The PI model can 

be expressed as 𝑃𝑃[𝑥𝑥(𝑡𝑡)] = 𝜔𝜔0 ∙ 𝑥𝑥(𝑡𝑡) + �𝜔𝜔𝑖𝑖𝑛𝑛
𝑖𝑖=1 ∙ 𝑝𝑝𝑖𝑖(𝑡𝑡),          (8) 

where 𝑃𝑃[𝑥𝑥(𝑡𝑡)] is the PI model output corresponding to the operator input 𝑥𝑥(𝑡𝑡). 𝜔𝜔0 is the first weight, which is usually a positive number. The corresponding 

output of the 𝑑𝑑th operator is 𝑝𝑝𝑖𝑖(𝑡𝑡), which has a corresponding threshold 𝑟𝑟𝑖𝑖 and 

corresponding weight 𝜔𝜔𝑖𝑖. 
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 Fig. 10 is a modeling diagram of three single hysteresis loops obtained by 

the separation method using the PI model. It can be observed from the modeling 

results that the PI model has high modeling accuracy for each hysteresis single 

loop with different hysteresis inclination angles, which verifies that the theory of 

eliminating the overlapping effects of operator features is feasible. 

When modeling the hysteresis, as shown in Fig. 10, a quadratic programming 

iteration is used to determine the optimal parameter values. In this algorithm, the 

minimum number of iterations required to obtain the optimal modeling for each 

single loop is different. For a single loop of length m, the minimum iterations 𝐴𝐴𝑚𝑚 

are usually considered as 𝐴𝐴𝑚𝑚 = 10
�4𝑚𝑚𝑚𝑚𝑒𝑒+1,                      (9) 

where 𝑑𝑑𝑒𝑒 is the total length of the experimental data. 

 

a      b 

 

c 
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Fig. 10 Single-loop Prandtl–Ishlinskii (PI) modeling: a Level-II single-loop modeling; b Level-I 

single-loop modeling; c Level-0 single-loop modeling 

Tables 2, 3, and 4 list the parameters of Figs. 10a, 10b, and 10c, respectively. The 

threshold 𝒓𝒓𝒊𝒊 and optimal weights 𝝎𝝎𝒊𝒊 are listed in the tables. 

Table. 2 Parameter values of Fig. 10a 𝒊𝒊   𝒓𝒓𝒊𝒊      𝝎𝝎𝒊𝒊     

1 0 0.02943 

2 
5 0.01351 

3 10 0.00040 

4 
15 0.00206 

5 20 0.00230 

6 25 0.00265 

7 30 0.00249 

8 35 0.00550 

9 40 0.02802 

10 45 0.09411 

 

Table. 3 Parameter values of Fig. 10b 𝒊𝒊   𝒓𝒓𝒊𝒊      𝝎𝝎𝒊𝒊     

1 0 0.03151 

2 
5 0.01298 

3 10 0.01092 

4 
15 0.00445 

5 20 0.00648 

6 25 0.00000 

7 30 0.00148 

8 35 0.00016 
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9 40 0.00051 

10 45 0.00100 

 

Table. 4 Parameter values of Fig. 10c 𝒊𝒊   𝒓𝒓𝒊𝒊      𝝎𝝎𝒊𝒊     

1 0 0.04045 

2 
5 0.00000 

3 10 0.00893 

4 
15 0.00537 

5 20 0.00456 

6 25 0.01136 

7 30 0.00000 

8 35 0.00000 

9 40 0.00000 

10 45 0.00000 

 

In the SLPI model, the minimum number of iterations can be selected according 

to the length of the separated data so that the modeling of each hysteretic single 

loop can achieve the highest accuracy as well as avoid redundant calculations. 

However, the PI model for the complete complex hysteresis characteristics does 

not have the existence condition of the minimum iterations; consequently, a 

uniform number of iterations leads to modeling error. 

The PI model has an analytical inverse model. The SLPI model is composed of a 

combination of independent single-loop PI models. Therefore, the inverse model 

equation of each separated single loop is consistent with the classical PI inverse 

model. The formula is expressed as  

P−1[𝑝𝑝(𝑡𝑡)] = 𝜔𝜔0−1 ∙ 𝑝𝑝(𝑡𝑡) + ∑ 𝜔𝜔𝑖𝑖−1 ∙𝑛𝑛𝑖𝑖=1 𝑥𝑥𝑖𝑖(𝑡𝑡),(10) 𝑥𝑥𝑖𝑖(𝑡𝑡) = max{𝑝𝑝(𝑡𝑡) − 𝑟𝑟𝑖𝑖−1, min[𝑝𝑝(𝑡𝑡) + 𝑟𝑟𝑖𝑖−1,𝑥𝑥𝑖𝑖−1(𝑡𝑡)]},(11) 

where P−1[𝑝𝑝(𝑡𝑡)] is the output corresponding to the input 𝑝𝑝(𝑡𝑡) of the classical 

PI inverse model operator and 𝑥𝑥𝑖𝑖(𝑡𝑡) is the output of the 𝑑𝑑th operator. To 
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correspond to the PI-positive model, 𝑥𝑥0 = 0. The threshold 𝑟𝑟𝑖𝑖−1 and weight 

coefficients 𝜔𝜔𝑖𝑖−1 of the PI inverse model are expressed as follows. 

⎩⎪⎨
⎪⎧ 𝑟𝑟𝑖𝑖−1 = ∑ 𝜔𝜔𝑗𝑗 ∙ �𝑟𝑟𝑖𝑖 − 𝑟𝑟𝑗𝑗�𝑖𝑖𝑗𝑗=1𝜔𝜔0−1 =

1𝜔𝜔0𝜔𝜔𝑖𝑖−1 = − 𝜔𝜔𝑖𝑖�𝜔𝜔0+∑ 𝜔𝜔𝑗𝑗𝑖𝑖−1𝑗𝑗=1 ��𝜔𝜔0+∑ 𝜔𝜔𝑗𝑗𝑖𝑖𝑗𝑗=1 �
(12) 

Based on the handling of each single-loop inverse model, a complete SLPI inverse 

model can be established, and the feedforward control method can be used to 

compensate for the complex hysteresis characteristics. 

3.4  Compensation theory and inverse SLPI model 

The method of feedforward control collects information through a pre-experiment, 

observes the law to estimate the trend, and applies pre-control methods in front of 

the system to correct the compensation result. It is one of the commonly used 

compensation control methods in control engineering [31-33]. 

The nonlinear hysteresis characteristics shown by the voltage-displacement curve 

of the inverse piezoelectric effect follow the Madelung principle. There is no 

occasional variability and no requirement for feedback in the control. The PI 

model used in the modeling is a phenomenological model that describes the 

characteristics directly without explaining the internal reasons. Therefore, 

feedforward control is the most effective compensation method for the 

piezoelectric complex hysteresis characteristics. A schematic diagram of the 

feedforward compensation control is shown in Fig. 11. 

 

 

Fig. 11 Schematic diagram of feedforward compensation control 

It can be observed from Fig. 11 that the PI model of the hysteresis single loops 

should be restructured to construct the SLPI inverse model for the feedforward 
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control compensation voltage. After obtaining the PI model of single loops, the 

reconstruction steps are as follows: 

(1) Single-loop model inversion: The analytical inverse model of each hysteretic 

single loop is obtained through the PI inverse-model equation. The level value 

information of the hysteretic single loop is retained, as well as the true-vertex-

modeling and sewed-connection-point positions. 

(2) Single-loop inverse model restoration: The sewed point on a single hysteretic 

loop is the vertex of a higher-level hysteresis loop starting from this loop. The 

inverse model of the hysteresis single loop must be clockwise. Therefore, starting 

from the level-0 outer loop, the sewed point on the current hysteresis loop is 

changed into a break point. The inverse model of the current loop is divided into 

two parts. The outer-loop inverse model is linked to the inverse model of the new 

loop at the break position of the inverse model of the level-I inner loop. The new 

inverse model sequence is obtained in two loops that have two clockwise 

directions. This step is repeated to reconstruct the higher-level hysteresis single 

loop until all the inverse models of the single inner loops are connected at break 

points. Finally, all the inverse model restorations are completed. 

In the sequence restoration process, the vertexes or break points of the same level 

should be divided and spliced sequentially in the order of initial separation level 

value, without affecting the reconstruction result of the achieved inverse model 

restoration. 

Fig. 12 shows the inverse model corresponding to the three hysteresis single-loop 

models in Fig. 10. The star sign is the position of the break point on the level-I 

and level-0 inverse models. Fig. 13 shows the inverse model of SLPI after sorting 

and reconstruction according to the restoration method described above. 

The SLPI inverse model is the displacement-voltage correspondence curve. The 

obtained compensation voltage can be directly used for feedforward control. The 

compensation result of the feedforward control must be further verified through 

experiments and discussion. 

 

 

a      b 
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c 

 

Fig. 12 Single-loop inverse model: a Level-II single-loop inverse model; b level-I single-loop 

inverse model; c level-0 single-loop inverse model 

 

Fig. 13 Separated Level-loop PI (SLPI) inverse model 
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4 Experiment and discussion 

This section presents the experimental verification and discussion on the results. 

Two fundamental comparisons are shown in the diagrams. One is a comparison of 

the modeling description of the classical PI and SLPI models, and the other a 

comparison of the final compensation results. 

In addition, this section adds two additional sets of special verification 

experiments. One is to verify whether the inner loop starting from the back-phase 

hysteresis characteristics causes errors in the modeling. The other is to verify 

whether the overlapped outer-loop data affects the compensation method.  

4.1 Model comparisons 

The modeling description determines the compensation result. Observing the 

modeling error between different models and the actual hysteresis characteristics 

curve can directly reflect the comparison of accuracy. The modeling of the 

classical PI model is shown in Fig. 14a. The modeling of the three hysteretic 

single loops is drawn on the same diagram as SLPI modeling, as shown in Fig. 

14b. 

a      b 

  

Fig. 14 Modeling comparison diagrams: a Classical PI model comparison diagram; b gathered 

SLPI model comparison diagram 

Table 5 lists the parameters of the model shown in Fig. 14a. The threshold 𝒓𝒓𝒊𝒊 and 

optimal weights 𝝎𝝎𝒊𝒊 are listed in the table. 

 

Table. 5 Parameter values of model shown in Fig. 14a 
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𝒊𝒊   𝒓𝒓𝒊𝒊      𝝎𝝎𝒊𝒊     

1 0 0.03040 

2 
5 0.01116 

3 10 0.01516 

4 
15 0.00478 

5 20 0.00000 

6 25 0.00000 

7 30 0.00823 

8 35 0.00057 

9 40 0.00000 

10 45 0.00000 

By comparing the modeling diagrams shown in Fig. 14, it can be observed that the 

SLPI model has a higher modeling accuracy and shows the adaptive features of 

the material-based characteristics of the outer loop. In contrast to the phenomenon 

where the accuracy deteriorates in higher-level loop modeling, the SLPI model 

always maintained the accuracy. 

To verify the comparison of the actual compensation results, experiments were 

performed using the compensation voltage of both the classical PI and SLPI 

inverse models as follows: 

(1) Experimental equipment such as piezoelectric driver, laser interferometer, and 

reflector were placed on the horizontal test bench and connected with a voltage 

driver and computer. 

(2) The compensation voltage obtained from the classical PI inverse model was 

loaded through the controller at an ordinary control speed and the displacement 

was recorded. Similarly, the compensation voltage obtained from the SLPI inverse 

model was loaded at the ordinary control speed and the displacement of the 

experiment was recorded. 

(3) The control speed of voltage loading was reduced and displacements for the 

two model compensation results were recorded again. 
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(4) The displacement data were analyzed and the average value of the actual 

displacement output was calculated according to the compensation results of the 

different models measured above. 

(5) The equipment was checked and switched off. 

Owing to the limited influence produced by the creep characteristics, the 

experiment used the measurement method of changing the compensation control 

speed to obtain the average value of the compensation result. The comparison 

results are as follows. Fig. 15a illustrates the compensation result curve of the 

classical PI inverse model and Fig. 15b shows the compensation result of the SLPI 

inverse model under compensation voltage. 

 

 

 

 

 

 

a      b 

 

c      d 
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Fig. 15 Compensation result diagrams: a Classical PI compensation, b SLPI compensation, c 

partially enlarged Fig. 15a, d partially enlarged Fig. 15b 

 

By considering the value on the straight line passing through the zero point and 

the maximum value of the experimental data as the expected linear output values, 

the compensation error is the difference between the compensation result and the 

expected result. The error 𝜀𝜀 and average error 𝜀𝜀  ̅are 𝜀𝜀𝜏𝜏 = |𝛿𝛿𝜏𝜏 − 𝑑𝑑𝜏𝜏|,                   (13) 

𝜀𝜀̅ = 1𝜆𝜆�(

𝜆𝜆
𝜏𝜏=1 |𝛿𝛿𝜏𝜏 − 𝑑𝑑𝜏𝜏|),                               (14) 

where λ is the total number of experimental samples for the compensation control, 𝜏𝜏𝜖𝜖[0, 𝜆𝜆]. 𝛿𝛿𝜏𝜏 is the expected displacement output and 𝑑𝑑𝜏𝜏 is the real displacement 

output. 

As predicted by the comparative modeling description, the compensation results 

of the SLPI inverse model are better than those of the classical PI model. They are 

specifically embodied as follows: 

(1) Improvement of inner-loop compensation: The compensation effect of high-

level inner-loop hysteresis is significantly improved, and it effectively solves the 

problem where the higher-level loop has lower accuracy in the complex hysteresis 

characteristics. Meanwhile, the problem of the obvious compensation error 

difference between hysteresis loops is also corrected. 

(2) Stability of the outer-loop compensation: Based on the compensation of the 

SLPI model, the compensation results based on the material-based characteristics 

for the compensation of the outer loop do not show lower accuracy than the 

classical PI model. The error of the SLPI model is even smaller and the accuracy 

is higher. 

(3) Self-elimination of compensation error: When using the SLPI inverse model 

for hysteresis compensation, the cumulative and new errors will erase each other 

more often than they overlap each other. This increase in accuracy may occur 

accidentally due to the position of the vertex of the hysteresis loop, but it does not 

deny the possibility that the single-loop modeling itself may eliminate the 
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asymmetrical features, which is a phenomenon beneficial to compensation 

control. 

In the calculation result of the percentage index, the SLPI inverse model 

compensation reduces the error of maximum difference value on the outer loop by 

10.0%, and remarkably reduces the average error of the highest-level inner loop 

by 97.5%. Although there is an unpredictable small error increase on a vertex of 

the level-I loop, the error difference between the single hysteresis loops is reduced 

by 53.7% when compared to the classical PI inverse model, and the overall 

average error is significantly reduced by 50.3%. 

4.2 Other verifications 

Past experiments on the inverse piezoelectric effect show that external 

disturbances such as the frequency of the control voltage rarely affect the 

application of the PI model. Therefore, whether the compensation of the SLPI 

inverse model has a superior effect depends on the characteristics of its own 

modeling; consequently, two sets of verification experiments are designed. 

The first experiment used the double inner-loop hysteresis data of a 

nanopositioning stage device, as shown in Fig. 16. It can be observed from the 

data that one of the true vertices is located on the back phase of the outer loop. It 

can be verified by observing the modeling diagram whether the hysteresis 

characteristics starting from the back phase of the outer loop can also be 

compensated by the SLPI model. 

 

Fig. 16 Double inner-loop hysteresis data 

Fig. 17a shows the optimal modeling diagram of the classical PI model of double 

inner-loop hysteresis data. It can be observed that the classical PI model will share 
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the error on each hysteresis loop to maintain the overall optimal modeling, which 

results in a large number of low-fitting models. This phenomenon is more obvious 

in the case of multiple inner loops, especially when there are vertexes for both the 

boost and back phases. Fig. 17b is a gathered diagram of each hysteresis single-

loop model in the SLPI model. Although the description of material-based 

nonlinear characteristics cannot be improved by single outer-loop modeling, the 

influence of the vertex on the back phase is almost eliminated. 

a      b 

Fig. 17 Comparison of double inner-loop hysteresis modeling: a Classical PI modeling; b SLPI 

modeling 

 

Fig. 18 Overlapped hysteresis data 

The second set of experiments obtains the hysteresis data of another piezoelectric 

actuator device, as shown in Fig. 18. It can be observed from the diagram that 

there are overlapped data of the inner and the outer hysteresis loops. Therefore, it 

is verified by modeling whether the repeated hysteresis characteristics on different 

hysteresis single loops are also compensated well by the SLPI model. 
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a      b 

 

Fig. 19 Comparison of overlapped hysteresis modeling: a Classical PI modeling; b SLPI modeling 

Fig. 19a shows the optimal modeling diagram of the classical PI model and Fig. 

19b illustrates the gathered diagram of each hysteresis single-loop modeling 

performed by the SLPI model. Through comparisons, it can be observed that the 

two single-loop models are not affected by the overlapped outer-loop hysteresis. 

The maximum errors of the classical PI model still appear in the inner loop, and 

the SLPI model effectively corrects this error. 

In conclusion, in the first set of verification experiments, the modeling error 

difference between the two inner loops of the SLPI model is smaller than that of 

the classical PI model, and both loops have high accuracy. When compared to the 

large error jump of classical PI modeling, the SLPI modeling of the material-

based characteristics of the outer loop is closer to the nonlinear curve; hence, the 

overall accuracy is also improved. In the second set of control experiments, the 

SLPI modeling is not affected by repeated hysteresis characteristics. The 

modeling description of the SLPI model is better. Therefore, the SLPI model has a 

high fitting accuracy for all types of complex hysteresis characteristics, and the 

improved modeling accuracy indirectly supports the enhancement in 

compensation control. 

5 Conclusion 

The SLPI model generally improves the compensation control accuracy of 

complex piezoelectric nonlinear characteristics. Experiments have verified that the 

SLPI model not only has a higher modeling accuracy than the classic PI model, 
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but also performs better in the compensation result. The use of the SLPI model 

reduced the error of maximum difference value on the outer loop by 10.0% and 

reduced the average error of the highest-level inner loop by 97.5%. When 

compared to the classical PI inverse model, in spite of a small error increase on a 

vertex of the level-I loop, the error difference between single loops was reduced 

by 53.7%; therefore, the overall average error was also reduced by 50.3%. There 

was no error calculation in the two additional experiments; however, it was 

observed from the images that the SLPI model has a good modeling effect on all 

types of inverse-piezoelectric-effect-based nonlinear characteristics data. 

In the establishment of the SLPI model, no new operators were introduced; 

moreover, feedforward control was used, which was the compensation method in 

the previous principle. Through the analysis of the Play operator and PI model, 

the hysteresis advantage of the single-side Play operator was used, and the 

shortcomings of the PI model corresponding to multiple segments of one voltage 

were avoided. A single-loop independent hysteresis can be separated from the 

complex hysteresis characteristics. The segmented basis for modeling was to 

simplify the complex hysteresis nonlinearity to a single-loop model. When 

compared to the generalized PI model, this model corrected the hysteresis 

inclination deviation of the inner loop modeling and balanced the overall 

compensation result of the feedforward control. When compared to the previous 

segmented PI model, a reasonable separation basis was added to reduce the 

number of discontinuities. The SLPI model not only solved the phenomenon 

where a higher level of the inner ring leads to a lower precision of the modeling, 

but also enhanced the adaptability of the inherent characteristic curve of the outer 

ring material. 

In this paper, it was still the inverse PI model that was used to solve the 

compensation control problem, which is a continuation of the previous work. The 

progress of the research in this paper provides a train of modeling thought and a 

theoretical basis for simplifying the complex characteristics. New concepts such 

as the endpoint and series of each hysteresis single loop proposed for nonlinear 

characteristic data provide sufficient reference value for subsequent research on 

real-time compensation. 
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Figures

Figure 1

Schematic diagram of �exible hinge



Figure 2

Three-dimensional diagram of precision machining positioning device



Figure 3

Experimental system for measuring the complex characteristics

Figure 4



Random complex voltage

Figure 5

Nonlinear characteristics of complex voltage-displacement



Figure 6

Schematic diagram of the causes of nonlinear characteristics: a Hysteresis characteristics; b creep
characteristics; c temperature characteristics



Figure 7

Differences in the hysteresis inclination angle of three hysteresis loops

Figure 8

Play operator



Figure 9

Single-loop-separation results: a Level-II single loop; b level-I single loop; c level-0 single loop



Figure 10

Single-loop Prandtl–Ishlinskii (PI) modeling: a Level-II single-loop modeling; b Level-I single-loop
modeling; c Level-0 single-loop modeling



Figure 11

Schematic diagram of feedforward compensation control



Figure 12

Single-loop inverse model: a Level-II single-loop inverse model; b level-I single-loop inverse model; c level-0
single-loop inverse model



Figure 13

Separated Level-loop PI (SLPI) inverse model

Figure 14

Modeling comparison diagrams: a Classical PI model comparison diagram; b gathered SLPI model
comparison diagram



Figure 15

Compensation result diagrams: a Classical PI compensation, b SLPI compensation, c partially enlarged
Fig. 15a, d partially enlarged Fig. 15b



Figure 16

Double inner-loop hysteresis data

Figure 17

Comparison of double inner-loop hysteresis modeling: a Classical PI modeling; b SLPI modeling



Figure 18

Overlapped hysteresis data

Figure 19

Comparison of overlapped hysteresis modeling: a Classical PI modeling; b SLPI modeling


