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Abstract 9 

Violation of industries in discharging their effluents into rivers leads to river pollution, which 10 

endangers the environment and human health. Appropriate tools are needed to deal with violations 11 

and protect rivers. The Backward Probability Method (BPM) is one of the most recommended tools 12 

identifying the release time and location of the pollutant source. However, the BPM generally was 13 

developed for groundwater and spill injection. Since most industries inject their effluents with a 14 

constant rate for a finite-duration, the use of prevailing models will have some errors. In this study, a 15 

numerical model was developed that could simulate a source with either a finite-duration or spill 16 

injection. This model is verified for two hypothetical cases and one real case. The results show that 17 

the model can accurately identify the release time and location of the pollutant source. 18 

Keywords: Pollution source identification, Backward Probability Method, Adjoint Model, Fintie-19 

duration loading 20 

1. Introduction 21 

Water is one of the most important and fundamental factors for living organisms. Surface water 22 

resources, because of their availability and easy extraction, are widely used in industry, agriculture, 23 

and municipal services. Surface water plays a prominent role in human societies (Cheng and Jia, 24 

2010; Jing et al., 2020; Lu et al., 2015; Mazaheri et al., 2015; Rasheed et al., 2019; Saha et al., 2017). 25 

Increasing the rate of using surface water resources led to increasing pollution of these resources and 26 

scarcity of them (Amiri et al., 2019). Scarcity in water resources affects human lives and threatens 27 

economic and social development (Duan et al., 2016; Jing et al., 2020). Therefore, protecting surface 28 

water resources has become a global and security issue (Mekonnen and Hoekstra, 2018).  29 

Environmental contaminant transport problems are broadly categorized into two subgroups, source-30 

based and receptor-based problems. In source-based problems, information about the source is 31 

available, and the goal is to determine the concentration downgradient from the source (Neupauer and 32 

Wilson, 1999). In order to respond to these problems, researchers use the solution of the transport 33 

model (forward model) in which the advection-dispersion equation (ADE) is the base for analysis 34 

(FISCHER et al., 1979; Runkel, 1996; Van Genuchten, 1981). In receptor-based problems, 35 

contaminants are observed at monitoring points. In these cases, the main point is identifying source 36 

location, release time, and injected mass. Researchers (Boano et al., 2007; Ghane et al., 2016; 37 

Neupauer and Wilson, 1999; Tong and Deng, 2015) have used the inverse methods  In order to 38 

respond to these problems. The approaches that are used in the inverse methods can be classified into 39 

three categories: simulation-optimization approach, mathematical approach, and probabilistic 40 

approach (Mazaheri et al., 2015). 41 
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The simulation-optimization approaches use a combination of optimization algorithms and the 42 

forward model to solve the inverse problem. This method, despite its simple formulation, requires 43 

high computational power. Alapati and Kabala (2000) used the least-squares method without any 44 

regularization methods in order to reconstruct the released mass in groundwater aquifers. 45 

Mahinthakumar and Sayeed (2005) claimed that combination methods have a better performance than 46 

basic optimization, in which the goal is finding the relative minimum. They combined the genetic 47 

algorithm with the basic optimizations in order to identify the source location. Xing et al. (2019) 48 

proposed an ensemble surrogate model to identifying groundwater contaminant sources. This model 49 

was following three individual surrogate models: kriging, radial basis function, and Monte Carlo 50 

method. They could effectively identify not only conservative contaminants source but also 51 

contaminants containing chemical reaction. 52 

Mathematical approaches solve inverse problems in a direct manner and reduce computational costs. 53 

However, complexity is considered a disadvantage of these approaches. Skaggs and Kabala (1994) 54 

applied a mathematical method to calculate the release rate of pollutant sources; actually, they solved 55 

the Fredholm integral equation. Thus, they used the Tikhonov regularization technique in a one-56 

dimensional domain to solve the inverse form of the ADE for groundwater. Milnes and Perrochet 57 

(2007) used the concepts of transfer functions theory to find the location of pollutant sources in 58 

groundwater aquifers. They could simulate this phenomenon as an inverse problem by using 59 

concentration at the detection point. They showed that in the inverse solution, concentration contours 60 

start to gather until these contours become a point that represents source location. Mazaheri et al. 61 

(2015) tried to determine the release rate of pollutant sources in the river with non-steady non-uniform 62 

flow conditions. They tried to resolve the problem of ill-posed equations by using the least square, the 63 

Green's function, and the Tikhonov regularization method. 64 

Probabilistic approaches use probabilistic distributions, and one of the important advantages of this 65 

approach is small simulations and computations (Amiri et al., 2019). Liu (1995) established a 66 

continuous inverse model that could identify the location of spill-releasing pollutants into 67 

groundwater aquifers. In order to produce a probability density function (PDF), he used Laplace 68 

transformations and inversed the flow velocity. Neupauer and Wilson (1999) tried to use the adjoint 69 

method to solve the inverse ADE and produced a PDF. They verified their model using the model that 70 

Liu (1995) presented. Neupauer and Wilson (2001) enhanced their method and showed that the 71 

adjoint method could be used for multi-dimensional problems. They showed how the numerical 72 

methods could be combined with the adjoint method in order to identify the release time and source 73 

(Neupauer and Wilson 2004). Cheng and Jia (2010) were one of the first to try to identify the release 74 

time and the source location in a river. They used the adjoint method under steady non-uniform flow 75 

conditions; also, they assumed that the pollutant source is an instantaneous point source of a 76 

contaminant. Ghane et al. (2016) realized the release time and the source location in a river using the 77 

adjoint method by assuming one dimensional, steady, non-uniform flow conditions and an 78 

instantaneous point of source contaminant. They used a hypothetical example and real river 79 

conditions in order to verify their backward model. Jing et al. (2020) tried to obtain the pollutant 80 

release mass in a river by using the adjoint method. They assumed that the pollutant source is a finite-81 

duration source, not instantaneous; their model was established for one-dimensional, steady non-82 

uniform flow conditions. They verified their model using two hypothetical examples and a real case 83 

study. 84 

Rivers are known as the main source of water for industry, irrigation, and domestic use. Therefore, 85 

they must be constantly monitored for quality; In this case, identifying the source of the pollutant in 86 

the rivers is important. Traditional pollutant source identification methods require a lot of data 87 



monitoring, including water quality, topographic and hydrological data, while numerical models of 88 

water quality modeling can be more efficient. The backward probability method as a numerical model 89 

can identify contaminant sources with limited data. In previous researches, the backward probability 90 

method is used for source identification in groundwater with an instantaneous point source. It is clear 91 

that many industries discharge their pollutants into the river in a step-loading manner. Therefore, to 92 

identify the industries that violate, it is necessary to develop a numerical model appropriate to this 93 

type of injection. Furthermore, the instantaneous and finite-duration injection should be discriminated. 94 

In this study, the adjoint method is applied for a source with a finite-duration injection, and the adjoint 95 

equations for steady uniform flow conditions and conservative pollutants are derived. The proposed 96 

model is validated by hypothetical and experimental examples. 97 

2. Study Area 98 

In order to verify the proposed model, a hypothetical problem and a real case are considered. 99 

2.1 Hypothetical Area 100 

In the hypothetical case, a hydrodynamically acceptable example should be defined. In this case, river 101 

width, flow velocity, roughness coefficient, and river slope were assumed; with these assumptions, the 102 

water depth and dispersion coefficient were calculated using Manning's equation and Fisher's equation 103 

(Hessel et al., 2003), respectively. Suppose that there is a factory upstream of a straight river. This 104 

factory, which is located 21500 m upstream of the monitoring point, discharged its sewage 105 

continuously in the river for a finite duration. Figure 1 shows the factory and the monitoring point 106 

location in the river. Table 1 lists the flow and transport properties of this example. 107 

 108 

Figure 1. Stright river geometry for case 1 109 

 110 

Table 1. Flow and transport properties in case 1 111 

Parameter Assumed values 

Flow velocity (U) 1 m/s 

Dispersion coefficient (D) 24 m2/s 

River width (b) 10 m 

Water depth (y) 1 m 

Initial concentration after mixing (C0) 50 kg/m3 

Discharge start time (t1)  0 

Discharge completion time (t2) 1 hr 



 112 

 113 

2.2 Chicago Waterway Area 114 

Jackson and Lageman (2013) did a field trace experiment in which Rhodamine WT (RWT) dye was 115 

injected for a finite-duration source estimation to the Chicago Sanitary and Ship Canal (Figure 2). In 116 

this canal, six stations measured the dye concentration, two of which, fluorometer FL291 located 9930 117 

m downstream of the source and FL293 located 7033 m downstream of the source, are used in this 118 

study. The US Geological Survey collected the data. Hydrodynamic parameters used in the proposed 119 

model are the calibration results of Zhu et al. (2017). More information can be found in Jackson and 120 

Lageman (2013) and Zhu et al. (2017). Table 2 summarizes the field tracer experiment information. 121 

3. Table 2. Flow and transport properties in Case 2 122 

Parameter Assumed values 

Flow velocity (U) 0.14 m/s 

Dispersion coefficient (D) 4 m2/s 

River width (b) 49 m 

Water depth (y) 8 m 

Initial concentration after mixing (C0) 10 µg/L 

Discharge start time (t1)  December 2, 2009, at 19:51 

Discharge completion time (t2) December 3, 2009, at 04:47 



 123 

Figure 2. Map of Chicago waterway area 124 

 125 

4. Methodology and Methods 126 

In this section, the forward model and the backward model are described. The prerequisite of solving 127 

the backward model is the forward model results. It was stated that the ADE was the base equation in 128 

the forward model. In order to solve the ADE, hydrodynamic conditions must be known; thus, a 129 

hydrodynamic model is used. Series of inputs and outputs derived from the hydrodynamic model are 130 

used in the ADE. The forward model results are used as inputs to the backward model to find the 131 

release time and source location. Furthermore, the identification process, the numerical model, and the 132 

way that the proposed model was verified are described. 133 

4.1 Forward model 134 

The basic governing equation of contaminant transport is the ADE that is shown as Eq. (1). This 135 

equation is for one dimensional, steady, and uniform flow conditions (Chapra, 1997): 136 



𝜕𝐶𝜕𝑡 = 𝐷 𝜕2𝐶𝜕𝑥2 − 𝑈 𝜕𝐶𝜕𝑥 + 𝑆 + 𝐾𝐶 (1) 

where C is the concentration, D is the longitudinal dispersion coefficient, U is the flow velocity, S is 137 

the source term, K is the first-order decay rate coefficient, t is the forward time, and x is the 138 

longitudinal coordinate. The source term defines the characteristics of the source and shows how 139 

pollutants discharge into the river. In this study, identifying the source of the pollutants in the river 140 

with a finite duration of injection (step loading, Figure 3) is the main idea. Therefore, the source term 141 

can be defined, as shown in Eq. (2): 142 

 143 

Figure 3. Step loading with a finite duration 144 

𝑆 = 𝐶0𝛿(𝑥 − 𝑥𝑠)[𝐻(𝑡 − 𝑡1) − 𝐻(𝑡 − 𝑡2)] (2) 

where C0 is the initial concentration at the source location,   is the Delta Dirac Function, H is the 145 

Heaviside Function, t1 is the time that pollutant injection starts, and t2 is the time that pollutant 146 

injection stops. Considering a conservative solute (K=0), and the ADE and its initial and boundary 147 

conditions became as shown in Eq. (3) (Cheng and Jia, 2010). 148 

𝜕𝐶𝜕𝑡 = 𝐷 𝜕2𝐶𝜕𝑥2 − 𝑈 𝜕𝐶𝜕𝑥 + 𝑆 

(3) 
𝐶(𝑥, 𝑡) = 0          𝑎𝑡     𝑥 = ∞ 𝜕𝐶𝜕𝑥 = 0                 𝑎𝑡     𝑥 = 0 𝐶(𝑥, 0) = 0         𝑎𝑡     𝑥 ≥ 0 𝑆 = 𝐶0𝛿(𝑥 − 𝑥𝑠)[𝐻(𝑡 − 𝑡1) − 𝐻(𝑡 − 𝑡2)] (4) 

The result of solving equation Eq. (3) is the concentration at time t and location x. Normalizing 149 

concentration by the total concentration entering the system defines the Forward Location Probability 150 

(FLP) from source to the detection point (Neupauer and Wilson, 1999). Equation Eq. (5) shows this 151 

expression: 152 

𝑓(𝑥, 𝑡) = 𝐶(𝑥, 𝑡)∫ 𝐶(𝑥, 𝑡) 𝑑𝑡∞0  (5) 



In this study, it is assumed to have a steady and uniform flow condition. Manning's equation and 153 

Fisher's equation are used in order to determine the hydrodynamic parameters (A, U, and D). Eq. (6) 154 

represents Manning's equation, and Eq. (7) represents Fisher's equation. 155 

𝑈 = 1𝑛 𝑅2 3⁄ 𝑆1 2⁄  (6) 

𝐷 = 0.011 𝑈2𝐵2𝐻𝑈∗  (7) 𝑈∗ = √𝑔𝐻𝑆 (8) 

where n is a Manning's roughness coefficient, R is the channel hydraulic radius, S is the channel 156 

slope, B is the average channel width, H is the average depth, and U* is the shear velocity. 157 

4.2 Backward model 158 

The adjoint method is used in order to form the backward model. The adjoint of the ADE for the 159 

finite-duration of injection was developed by pursuing the steps that (Neupauer and Wilson, 1999) 160 

established. The performance measure, P, expresses the state of the system and is defined as Eq. (9): 161 

𝑃 = ∫ ∫ ℎ(𝛼, 𝐶)𝑑𝑡 𝑑𝑥∞
0

𝑥2
𝑥1  (9) 

 162 

where ℎ(𝛼, 𝐶) is a function of the state of the system, and 𝛼 is a vector of system parameters (U, D, 163 

C0). The marginal sensitivity is obtained by differentiating the performance measure with respect to 164 

one of the system parameters Eq. (10) shows marginal sensitivity in which differentiation is with 165 

respect to C0. 166 𝑑𝑃𝑑𝐶0 = ∫ ∫ [𝜕ℎ(𝛼, 𝐶)𝜕𝐶0 + ℎ(𝛼, 𝐶)𝜕𝐶 𝜓] 𝑑𝑡 𝑑𝑥∞
0

𝑥2
𝑥1  (10) 

 167 

where 𝑑𝑃 𝑑𝐶0⁄  is defined as a marginal sensitivity, 𝜓 = 𝜕𝐶 𝜕𝐶0⁄  is a state sensitivity that indicates the 168 

measure of the change in the state of the system. The state sensitivity in Eq. (10) is unknown; thus, in 169 

order to calculate the marginal sensitivity, 𝜓 from Eq. (10) must be eliminated by using the adjoint 170 

method. The first step in utilizing the adjoint method is differentiating the ADE, and its initial and 171 

boundary conditions respect to the C0. Differentiating Eq. (3) respect to the C0 gives: 172 

− 𝜕 𝜓𝜕𝑡 + 𝐷 𝜕2 𝜓𝜕𝑥2 − 𝑈 𝜕 𝜓𝜕𝑥 + 𝜕 𝑆𝜕𝐶0 = 0 

(11) 

𝜓(𝑥, 𝑡) = 0       𝑎𝑡      𝑥 = ∞ 𝜕𝜓𝜕𝑥 = 0              𝑎𝑡      𝑥 = 0 𝜓(𝑥, 0) = 0      𝑎𝑡      𝑥 ≥ 0 

The next step is obtaining to an equation similar to the ADE in which 𝜓∗, an arbitrary function, is the 173 

main variable. It will be shown that 𝜓∗is the adjoint state. Therefore, the inner product of the adjoint 174 

state and each term in Eq. (11) is taken after defining the inner product of two functions. 175 



∫ ∫ [−𝜓∗ 𝜕 𝜓𝜕𝑡 + 𝜓∗𝐷 𝜕2 𝜓𝜕𝑥2 − 𝜓∗𝑈 𝜕 𝜓𝜕𝑥 + 𝜓∗ 𝜕 𝑆𝜕𝐶0] 𝑑𝑥𝑑𝑡 = 0𝑥2𝑥1
𝑇

0  (12) 

where T is the final time (detection time), x1, and x2 are the downstream and the upstream boundaries, 176 

respectively. A similar form of the ADE for 𝜓∗ is obtained by manipulating each term in Eq. (12). 177 

∫ ∫ −𝜓∗ 𝜕 𝜓𝜕𝑡 𝑑𝑥𝑑𝑡 =𝑥2𝑥1
𝑇

0 ∫ ∫ − 𝜕 𝜕𝑡 (𝜓∗𝜓) + 𝜓 𝜕 𝜓∗𝜕𝑡 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0  (13) 

∫ ∫ 𝜓∗𝐷 𝜕2 𝜓𝜕𝑥2 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0 = ∫ ∫ 𝐷 𝜕𝜕𝑥 (𝜓∗ 𝜕𝜓𝜕𝑥 ) − 𝐷 𝜕 𝜓𝜕𝑥 𝜕 𝜓∗𝜕𝑥 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0  

 

(14) 

∫ ∫ −𝐷 𝜕 𝜓𝜕𝑥 𝜕 𝜓∗𝜕𝑥 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0 = ∫ ∫ −𝐷 𝜕𝜕𝑥 (𝜓 𝜕𝜓∗𝜕𝑥 ) + 𝜓𝐷 𝜕2 𝜓∗𝜕𝑥2 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0  

(15) 

∫ ∫ −𝜓∗𝑈 𝜕 𝜓𝜕𝑥 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0 = ∫ ∫ −𝑈 𝜕 𝜕𝑥 (𝜓∗𝜓) + 𝑈𝜓 𝜕 𝜓∗𝜕𝑥 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0  

(16) 

 178 

Substituting Eq. (13), Eq. (14), Eq. (15), and Eq. (16) into Eq. (12) gives: 179 

∫ ∫ [− 𝜕 𝜕𝑡 (𝜓∗𝜓) + 𝜓 𝜕 𝜓∗𝜕𝑡 + 𝐷 𝜕𝜕𝑥 (𝜓∗ 𝜕𝜓𝜕𝑥 ) − 𝐷 𝜕𝜕𝑥 (𝜓 𝜕𝜓∗𝜕𝑥 )𝑥2𝑥1
𝑇

0 + 𝜓𝐷 𝜕2 𝜓∗𝜕𝑥2 − 𝑈 𝜕 𝜕𝑥 (𝜓∗𝜓) + 𝑈𝜓 𝜕 𝜓∗𝜕𝑥+ 𝜓∗ 𝜕 𝑆𝜕𝐶0] 𝑑𝑥𝑑𝑡 = 0 

(17) 

The left side of Eq. (17) is equal to zero; thus, it can be added to the right side of Eq. (10) without a 180 

change in results. Equation Eq. (18) shows the new expression of the marginal sensitivity. It is 181 

obtained by rearranging terms after adding the left side of Eq. (17) to the right side of Eq. (10). 182 𝑑𝑃𝑑𝐶0 = ∫ ∫ {𝜕ℎ(𝛼, 𝐶)𝜕𝐶0 + 𝜓 [ℎ(𝛼, 𝐶)𝜕𝐶 + 𝜕 𝜓∗𝜕𝑡 + 𝐷 𝜕2 𝜓∗𝜕𝑥2 + 𝑈 𝜕 𝜓∗𝜕𝑥 ]𝑥2𝑥1
𝑇

0 + 𝜕 𝜕𝑥 [𝐷𝜓∗ 𝜕𝜓𝜕𝑥 − 𝐷𝜓 𝜕𝜓∗𝜕𝑥 − 𝑈𝜓∗𝜓] − 𝜕 𝜕𝑡 (𝜓∗𝜓)+ 𝜓∗ 𝜕 𝑆𝜕𝐶0} 𝑑𝑥𝑑𝑡 

(18) 

The current goal is to eliminate 𝜓 from Eq. (18). Therefore, it can be assumed that 
𝜕ℎ(𝛼, 𝐶) 𝜕𝐶0⁄ = 0, 183 

because the system parameters (e.g., U, and D) are independent of C0. The coefficient of 𝜓 in the 184 

second term of integration in Eq. (18) is equal to zero (the adjoint equation). The third and fourth 185 

terms are divergence terms and represent initial and boundary conditions for the adjoint equation after 186 

integration. These assumptions are shown in Eq. (19), Eq. (20), and Eq. (21). 187 



ℎ(𝛼, 𝐶)𝜕𝐶 + 𝜕 𝜓∗𝜕𝑡 + 𝐷 𝜕2 𝜓∗𝜕𝑥2 + 𝑈 𝜕 𝜓∗𝜕𝑥 = 0 (19) 

∫ ∫ 𝜕 𝜕𝑥 [𝐷𝜓∗ 𝜕𝜓𝜕𝑥 − 𝐷𝜓 𝜕𝜓∗𝜕𝑥 − 𝑈𝜓∗𝜓] 𝑑𝑥𝑑𝑡 = 0𝑥2𝑥1
𝑇

0  

 ∫ [𝐷𝜓∗ 𝜕𝜓𝜕𝑥 − 𝐷𝜓 𝜕𝜓∗𝜕𝑥 − 𝑈𝜓∗𝜓] |𝑥2𝑥1 𝑑𝑡𝑇
0 = 0 

(20) 

Substituting conditions that represented in Eq. (9) into Eq. (17) gives: 188 

𝐷𝜓∗ 𝜕𝜓𝜕𝑥 |𝑥 = ∞ + 𝐷𝜓 𝜕𝜓∗𝜕𝑥 |𝑥 = 0 + 𝑈𝜓∗𝜓|𝑥 = 0 (21) 

 As previously indicated, the adjoint state, 𝜓∗, is an arbitrary function and can be defined to 189 

eliminate 𝜓. Therefore, the initial and boundary conditions for the adjoint equation are shown in Eq. 190 

(22) and Eq. (23): 191 𝜓∗(𝑥, 𝑡) = 0              𝑎𝑡    𝑥 = ∞ 

 𝐷 𝜕𝜓∗𝜕𝑥 + 𝑈𝜓∗ = 0    𝑎𝑡   𝑥 = 0 

(22) 

∫ ∫ − 𝜕 𝜕𝑡 (𝜓∗𝜓)𝑑𝑡𝑑𝑥 = 0𝑇
0

𝑥2𝑥1  

 ∫ (𝜓∗𝜓) |𝑇0𝑥2𝑥1 𝑑𝑥 = 0 

 𝜓∗(𝑥, 𝑇) = 0              𝑎𝑡    𝑥 ≥ 0 

(23) 

The final time in the forward model, T, is determined arbitrarily, and 𝑡 ≤ 𝑡𝑑 is essential; thus, the 192 

detection time can be determined as the final time. In the backward model, backward time is used, 𝜏, 193 

which defined as 𝜏 = 𝑇 − 𝑡 =  𝑡𝑑 − 𝑡. The definition of the function of the state, ℎ(𝛼, 𝐶), is related to 194 

the performance measure. When the performance measure was considered as a concentration at a 195 

known time and location, i.e., the detection point, the function of the state should be defined in a way 196 

that the integration over the time and space domain results in the measured concentration at the 197 

detection point. Therefore, the function of the state can be defined as Eq. (24). ℎ(𝛼, 𝐶) 𝜕𝐶⁄  is a Frechet 198 

derivative (Saaty, 1981) of ℎ(𝛼, 𝐶) with respect to the C. take the derivative of both sides of Eq. (24) 199 

gives Eq. (25). Eq. (26) represents the marginal sensitivity. Eq. (27) shows the adjoint equation and its 200 

initial and boundary conditions. 201 

ℎ(𝛼, 𝐶) = 𝐶(𝑥, 𝑡)𝛿(𝑥 − 𝑥𝑑)𝛿(𝑡 − 𝑡𝑑) (24) ℎ(𝛼, 𝐶)𝜕𝐶 = 𝛿(𝑥 − 𝑥𝑑)𝛿(𝑡 − 𝑡𝑑) (25) 



𝑑𝑃𝑑𝐶0 = ∫ ∫ 𝜓∗ 𝜕 𝑆𝜕𝐶0 𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0 = ∫ ∫ 𝜓∗𝛿(𝑥 − 𝑥𝑠)[𝐻(𝑡 − 𝑡1) − 𝐻(𝑡 − 𝑡2)]𝑑𝑥𝑑𝑡𝑥2𝑥1
𝑇

0  

(26) 

𝜕 𝜓∗𝜕𝜏 + 𝐷 𝜕2 𝜓∗𝜕𝑥2 + 𝑈 𝜕 𝜓∗𝜕𝑥 = −𝛿(𝑥 − 𝑥𝑑)𝛿(𝑡 − 𝑡𝑑) 

(27) 
𝜓∗(𝑥, 𝜏) = 0                   𝑎𝑡       𝑥 = ∞ 𝐷 𝜕𝜓∗𝜕𝑥 + 𝑈𝜓∗ = 0         𝑎𝑡       𝑥 = 0 

  𝜓∗(𝑥, 0) = 0                   𝑎𝑡       𝑥 ≥ 0 

 202 

Results of Eq. (27) are the adjoint state at every point in the time and space domain. Using these 203 

results in Eq. (26) gives the marginal sensitivity. Eq. (28) shows Backward Location Probability 204 

(BLP). 205 

𝑓(𝑥, 𝜏) = 1(𝑡2 − 𝑡1) 𝑑𝑃𝑑𝐶0 (28) 

4.3 Identification process 206 

The FLP demonstrates the probability of the existence of a contaminant that has been released from 207 

the source at a particular location (detection point) after passing the specific time. However, the BLP 208 

determines the prior location of a contaminant that has been observed at the detection point (Neupauer 209 

and Wilson, 2001). Based on the backward probability method, BLP and FLP density functions are 210 

equal only at the source location (Wagner et al., 2015). The Root Mean Square Error (RMSE) have 211 

been used to compare the BLP and FLP density functions (Cheng and Jia, 2010; Ghane et al., 2016), 212 

which Eq. (29) shows: 213 

𝑅𝑀𝑆𝐸 = √∑ (𝐹𝐿𝑃 − 𝐵𝐿𝑃)2𝑛𝑖=1 𝑛  (29) 

where n is the number of data entry points to be compared, the source location will be identified when 214 

the RMSE is minimized. Figure 4 shows the overall identification process. 215 

4.4 Numerical Modeling 216 

A numerical model has been developed to compute the forward and backward probabilities. This 217 

numerical model is based on the Finite Volume Method with the upwind and fully implicit scheme in 218 

space and time. The applied numerical model can solve Eq. (3) and Eq. (27). The Delta Dirac 219 

Function in Eq. (27) and Eq. (3) estimated and applied using the scheme proposed by Neupauer and 220 

Wilson (2004). 221 



 222 

Figure 4. Flow chart of the identification process. 223 

5. Results and discussion 224 

The proposed model is verified for a hypothetical case and a real case. Also, it is expected that this 225 

model could simulate an instantaneous source since, in the step loading source, when the difference 226 

between the time that source starts and stops to inject contaminant becomes zero, t1-t2=0, the source 227 

becomes an instantaneous source. Therefore, this ability was verified by using a hypothetical case. 228 

5.1 Finite-duration source (Case 1) 229 

After injection, the monitoring point records concentration over time (Figure 5a), and the numerical 230 

model uses Eq. (5) to produce the FLP. The proposed model calculates the BLP for every possible 231 

source location and compares it with FLP (Figure 4b). However, the minimum RMSE between BLP 232 

and FLP shows source location. In this case, the model determined 𝑥 = 30000 𝑚 as a contaminant 233 

source location since it has the minimum RMSE = 1.89 ∗ 10−5. Figure 5a shows that 6.475 h after 234 

injection, peak concentration reaches to the monitoring point. The peak concentration was considered 235 

as the presence of a contaminant at a specific location (Neupauer and Wilson, 1999). Figure 5b shows 236 

the best match between BLP and FLP, and the highest probability for the release time from the 237 

detected source location is 6.475 h before observing contaminants in the monitoring point. As it is 238 

clear, the model could identify the release time and location with the least error. 239 



 240 

Figure 5. a) Concentration time series at monitoring point, b) Comparison between BLP and FLP 241 

5.2 Field tracer experiments (Case 2) 242 

Figure 6a shows a comparison between measured concentrations at two stations and the numerical 243 

results. As shown, the peak arrival time in both numerical and measured concentrations for 244 

FL291station is 24.3 hours after injection. The peak arrival time for FL293 station in the numerical 245 

model is 18.6 hours after injection, and in the field tracer experiment is 17.67 hours. Figure 6b and 6c 246 

show a best match between the FLP and BLP. The best match with minimum RMSE shows that the 247 

model can identify the source location in both tests. The source location that have minimum RMSE 248 

(0.002 for FL291 and 0.0024 for FL293) based on the observations at stations FL291 and FL293. 249 



 250 

Figure 6. a) Comparison of concentration between numerical model and field tracer experiment at two 251 

stations b) Comparison between the BLP and FLP at station FL293, and c) Comparison between the BLP 252 

and FLP at station FL291 253 

5.3 Instantaneous source (case 3) 254 

Case 3 is defined to show that the proposed model can identify the release time and location of the 255 

contaminant source when the injection happens as an instantaneous source. In Case 3, the hypothetical 256 

example that is represented in Case 1 is used. However, If the model is used for simulating an 257 

instantaneous source, the difference between the time that the source starts and stops injection must be 258 

zero, 𝑡2 − 𝑡1 = 0 . Figure 7a shows the concentration time series at the monitoring point; based on the 259 

results in Figure 7a the FLP became accessible. The peak concentration reaches the monitoring point 260 

5.96 h after injection. Figure 7b shows the comparison between the FLP and BLP at the source 261 

location, which has the minimum RMSE (1.22 × 10−5). Based on Figure 7b the highest probability 262 

for release time is 5.96 h before the injection. 263 



 264 

Figure 7. a) Concentration time series at the monitoring point for an instantaneous source b) Comparison 265 

between the FLP and the BLP 266 

The proposed model has been validated by the three examples. The results show that this model can 267 

properly identify source location and release time. Most of the previous studies simulate instantaneous 268 

injection. With this in mind, in the third example, the proposed model could simulate instantaneous 269 

injection and determine the release time and source location. Furthermore, a sensitivity analysis for 270 

hydrodynamic parameters was done, and the results indicated that the model could identify the release 271 

time and source location correctly, and changing hydrodynamic parameters does not significantly 272 

affect the results. 273 

6. Conclusions 274 

In this study, an adjoint method was developed for a finite-duration injection to a river in order to 275 

expand previous studies. The proposed model successfully simulated steady uniform flow conditions 276 

and conservative pollutants. The results showed that when conservative pollutants exist, a monitoring 277 

point is sufficient for determining the release time and source location. Furthermore, the model 278 

performance in a real case was examined, and it was concluded that the model works accurately. The 279 

maximum error for release time and source location, in some cases, was 6%. Also, this model can be 280 

used for large-scale rivers and instantaneous sources. The adjoint method identifies the source 281 

location and release time by simulating the backward model once which is a beneficial ability 282 

compared to other methods in the literature. 283 
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