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Abstract  

The nonlinear energy sink (NES), which is proven to perform rapid and passive targeted energy 

transfer (TET), has been has been employed for vibration mitigation in many primary small- and 

large-scale structures. Recently, the feature of bistability, in which two nontrivial stable equilibria 

and one trivial unstable equilibrium exist, is utilized for passive TET in what is known as Bistable 

NES (BNES). The BNES generates a nonlinear force that incorporates negative linear and multiple 

positive or negative nonlinear stiffness components. In this paper, the BNES is coupled to a linear 

oscillator (LO) where the dynamic behavior of the resulting LO-BNES system is studied through 

frequency-energy plots (FEPs), which are generated by analytical approximation using the 

complexification-averaging method and by numerical continuation techniques. The effect of the 

length and stiffness of the transverse coupling springs is found to affect the stability and topology 

of the branches and indicates the importance of the exact physical realization of the system. The 

rich nonlinear dynamical behavior of the LO-BNES system is also highlighted through the 

appearance of multiple symmetrical and unsymmetrical in- and out of- phase backbone 

branches, especially at low energy levels. The wavelet transform is imposed into the FEP for 

variety of initial conditions and damping content and it is found that the FEP has backbone 

branches at low energy levels associated with the oscillation of the bistable attachments about 

one of its stable equilibrium positions where passage through the unstable equilibrium position 

does not occur.    

Keywords: Nonlinear Energy sink, nonlinear normal modes, frequency energy plot, 

bistable nonlinear energy sink. 

Introduction 

The nonlinear energy sink (NES) is a light-weight nonlinear dynamical 

oscillator that employs an essentially nonlinear coupling element to engage in 

optimum passive TET from an associated primary structure to be localized or 
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dissipated by the NES. Due to single or cascade of resonance captures, the NES can 

perform rapid, passive, and nearly irreversible TET in a broadband frequency-

energy fashion. The essentially non-linearizable coupling element significantly 

alters the global dynamics of the integrated system resulting in nonlinear 

interactions between structural modes. This causes passive energy exchange, a 

phenomenon that is not possible in linear dynamical absorbers except in the case of 

carefully tuned frequencies. Consequently, the NES has been intensively studied in 

literature for shock and seismic mitigation purposes to rapidly dissipate a significant 

portion of the energy induced into a structure.  

Generally, the NESs can be categorized into translational and rotational 

depending on the nature of their motion. The basic element of the traditional 

translational NES employs a purely non-negative cubic restoring stiffness which is 

realized by transversely coupled linear springs in Type I NES. A variety of subtypes 

branch out from this nonlinear coupling method based on the nature of the coupling 

damping element, the characteristics of the nonlinear force or the number of 

nonlinearly attached masses [1–9]. Other types of translational NESs include the 

magnetic NES which is realized by a nonlinear magnetic force [10 – 12] and the 

vibro-impact NES which is realized by non-smooth nonlinearities imposed via 

impact surfaces to an otherwise linear tuned mass damper [1,13–21]. The other 

category, the rotational NESs, is realized by inertial coupling between the NES 

mass and the primary structure by means of a rigid rotating arm to generate a 

strongly nonlinear coupling force [22–27]. Additional research works have 

investigated using an oscillating arm or incorporating non-smooth nonlinearities to 

the rotational NESs attempting to enhance the irreversible nonlinear energy 

transfers [28,29]. Numerous research works show that both categories and many 

subtypes of the NESs yield enhanced “utilization” of the inherent structural 
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dynamics towards more effective response mitigation, without the necessity of 

adding more damping. 

Recently, the idea of introducing the feature of bistability in which the NES 

possesses two nontrivial stable equilibria and one trivial unstable equilibrium has 

been addressed in [30-42]. A detailed numerical and analytical study of the bistable 

NES (BNES) having combined negative linear stiffness and positive cubic 

nonlinear stiffness terms shows that this type of NESs can achieve efficient TET 

for impulsively excited structures [30,31]. Following the analytical study in [30], it 

is found that the mechanisms leading to the energy exchanges between a low-

energy impulsively excited linear oscillator and the BNES are a periodic alternating 

in-well and cross-well oscillations of the BNES and secondary nonlinear beats 

occurring when the dynamics evolves solely in-well [31]. In addition, the physical 

realization of the BNES is addressed in [32,33] where the nonlinearity is obtained 

by transverse linear springs that are compressed in their vertical position. Using 

Taylor-expansions, the generated nonlinear force incorporates negative linear and 

multiple positive or negative nonlinear terms. This resulted in a unique 

representation of the nonlinear force as it encloses up to seventh order nonlinear 

stiffness terms as opposed to cubic nonlinear terms only in most other works in 

literature. The resulting system is highly efficient compared to other existing NESs 

in literature for a wide range of initial impulsive energies [32]. The efficiency of 

the BNES is further analyzed using slow invariant manifold, asymptotic analysis 

and Melnikov analysis to predict the response regimes and their thresholds levels 

[34]. To optimize the performance of the BNES, a design criterion with a 

corresponding parameter is proposed in [34] and a novel tuning method using 

Lyapunov exponents is proposed in [35] which allows the BNES to avoid chaotic 

behavior and enhances TET. The BNES has also been employed to coupled linear 
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symmetrical oscillators with ungrounded configuration in [36] and with bistable 

grounding in [37]. In both cases, the capability of the BNES to achieve highly 

efficient TET is demonstrated. Given this high performance, the BNES was applied 

to cantilever beams [38], rotor systems [39,40], and pipes conveying fluids [41] for 

vibration suppression and incorporated with magnetic effects for structural seismic 

control [42].  

The underlying nonlinear dynamical behavior has been revealed for some 

types of NESs based on studying frequency-energy dependences of Hamiltonian 

versions of linear systems attached to NESs. Therefore, frequency-energy plots 

(FEPs) have been generated via numerical and analytical methods. The FEPs of 

Hamiltonian versions of linear systems attached to NESs with odd-power stiffness 

coupling have been generated in several publications using analytical and numerical 

methods [1–5,43–48]. Similarly, FEPs of linear systems attached to rotating NES 

were obtained in [22,23] and systems attached to vibro-impact and piecewise NESs 

in [49–53]. In these sets of publications, fundamental backbone curves of 1:1 in-

phase and antiphase resonances were obtained. In addition, several bifurcated 

subharmonic branches from fundamental backbones were also generated. The 

damped dynamics of considered systems have been studied by imposing wavelet-

transform frequency spectra on the obtained FEPs. Accordingly, the NES nonlinear 

action of rapid energy transfer has been found to take place through single and 

cascade of resonance captures between the NESs and the associated linear 

structures responses. These studies has sufficiently revealed the underlying 

Hamiltonian and damped dynamics of aforementioned NESs. 

In another set of publications [54,55] the damped dynamics of the NES itself 

has been studied. Therefore, formulas of displacement, velocity, frequency and 

energy decay curves have been obtained for odd-power stiffness NES. Based on 
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these formulas, a new formula for the relationship between displacement and 

velocity damping contents has been introduced in [54]. In [56], a method for 

generating plots of frequency versus nonlinear energy content (FNLPs) was 

introduced and directly applied into equations of motion where numerical 

simulation is not required a priori. This proposed method was employed later in 

[57] to reveal the underlying nonlinear dynamical behavior of modal damping 

content of some linear systems attached to NES.  

In this paper, we discuss the BNES which is based on geometric nonlinearity 

that is realized by transversely coupled linear springs which are neither compressed 

nor elongated at two stable equilibrium positions. At the point where the linear 

springs are vertically aligned, an unstable equilibrium exists at which both linear 

springs have pre-stored potential energy. We consider a BNES attached to a linear 

oscillator (LO) where the resulting nonlinear coupling force consists of several 

negative and nonnegative linear and nonlinear stiffness components. We focus in 

particular on the frequency-energy plot (FEP) which is a representation of the 

nonlinear normal modes (NNMs) depicting the frequency content of the system 

with the corresponding energies. Accordingly, the dynamic behavior of the 

proposed BNES is investigated here on a FEP generated analytically using 

complexification averaging technique (CX–A) as well as via numerical 

continuation methods [58] of the undamped LO–BNES system to obtain the 

fundamental backbone branches of the nonlinear normal modes (NNMs). 

Consequently, the damped dynamics of the considered system is analyzed by 

imposing the wavelet transform of the obtained response into the obtained FEP.  
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System Description and Governing Equations 

In the BNES, negative stiffness components appear when the transverse 

spring are neither compressed nor elongated at their stable equilibrium positions as 

shown in Fig. 1a. In this configuration both springs have presorted potential energy 

at zero displacements of the NES and the linear oscillator (LO) masses which in 

turn generates negative stiffness components. Accordingly, The BNES has two 

stable equilibrium positions at the NES relative displacement with LO cz z= ± for

0>cz as shown in the figure. At cz z= ±  both springs are neither compressed nor 

elongated at their original physical length L . Furthermore, the BNES is unstable at

0z = . According to [32], the nonlinear restoring force of the springs can be 

approximated by the Taylor series expansion as 
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Fig 1 Physical configuration of the nonlinear damped oscillator. 
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The bistable nonlinear attachment in Fig. 1a of mass m is attached to the LO of 

mass M ( Mm << ) as shown in Fig. 2. For 0>cz , the equations of motions are 

written as 

( )

( )

3 5 7

1 1 2 1 1 2 2 1 2 3 1 2 4 1 2

3 5 7

2 2 1 2 2 1 1 2 2 1 2 3 1 2 4 1 2

( ) ( ) ( ) ( ) 0
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mx x x k x x k x x k x x k x x

Mx x x x k x k x x k x x k x x k x x

λ

λ λ

+ − − − + − − − + − =

+ − − + + − − − + − − − =

  

   

 

(2) 

where 1x  is the NES mass displacement, 2x  is LO mass displacement, λ  is the 

damping of the NES attachment, Pλ  is the damping of the linear structure and pk

is the stiffness of the linear structure. For 2 2

0( )cz L L= − and ( ) ( ) ( )1 20 0 0z x x= − , 

the initial energy equation in the physical coordinates of the LO-BNES system is 

governed by 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )
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It is clear from (3) that when ( ) ( )1 20 0 0x x= = and ( ) ( )1 20 0 0x x= =  , the initial 

presorted energy is obtained as ( )2

0 0E k L L= − , 

 

Fig 2 Single-degree-of freedom linear structure coupled to the modified NES. 
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FEP using Complexification Averaging Technique  

To understand the dynamics of the LO-BNES system, we study the FEP of the 

system using complexification-averaging technique (CX–A) proposed by [58] 

through slow-fast partition of the dynamics to generate the backbone branches 

S11±; branches corresponding to motions where the LO and the BNES possess 

identical dominant frequency components.  

Normalizing (2) with respect to the mass 𝑀𝑀 gives  

𝜀𝜀�̈�𝑥1 + �̅�𝜆(�̇�𝑥1 − �̇�𝑥2)− 𝑘𝑘�1(𝑥𝑥1 − 𝑥𝑥2) + 𝑘𝑘�2(𝑥𝑥1 − 𝑥𝑥2)3 − 𝑘𝑘�3(𝑥𝑥1 − 𝑥𝑥2)5
+ 𝑘𝑘�4(𝑥𝑥1 − 𝑥𝑥2)7 = 0 

 �̈�𝑥2 + �̅�𝜆𝑝𝑝�̇�𝑥2 − �̅�𝜆(�̇�𝑥1 − �̇�𝑥2) + 𝜔𝜔02𝑥𝑥2 + 𝑘𝑘�1(𝑥𝑥1 − 𝑥𝑥2)− 𝑘𝑘�2(𝑥𝑥1 − 𝑥𝑥2)3
+ 𝑘𝑘�3(𝑥𝑥1 − 𝑥𝑥2)5 − 𝑘𝑘�4(𝑥𝑥1 − 𝑥𝑥2)7 = 0 (4) 

where  

�̅�𝜆𝑝𝑝 =
𝜆𝜆𝑝𝑝𝑀𝑀                 �̅�𝜆 =

𝜆𝜆𝑀𝑀           𝜀𝜀 =
𝑚𝑚𝑀𝑀           𝜔𝜔02 =

𝑘𝑘𝑝𝑝𝑀𝑀           𝑘𝑘�𝑖𝑖 =
𝑘𝑘𝑖𝑖𝑀𝑀            𝑖𝑖 = 1,2,3,4 

Assuming a conservative system (no damping dissipation effects: �̅�𝜆𝑝𝑝 = �̅�𝜆 = 0) 

and 𝜔𝜔02 = 1, we perform the complexification of the dynamics, the first stage of the 

process, by introducing new complex variables given as:  

𝜓𝜓1 = �̇�𝑥1 + 𝑗𝑗𝜔𝜔𝑥𝑥1 𝜓𝜓2 = �̇�𝑥2 + 𝑗𝑗𝜔𝜔𝑥𝑥2 (5) 

where 𝜔𝜔 is the dominant fast frequency of oscillation. Substituting (5) into (4) 

gives: 

𝜀𝜀 ��̇�𝜓1 − 𝑗𝑗𝜔𝜔
2

(𝜓𝜓1 + 𝜓𝜓1∗)�+ 𝑗𝑗𝑘𝑘�1 �𝜓𝜓1 −𝜓𝜓1∗
2𝜔𝜔 −𝜓𝜓2 − 𝜓𝜓2∗

2𝜔𝜔 �
− 𝑗𝑗𝑘𝑘�2 �𝜓𝜓1 − 𝜓𝜓1∗

2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗
2𝜔𝜔 �3 + 𝑗𝑗𝑘𝑘�3 �𝜓𝜓1 − 𝜓𝜓1∗

2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗
2𝜔𝜔 �5

− 𝑗𝑗𝑘𝑘�4 �𝜓𝜓1 − 𝜓𝜓1∗
2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗

2𝜔𝜔 �7 = 0 
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�̇�𝜓2 − 𝑗𝑗𝜔𝜔
2

(𝜓𝜓2 +𝜓𝜓2∗)− 𝑗𝑗(𝜓𝜓2 − 𝜓𝜓2∗)

2𝜔𝜔 − 𝑗𝑗𝑘𝑘�1 �𝜓𝜓1 − 𝜓𝜓1∗
2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗

2𝜔𝜔 �
+ 𝑗𝑗𝑘𝑘�2 �𝜓𝜓1 − 𝜓𝜓1∗

2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗
2𝜔𝜔 �3 − 𝑗𝑗𝑘𝑘�3 �𝜓𝜓1 − 𝜓𝜓1∗

2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗
2𝜔𝜔 �5

+ 𝑗𝑗𝑘𝑘�4 �𝜓𝜓1 − 𝜓𝜓1∗
2𝜔𝜔 − 𝜓𝜓2 − 𝜓𝜓2∗

2𝜔𝜔 �7 = 0 
(6) 

 where ∗ indicates complex conjugates. 

Given that we are interested in the periodic solutions (at fast frequency ω) where 

the LO and the BNES oscillate with the same fast frequency, we can express the 

complex variables defined in (5) in terms of fast oscillations of frequency 𝜔𝜔, 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗, 
modulated by slowly varying complex amplitudes 𝜙𝜙𝑖𝑖(𝑡𝑡), 𝑖𝑖 = 1,2: 

𝜓𝜓1(𝑡𝑡) = 𝜙𝜙1(𝑡𝑡)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 
(7) 𝜓𝜓2(𝑡𝑡) = 𝜙𝜙2(𝑡𝑡)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 

Substituting (7) into (6) gives the following equations which are still exact 

representations of (4) 

𝜀𝜀 ��̇�𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑗𝑗𝜔𝜔𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝑗𝑗𝜔𝜔
2
�𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗��

+ 𝑗𝑗𝑘𝑘�1 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �

− 𝑗𝑗𝑘𝑘�2 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �3

+ 𝑗𝑗𝑘𝑘�3 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �5

− 𝑗𝑗𝑘𝑘�4 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �7 = 0 

 (8) 
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�̇�𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑗𝑗𝜔𝜔𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝑗𝑗
2𝜔𝜔 �𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗� − 𝑗𝑗𝜔𝜔2 �𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗�

+
𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

2𝑗𝑗𝜔𝜔− 𝑗𝑗𝑘𝑘�1 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 −𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �

+ 𝑗𝑗𝑘𝑘�2 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �3

− 𝑗𝑗𝑘𝑘�3 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �5

+ 𝑗𝑗𝑘𝑘�4 �𝜙𝜙1𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙1∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝜙𝜙2𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝜙𝜙2∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝜔𝜔 �7 = 0 

The second step of the CX–A technique is the averaging of the equations in (8) with 

respect to the fast frequency ω. Therefore, only the terms containing the fast 

frequency are considered leading to a set of complex modulation equations 

constituting the approximate slow flow reduction of the dynamics. Following that, 

a set of polar representations given as  

𝜙𝜙1 = 𝐴𝐴𝑒𝑒𝑗𝑗𝑗𝑗 𝜙𝜙2 = 𝐵𝐵𝑒𝑒𝑗𝑗𝑗𝑗 (9) 

are introduced where 𝐴𝐴,𝐵𝐵 are real amplitudes and 𝛼𝛼,𝛽𝛽 are real phases. After 

rearranging and using Euler’s formula𝑒𝑒𝑖𝑖𝑖𝑖 = cos(𝑥𝑥) + 𝑗𝑗 sin(𝑥𝑥), the real and 

imaginary parts of the resulting equations can be separately set to zero which 

represent the slow evolution of the real amplitudes and the phases of the 

modulation.  

To impose stationary conditions on the modulation equations, the derivatives with 

respect to time are set to zero. Hence, the periodic solutions on the backbone 

branches can be computed. Considering the trivial solution by assuming identity of 

phases (𝛼𝛼 = 𝛽𝛽), the resulting equations are solved (explicitly) using MATLAB to 
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obtain the values of amplitudes 𝐴𝐴 and 𝐵𝐵 for each considered frequency𝜔𝜔. Given 

that the conserved energy of the system can be expressed as  

𝐸𝐸 =
𝑋𝑋2
2
− 𝑘𝑘�1 (𝑉𝑉 − 𝑋𝑋)2

2
+ 𝑘𝑘�2 (𝑉𝑉 − 𝑋𝑋)4

4
− 𝑘𝑘�3 (𝑉𝑉 − 𝑋𝑋)4

4
+ 𝑘𝑘�4 (𝑉𝑉 − 𝑋𝑋)8

8
+ 𝑘𝑘(𝐿𝐿 − 𝐿𝐿𝑜𝑜)2 (10) 

where 𝑋𝑋 =
𝐵𝐵𝑗𝑗 and 𝑉𝑉 =

𝐴𝐴𝑗𝑗, the FEP is generated as shown in Fig. 3.  

The periodic motions on the backbones and their associated low and high frequency 

subharmonic branches are represented by nonlinear normal modes (NNMs) in the 

configuration space. The frequency content in backbones and the subharmonic 

branches is characterized here by the frequency ratio between the LO and BNES 

periodic oscillations. The frequency indices Snm ±  and Unm ±  indicate 

symmetrical and unsymmetrical periodic motions, respectively, on the backbones 

and subharmonic branches. In Snm ±  and Unm ± , nm indicates to the resonance 

frequency ratio ( : )n m  in the periodic motion between the LO and BNES masses 

where the plus sign ( )+ indicates to in phase and the minus sign ( )− indicates to 

anti-phase motions.  

As we will discuss in the next section, the FEP was also generated by numerical 

continuation using the method described in [47-48]. In Fig. 3, we compare the 

periodic solutions on the backbone branches S11+ and S13– of the LO-BNES 

system generated by the analytical approximation using CX-A technique to the 

exact FEP obtained by the numerical continuation method with 𝑘𝑘 = 0.14N/m and 𝐿𝐿0 = 0.882𝐿𝐿. The log-scale in energy axis is avoided in this figure to provide more 

feasible comparison. The figure clearly indicates good agreement at frequencies 

close to the natural frequency of LO and consistent matching as the frequency 
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increases. Detailed discussions of the exact numerically computed branches 

resulting from is presented in the next section. 

The branches obtained by CX–A are plotted in Fig. 4 for varying stiffness 𝑘𝑘 and 

length ratio 𝐿𝐿0/𝐿𝐿. First, it is important to note that changing the stiffness and/or the 

length ratio of the transversely coupled linear springs, which produce the bistability 

conditions and nonlinearity, have a significant effect on the global dynamics of the 

LO–BNES system. It is also noted that these changes have an effect on the topology 

of the unstable branches. This can be concluded from the width of the energy 

interval corresponding to the unstable solutions which is realized by the derivative 

of the total energy with respect to the frequency index (i.e. slope of Fig. 4). As 

shown in [35], this unstable part of the branch has a significant effect on the TET 

in the system. In addition, Fig. 5 shows the difference in FEP if we include up to 

cubic terms only in (4) as opposed to including up to seventh order stiffness terms 

as done in this study. The difference in the resulting FEP indicates the strong 

nonlinearities in the LO–BNES system and the importance of considering the 

additional nonlinear terms. To further study the exact global dynamical behavior of 

the system, the next section discuss the resulting branches from the exact numerical 

continuation approach.  
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Fig. 3 FEP comparison of some branches generated by analytical (CX–A) and numerical 

continuation in the FEP of a LO–BNES with 𝜀𝜀 = 0.05,𝑘𝑘 = 0.14𝑁𝑁/𝑚𝑚 and 𝐿𝐿0 = 0.882𝐿𝐿 

 

 

Fig. 4 Comparison of the backbone branch S11± in the approximate FEP generated by CX–A for a 

LO–BNES system with 𝜀𝜀 = 0.05 for (a) varying length ratio 𝐿𝐿0/𝐿𝐿 with 𝑘𝑘 = 0.14𝑁𝑁/𝑚𝑚 and (b) for 

varying stiffness 𝑘𝑘 with 𝐿𝐿0 = 0.882 
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Fig. 5 Comparison of the backbone branch S11± in the approximate FEP generated by CX–A for a 

LO–BNES system with 𝜀𝜀 = 0.05,𝑘𝑘 = 0.14𝑁𝑁/𝑚𝑚 and 𝐿𝐿0 = 0.882𝐿𝐿 when considering up to cubic 

and seventh stiffness terms in (4) 

FEP via numerical continuation  

The FEP backbones and their associated subharmonic resonance branches are 

constructed here based on the numerical continuation method described in [47-48].  

All FEP backbones and their associated subharmonic branches are obtained for 

nonzero initial displacements and zero initial velocities in (3).  

The fundamental FEP backbone of 1:1 in phase resonance ( 11S + ) and its 

associated tongues of subharmonic resonances is shown in Fig. 6. Several 

symmetrical anti-phase subharmonic resonance branches are also obtained on this 

backbone as shown in the figure near to the LO natural frequency ( 0.1592 HzLOf =

) and to 1/3 of this frequency. These branches are expressed by 13S − , 15S − and

17S − . Examples of periodic motions on S11+ and their associated NNMs in the 
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configuration space are shown in Fig. 7 where full NES oscillation through the 

equilibrium positions takes place. 

 

Fig. 6 The frequency energy plot of the fundamental 11S + backbone and its associated 

subharmonic branches for the LO-BNES system. 
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Fig. 7 The periodic motions in (a) and (c) and their corresponding NNMs in (b) and (d) for two 

different initial conditions on the backbone of the FEP.  

 

Another 11S + backbone curve of similar behavior of the fundamental 11S +

backbone has been obtained and plotted in Fig. 8. Symmetrical anti-phase 

subharmonic resonance branches are also obtained on this backbone as shown in 

the figure near to the 1/3 of the LO natural frequency where these branches are 

represented by 13S − and 15S − . Examples of periodic motions on these 

subharmonic branches and their associated NNMs are shown in Fig. 9 where full 

BNES oscillation through the equilibrium positions takes place.  

11S +
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Fig. 8 The frequency energy plot of the second 11S + backbone and its associated subharmonic 

branches for the LO-BNES system. 

 

 

 

Fig. 9 The periodic motions and their corresponding NNMs on the second 11S + backbone 

subharmonic branches 13S −  in (a) and (b) and 15S − in (c) and (d). 
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Unlike the NES with purely nonnegative cubic coupling stiffness, the BNES is 

associated with several unsymmetrical backbones ( 11U + and 11U − ) of 1:1 

resonance which appear to the left zone of 11S + and 11S − backbones at low 

energy as shown in the FEP in Fig. 10. This interesting finding shows the rich 

nonlinear dynamical behavior of the bistable attachment and its high efficiency in 

energy harvesting and vibration suppression compared with other types of NESs. 

Moreover, three 11S − backbones are also obtained and shown in the same plot. 

Unlike the 11S + and 11S − backbones, the frequency on the 11U + and the 11U −  

backbones decreases with increasing the energy. It is also observed that at these 

unsymmetrical backbones, the periodic oscillation at 1:1 resonance occurs only 

about one of the BNES equilibrium positions ( )cz z= ± . This means that, passing 

through the unstable equilibrium position (at 0z = ) during the periodic oscillation 

does not exist at these unique BNES backbones. This important finding shows that 

both NES and LO periodic motions can occur at wide range of nonlinear frequency 

at low energy content.  

 

Fig. 10 The frequency energy plots of 11U + , 11U − and 11S − backbones. 
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Fig. 11 Periodic motions and their corresponding NNMs, respectively, in (a) and (b) at 11U −
backbone A, in (c) and (d) at 11U + backbone B and in (e) and (f) at 11U − backbone C.  

Examples of the periodic motion of LO-BNES system on 11U + and 11U −

backbones named A, B and C in Fig. 10 are shown in Fig. 11. Both masses depict 

an out of phase periodic oscillation at the 11U −  backbone A as shown from the 
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response and the NNM in Fig. 10a and 10b, respectively. Similar observations are 

depicted from Figs. 10b and 10c at 11U +  backbone B and from Figs. 10e and 10f 

at 11U −  backbone C. In these figures the BNES mass oscillates about its left 

equilibrium position where the passage through the unstable equilibrium position 

does not occur.  

Finally, the damped dynamics of the LO-BNES system is investigated by 

imposing the wavelet transform frequency spectrum on the full FEP. The wavelet 

frequency content of the relative NES displacement response is imposed into the 

FEP for different initial conditions and damping parameters as shown in Figs. 12 

and 13. In Fig. 12 the BNES mass exhibits a strong resonance capture with the LO 

mass on the 11U −  backbone A and 11U +  backbone B as shown in Fig. 12 a. 

However, this resonance capture occurs at three different parts of backbones A and 

B in Fig. 12b when the initial energy slightly elevated. The imposed wavelet 

spectrums on 11S +  and 11S −  fundamental backbones are shown in Fig. 13. The 

strong resonance capture between the NES mass and LO oscillations at these 

backbones indicate the accuracy of the numerical simulation for generating the 

FEP. 
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Fig. 12 Imposed wavelet transforms of the relative displacement of the NES mass in the LO-BNES 

system at ( )
1

0 0.22 m/sx = , ( )
2

0 0.022 m/sx = −  in (a) and at ( )
1

0 0.075 m/sx = ,

( )
2

0 0.075 m/sx = − in (b) for 0.002 N s/mλ = ⋅ and 0.001 N s/mpλ = ⋅ . 

 

 

Fig. 13 Imposed wavelet transforms of the relative displacement of the NES mass in the LO-BNES 

system at ( )
1

0 0.3 m/sx = − , ( )
2

0 0.3 m/sx = − in (a) and at ( )
1

0 5 m/sx = , ( )
2

0 0.3 m/sx = − for

0.002 N s/mλ = ⋅ , 0.001 N s/m
p

λ = ⋅ . 

Concluded Remarks 

The Hamiltonian and damped dynamics of the bistable NES (BNES) 

attachment with a linear oscillator are investigated using FEPs obtained by 

analytical and numerical methods where the fundamental in-phase and out-of-phase 
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backbones have been obtained. The complexification-averaging (CX–A) technique 

is applied to the Hamiltonian system and the characteristics of the transverse springs 

on the resulting FEPs is found to affect the stability and topology of the branches 

which indicates the importance of the exact physical realization of the system. 

Following that, numerical continuation techniques are utilized to generate exact 

FEPs of the Hamiltonian LO–BNES system which included multiple symmetrical 

and unsymmetrical in- and out of-phase backbone branches. It is found that new 1:1 

in phase and out of phase periodic oscillations occur on unsymmetrical NNMs 

backbone branches. On these unsymmetrical NNMs backbones, the BNES has been 

found to periodically oscillate at 1:1 resonance with the linear structure about its 

one of stable equilibrium position. Moreover, passage of BNES mass through its 

unstable equilibrium position does not occur at these unsymmetrical NNMs 

backbones. Imposing the wavelet shows the strong resonance capture between the 

NES mass and LO oscillations indicating the accuracy of the numerical simulation 

for generating the FEP. 
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Figures

Figure 1

Physical con�guration of the nonlinear damped oscillator.



Figure 2

Single-degree-of freedom linear structure coupled to the modi�ed NES.

Figure 3

FEP comparison of some branches generated by analytical (CX–A) and numerical continuation in the
FEP of a LO–BNES with ε=0.05,k=0.14N/m and L0=0.882L



Figure 4

Comparison of the backbone branch S11± in the approximate FEP generated by CX–A for a LO–BNES
system with ε=0.05 for (a) varying length ratio L_0/L with k=0.14N/m and (b) for varying stiffness k with
L_0=0.882



Figure 5

Comparison of the backbone branch S11± in the approximate FEP generated by CX–A for a LO–BNES
system with ε=0.05,k=0.14N/m and L0=0.882L when considering up to cubic and seventh stiffness terms
in (4)



Figure 6

The frequency energy plot of the fundamental backbone and its associated subharmonic branches for
the LO-BNES system.



Figure 7

The periodic motions in (a) and (c) and their corresponding NNMs in (b) and (d) for two different initial
conditions on the backbone of the FEP.



Figure 8

The frequency energy plot of the second backbone and its associated subharmonic branches for the LO-
BNES system.



Figure 9

Caption for �gure 9 can be found in the manuscript �le.



Figure 10

Caption for �gure 10 can be found in the manuscript �le.



Figure 11

Periodic motions and their corresponding NNMs, respectively, in (a) and (b) at backbone A, in (c) and (d)
at backbone B and in (e) and (f) at backbone C.



Figure 12

Caption for �gure 12 can be found in the manuscript �le.

Figure 13

Caption for �gure 13 can be found in the manuscript �le.


