
On signal recovery and blurry image reconstruction
via a double parameter Hager-Zhang type iterative
scheme for monotone nonlinear equations
Kabiru Ahmed  (  kabiruhungu16@gmail.com )

Bayero university, Kano
Mohammed Yusuf Waziri 

Bayero university, Kano
Abubakar Sani Halilu 

Sule lamido university, Nigeria

Research Article

Keywords: Line search, Projection method, Signal processing, Convex constraint, Image de-blurring

Posted Date: August 22nd, 2022

DOI: https://doi.org/10.21203/rs.3.rs-1968255/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1968255/v1
mailto:kabiruhungu16@gmail.com
https://doi.org/10.21203/rs.3.rs-1968255/v1
https://creativecommons.org/licenses/by/4.0/


On signal recovery and blurry image reconstruction via

a double parameter Hager-Zhang type iterative scheme
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Abstract

The one parameter scheme by Hager and Zhang (Pac. J. Optim. 2(1) 35-58(2006))
represents a group of descent iterative schemes for large-dimension minimization
problems. The nonnegative parameter of the scheme determines the weight of
conjuacy and descent, and by extension, the scheme’s effectiveness. The scheme,
however, only converges globally for the traditional strongly convex quadratic func-
tions. Other approaches have to be applied to ensure this attribute holds for general
functions. Moreover, when the parameter approaches 0, the scheme reduces to the
method by Hestenes and Stiefel (J. Research Nat. Bur. Standards. 49(1952)409-436),
which in practical sense does not perform well due to the jamming phenomenon.
By carrying out eigenvalue analysis of an adaptive two parameter Hager-Zhang type
method, a new scheme is presented, which ensures global convergence for monotone
functions without any condition for the type of linesearch procedure. The proposed
scheme was driven by attributes exhibited by the Hager-Zhang scheme and vari-
ous schemes designed with double parameters. The scheme is also applicable to
non-smooth problems since it doesn’t require derivatives. Using fundamental as-
sumptions, we proved global convergence of the scheme and preliminary report of
numerical experiments carried out with the scheme and some recent methods indi-
cate it is more effective and efficient.

Mathematics Subject Classification: 90C30, 90C26

Keywords: Line search; Projection method; Signal processing; Convex constraint; Image

de-blurring

1. Introduction

By virtue of its less storage requirement and strong global convergence property, con-

jugate gradient method (CG) has become a perfect choice for large dimension uncon-

strained problems of the form

∗Corresponding author kabiruhungu16@gmail.com, Bayero University Kano, Nigeria
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min
x∈Rn

f (x). (1.1)

In (1.1), f represents a smooth nonlinear mapping whose gradient at xk is given as

∇ f (xk). Iterates of the scheme are obtained using the update formula

xk+1 = xk + sk, sk = xk+1 − xk = σkdk, k ≥ 1, (1.2)

with xk being the last iterate, σk a step-size that, in most cases, is calculated using the

following popular Wolfe line strategy:

f (xk + αkdk) ≤ f (xk) + δkσk∇ f (xk)
Tdk, (1.3)

∇ f (xk+1)
Tdk ≥ ϑ∇ f (xk)

Tdk, (1.4)

where 0 < δ < ϑ < 1.

Furthermore, dk in (1.2), (1.3) and (1.4) is the CG search direction, which is generally

defined as

d0 = −∇ f (x0), dk+1 = −∇ f (xk) + βkdk. (1.5)

In (1.4), βk is a scalar parameter, which not only identifies a particular CG method,

but also influences its performance. By considering a variant of the standard conjugacy

condition, Dai and Liao [29] developed an essential CG method with update parameter

βk defined as

βDL
k =

yT
k ∇ f (xk+1)

yT
k dk

− tk
sT

k ∇ f (xk+1)

yT
k dk

, yk =∇ f (xk)−∇ f (xk−1). (1.6)

Remarkably, if tk = 0, (1.6) becomes precisely the update parameter due to Hestenes and

Stiefel [35], i.e.,

βHS
k =

yT
k ∇ f (xk+1)

yT
k dk

. (1.7)

Similarly, if tk = τk
∥yk∥2

yT
k sk

− yT
k sk

∥sk∥2 , (1.6) reduces to the scheme by Dai and Kou [17], i.e.,

βDK+
k =

∇ f (xk+1)
Tyk

dT
k yk

−
(

τk +
∥yk∥2

sT
k yk

− sT
k yk

∥sk∥2

)

∇ f (xk+1)
Tsk

dT
k yk

, (1.8)

where τ is exactly the parameter in the scaled memoryless BFGS scheme and ∥.∥ repre-

sents the Eucledean norm. Also, taking tk = 2
∥yk∥2

yT
k dk

reduces (1.6) to the scheme by Hager

and Zhang [14], namely

βHZ
k =

yT
k ∇ f (xk+1)

yT
k dk

− 2
∥yk∥2

yT
k dk

dT
k ∇ f (xk+1)

yT
k dk

. (1.9)

By replacing 2 in the second term of (1.9) with a nonnegative parameter θk, Hager and

Zhang [15] obtained the generalized form as

βθ
k =

yT
k ∇ f (xk+1)

yT
k dk

− θk
∥yk∥2

yT
k dk

dT
k ∇ f (xk+1)

yT
k dk

. (1.10)

2



As proven in [15], a CG method with the update parameter (1.10) satisfies the sufficient

descent condition, namely

dT
k ∇ f (xk+1) ≤ −

(

1 − 1

4θk

)

∥∇ f (xk+1)∥2, (1.11)

for θk >
1
4 . Note: the condition (1.11) is satisfied irrespective of the line search strategy

applied. That notwithstanding, the scheme only converges globally for strongly convex

functions, when the linesearch conditions (1.3) and (1.4) are used or the Goldstein [16]

approach is employed. In an effort to address the aforementioned shortfall, the authors

in [15] suggested the following truncated version:

βθ+
k = max{βθ

k,ζk}, ζk =
−1

∥dk∥min{ζ,∥∇ f (xk+1)∥}
, (1.12)

where ζ denotes a positive constant. It can easily be verified that when τk =
sT

k yk

∥sk∥2 in (1.8),

we obtain

βk =
yT

k ∇ f (xk+1)

yT
k dk

− ∥yk∥2

yT
k dk

dT
k ∇ f (xk+1)

yT
k dk

, (1.13)

which clearly corresponds to (1.10) with θk = 1. It is important to note here that the HZ

version in (1.13) has been shown to be less effective than the first variant in (1.9).

Following the above discussion, we now introduce adaptations of the CG schemes

for finding solutions of the following problem:

F(x̄) = 0, x̄ ∈ Rn, (1.14)

where the vector valued mapping F is continuous and monotone. The latter assumption

indicates that F satisfies

(F(x)− F(y))T(x − y) ≥ 0, ∀x,y ∈ Rn. (1.15)

The version of (1.14) that is of interest in this paper is where the solution lies in a closed

convex set x̄ ∈ Φ ⊂ Rn. This constrained form often arises in real life problems like the

economic equilibrium system and chemical equilibrium problems in [1, 2]. It is also an

important feature in compressed sensing [3–6].

In recent decade, the Hager-Zhang (HZ) scheme [14] has been modified to solve

(1.14) and with the version with constraint. To realize this, modified HZ directions are

employed together with the projection technique designed in [13] . In [4], Xiao and

Zhu presented a modified HZ-type projection method to solve (1.14) with convex con-

straint. The scheme converges globally and is employed to solve the ℓ1 − norm opti-

mization problem in compressed sensing. In the same vain, Liu and Li [3] combined a

modified form of the HZ scheme in [14] with the strategy designed in [13] to propose

another HZ-type scheme to solve (1.14) with convex constraint. A vital attribute of the

scheme, which makes it appropriate for non-smooth functions is its derivative-free and

low memory structure. The authors also applied the scheme in compressive sensing to

restore disturbed signals. In an attempt to further develop other HZ-type schemes for
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solving (1.14), Waziri et al. [20] obtained two appropriate choices for the HZ parameter

in [15]. The authors applied both values to obtain new modified HZ directions, which,

together with the strategy in [13], produced algorithm of the scheme. In furtherance of

the work in [20], Sabi’u et al. [25] obtained still, different approximations for the HZ pa-

rameter in [15], which are subsequently used to present other HZ variants. More detail

are available in [7–12, 19, 21–24, 28].

In this work, the interest is to apply a different approach from the ones discussed

above to develop an efficient Hager-Zhang type scheme for the constrained form of (1.14)

and demonstrate its application in reconstructing disturbed signals and blurry images.

We are motivated by the following facts:

• Few number of modified HZ type schemes exists for problem (1.14) and the con-

strained variant. And the ones that exists are either modified versions of (1.9), as

presented in [3, 4] or modified adaptations of (1.10) as presented in [11, 20, 24–26].

• The HZ scheme based on the update parameter (1.10) is not convergent for general

nonlinear functions, only its truncated version has that attribute.

• The scheme defined in (1.9), where θk = 2 has been tested to be the most efficient

in the family of HZ methods.

We intend to develop a new HZ-type scheme that will address the aforementioned limi-

tations as follows:

• Another HZ-type method will be presented to add to the few of its kind in the liter-

ature. We intend to apply a different approach from the ones adopted by previous

researchers.

• The scheme will converge globally irrespective of the type of line search procedure

applied.

• The scheme will be compared with modified versions of the efficient method in

(1.9) and two recent HZ-type methods.

In addition to the above, the new scheme will be applied to reconstruct sparse signals

and de-blur noisy images in compressed sensing.

The article is prepared as follows: Preliminaries and derivation of the new scheme are

presented in the next section. The third section deals with convergence analysis of the

scheme. Results of numerical experiments carried out on the scheme and four other

methods are discussed in section four. Application of the proposed scheme to highlight

its effectiveness is given in section five. We make conclusions in section six.
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2. PRELIMINARIES AND DERIVATION OF THE NEW SCHEME

First, we give an important definition that will be recalled frequently in the rest of the

manuscript.

Definition 2.1 Given that j1 and j2 are vectors in an inner product space, then

|⟨j1, j2⟩| ≤ ∥j1∥∥j2∥. (2.1)

In the past decade, iterative schemes for solving (1.14) with double parameters have been

presented. For example, by modifying the classical BFGS scheme, namely

Bk = Bk−1 −
Bk−1sk−1sT

k−1Bk−1

sT
k−1Bk−1sk−1

+
yk−1yT

k−1

sT
k−1yk−1

, (2.2)

Liao [30], proposed a two parameter modified BFGS scheme with update given by

Bk = Bk−1 − σ̄k

Bk−1sk−1sT
k−1Bk−1

sT
k−1Bk−1sk−1

+ γ̄k

yk−1yT
k−1

sT
k−1yk−1

. (2.3)

The idea behind incorporating σ̄k and γ̄k in the second and last term of (2.2) is to better

correct the eigenvalues of the iteration matrix associated with scheme’s direction. Nu-

merical experiments with more than 80 benchmark functions proves a tremendous im-

provement of (2.3) over the classical BFGS scheme. In another development, Andrei [31]

proposed a double parameter BFGS scheme with the update for the approximation Hes-

sian matrix given by

Bk = σ̄k

[

Bk−1 −
Bk−1sk−1sT

k−1Bk−1

sT
k−1Bk−1sk−1

]

+ γ̄k

yk−1yT
k−1

sT
k−1yk−1

, (2.4)

with σ̄k and γ̄k denoting positive parameters. Recently, Babaie-Kafaki [32] proposed a

two-parameter BFGS scheme as an extension of the one proposed in [30]. The update of

the scheme is given by

Hk = θk I − θk

sk−1yT
k−1 + yk−1sT

k−1

sT
k−1yk−1

+

(

1 + γ̄k
∥yk−1∥2

sT
k−1yk−1

)

sk−1sT
k−1

sT
k−1yk−1

, (2.5)

where θk and γ̄k denote two parameters. The authors proved that the condition necessary

for global convergence of the method holds, namely

∇ f (xk)
Tdk ≤ −ψ∥∇ f (xk)∥2, ∀k ≥ 0, ψ > 0, (2.6)

and in addition, the author showed that the condition number associated with the

scheme’s iteration matrix is well-conditioned. A modification of (2.5) was proposed

in [33], namely

Hk =
1

δ̄k

[

Hk−1 −
Hk−1yk−1sT

k−1 + sk−1yT
k−1Hk−1

sT
k−1yk−1

+

(

δ̄k

γ̄k
+

yT
k−1Hk−1yk−1

sT
k−1yk−1

)

sk−1sT
k−1

sT
k−1yk−1

]

,

(2.7)
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with the parameters δ̄k and γ̄k determined by employing the scheme in [34].

In an attempt to improve the numerical performance of the classical one-parameter

HZ scheme [15], Babaie-Kafaki [18] introduced its variant by scaling the second and third

terms of the scheme’s search direction, namely

dk = −∇ f (xk) + γβθ
kdk−1, (2.8)

where

βθ
k =

∇ f (xk)
Tyk−1

dT
k−1yk−1

− θk
∥yk−1∥2∇ f (xk)

Tdk−1

(dT
k−1yk−1)2

, k ≥ 1, (2.9)

with γ ∈ [0,1]. From (2.8) and (2.9), the scheme’s direction is re-written as

dk = −Gk∇ f (xk), (2.10)

where

Gk = I −
γsk−1yT

k−1

sT
k−1yk−1

+
γθk∥yk−1∥2sk−1sT

k−1

(sT
k−1yk−1)2

. (2.11)

It was proven in [18] that for θk ≥ θ̄ > 1
4 , the new HZ scheme in (2.8) satisfies the condition

dT
k ∇ f (xk) ≤ −

(

1 − γ

4θk

)

∥∇ f (xk)∥2, ∀k ≥ 1. (2.12)

As discussed in section one, a few number of modified HZ type schemes exists for

problem (1.14) and the constrained variant. Now, based on the discussion in section 2

and inspired by the HZ method in (1.13), we present a two parameter version of the HZ

scheme in (1.13), which not only satisfies the vital condition for global convergence, but

outperforms two adaptive variants of the efficient scheme in (1.9) and a recent HZ-type

solver. The scheme’s search direction is given by

dk = −µkFk +
µkFT

k ȳk−1

sT
k−1ȳk−1

sk−1 − γµk
∥ȳk−1∥2FT

k sk−1

(sT
k−1ȳk−1)2

sk−1, d0 = −F0, (2.13)

where

ȳk−1 = yk−1 + ςsk−1, yk−1 = Fk − Fk−1, Fk = F(xk), Fk−1 = F(xk−1), ς > 0. (2.14)

From (2.14), and by monotonicity of F, we have

sT
k−1ȳk−1 = sT

k−1yk−1 + ς∥sk−1∥2 ≥ ς∥sk−1∥2
> 0, ς > 0. (2.15)

Hence, (2.13) is well-defined.

Lemma 2.2 The sequence {dk} of directions defined by (2.13) satisfy the inequality

dT
k Fk ≤ −ψ∥Fk∥2, µk ∈ (0,∞), γ ≥ 1, (2.16)

where ψ = µk

(

1 − 1
4γ

)

.
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Proof Interestingly, the search direction (2.13) can be reformulated as

dk = −MkFk, ∀k ≥ 1, (2.17)

where Mk denotes the iteration matrix of the scheme, i.e,

Mk = µk I −
µksk−1ȳT

k−1

sT
k−1ȳk−1

+
γµk∥ȳk−1∥2sk−1sT

k−1

(sT
k−1ȳk−1)2

. (2.18)

Clearly, the matrix Mk is nonsymmetric and positive definite. A symmetric form of (2.18)

can be obtained as

M̄k =
1

2
[MT

k + Mk], (2.19)

or more precisely, as

M̄k = µk I −
µksk−1ȳT

k−1

2sT
k−1ȳk−1

−
µkȳk−1sT

k−1

2sT
k−1ȳk−1

+
γµk∥ȳk−1∥2sk−1sT

k−1

(sT
k−1ȳk−1)2

. (2.20)

Now, considering (2.17), we can write

dT
k Fk = −FT

k MkFk = −FT
k M̄kFk, ∀k ≥ 1. (2.21)

Next, we analyze eigenvalues of the matrix M̄k and their structures. As proven in (2.15)

sT
k−1ȳk−1 > 0, hence, sk−1 ̸= 0 and ȳk−1 ̸= 0. We now consider two possibilities:

(i). sk−1 ∦ ȳk−1. The consequence of this is that a set of mutually orthogonal vectors

{υi
k−1}n−2

i=1 ⊂ S⊥ exists for which

sT
k−1υi

k−1 = ȳT
k−1υi

k−1 = 0, i = 1, ...,n − 2, (2.22)

where S⊥ represents the orthogonal complement of the space S ∈ Rn spanned by the

vectors sk−1 and ȳk−1. By applying (2.22) in (2.20), and for i = 1,2, ...,n − 2, we get

M̄kυi
k−1 = M̄T

k υi
k−1 = µkυi

k−1, (2.23)

which confirms µk up to n − 2 as eigenvalues of M̄k, with {υi
k−1}n−2

i=1 representing its

eigenvectors. Next, we seek to obtain the two eigenvalues of M̄k that are left, namely, χ+
k

and χ−
k respectively.

Now from (2.23), trace of M̄k can be obtained as

trace(M̄k) = nµk − µk +
γµk∥ȳk−1∥2∥sk−1∥2

(sT
k−1ȳk−1)2

= µk + ... + µk
︸ ︷︷ ︸

(n-2) times

+χ+
k + χ−

k ,
(2.24)

which ultimately yields

χ+
k + χ−

k = µk +
γµk∥ȳk−1∥2∥sk−1∥2

(sT
k−1ȳk−1)2

. (2.25)

7



Also, using properties of Frobenius norm, and setting Λk =
∥ȳk−1∥∥sk−1∥
(sT

k−1 ȳk−1)
, we have

∥M̄k∥2
F = trace(M̄T

k M̄k)

= nµ2
k −

3

2
µ2

k +
µ2Λ2

k

2
+ γ2µ2

kΛ4
k

= µ2
k + ... + µ2

k
︸ ︷︷ ︸

(n-2) times

+χ+2
k + χ−2

k ,

(2.26)

which subsequently yields

χ+2
k + χ−2

k =
µ2

k

2
+

µ2
kΛ2

k

2
+ γ2µ2

kΛ4
k . (2.27)

And from (2.25) and (2.27) we get

χ−
k χ+

k =
µ2

k

4
+ γµ2

kΛ2
k −

µ2
kΛ2

k

4
. (2.28)

Now, from (2.25) and (2.28), χ+
k and χ−

k as just solutions to the polynomial equation

χ2 −
(
µk + γµkΛ2

k

)
χ +

µ2
k

4
+ γµ2

kΛ2
k −

µ2
kΛ2

k

4
= 0. (2.29)

Therefore, the two remaining eigenvalues can be obtained using the quadratic formula

as

χ±
k =

1

2



µk + γµkΛ2
k ±

√
√
√
√
(
µk + γµkΛ2

k

)2 − 4

(

µ2
k

4
+ γµ2

kΛ2
k −

µ2
kΛ2

k

4

)

 , (2.30)

or a more precise form after some rearrangements as

χ±
k =

1

2

[

µk + γµkΛ2
k ±

√

(µkΛk − µkγΛk)2 + µ2
kγ2Λ4

k − µ2
kγ2Λ2

k

]

. (2.31)

From (2.31) and Cauchy Schwartz inequality, χ+
k > 0. Also, to establish χ−

k > 0, we define

the following function:

Q(η) =
1

2

[

µk + γµkη2 ±
√

(µkη − µkγη)2 + µ2
kγ2η4 − µ2

kγ2η2

]

. (2.32)

It can easily be proven that Q(η) represents a strictly decreasing function on [1,+∞) for

µk ∈ (0,+∞). Also, since γ ∈ [1,∞) and µk ∈ (0,∞), then taking limits as η approaches

infinity of Q(η), we have

χ−
k > lim

η→∞
Q(η) = µk −

µk

4γ
= µk

(

1 − 1

4γ

)

> 0. (2.33)

(ii). sk−1 ∥ ȳk−1. This possibility implies that there exists a constant τ which is nonzero

for which ȳk−1 = τsk−1. Applying this in (2.18) or (2.20) leads to

Mk = M̄k = µk I −
µksk−1sT

k−1

∥sk−1∥2
+

γµksk−1sT
k−1

∥sk−1∥2
. (2.34)

8



As stated earlier, sk−1 ̸= 0, so a set of mutually orthogonal vectors {υi
k−1}n−1

i=1 ⊂ S⊥ exist

for i = 1,2, ...,n − 1,, for which

sT
k−1υi

k−1 = 0, ∥υi
k−1∥ = 1, (2.35)

which consequently leads to

M̄kυi
k−1 = µkυi

k−1, i = 1, ...,n − 1, (2.36)

which implies that M̄k has n − 1 eigenvalues with multiplicity θk each with {υi
k−1}n−1

i=1

representing eigenvectors of M̄k. In addition,

M̄ksk−1 = µksk−1 −
µksk−1sT

k−1

∥sk−1∥2
sk−1 +

γµksk−1sT
k−1

∥sk−1∥2
sk−1 = (γµk)sk−1, (2.37)

implying that sk−1 represents eigenvector of M̄k with eigenvalue χ̄k, namely

χ̄k = γµk. (2.38)

Now, considering the fact that the parameter µk > 0 and γ ∈ [1,∞), it can be proven that

χ̄k = µkγ > µk

(

1 − 1

4γ

)

> 0, ∀k. (2.39)

Furthermore, suppose χs is the least eigenvalue of M̄k, then going by the two possibilities

analyzed above, we can obtain

χs ≥ µk

(

1 − 1

4γ

)

> 0. (2.40)

Therefore, the above analysis proves positive-definiteness of M̄k. Hence, using (2.21), we

obtain

dT
k Fk = −FT

k M̄kFk ≤ −χs∥Fk∥2 ≤ −µk

(

1 − 1

4γ

)

∥Fk∥2. (2.41)

On the other hand, setting ∆k = sT
k−1ȳk−1, and by direct computation, we have

dT
k Fk = −µk∥Fk∥2 +

µkFT
k ȳk−1

∆k
FT

k sk−1 − γµk
∥ȳk−1∥2(FT

k sk−1)
2

∆2
k

=
µkFT

k ȳk−1∆kFT
k sk−1 − µk∆2

k∥Fk∥2 − γµk∥ȳk−1∥2(FT
k sk−1)

2

∆2
k

.

(2.42)

By setting ν1 =
∆k

√
µk Fk√
2γ

, ν2 =
√

2γµk(FT
k sk−1)ȳk−1 and employing the identity

νT
1 ν2 ≤

1

2
(∥ν1∥2 + ∥ν2∥2),

we obtain

dT
k Fk ≤

µk∆2
k∥Fk∥2

4γ + γµk∥ȳk−1∥2(FT
k sk−1)

2 − µk∆2
k∥Fk∥2 − γµk∥ȳk−1∥2(FT

k sk−1)
2

∆2
k

= −µk∥Fk∥2 +
µk

4γ
∥Fk∥2

= −µk

(

1 − 1

4γ

)

∥Fk∥2.

(2.43)
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Therefore, if µk = µ̄ ∈ (0,+∞) for each k ≥ 1 with γ ∈ [1,∞), the new method satisfies

(2.16). Hence, setting ψ = µ̄
(

1 − 1
4γ

)

, we have

dT
k Fk ≤ ψ∥Fk∥2, (2.44)

which completes the proof.

In line with previous work [20, 24–26], we proceed to obtain appropriate value for the

parameter µk of the modified HZ scheme. To achieve this, we employ the idea developed

in [27] for analyzing convergence of quasi-Newton schemes. By considering a set of

matrices, which are positive-definite, the authors in [27] proposed the following function:

Ψ(H) = tr(H)− ln(det(H)),

where H represents a symmetric matrix whose eigenvalues are all positive real numbers,

namely, χ1 ≥ χ2 ≥ ... ≥ χn > 0, and tr(H), ln(det(H)) are trace of H and natural logarithm

of determinant of the matrix H respectively. The authors also noted that the function

Ψ(H) represents a measure of how close H is to an identity matrix such that Ψ(I) = n.

Moreover, the authors also show that the matrix H is ill-conditioned when Ψ(H) is large.

In view of this, the parameter µk can be computed as the minimizer of the function

Ψ(M̄k).

From (2.25) and (2.28), with some algebraic simplifications, we have

µk = argmin
µ

Ψ(M̄k) =
2(sT

k−1ȳk−1)
2

(sT
k−1ȳk−1)2 + γ∥ȳk−1∥2∥sk−1∥2

.

Before stating the steps for the scheme’s algorithm, we present the projection operator

ΓΦ[x], that is formulated as

ΓΦ(x) = arg min∥x − y∥ : y ∈ Φ, ∀x ∈ Rn. (2.45)

Also, ΓΦ[.] is nonexpansive, namely,

∥ΓΦ(x)− ΓΦ(y)∥ ≤ ∥x − y∥, ∀x,y ∈ Rn, (2.46)

with

∥ΓΦ(x)− y∥ ≤ ∥x − y∥, ∀y ∈ Φ. (2.47)

Following the above discussions, steps of the algorithm for solving (1.14) are presented

below:
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Algorithm 1:

Input: From an guess x0 ∈ Φ, tolerance ε > 0, parameters β ∈ (0,1),ρ ∈ (0,1),

ϕ > 0. Set k = 0 and d0 = −F0.

1: Calculate F(xk) and stop the process if ∥F(xk)∥ ≤ ε, if not, proceed to 2.

2: Find a trial point αk = xk + σkdk, where σk = max{βρι : ι = 0,1,2, ...}, for which

− F(αk)
Tdk ≥ ϕσk∥dk∥2, (2.48)

is satisfied.

3: If αk ∈ Φ and ∥F(αk)∥ ≤ ϵ stop, else determine

xk+1 = ΓΦ [xk − φkF(αk)] , (2.49)

where

φk =
F(αk)

T(xk − αk)

∥F(αk)∥2
. (2.50)

4: Generate direction dk+1 by (2.13).

5: Set k = k + 1 and proceed to 1.

3. THE SCHEME’S GLOBAL CONVERGENCE

We require the following assumptions to proceed with our analysis:

(i). For the underlying mapping F(.), there exists x̄ ∈ Φ for which F(x̄) = 0.

(ii). The underlying mapping F(.) is Lipschitz continuos, namely, for 0 < L < ∞ the

following is satisfied:

∥F(x)− F(y)∥ ≤ L∥x − y∥, ∀x,y ∈ Rn. (3.1)

Next, we employ the following Lemma to prove that when the solution of (1.14) is not

obtained, a steplength σk exists such that (2.48) is satisfied.

Lemma 3.1 Let (i) hold. Then ∀k ≥ 0, a positive constant σk exists such that (2.48) is satisfied.

Proof By contradiction, suppose a constant k0 exists for which (2.48) does not hold for

each integer i ≥ 0, namely

− F(xk0
+ βρidk0

)Tdk0
< ϕβρi∥dk0

∥2. (3.2)

Utilizing (i) and letting the integer i grow to infinity i.e, i → ∞, yields

− F(xk0
)Tdk0

≤ 0. (3.3)

From (2.44), we obtain

− F(xk0
)Tdk0

≥ ψ∥F(xk0
)∥2

> 0. (3.4)

Considering (3.3) and (3.4), a contradiction is obtained, which establishes the proof.
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Lemma 3.2 Given that (i) and (ii) holds. Let x̄ be an arbitrary solution of (1.14) in Φ. Then

the sequences {xk} and {αk} that Algorithm 1 generates are bounded and

lim
k→∞

∥xk − αk∥ = 0. (3.5)

lim
k→∞

∥xk+1 − αk∥ = 0. (3.6)

Proof . Firstly, we prove that the sequences {xk} and {αk} are bounded. Suppose x̄ ∈ Φ

denotes solution of (1.14). From the property of F in (1.15), we get

(xk − x̄)T F(αk) ≥ (xk − αk)
T F(αk). (3.7)

From (2.48) and definition of αk, we get

(xk − αk)
T F(αk) ≥ ϕσ2

k ∥dk∥2. (3.8)

Using (2.47) and (2.49), we obtain

∥xk+1 − x̄∥2 = ∥ΓΦ(xk − φkF(αk))− x̄∥2

≤ ∥xk − φkF(αk)− x̄∥2

= ∥xk − x̄∥2 − 2φkF(αk)
T(xk − x̄) + φ2

k∥F(αk)∥2

≤ ∥xk − x̄∥2 − 2φkF(αk)
T(xk − αk) + φ2

k∥F(αk)∥2

= ∥xk − x̄∥2 − F(αk)
T(xk − αk)

∥F(αk)∥2

≤ ∥xk − x̄∥2,

(3.9)

which reduces to

∥xk+1 − x̄∥ ≤ ∥xk − x̄∥, ∀k ≥ 0. (3.10)

In a recursive manner, (3.10) shows that ∥xk − x̄∥ ≤ ∥x0 − x̄∥, ∀k. Hence, {∥xk − x̄∥}
represents a sequence, which is decreasing sequence, hence bounded. Consequently, this

implies that {xk} is also bounded. From Assumption (i), (3.1) and (3.10) we get

∥F(xk)∥ = ∥F(xk)− F(x̄)∥ ≤ L∥xk − x̄∥ ≤ L∥x0 − x̄∥. (3.11)

Setting C = L∥x0 − x̄∥ implies that the sequence {F(xk)} is bounded. Namely,

∥F(xk)∥ ≤ C. (3.12)

By definition of αk in step 2, (3.7), (1.15), and (2.1), we get

ϕ∥xk − αk∥ =
ϕ∥σkdk∥2

∥xk − αk∥
≤ F(αk)

T(xk − αk)

∥xk − αk∥
≤ F(xk)

T(xk − αk)

∥xk − αk∥
≤ ∥F(xk)∥. (3.13)

Also, from boundedness of {xk}, (3.12) and (3.13), we see that {αk} is also bounded.

Similarly, the boundedness of {αk}, for any solution x̄ ∈ Φ, implies that {∥αk − x̄∥} is

bounded, namely

∥αk − x̄∥ ≤ B, B > 0. (3.14)
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Moreover, from (3.1) we obtain

∥F(αk)∥ = ∥F(αk)− F(x̄)∥ ≤ L∥αk − x̄∥ ≤ LB. (3.15)

Hence from (3.9), we obtain

ϕ2

(LB)2

∞

∑
k=0

∥xk − αk∥4 ≤
∞

∑
k=0

(F(αk)
T(xk − αk))

2

∥F(αk)∥2
≤

∞

∑
k=0

(∥xk − x̄∥2 −∥xk+1 − x̄∥2)< ∞. (3.16)

From (3.16) and property of convergent series, we have

lim
k→∞

∥xk − αk∥ = 0. (3.17)

Then, by (2.47), (2.50) and (2.1), we have

∥xk+1 − xk∥ = ∥ΓΦ[xk − φkF(αk)]− xk∥
≤ ∥xk − φkF(αk)− xk∥
= ∥φkF(αk)∥
≤ ∥xk − αk∥.

(3.18)

Taking limit of both sides of (3.18), we obtain

lim
k→∞

∥xk+1 − xk∥ = 0. (3.19)

Moreover, from (3.5) and the fact that αk = σkdk, we obtain

lim
k→∞

σk∥dk∥ = 0. (3.20)

Theorem 3.3 Suppose (i) and (ii) holds. Consider the sequences {xk} and {αk} generated by

Algorithm 1. Then

liminf
k→∞

∥F(xk)∥ = 0. (3.21)

Proof . The proof is by contradiction. Let the conclusion (3.21) be false, then there exists

v1 > 0 such that

∥Fk∥ ≥ v1, ∀k ≥ 0. (3.22)

Now, using (2.1) and (2.16) leads to

∥dk∥ ≥ ψ∥Fk∥ ≥ v1, ∀k ≥ 0. (3.23)

Also, by (2.1)

∥sk−1∥2∥ȳk−1∥2 ≥ (sT
k−1ȳk−1)

2,

and
1

∥sk−1∥2∥ȳk−1∥2
≤ 1

(sT
k−1ȳk−1)2

. (3.24)
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From (2.28) and (3.24), we have

|µk| =
∣
∣
∣
∣
∣

2(sT
k−1ȳk−1)

2

(sT
k−1ȳk−1)2 + γ∥sk−1∥2∥ȳk−1∥2

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

2(sT
k−1ȳk−1)

2

(sT
k−1ȳk−1)2(1 + γ)

∣
∣
∣
∣
∣
=

2

1 + γ
. (3.25)

Setting 2
1+γ = a2 we get

|µk| ≤ v2. (3.26)

From (2.14) and (3.1), we obtain

∥ȳk−1∥ ≤ ∥yk−1∥+ ς∥sk−1∥ ≤ L∥sk−1∥+ ς∥sk−1∥ = (L + ς)∥sk−1∥. (3.27)

Hence, using (2.13), (2.15), (3.26), (3.27), and (2.1) yields

∥dk∥ ≤ |µk|∥Fk∥+ |µk|
∥Fk∥∥ȳk−1∥∥sk−1∥

sT
k−1ȳk−1

+ |µk|
|γ|∥ȳk−1∥2∥Fk∥∥sk−1∥2

(sT
k−1ȳk−1)2

≤ v2∥Fk∥+ v2
(L + ς)∥Fk∥∥sk−1∥2

ς∥sk−1∥2
+ v2

γ(L + ς)2∥Fk∥∥sk−1∥4

ς2∥sk−1∥4

= a2∥Fk∥+ v2
(L + ς)∥Fk∥

ς
+ v2

γ(L + ς)2∥Fk∥
ς2

≤ v2C + v2
(L + ς)C

ς
+ v2

γ(L + ς)2C

ς2

(3.28)

Setting Π = v2C + v2
(L+ς)C

ς + v2
γ(L+ς)2C

ς2 , we have that

∥dk∥ ≤ Π, ∀k ≥ 0. (3.29)

Now, assuming σk ̸= β, then going by definition of the step-size σk, σk
ρ will not satisfy

(2.48), i.e.,

−F(xk +
σk

ρ
dk)

Tdk < ϕ
σk

ρ
∥dk∥2.

So, applying the inequality (2.44), (2.1), and (3.1), we have

ψ∥Fk∥2 ≤ FT
k dk =

(

F(xk +
σk

ρ
dk)− Fk

)T

dk − F

(

xk +
σk

ρ
dk

)T

dk

≤ L
σk

ρ
∥dk∥2 + ϕ

σk

ρ
∥dk∥2.

(3.30)

Consequently, the second inequality implies that

σk ≥
ψρ

(L + ϕ)

∥Fk∥2

∥dk∥2
. (3.31)

Therefore, using (3.22) and (3.29), we get

σk∥dk∥ ≥
ψρ

(L + ϕ)

∥Fk∥2

∥dk∥
≥ ψρ

(L + ϕ)

v2
1

π
> 0. (3.32)

Clearly, (3.32), shows a contradiction with (3.20).
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4. RESULTS OF COMPUTATIONAL EXPERIMENTS AND DISCUSSIONS

In this section, the effectiveness of Algorithm 1 which we call NHZIS scheme is inves-

tigated by comparing its performance with that of the four Hager-Zhang type iterative

methods presented in [3, 4, 25], which, for simplicity, we denote as MHZM2,CGD and

PCG respectively. For the implementation of the four schemes, the same parameter

choices used by the authors were also applied in our experiments. For the NHZIS

scheme, the line search parameters are set as ρ = 0.65, β = 0.9, ϕ = 10−6. In addi-

tion, we set ς = 0.01,γ = 1. The implementation codes were generated with Matlab

R2015a on a PC with configuration (2.30GHZCPU,4GBRAM) running windows operat-

ing system. The iterations for all the five algorithms are set to terminate if the inequality

∥F(xk)∥ ≤ 10−8 or ∥F(αk)∥ ≤ 10−8 is attained or the iterations exceed 1000.

Furthermore, Tables 1 − 5, were drawn to display results from the experiments con-

ducted. In the tables, "Pnum" and "Nvars" denote test problem number and dimension,

"Iguess" and "Inum" represent initial starting point and number of iterations respectively.

Also, "Fvalue" and "Ptime" denote function evaluations and CPU time recorded. The fi-

nal norm recorded, when the process terminates and failure to obtain a solution after

1000 iterations are represented by ”Norm” and ” − ” respectively.

For the underlisted problems, F(x) = (F1(x), F2(x), ..., Fn(x))T.

Problem 4.1. [39].

Fi(x) = exi − 1, 2 ≤ i ≤ n, i ∈ Z+,

with Φ = Rn
+.

Problem 4.2. [38].

F1(x) = exi − 1,

Fi(x) = i
10 (e

xi + xi−1 − 1), 2 ≤ i ≤ n, i ∈ Z+,

with Φ = Rn
+.

Problem 4.3. [4].

Fi(x) = xi − sin |xi − 1|, 1 ≤ i ≤ n, i ∈ Z+,

with Φ =

{

x ∈ Rn :
n

∑
i=1

xi ≤ n, xi ≥ −1, i = 1,2, . . . ,n

}

.

Problem 4.4. [40].

Fi(x) = xi − 2sin |xi − 1|, 1 ≤ i ≤ n, i ∈ Z+,

with Φ =

{

x ∈ Rn :
n

∑
i=1

xi ≤ n, xi ≥ −1, 1 ≤ i ≤ n, i ∈ Z+

}

.

Problem 4.5. [3].

F1(x) = x1 − e(cos
x1+x2

n+1 ),

Fi(x) = xi − e

(

cos
xi−1+xi+xi+1

n+1

)

, 2 ≤ i ≤ n − 1, i ∈ Z+,

Fn(x) = xn − e

(

cos
xn−1+xn

n+1

)

.

with Φ = Rn
+.

Problem 4.6 [38].
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F1(x) = ex1 − 1,

Fi(x) = exi + xi − 1, 2 ≤ i ≤ n, i ∈ Z+,

with Φ = Rn
+.

Problem 4.7 [42].

F1(x) = −2x1 − x2 + ex1 − 1,

Fi(x) = 2xi − xi−1 − xi+1 + exi − 1, 2 ≤ i ≤ n − 1, i ∈ Z+,

Fn(x) = 2xn − xn−1 + exn − 1.

with Φ =

{

x ∈ Rn :
n

∑
i=1

xi ≤ n, xi ≥ 0, 1 ≤ i ≤ n, i ∈ Z+

}

.

Problem 4.8. [41].

F1(x) = 3x3
1 + 2x2 − 5 + sin(x1 − x2)sin(x1 + x2),

Fi(x) = −xi−1exi−1−xi + xi(4 + 3x2
i ) + 2xi+1 + sin(xi − xi+1)sin(xi + xi+1)− 8,

2 ≤ i ≤ n − 1, i ∈ Z+,

Fn(x) = −xn−1exn−1−xn + 4xn − 3.

with Φ = Rn
+.

Problem 4.9. [40].

Fi(x) = 2xi − sin |xi|, 1 ≤ i ≤ n, i ∈ Z+,

with Φ = Rn
+.

Problem 4.10. [38].

Fi(x) = log (xi + 1)− xi
n , 2 ≤ i ≤ n, i ∈ Z+,

with Φ = Rn
+.

Initial points for the experiments are as follows:

x1 =
(

2,1, ...,− [(−1)n−3]
2

)T
, x2 = (1, 1

2 , ..., 1
n )

T, x3 = ( n−1
n , n−2

n , ...,0)T,

x4 = (1.5,1.5, ...,1.5)T, x5 = ( 1
n , 2

n , ...,1)T, x6 = ( 1
2 , 1

4 , ..., 1
2n )T, x7 = ( 1

3 , 1
9 , ..., 1

3n )T,

x8 = ( 1
4 , 1

16 , ..., 1
4n )T.
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Table 1: Detailed results of problems 4.1-4.2

Pnum Nvars Iguess NHZIS MHZM2 CGDESCENT PCG

Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm

4.1 1000 x1 11 19 0.0437 1.59E-09 77 79 0.0702 8.97E-09 89 181 0.1357 9.33E-09 31 59 0.0253 6.86E-09

1000 x2 13 26 0.0395 6.38E-09 66 68 0.0554 8.78E-09 80 163 0.0870 8.99E-09 27 32 0.0185 6.39E-09

1000 x3 25 49 0.0238 1.06E-09 76 78 0.0582 7.80E-09 88 179 0.0800 8.98E-09 30 50 0.0260 6.38E-09

1000 x4 8 12 0.0098 8.73E-09 78 80 0.0578 7.65E-09 89 181 0.0782 9.71E-09 2 16 0.0077 0

1000 x5 22 45 0.0212 4.24E-09 76 78 0.0627 7.81E-09 88 179 0.0844 8.98E-09 30 50 0.0295 6.38E-09

1000 x6 8 12 0.0102 4.86E-09 64 66 0.0462 8.27E-09 78 159 0.0843 8.69E-09 27 29 0.0182 6.25E-09

1000 x7 8 11 0.0090 1.07E-09 62 64 0.0421 9.49E-09 76 155 0.0746 9.58E-09 26 28 0.0209 8.30E-09

1000 x8 7 10 0.0102 7.01E-09 61 63 0.0391 9.55E-09 75 153 0.0627 9.46E-09 26 28 0.0193 6.68E-09

10000 x1 11 19 0.0577 5.03E-09 81 83 0.3072 9.40E-09 92 187 0.4449 9.94E-09 2 16 0.0216 0

10000 x2 16 32 0.0746 5.18E-09 66 68 0.2330 8.78E-09 80 163 0.3354 9.00E-09 27 32 0.1056 6.41E-09

10000 x3 14 25 0.0682 5.19E-09 80 82 0.2522 8.18E-09 91 185 0.3381 9.55E-09 30 45 0.1036 6.49E-09

10000 x4 9 13 0.0400 2.76E-09 82 84 0.3026 8.01E-09 93 189 0.3619 8.24E-09 2 16 0.0207 0

10000 x5 25 50 0.1080 2.23E-09 80 82 0.3108 8.18E-09 91 185 0.3466 9.55E-09 30 45 0.1618 6.54E-09

10000 x6 8 12 0.0608 4.86E-09 64 66 0.2057 8.27E-09 78 159 0.2595 8.69E-09 27 29 0.0863 6.25E-09

10000 x7 8 11 0.0357 1.07E-09 62 64 0.1856 9.49E-09 76 155 0.3081 9.58E-09 26 28 0.0928 8.30E-09

10000 x8 7 10 0.0501 7.01E-09 61 63 0.2185 9.55E-09 75 153 0.2783 9.46E-09 26 28 0.0881 6.68E-09

50000 x1 12 20 0.1607 1.12E-09 84 86 1.1027 9.17E-09 95 193 1.5887 8.45E-09 2 16 0.0850 0

50000 x2 18 36 0.2674 1.59E-09 66 68 0.9565 8.78E-09 80 163 1.3172 9.00E-09 28 32 0.2940 6.41E-09

50000 x3 20 36 0.2595 1.43E-09 83 85 1.1818 7.98E-09 94 191 1.5762 8.11E-09 2 15 0.0780 0

50000 x4 9 13 0.1519 6.17E-09 85 87 1.1934 7.82E-09 95 193 1.5961 8.74E-09 2 16 0.1125 0

50000 x5 20 38 0.3012 1.53E-09 83 85 1.1148 7.98E-09 94 191 1.5714 8.11E-09 2 15 0.0713 0

50000 x6 8 12 0.1102 4.86E-09 64 66 0.8121 8.27E-09 78 159 1.0910 8.69E-09 27 29 0.3563 6.25E-09

50000 x7 8 11 0.1195 1.07E-09 62 64 0.7561 9.49E-09 76 155 1.0564 9.58E-09 26 28 0.4061 8.30E-09

50000 x8 7 10 0.0985 7.01E-09 61 63 0.7125 9.55E-09 75 153 1.0219 9.46E-09 26 28 0.2948 6.68E-09

4.2 1000 x1 2 14 0.0084 0 2 14 0.0070 0 _ _ _ _ 2 25 0.0092 0

1000 x2 3 26 0.0099 0 3 26 0.0104 0 _ _ _ _ 2 25 0.0076 0

1000 x3 2 25 0.0088 0 2 14 0.0075 0 _ _ _ _ 3 26 0.0092 0

1000 x4 2 14 0.0062 0 2 14 0.0068 0 _ _ _ _ 2 25 0.0095 0

1000 x5 2 14 0.0080 0 2 14 0.0075 0 _ _ _ _ 2 25 0.0098 0

1000 x6 4 38 0.0112 0 4 38 0.0106 0 _ _ _ _ 2 25 0.0109 0

1000 x7 4 38 0.0123 0 3 26 0.0106 0 _ _ _ _ 2 25 0.0086 0

1000 x8 4 38 0.0123 0 4 38 0.0119 0 _ _ _ _ 2 25 0.0069 0

10000 x1 2 14 0.0349 0 2 14 0.0337 0 _ _ _ _ 2 14 0.0683 0

10000 x2 3 26 0.0407 0 3 26 0.0498 0 _ _ _ _ 3 26 0.0446 0

10000 x3 2 14 0.0441 0 2 14 0.0292 0 _ _ _ _ 2 14 0.0297 0

10000 x4 2 14 0.0260 0 2 14 0.0288 0 _ _ _ _ 2 14 0.0258 0

10000 x5 2 14 0.0326 0 2 14 0.0608 0 _ _ _ _ 2 14 0.0269 0

10000 x6 4 38 0.0667 0 2 25 0.0651 0 _ _ _ _ 2 25 0.0482 0

10000 x7 4 38 0.0625 0 2 25 0.0489 0 _ _ _ _ 2 25 0.0389 0

10000 x8 4 38 0.0598 0 2 25 0.0526 0 _ _ _ _ 2 25 0.0527 0

50000 x1 2 14 0.1110 0 2 14 0.1635 0 _ _ _ _ 2 14 0.1007 0

50000 x2 2 25 0.1649 0 2 14 0.1100 0 _ _ _ _ 3 26 0.1824 0

50000 x3 2 14 0.1121 0 2 14 0.1417 0 37 366 2.2160 0 2 14 0.0978 0

50000 x4 2 14 0.0918 0 2 14 0.0940 0 _ _ _ _ 2 14 0.0854 0

50000 x5 2 14 0.1136 0 2 14 0.0985 0 _ _ _ _ 2 14 0.1132 0

50000 x6 2 25 0.1479 0 2 25 0.1491 0 84 840 4.8101 0 2 25 0.1981 0

50000 x7 2 25 0.1401 0 2 25 0.1919 0 15 146 0.8798 0 2 25 0.1358 0

50000 x8 2 25 0.1465 0 2 25 0.1513 0 95 961 5.5266 0 2 25 0.1638 0
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Table 2: Detailed results of problems 4.3-4.4

Pnum Nvars Iguess NHZIS MHZM2 CGDESCENT PCG

Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm

4.3 1000 x1 23 77 0.0296 8.28E-09 57 130 0.0604 5.52E-09 45 93 0.0595 7.44E-09 21 57 0.0300 5.61E-09

1000 x2 17 55 0.0236 6.93E-09 37 39 0.0357 5.72E-09 43 89 0.0640 8.33E-09 25 59 0.0289 6.35E-10

1000 x3 17 55 0.0223 3.17E-09 36 38 0.0340 5.49E-09 42 87 0.0608 9.09E-09 23 54 0.0316 1.85E-09

1000 x4 17 53 0.0220 3.41E-09 37 39 0.0343 5.95E-09 43 89 0.0828 8.13E-09 18 36 0.0223 4.52E-09

1000 x5 17 55 0.0266 3.16E-09 36 38 0.0392 5.49E-09 42 87 0.0662 9.09E-09 23 56 0.0222 4.80E-09

1000 x6 17 55 0.0217 7.03E-09 37 39 0.0367 5.79E-09 43 89 0.0700 8.39E-09 19 49 0.0263 2.61E-09

1000 x7 17 55 0.0221 7.03E-09 37 39 0.0399 5.80E-09 43 89 0.0609 8.40E-09 19 47 0.0260 7.77E-09

1000 x8 17 55 0.0230 7.03E-09 37 39 0.0369 5.80E-09 43 89 0.0780 8.40E-09 19 46 0.0262 6.48E-09

10000 x1 24 80 0.1513 7.55E-09 58 131 0.3156 9.56E-09 46 95 0.2743 9.08E-09 23 72 0.1510 7.81E-09

10000 x2 18 58 0.1260 6.40E-09 39 41 0.1967 5.50E-09 45 93 0.2941 6.31E-09 27 96 0.2528 9.50E-09

10000 x3 18 58 0.1674 2.88E-09 37 39 0.1677 9.51E-09 44 91 0.2972 6.86E-09 23 62 0.1765 5.58E-09

10000 x4 18 56 0.1173 3.10E-09 39 41 0.1921 5.65E-09 44 91 0.3021 9.89E-09 20 48 0.1481 8.35E-09

10000 x5 18 58 0.1284 2.88E-09 37 39 0.1688 9.51E-09 44 91 0.2884 6.86E-09 20 55 0.1478 4.86E-09

10000 x6 18 58 0.1140 6.41E-09 39 41 0.1636 5.51E-09 45 93 0.2703 6.32E-09 22 62 0.1887 7.25E-09

10000 x7 18 58 0.1235 6.41E-09 39 41 0.1923 5.51E-09 45 93 0.2662 6.32E-09 21 63 0.1481 4.70E-09

10000 x8 18 58 0.1023 6.41E-09 39 41 0.2092 5.51E-09 45 93 0.3025 6.32E-09 19 59 0.1500 5.46E-09

50000 x1 25 83 0.6126 4.86E-09 60 133 1.2978 6.42E-09 47 97 1.2084 9.00E-09 35 133 0.9522 8.26E-09

50000 x2 19 61 0.4737 4.13E-09 40 42 0.7400 6.75E-09 45 93 1.1176 9.98E-09 _ _ _ _

50000 x3 18 58 0.4377 6.45E-09 39 41 0.7351 6.39E-09 45 93 1.0997 6.78E-09 52 273 1.5657 5.65E-09

50000 x4 18 56 0.4322 6.94E-09 40 42 0.7015 6.92E-09 45 93 1.1187 9.80E-09 19 41 0.4665 5.04E-09

50000 x5 18 58 0.4570 6.45E-09 39 41 0.6967 6.39E-09 45 93 1.0927 6.78E-09 42 191 1.3390 5.60E-09

50000 x6 19 61 0.4808 4.13E-09 40 42 0.7626 6.75E-09 45 93 1.1226 9.98E-09 _ _ _ _

50000 x7 19 61 0.4685 4.13E-09 40 42 0.7543 6.75E-09 45 93 1.2419 9.98E-09 _ _ _ _

50000 x8 19 61 0.4615 4.13E-09 40 42 0.7240 6.75E-09 45 93 1.1485 9.98E-09 _ _ _ _

4.4 1000 x1 25 99 0.0320 6.18E-09 74 178 0.0764 3.43E-09 43 127 0.0393 5.76E-09 28 92 0.0203 2.41E-09

1000 x2 22 90 0.0221 3.93E-09 50 136 0.0564 9.95E-09 36 112 0.0306 8.05E-09 23 81 0.0307 4.12E-09

1000 x3 17 73 0.0229 6.31E-09 _ _ _ _ 35 109 0.0348 6.97E-09 22 76 0.0289 2.18E-09

1000 x4 18 74 0.0253 5.50E-09 22 24 0.0112 3.12E-09 35 107 0.0312 9.76E-09 18 56 0.0235 9.82E-09

1000 x5 17 73 0.0223 6.29E-09 389 852 0.2847 8.27E-09 35 109 0.0352 6.95E-09 23 81 0.0296 2.50E-09

1000 x6 16 68 0.0244 8.30E-09 307 713 0.2826 6.23E-09 36 112 0.0362 8.13E-09 22 81 0.0294 5.77E-09

1000 x7 16 68 0.0221 7.31E-09 237 608 0.1821 3.83E-09 36 112 0.0333 8.14E-09 23 84 0.0307 1.97E-09

1000 x8 16 68 0.0224 6.81E-09 49 128 0.0532 5.91E-09 36 112 0.0252 8.14E-09 21 79 0.0283 7.58E-09

10000 x1 26 103 0.1721 5.60E-09 90 205 0.4107 5.97E-09 44 130 0.2411 9.80E-09 30 111 0.2193 3.54E-09

10000 x2 26 100 0.1725 4.20E-09 537 1323 2.3917 5.13E-09 38 118 0.1935 7.44E-09 34 155 0.2544 3.21E-09

10000 x3 18 77 0.1240 5.71E-09 _ _ _ _ 37 115 0.2002 6.37E-09 28 110 0.1853 1.38E-09

10000 x4 19 78 0.1421 4.98E-09 22 24 0.0726 9.85E-09 37 113 0.1766 8.93E-09 21 77 0.1259 7.16E-09

10000 x5 18 77 0.1127 5.70E-09 518 1150 2.4209 4.72E-09 37 115 0.2118 6.37E-09 27 109 0.1798 6.90E-09

10000 x6 17 72 0.1468 4.40E-09 53 142 0.2457 7.10E-09 38 118 0.1897 7.46E-09 36 169 0.2939 3.17E-09

10000 x7 17 72 0.1188 4.23E-09 47 117 0.2395 4.96E-09 38 118 0.1824 7.46E-09 42 193 0.2766 3.74E-09

10000 x8 17 72 0.1307 4.15E-09 60 120 0.3041 5.34E-09 38 118 0.2269 7.46E-09 34 163 0.2474 4.65E-09

50000 x1 27 107 0.6477 3.59E-09 94 231 1.8354 6.62E-09 46 136 0.8992 6.35E-09 53 297 1.4816 8.91E-09

50000 x2 22 91 0.5649 3.52E-09 58 134 1.1106 4.85E-09 39 121 0.7286 8.97E-09 50 277 1.4649 1.92E-09

50000 x3 19 81 0.4780 3.65E-09 376 904 8.3981 5.68E-09 38 118 0.8026 7.67E-09 _ _ _ _

50000 x4 20 82 0.4799 3.19E-09 23 25 0.4307 6.68E-09 39 119 0.7810 5.78E-09 38 203 1.1162 6.73E-09

50000 x5 19 81 0.4917 3.65E-09 453 973 9.1964 7.34E-09 38 118 0.7089 7.67E-09 _ _ _ _

50000 x6 17 72 0.4896 8.86E-09 402 850 7.2700 4.10E-09 39 121 0.8192 8.97E-09 60 226 1.3299 8.12E-09

50000 x7 17 72 0.5008 8.78E-09 121 226 2.1876 3.24E-09 39 121 0.7479 8.97E-09 31 136 0.8315 5.22E-09

50000 x8 17 72 0.4042 8.74E-09 67 146 1.2304 5.10E-09 39 121 0.7309 8.97E-09 29 143 0.7974 8.35E-09
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Table 3: Detailed results of problems 4.5-4.6

Pnum Nvars Iguess NHZIS MHZM2 CGDESCENT PCG

Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm

4.5 1000 x1 9 11 0.0147 4.14E-09 80 82 0.0969 9.40E-09 92 187 0.1557 8.55E-09 28 43 0.0391 5.83E-09

1000 x2 9 11 0.0140 8.53E-09 83 85 0.1026 8.45E-09 94 191 0.1452 8.61E-09 28 44 0.0378 7.69E-09

1000 x3 9 11 0.0154 7.04E-09 82 84 0.0999 9.19E-09 93 189 0.1265 9.54E-09 30 50 0.0407 8.49E-09

1000 x4 9 11 0.0131 3.83E-09 80 82 0.0952 8.70E-09 92 187 0.1425 8.14E-09 26 42 0.0388 6.64E-09

1000 x5 9 11 0.0149 7.03E-09 82 84 0.0941 9.19E-09 93 189 0.1195 9.54E-09 30 50 0.0403 8.44E-09

1000 x6 9 11 0.0151 8.54E-09 83 85 0.0894 8.47E-09 94 191 0.1265 8.62E-09 27 43 0.0397 5.45E-09

1000 x7 9 11 0.0147 8.55E-09 83 85 0.0883 8.47E-09 94 191 0.1610 8.63E-09 26 42 0.0374 9.11E-09

1000 x8 9 11 0.0169 8.55E-09 83 85 0.0775 8.47E-09 94 191 0.1385 8.63E-09 26 42 0.0348 8.67E-09

10000 x1 10 12 0.0801 1.32E-09 84 86 0.5362 9.86E-09 95 193 0.7440 9.03E-09 31 65 0.2756 1.00E-08

10000 x2 10 12 0.0742 2.72E-09 87 89 0.4946 8.88E-09 97 197 0.7037 9.10E-09 _ _ _ _

10000 x3 10 12 0.0811 2.24E-09 86 88 0.5155 9.64E-09 97 197 0.7666 8.06E-09 55 259 0.4277 9.10E-09

10000 x4 10 12 0.0734 1.22E-09 84 86 0.5073 9.12E-09 95 193 0.7074 8.60E-09 32 64 0.2432 8.91E-09

10000 x5 10 12 0.0760 2.24E-09 86 88 0.5225 9.64E-09 97 197 0.7596 8.06E-09 _ _ _ _

10000 x6 10 12 0.1018 2.72E-09 87 89 0.5151 8.88E-09 97 197 0.7352 9.10E-09 _ _ _ _

10000 x7 10 12 0.0779 2.72E-09 87 89 0.5439 8.88E-09 97 197 0.7641 9.10E-09 _ _ _ _

10000 x8 10 12 0.1020 2.72E-09 87 89 0.5095 8.88E-09 97 197 0.7283 9.10E-09 _ _ _ _

50000 x1 10 12 0.2709 2.94E-09 87 89 2.0665 9.62E-09 97 197 3.3644 9.57E-09 54 259 2.0027 5.81E-09

50000 x2 10 12 0.3288 6.08E-09 90 92 2.1089 8.67E-09 99 201 3.4485 9.64E-09 _ _ _ _

50000 x3 10 12 0.3268 5.00E-09 89 91 2.1548 9.41E-09 99 201 3.4445 8.53E-09 25 99 1.0005 9.33E-09

50000 x4 10 12 0.2969 2.72E-09 87 89 2.1146 8.90E-09 97 197 3.3608 9.11E-09 42 141 1.4550 5.76E-09

50000 x5 10 12 0.2649 5.00E-09 89 91 2.1115 9.41E-09 99 201 3.4566 8.53E-09 37 110 1.2113 9.27E-09

50000 x6 10 12 0.4087 6.08E-09 90 92 2.1271 8.67E-09 99 201 3.4122 9.64E-09 52 229 2.2771 8.14E-09

50000 x7 10 12 0.3253 6.08E-09 90 92 2.1145 8.67E-09 99 201 3.4097 9.64E-09 45 182 1.6631 8.29E-09

50000 x8 10 12 0.2863 6.08E-09 90 92 2.3402 8.67E-09 99 201 3.4322 9.64E-09 56 225 2.0426 7.51E-09

4.6 1000 x1 16 56 0.0210 6.21E-09 49 51 0.0443 9.95E-09 62 127 0.0814 8.49E-09 2 17 0.0075 0

1000 x2 13 43 0.0194 9.76E-09 63 65 0.0559 8.91E-09 77 157 0.1052 9.11E-09 26 55 0.0286 1.94E-09

1000 x3 16 55 0.0194 7.49E-09 51 53 0.0462 9.84E-09 63 129 0.0992 8.44E-09 28 73 0.0300 4.71E-09

1000 x4 15 50 0.0197 6.06E-09 48 50 0.0433 9.99E-09 56 115 0.0724 9.47E-09 2 17 0.0079 0

1000 x5 16 55 0.0189 7.34E-09 33 35 0.0272 7.17E-09 39 81 0.0505 9.33E-09 27 70 0.0294 3.88E-09

1000 x6 15 48 0.0203 2.77E-09 62 64 0.0508 8.51E-09 76 155 0.0801 9.15E-09 22 40 0.0205 8.82E-09

1000 x7 24 77 0.0272 9.30E-09 61 63 0.0481 9.86E-09 76 155 0.0708 8.06E-09 29 56 0.0274 3.84E-09

1000 x8 16 52 0.0190 6.07E-09 61 63 0.0405 8.30E-09 75 153 0.0737 8.56E-09 26 47 0.0236 5.58E-09

10000 x1 17 59 0.1103 4.60E-09 45 47 0.1903 9.60E-09 56 115 0.3216 9.70E-09 2 17 0.0422 0

10000 x2 13 43 0.1078 9.76E-09 63 65 0.2921 8.90E-09 77 157 0.3585 9.11E-09 27 56 0.1479 3.69E-09

10000 x3 17 58 0.1191 5.59E-09 47 49 0.2576 9.24E-09 57 117 0.2906 9.37E-09 2 16 0.0254 0

10000 x4 16 53 0.1006 4.58E-09 44 46 0.2123 9.85E-09 51 105 0.2603 9.23E-09 2 17 0.0380 0

10000 x5 17 58 0.1383 5.58E-09 35 37 0.1730 6.06E-09 41 85 0.2173 6.79E-09 2 16 0.0320 0

10000 x6 15 48 0.1295 2.77E-09 62 64 0.2290 8.51E-09 76 155 0.3210 9.15E-09 22 40 0.1187 8.82E-09

10000 x7 24 77 0.1161 9.30E-09 61 63 0.1950 9.86E-09 76 155 0.3273 8.06E-09 29 56 0.1165 3.84E-09

10000 x8 16 52 0.1024 6.07E-09 61 63 0.2396 8.30E-09 75 153 0.3212 8.56E-09 26 47 0.1261 5.58E-09

50000 x1 18 62 0.4290 2.46E-09 43 45 0.6814 8.13E-09 53 109 1.1438 8.07E-09 2 17 0.1052 0

50000 x2 13 43 0.3043 9.77E-09 63 65 0.8742 8.90E-09 77 157 1.5811 9.11E-09 25 54 0.4758 7.08E-09

50000 x3 18 61 0.3605 2.99E-09 44 46 0.7131 9.87E-09 53 109 1.1384 9.60E-09 2 16 0.1110 0

50000 x4 17 56 0.3869 2.45E-09 42 44 0.6969 8.68E-09 48 99 1.0114 8.10E-09 2 17 0.0736 0

50000 x5 18 61 0.4246 2.99E-09 36 38 0.6230 7.00E-09 42 87 0.9030 6.55E-09 2 16 0.1375 0

50000 x6 15 48 0.3197 2.77E-09 62 64 0.7913 8.51E-09 76 155 1.3809 9.15E-09 22 40 0.3367 8.82E-09

50000 x7 24 77 0.4841 9.30E-09 61 63 0.8011 9.86E-09 76 155 1.3528 8.06E-09 29 56 0.5220 3.84E-09

50000 x8 16 52 0.2966 6.07E-09 61 63 0.8123 8.30E-09 75 153 1.3346 8.56E-09 26 47 0.3475 5.58E-09
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Table 4: Detailed results of problems 4.7-4.8

Pnum Nvars Iguess NHZIS MHZM2 CGDESCENT PCG

Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm

4.7 1000 x1 87 441 0.1514 8.21E-09 11 90 0.0325 0 255 844 0.3549 3.61E-09 7 53 0.0214 0

1000 x2 39 199 0.0669 8.52E-09 5 39 0.0173 0 235 953 0.3679 3.71E-09 63 230 0.1015 8.85E-09

1000 x3 126 832 0.2160 8.79E-09 20 82 0.0343 0 231 883 0.3468 5.96E-09 2 15 0.0095 0

1000 x4 4 34 0.0140 0.00E+00 16 28 0.0181 0 305 1166 0.4449 6.79E-09 4 29 0.0129 0

1000 x5 119 548 0.1656 9.88E-09 20 77 0.0295 0 115 304 0.1817 8.14E-09 3 16 0.0088 0

1000 x6 25 119 0.0416 9.19E-09 3 15 0.0093 0 113 461 0.2143 9.54E-09 40 139 0.0628 5.22E-09

1000 x7 22 103 0.0365 5.37E-09 6 18 0.0119 0 453 1706 0.5561 9.78E-09 33 118 0.0538 3.30E-09

1000 x8 24 113 0.0406 5.20E-09 10 26 0.0181 0 213 861 0.2916 5.17E-09 31 110 0.0463 8.59E-09

10000 x1 94 479 0.7508 9.32E-09 9 80 0.1419 0 314 1079 2.7157 8.65E-09 5 47 0.0950 0

10000 x2 36 189 0.3581 2.60E-09 5 39 0.0859 0 393 1458 3.3117 3.47E-09 63 230 0.6034 8.62E-09

10000 x3 5 27 0.0760 0 21 55 0.1604 0 _ _ _ _ 2 15 0.0481 0

10000 x4 4 33 0.1088 0 26 67 0.2260 0 368 1361 3.0579 6.43E-09 3 28 0.0808 0

10000 x5 4 19 0.0591 0 23 72 0.2229 0 162 470 1.3090 9.75E-09 3 27 0.0628 0

10000 x6 25 119 0.2481 9.19E-09 3 15 0.0623 0 140 554 1.1333 9.84E-09 40 139 0.4146 5.22E-09

10000 x7 22 103 0.2100 5.37E-09 6 18 0.0546 0 334 1271 2.6037 8.60E-09 33 118 0.2501 3.30E-09

10000 x8 24 113 0.1947 5.20E-09 10 26 0.1043 0 _ _ _ _ 31 110 0.2506 8.59E-09

50000 x1 119 602 4.2610 8.18E-09 12 83 0.7555 0 415 1382 16.8871 9.64E-09 4 35 0.2882 0

50000 x2 59 299 2.1593 9.10E-09 5 39 0.3283 0 230 987 10.2286 5.15E-09 63 230 2.2702 8.60E-09

50000 x3 4 19 0.2026 0 23 35 0.7827 0 318 1279 13.7600 8.61E-09 2 15 0.1362 0

50000 x4 6 30 0.3112 0 30 76 0.9848 0 223 842 9.4006 6.60E-09 3 28 0.2392 0

50000 x5 4 19 0.1774 0 25 59 0.7794 0 172 596 7.0977 8.61E-09 3 16 0.2036 0

50000 x6 25 119 0.8913 9.19E-09 3 15 0.1735 0 140 554 5.5291 9.84E-09 40 139 1.3840 5.22E-09

50000 x7 22 103 0.7852 5.37E-09 6 18 0.1983 0 334 1271 12.7385 8.60E-09 33 118 1.1869 3.30E-09

50000 x8 24 113 0.8855 5.20E-09 10 26 0.3821 0 _ _ _ _ 31 110 1.0766 8.59E-09

4.8 1000 x1 20 170 0.0895 4.36E-09 _ _ _ _ 146 442 0.2897 9.26E-09 _ _ _ _

1000 x2 25 209 0.0948 3.34E-09 _ _ _ _ 125 378 0.3076 9.60E-09 _ _ _ _

1000 x3 30 248 0.1271 5.95E-09 _ _ _ _ 148 447 0.3350 9.07E-09 _ _ _ _

1000 x4 29 245 0.1201 3.53E-09 _ _ _ _ 163 493 0.3696 9.25E-09 _ _ _ _

1000 x5 22 182 0.0940 9.53E-09 _ _ _ _ 73 222 0.1708 9.07E-09 _ _ _ _

1000 x6 41 350 0.1629 9.70E-09 _ _ _ _ 130 393 0.2785 9.85E-09 _ _ _ _

1000 x7 24 199 0.0956 3.95E-09 _ _ _ _ 131 396 0.2991 9.04E-09 _ _ _ _

1000 x8 29 240 0.1237 5.72E-09 _ _ _ _ 131 396 0.2680 9.21E-09 _ _ _ _

10000 x1 21 178 0.5454 3.69E-09 _ _ _ _ 141 427 2.0766 9.83E-09 _ _ _ _

10000 x2 28 218 0.6600 6.35E-09 _ _ _ _ 126 381 1.8704 9.65E-09 _ _ _ _

10000 x3 34 278 0.7939 3.42E-09 _ _ _ _ 143 432 2.1556 9.19E-09 _ _ _ _

10000 x4 29 242 0.6756 9.70E-09 _ _ _ _ 159 481 2.3330 9.16E-09 _ _ _ _

10000 x5 35 292 0.8568 7.48E-09 _ _ _ _ 72 219 1.1251 7.30E-09 _ _ _ _

10000 x6 28 226 0.6560 7.55E-09 _ _ _ _ 127 384 1.8708 9.28E-09 _ _ _ _

10000 x7 33 266 0.7093 8.21E-09 _ _ _ _ 127 384 1.9210 9.30E-09 _ _ _ _

10000 x8 27 224 0.6036 9.00E-09 _ _ _ _ 127 384 1.9438 9.31E-09 _ _ _ _

50000 x1 21 178 2.2351 8.08E-09 _ _ _ _ 138 418 10.2030 9.85E-09 _ _ _ _

50000 x2 27 211 2.6728 4.68E-09 _ _ _ _ 124 375 8.9295 9.61E-09 _ _ _ _

50000 x3 36 296 3.5900 5.88E-09 _ _ _ _ 140 423 10.1424 9.35E-09 _ _ _ _

50000 x4 34 287 3.3311 7.07E-09 _ _ _ _ 156 472 11.2268 9.31E-09 _ _ _ _

50000 x5 38 317 3.7876 7.53E-09 _ _ _ _ 73 222 5.3837 8.50E-09 _ _ _ _

50000 x6 32 253 3.0237 5.22E-09 _ _ _ _ 124 375 8.9426 9.78E-09 _ _ _ _

50000 x7 31 248 2.9911 6.28E-09 _ _ _ _ 124 375 8.9103 9.78E-09 _ _ _ _

50000 x8 38 321 3.7862 4.29E-09 _ _ _ _ 124 375 8.9495 9.78E-09 _ _ _ _
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Table 5: Detailed results of problems 4.9-4.10

Pnum Nvars Iguess NHZIS MHZM2 CGDESCENT PCG

Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm Inum Fvalue Ptime Norm

4.9 1000 x1 13 21 0.0140 1.49E-09 80 82 0.0621 8.39E-09 91 185 0.0949 9.80E-09 25 42 0.0253 9.59E-09

1000 x2 31 69 0.0279 1.94E-09 67 69 0.0540 9.74E-09 81 165 0.0943 9.70E-09 26 29 0.0235 8.49E-09

1000 x3 29 62 0.0274 7.36E-09 77 79 0.0632 8.82E-09 89 181 0.1073 9.50E-09 28 43 0.0267 9.46E-09

1000 x4 9 12 0.0102 8.71E-09 80 82 0.0654 8.62E-09 91 185 0.1174 9.99E-09 2 15 0.0077 0

1000 x5 27 56 0.0255 4.31E-09 77 79 0.0783 8.83E-09 89 181 0.1154 9.51E-09 29 44 0.0265 6.96E-09

1000 x6 11 18 0.0140 4.64E-09 65 67 0.0568 8.04E-09 79 161 0.0816 8.54E-09 26 29 0.0233 7.83E-09

1000 x7 9 13 0.0113 1.45E-09 63 65 0.0510 8.66E-09 77 157 0.0986 8.98E-09 26 29 0.0240 5.38E-09

1000 x8 7 9 0.0091 2.30E-09 62 64 0.0482 8.38E-09 76 155 0.0802 8.60E-09 25 28 0.0234 7.72E-09

10000 x1 13 21 0.0598 4.72E-09 84 86 0.3594 8.79E-09 95 193 0.4860 8.27E-09 2 15 0.0453 0

10000 x2 13 22 0.0750 1.04E-09 67 69 0.3826 9.74E-09 81 165 0.4193 9.70E-09 26 29 0.1147 8.50E-09

10000 x3 19 35 0.0938 8.87E-09 81 83 0.3685 9.24E-09 93 189 0.4776 8.04E-09 28 47 0.1428 6.66E-09

10000 x4 10 13 0.0503 2.75E-09 84 86 0.2699 9.03E-09 95 193 0.4927 8.43E-09 2 15 0.0531 0

10000 x5 17 31 0.0845 4.79E-09 81 83 0.3561 9.24E-09 93 189 0.4943 8.04E-09 28 47 0.1926 6.21E-09

10000 x6 11 18 0.0674 4.64E-09 65 67 0.2610 8.04E-09 79 161 0.3925 8.54E-09 26 29 0.1025 7.83E-09

10000 x7 9 13 0.0403 1.45E-09 63 65 0.2935 8.66E-09 77 157 0.3356 8.98E-09 26 29 0.1111 5.38E-09

10000 x8 7 9 0.0658 2.30E-09 62 64 0.2564 8.38E-09 76 155 0.3308 8.60E-09 25 28 0.1219 7.72E-09

50000 x1 14 22 0.2315 1.06E-09 87 89 1.3498 8.58E-09 97 197 1.9527 8.76E-09 2 15 0.1023 0

50000 x2 24 52 0.3761 6.26E-09 67 69 1.0582 9.74E-09 81 165 1.6124 9.70E-09 26 29 0.4034 8.50E-09

50000 x3 20 36 0.3646 1.76E-09 84 86 1.3215 9.02E-09 95 193 1.8766 8.52E-09 2 15 0.0961 0

50000 x4 10 13 0.1794 6.16E-09 87 89 1.4059 8.81E-09 97 197 1.9082 8.93E-09 2 15 0.0901 0

50000 x5 25 49 0.3738 1.95E-09 84 86 1.3558 9.02E-09 95 193 1.8480 8.52E-09 2 15 0.0921 0

50000 x6 11 18 0.1961 4.64E-09 65 67 0.8741 8.04E-09 79 161 1.3785 8.54E-09 26 29 0.3797 7.83E-09

50000 x7 9 13 0.1653 1.45E-09 63 65 0.8055 8.66E-09 77 157 1.3413 8.98E-09 26 29 0.3890 5.38E-09

50000 x8 7 9 0.1304 2.30E-09 62 64 0.8852 8.38E-09 76 155 1.3495 8.60E-09 25 28 0.3558 7.72E-09

4.10 1000 x1 11 13 0.0132 2.22E-09 85 87 0.0772 7.69E-09 92 186 0.1186 8.40E-09 _ _ _ _

1000 x2 11 14 0.0141 1.08E-09 69 71 0.0635 9.22E-09 80 162 0.0926 8.19E-09 27 29 0.0281 7.733E-09

1000 x3 17 28 0.0209 1.20E-09 79 81 0.0805 8.65E-09 87 176 0.1248 8.97E-09 _ _ _ _

1000 x4 11 13 0.0166 1.61E-09 84 86 0.0712 8.60E-09 91 184 0.1278 8.98E-09 _ _ _ _

1000 x5 16 27 0.0189 7.11E-09 79 81 0.0572 8.66E-09 87 176 0.1291 8.98E-09 _ _ _ _

1000 x6 16 29 0.0193 1.07E-09 66 68 0.0656 8.26E-09 75 152 0.0884 9.17E-09 27 28 0.0245 5.894E-09

1000 x7 17 30 0.0198 5.80E-09 64 66 0.0582 8.20E-09 72 146 0.1032 9.56E-09 26 27 0.0190 5.425E-09

1000 x8 18 35 0.0203 2.04E-09 62 64 0.0551 9.98E-09 70 142 0.1055 9.30E-09 24 26 0.0233 5.461E-09

10000 x1 11 13 0.0734 6.45E-09 89 91 0.4078 7.86E-09 95 192 0.5705 8.65E-09 _ _ _ _

10000 x2 16 28 0.0909 7.76E-09 69 71 0.3386 9.04E-09 80 162 0.4342 8.07E-09 27 29 0.1521 7.699E-09

10000 x3 26 49 0.1446 9.62E-09 83 85 0.4028 8.86E-09 90 182 0.5010 9.45E-09 _ _ _ _

10000 x4 11 13 0.0581 4.67E-09 88 90 0.4804 8.80E-09 94 190 0.5528 9.26E-09 _ _ _ _

10000 x5 24 45 0.1464 2.41E-09 83 85 0.3980 8.86E-09 90 182 0.5481 9.45E-09 _ _ _ _

10000 x6 10 15 0.0721 3.79E-09 66 68 0.2884 8.11E-09 75 152 0.3701 9.05E-09 27 28 0.1653 5.844E-09

10000 x7 11 17 0.0579 1.32E-09 64 66 0.1993 8.06E-09 72 146 0.3780 9.45E-09 26 27 0.1130 5.384E-09

10000 x8 18 35 0.0983 8.14E-09 62 64 0.2717 9.81E-09 70 142 0.3451 9.21E-09 25 26 0.1455 5.412E-09

50000 x1 12 14 0.2481 1.43E-09 92 94 1.6103 7.65E-09 97 196 2.3656 9.14E-09 _ _ _ _

50000 x2 17 30 0.3221 3.70E-09 69 71 1.1508 9.03E-09 80 162 1.8310 8.06E-09 27 29 0.4653 7.696E-09

50000 x3 23 41 0.4715 7.13E-10 86 88 1.5249 8.63E-09 93 188 2.2503 8.03E-09 _ _ _ _

50000 x4 12 14 0.2513 1.04E-09 91 93 1.5784 8.57E-09 96 194 2.3540 9.79E-09 _ _ _ _

50000 x5 17 28 0.3314 9.17E-09 86 88 1.4917 8.63E-09 93 188 2.2688 8.03E-09 _ _ _ _

50000 x6 10 15 0.1953 3.80E-09 66 68 0.9394 8.09E-09 75 152 1.4898 9.04E-09 27 28 0.4465 5.839E-09

50000 x7 14 23 0.2584 4.04E-09 64 66 0.8862 8.04E-09 72 146 1.4080 9.44E-09 26 27 0.4140 5.380E-09

50000 x8 18 36 0.3405 8.72E-09 62 64 0.8574 9.80E-09 70 142 1.3635 9.20E-09 25 26 0.4335 5.408E-09
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Table 6: Summarized report

Solver Inum Percent Fvalue Percent Ptime Percent

NHZIS 152 52.78% 95 32.99% 160 55.56%

MHZM2 9 3.12% 35 12.15% 25 8.68%

CGDESCENT 0 0% 23 7.99% 0 0%

PCG 14 4.86% 34 11.81% 46 15.97%

TIES 91 31.60% 68 23.6% 0 0
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Figure 1: Dolan and Moré plot for iterations metric

Furthermore, a summary of results from Tables 1 − 5 based on three of the metrics

considered in the experiments is drawn in Table 6 to give more insight into the numerical

performance of all the four methods. It can be seen from Table 6, that NHZIS algorithm

yields better results than the MHZM2, CGDESCENT and PCG methods in all three

metrics. Based on problems solved with least number of iterations, Table 6 showed that

the NHZIS algorithm recorded 58.33% as against 5%, 0% and 12.5% recorded by the

MHZM2, CGDESCENT and PCG solvers respectively. Interestingly, the summary table

reveals that 24.17% of the problems were solved by the NHZIS and MHZM2 algorithms

with equal number of the iteration metric denoted as "TIES". Also, with respect to

least function evaluations, Table 6 indicated that 32.08% of the problems were solved

by the NHZIS algorithm compared to the MHZM2, CGDESCENT and PCG solvers

that solved 17.5%, 0% and 0% of the problems considered. In addition, it is indicated

in Table 6 that NHZIS and MHZM2 algorithms solved 50.42% with the same value of

the metric. Regarding least processing time metric, Table 6 indicated that 67.92% of the

problems were solved by the NHZIS algorithm compared to the other three solvers that

recorded 10%, 0% and 22.08% respectively.

Moreover, the data reported in Tables 1 − 5 was plotted in figs 1 − 3 by adopting

the performance tool in [37]. All the three figures indicated that the NHZIS algorithm
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Figure 2: Dolan and Moré plot for function evaluations metric
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Figure 3: Dolan and Moré plot for processing time metric
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displays the best performance regarding the three performance metrics considered. Top

curve in all the three figures represented the algorithm with the best performance in the

experiments, which is clearly the NHZIS scheme. Hence, based on the above discus-

sions, it is concluded that the NHZIS scheme outperforms the other three algorithms as

it yields better performance regarding the three performance metrics outlined. There-

fore, the proposed NHZIS algorithm is more effective for solving constrained variant of

(1.14) than MHZM2, CGDESCENT and PCG algorithms.

5. APPLICATION OF NHZIS IN COMPRESSED SENSING

5.1 An insight of the concept

The concept of digital image processing, where the goal is to improve the quality of

images under consideration, has become a popular trend over the years in different

applications (see Ref. [43–45]). A typical example is in compressed sensing, where the

main concern is on the ℓ1 − ℓ2 norm problem

min
x

1

2
∥Nx − q∥2

2 + ϖ∥x∥1, (5.1)

where ϖ represents a nonnegative parameter, x ∈ Rn, and q ∈ Rm, and N ∈ Rm×n(m ≪ n)

denotes a mapping, while ∥x∥1, ∥x∥2 are ℓ1, ℓ2 norms respectively. It can easily be

seen that (5.1) represents the unconstrained optimization problem. Numerous methods

exists for (5.1) [46–48], of which the most popular are gradient based methods. In [49],

Figueiredo et al. reformulated (5.1) x ∈ Rn as

x = u − w, u ≥ 0, w ≥ 0, u,w ∈ Rn. (5.2)

Let ui = (xi)+, wi = (−xi)+ ∀i = 1,2, ...,n, where (.)+ denotes a positive operator

defined as (.)+ = max{0, x}. Using the ℓ1 − norm definition yields ∥x∥1 = AT
n u + AT

n w,

where An = (1,1, ...,1)T ∈ Rn. By employing this representation, (5.1) is reformulated as

min
u,w

1

2
∥N(u − w)− q∥2

2 + ϖAnu + ϖAnw, u,w ≥ 0. (5.3)

Applying the idea in [49], (5.3) becomes

min
α

1

2
αTWα + DTα, α ≥ 0, (5.4)

where

α =

(
u

w

)

, D = ϖA2n +

(−h

h

)

, h = NTq, W =

(
NT N −NT N

−NT N NT N

)

, (5.5)

with N a positive semi-definite matrix. Therefore, (5.4) is equivalent to

F(α) = min{α,Wα + D} = 0, (5.6)

where the function F is monotone and Lipschitz continuous. Hence by ( [47, 50]), the

NHZIS scheme can be used to solve it.
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5.2 EXPERIMENTS

Here, we explain further the performance of NHZIS algorithm by conducting two other

experiments. A sparse signal with n lengths from m observed values is restored or

reconstructed in the first experiment. For measuring the quality of restoration, the mean

of square error (MSE) to the original signal x̃, given by

MSE =
1

n
∥x̃ − x̄∥2, (5.7)

is employed, where x̄ represents the signal restored. Also, we chose n = 212 and m = 210,

with the measurement q given as

q = Nx̄ + ω, (5.8)

where ω stands for the Gaussian noise, distributed as N̄(0,10−4), while N is the Gaussian

matrix initiated using randn(m,n) in Matlab. Moreover, we use f (x) = 1
2∥Nx − q∥2

2 +

ϖ∥x∥1 as merit function.

Also, the measurement signal namely, x0 = NTm, is employed to start the experiment,

which ends for
∥ fk − fk−1∥
∥ fk−1∥

< 10−4, (5.9)

where fk represents function value at xk.

Furthermore, to analyze effectiveness of the NHZIS algorithm, it is tested against

the PCG [3] solver, which was developed to solve monotone equations and reconstruct

disturbed signals in compressive sensing. As in the earlier experiment, parameters for

the NHZIS scheme are the same for the sparse signal experiment with ς = 1. Also, a total

of fifteen experiments were conducted with the NHZIS and PCG algorithms for varying

noise samples. Results of the experiments are reported in table 7, while figures 4 and

5 are drawn to provide visual representation of the results. While figure 4 displays the

actual sparse signal, estimation, as well signal recovered by the two algorithms, figure

5 exhibits convergence behavior of the two algorithms through the metrics discussed in

the last experiment as well as the MSE. From figure 5, it can be seen that the rate of

descent for MSE as well as function evaluations obtained for NHZIS scheme is faster

than that of the PCG scheme. The figure equally showed that NHZIS reconstructed the

actual signal with less iterations and processing time compared to the PCG algorithm.

The above experiments and analysis, therefore, proves that the NHZIS scheme performs

much better than the PCG scheme in signal reconstruction.
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Figure 4: Actual signal, measurement and the reconstructed one by the NHZIS and

EPGM algorithms.
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Figure 5: Results obtained by comparing the NHZIS with PCG solver. Iterations and

cpu time are depicted on the horizontal axis of the four figures, while MSE and objective

function values are depicted on the vertical axes respectively.
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Actual image Blurry image NHZIS CGDESCENT

Actual image Blurry image NHZIS CGDESCENT

Actual image Blurry image NHZIS CGDESCENT

Actual image Blurry image NHZIS CGDESCENT

Figure 6: The first two rows from the top represents actual, blurry and restored images

by NHZIS and CGD schemes for House and Lena images, while the last two rows

represent the same thing for Barbara and Cameraman images).
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Table 7: Detailed results of NHZIS and PCG [3] schemes for the ℓ1 − norm problem

NHZIS PCG

MSE Cpt Niter ObjFun MSE Cpt Niter ObjFun

2.002 × 10−5 3.98 135 4.070 × 10−1 4.350 × 10−5 4.45 147 4.081 × 10−1

1.817 × 10−5 3.70 125 3.769 × 10−1 2.494 × 10−5 4.31 141 3.769 × 10−1

1.577 × 10−5 3.22 108 4.368 × 10−1 2.231 × 10−5 3.91 127 4.368 × 10−1

1.647 × 10−5 3.67 124 4.448 × 10−1 2.412 × 10−5 2.48 81 5.164 × 10−1

2.017 × 10−5 3.31 117 4.684 × 10−1 2.521 × 10−5 4.19 143 4.680 × 10−1

1.023 × 10−5 3.44 121 3.728 × 10−1 1.094 × 10−5 4.45 147 3.724 × 10−1

1.053 × 10−5 2.97 103 3.190 × 10−1 1.430 × 10−5 4.34 139 3.190 × 10−1

1.003 × 10−5 4.00 141 2.502 × 10−1 1.631 × 10−5 4.47 148 2.504 × 10−1

1.903 × 10−5 3.33 116 4.746 × 10−1 2.582 × 10−5 4.23 140 4.746 × 10−1

8.615 × 10−6 2.98 102 3.170 × 10−1 1.418 × 10−5 3.44 118 3.172 × 10−1

2.470 × 10−5 3.67 123 4.707 × 10−1 4.218 × 10−5 3.98 128 4.713 × 10−1

1.486 × 10−5 3.53 124 4.392 × 10−1 1.732 × 10−5 4.00 133 4.387 × 10−1

1.610 × 10−5 3.59 119 4.113 × 10−1 2.528 × 10−5 4.33 140 4.115 × 10−1

1.136 × 10−5 4.23 142 3.026 × 10−1 1.652 × 10−5 5.23 167 3.027 × 10−1

1.480 × 10−5 3.58 120 3.995 × 10−1 2.296 × 10−5 3.75 120 3.994 × 10−1

AVERAGE 1.54 × 10−5 3.547 121.3 3.92 × 10−1 2.31 × 10−5 4.104 134.6 3.97 × 10−1

The next experiment is conducted to exhibit the performance of the NHZIS scheme

in image de-blurring problems. For this process, four images are employed, namely

House, Lena, Barbara, and Cameraman. Also, values for the parameters are set as for

the previous experiment. In addition, the performance of the CGDESCENT [4] solver,

which performs well in image de-blurring problems is compared with that of the NHZIS

scheme. The parameters for the CGDESCENT scheme remain as used in the article.

Performance of the two schemes considered is observed using the metrics of Functions

evaluations, cpu time, MSE, SNR, which is signal to noise ratio, namely

SNR = 20 × log10

( ∥x̄∥
∥x − x̄∥

)

,

with x̄, and x representing de-blurred and actual images, and structural similarity in-

dex (SSIM). For the experiment conducted, the codes were implemented with x0 = NTq.

N denotes (DWT) matrix, with m rows selected at random from the n × n DWT ma-

trix. Table 8 presents results of the experiments conducted, while the original, blurry,

and restored images by the NHZIS and CGDESCENT schemes are presented in fig-

ure 6 respectively. Careful observation of the results displayed in Table 8 indicates that

for the exception of Lena, where the CGDESCENT has a slight edge, the NHZIS out-

performed the CGDESCENT solver under the metrics considered. Figure 6 also indi-

cated that reconstructed images by NHZIS algorithm are slightly better than the ones

by CGDESCENT scheme. Therefore, taking everything into consideration, it is clear that

the NHZIS method is effective for image de-blurring. Lastly, the MATLAB implementa-

tion of the SSIM index is available at http://www.cns.nyu.edu/~lcv/ssim/.
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Table 8: Results of the image de-blurring experiments conducted for NHZIS and

CGDESCENT schemes

Image ObjFun MSE SNR SSIM

NHZIS CGDESCENT NHZIS CGDESCENT NHZIS CGDESCENT NHZIS CGDESCENT

House 1.593 × 106 1.651 × 106 4.7442 × 101 5.7550 × 101 26.49 25.65 0.89 0.86

Lena 1.437 × 106 1.513 × 106 7.8551 × 101 9.0026 × 101 23.52 22.93 0.90 0.87

Barbara 1.486 × 106 1.585 × 106 1.1010 × 102 2.0627 × 102 22.27 19.55 0.85 0.75

Cameraman 1.390 × 106 1.473 × 106 1.2062 × 102 1.7757 × 102 21.73 20.05 0.88 0.83

6. CONCLUDING REMARKS

By taking the parameter of the Hager-Zhang scheme in [15] as 1, we designed its adap-

tation for constrained form of (1.14) as well as signal and image reconstruction. The

scheme can also be considered as a two parameter scaled variant of the method in [15].

By conducting eigenvalue analysis, it has been proven that the new scheme satisfied

the vital condition for global convergence. Following this, and by employing the idea

developed by Byrd and Nocedal [34], a proper and reasonable choice for one of the pa-

rameters µk was obtained leading to a revised search direction of the scheme. Due to

its derivative-free attribute, the new scheme proved to be ideal for solving non-smooth

problems. Preliminary numerical experiments with three HZ-type schemes, indicated

that the proposed scheme is effective. Furthermore, as part of its novelty, the scheme has

been applied to decode disturbed signals and restore blurry images. It was indicated in

the experiments conducted that the scheme competes well and produces better results

than three other methods. As a further research, we intend to explore application of the

scheme in other areas
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