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Abstract We study the planar deformation of a beam

that travels across a given control domain supported by

a moving rough plane, which is a prototype for various

technological processes. A sufficiently small misalign-

ment between the guideways at the ends of the domain

results into a stationary regime of motion, which fea-

tures a zone of sticking contact near the entry to the

control domain followed by infinitely many segments

of transverse sliding with alternating directions. Self-

similarity of this solution of an essentially nonlinear

boundary value problem is the primary novel result of

the present contribution. Closed-form analytic results

are validated against a finite element simulation of the

transient evolution process, which demonstrates stabil-

ity of the obtained solution and provides insights re-

garding the characteristic time scales of establishing of
subsequent zones of sliding.

Keywords Axially moving beam · Transport ·
Coulomb friction · Steady motion · Self-similarity ·
Transient dynamics

1 Introduction

Transport processes of thin deformable structures are

intrinsic for various technical solutions: belt drives, rolling

mills, etc. Combined effects of flexibility, inertia and

contact may prevent the structure from operating in a

desired way. Practical importance and modelling com-

plexity promote the rapid growth of the body of lit-

erature in the field of axially moving structures; here
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we mention review articles [7,14,18], a comprehensive

monograph [1], own works [19,20,21] as well as relevant

papers [2,4,6,12]. Particularly interesting in the light of

the present research are studies featuring the effect of

frictional contact between moving deformable bodies,

here we refer to [10,11,16,15,5]. Most mentioned con-

tributions address transient dynamic processes. Never-

theless, for certain kinds of problems it may become

important and challenging just to find a steady regime

of motion. Such solutions remain unchanged for an ob-

server in a spatially fixed frame, although the material

particles of the structure are moving according to com-

plicated laws, see e.g. [10,6,15,16].

A new, seemingly simple and at the same time prac-

tically relevant statement of a problem, which allows for
a non-trivial steady solution is given in the present con-

tribution. We consider the motion of a beam, which lies
on a moving rough plane, see Fig. 1 below. The kine-
matic boundary conditions impose deformation, which
is incompatible with the motion of the plane and thus

make sliding inevitable in at least part of the considered

control domain. The interest to the topic of frictional in-

teraction of slender rods with other rods or solid rough

surfaces is also increasing over the recent years owing to
both the practical relevance and the variety of particu-
lar effects, observed in the model problems, see e.g. al-
ready cited works [10,11] as well as [22]. Papers [8,9] are

particularly important in the context of the present re-

search, as they address the microslip of a slender beam

on a rough plane. Even the solutions, obtained in [8,

9], look similar: partial stick and a sequence of zones

of sliding contact with alternating directions of slid-

ing, which are analytically studied using considerations

of self-similarity. Nevertheless, the present formulation

is essentially different as it features an axially moving
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beam and is described by another nonlinear boundary

value problem.

The current study is restricted to the slow motion of

the system, such that the inertia effects can be ignored.

Nevertheless, the system possesses own dynamics be-

cause of the time evolution of the deformed state un-

der the action of friction forces. We begin with a semi-

analytic treatment of the stationary regime of motion,

which depends on a single non-dimensional parameter

of the model f and comprises one or several segments
with alternating directions of sliding. This small dif-

ference between the velocities of contacting deformable

bodies is known in the literature as microslip, see e.g.

[3]. At higher values of f a zone of stick appears, fol-

lowed by infinite many segments with alternating direc-

tions of sliding. The solution in the sliding zone becomes

then self-similar, as each sliding segment is exactly the
same as the previous one, just scaled by a fixed factor.
A closed-form expression for the total length of the zone

of stick in dependence on f is available also for the case

of angular misalignment of the guideways relative to the

overall direction of motion, when the zone of stick devel-

ops somewhere in the middle of the control domain and

is not adgacent to the end points. The phenomenon of

self-similarity is not conventional in structural mechan-

ics, and we finally answer the questions regarding the

stability of the obtained solution and the rate of conver-

gence of a transient process to the stationary state with

the help of a numerical simulation of the time evolution

of the deformed state of the beam. A non-material finite

element scheme [2,19,20] allows discretizing the con-

trol domain, while the material particles of the beam

are travelling across the finite element mesh. A step

of the time integration scheme consists of seeking a

quasistatic equilibrium for the present distribution of

friction forces, updating the friction forces as Lagrange

multipliers according to the augmentation technique,

suggested in [17] and then performing a time step for

the transport (advection) equation to ”promote” the so-

lution further in the axial direction. Converged results

of time integration fully justify the analytical outcome.

They also demonstrate, that each subsequent segment

of sliding friction takes longer to appear, such that the

limiting quasistationary solution would require infinite
time to be established.

The discussed phenomena are observed within a ge-

ometrically linear formulation with small deflections of
the beam. It is important that the considered model is

far from being a mere mathematical abstraction. It di-

rectly describes the motion of a hot metal strip within

a rolling mill on a roller table, when the finishing part

at the exit has a small transverse or angular misalign-

ment relative to the roughing mill at the entry to the

considered domain. The complicated three-dimensional

phenomena with partial transverse sliding of a flat belt

on a rotating drum of a belt drive are also described by

models, which are similar to the one used for the present

study. The results may be used not only for validating

advanced finite element procedures for modelling the

frictional transport of slender elongated structures, but

also for gaining insights regarding the frictional contact

state for certain technological processes.

2 Transport without friction

Consider an elastic Bernoulli-Euler (unshearable) beam,

which is freely moving with a given velocity v across

a domain with the length L in the direction of the x

axis. The beam is travelling through guideways at the

both ends of this control domain, which means that the

deflection and the inclination angles are kinematically

prescribed there. By now we consider just a small trans-

verse misalignment between the guideways: the small

transverse deflection h at the right end is given, see

Fig. 1.

We ignore the geometrically nonlinear effects as well

as the inertia and easily find the steady deformed con-

figuration, described by the deflection w(x) of the points

of the beam:

w′′′′ = 0, w(0) = 0, w′(0) = 0,

w(L) = h, w′(L) = 0 ⇒ w =
3hx2

L2
− 2hx3

L3
.

(1)

The solution is a quasi-static one, as the particles of the

beam are flowing across the domain along the computed

line w(x) and

ẋ = v. (2)

The dot means a full material time derivative, com-

puted for a given material particle. Further we find

ẇ = w′v, (3)

such that the transverse component of the velocity of

particles at the steady motion is determined by the

small inclination angle w′, which is always positive in
the considered solution Eq. (1). From the geometric lin-

earity follows that w′ ≪ 1 and ẇ ≪ v, such that the
contribution of the transverse velocity component to

the absolute value of velocity
√
ẋ2 + ẇ2 is negligible.

3 Statement of the problem and mathematical

model

Now let us turn the attention to the actual problem and

assume that the beam is supported by a rough plane,
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Fig. 1 Axially travelling beam sliding on a moving surface

which is also moving with the velocity v in the direc-

tion of the x axis. For the present analysis with small

deflections it makes no difference whether the beam is

pulled across the domain by some external action or it is

the motion of the underlying plane that transports the
beam from a guiding channel on the left into another
one on the right. Important is that the x components of

the velocity of material particles always coincide with

the velocity of the plane in the present geometrically

linear approximation. Relative sliding is thus possible

only in the transverse direction according to Eq. (3).

Alternatively, we can consider the plane being a roller
table such, that the rollers allow for friction-free motion
in the axial direction, but the transverse component of

the velocity of the beam causes sliding, which results

into the same mathematical formulation.

We assume the ideal dry (Coulomb) friction law be-
tween the beam and the plane with the maximal friction

force per unit length of the beam being q0. This value

depends on the weight of the beam, the properties of the

contacting materials, etc. In the configuration, depicted

in Fig. 1, we have w′(x) > 0 everywhere, such that the

relative sliding velocity ẇ is directed upwards and the

distributed force of sliding friction q(x) will be pointing
in the opposing direction with its absolute value being

equal to q0. The beam is assumed to be very thin, such

that the distributed friction moment owing of the rota-

tion of cross-sections with the angular velocity vw′′ is

ignored in the present study.

As long as q0 is small compared to the stiffness of the

beam, it will just slightly influence the solution Eq. (1).

If, however, the friction force is getting higher, the sign

of w′ may change in the part of the domain, which will
immediately change the direction of the relative sliding

velocity according to Eq. (3) and, consequently, the sign

of the friction force q(x). This finally provides us with

the following essentially nonlinear boundary value prob-

lem for the considered stationary regime of motion, in

which the deformed configuration w(x) does not change

Fig. 2 Solution with a segment of stick to the left of x∗ and
monotonous sliding upwards to the right of this point

in time:

aw′′′′ = q, q =







−q0, w′ > 0
0, w′ = 0

q0, w′ < 0

(4)

with a being the bending stiffness and boundary condi-

tions as in Eq. (1). The intriguing question is whether

continuous segments of stick with identically vanishing

w′ in a finite part of the domain are possible at suffi-

ciently high friction forces q0.

The naive expectation that high friction and low

beam stiffness would result in a solution, in which the

beam remains straight after entering the domain and

then begins sliding upwards closer to the right end as

in Fig. 2 can be easily proven wrong. Indeed, sliding up-

wards in the right part of the domain x > x∗ means that
w′ > 0 there and thus the friction force is pointed down-

wards. In the left segment of stick x < x∗, in which the

beam and the plane are travelling together, all deriva-

tives of w will vanish, see Fig. 2. Now the contradiction

is becoming clear. The beam is clamped at the right

end x = L and loaded by a distributed force q0. As the

bending moment M = aw′′ and the transverse force
Q = −aw′′′ are continuous, they will also vanish in the

boundary point x∗ between the segments as if the two

parts of the beam were separated here and the right seg-

ment was just a cantilever. But w′ must also vanish at
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its left end, which will certainly not be the case: we can-

not solve a linear inhomogeneous differential equation

of the fourth order with five homogeneous boundary

conditions.

In the remainder of this paper we will demonstrate,

that the zone of sticking contact is nevertheless possible

when the friction force is high, the beam is flexible and

the misalignment h is small. We will furthermore deter-

mine the limiting level of a non-dimensional parameter

combination and show, that the sliding zone will consist

of infinitely many segments with alternating directions

of relative motion. We will also briefly discuss the effect

of the possible angular misalignment at the entry to the
domain.

4 Evolution of the sliding solution at growing

friction force

We know that the entire beam (except for several iso-

lated points) is sliding when the friction force is small.

Therefore it makes sense to seek such solutions by solv-

ing the boundary value problem

w′′′′(x) + f signw′ = 0,

w(0) = 0, w′(0) = 0, w(1) = 1, w′(1) = 0.
(5)

We have reformulated the differential equation and bound-

ary conditions, replacing the physical deflection, axial

coordinate and friction force by their non-dimensional

counterparts according to the substitutions

x← x

L
, w ← w

h
, f ← q0L

4

ah
, (6)

the new variables stand to the left of the arrows. The

prime in Eq. (5) means a derivarive with respect to

the new non-dimensional coordinate. The advantage

(besides shorter formulas) is that everything is now

determined by just a single force parameter f , which

comprises all relevant physical quantitites of the actual

problem.

We expect w′ > 0 at small f , and the entire domain

is just a single segment with the beam sliding upwards.

Solving Eq. (5) under this assumption is easy and re-

sults into

w =
1

24

(

(72− f)x2 − 2(24− f)x3 − fx4
)

,

w′′(0) =
72− f

12
.

(7)

We conclude that w′ remains nonnegative as long as

f < f1 = 72, such that f1 is the maximal value of

the force parameter, until which the solution Eq. (7)

with just one segment of sliding remains valid. Because

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

Fig. 3 Derivative of the deflection in the solution of the prob-
lem with just a single segment of sliding for three values of
the force parameter; a zone with w′ < 0 at f = 100 makes
this last solution invalid

w′(0) = 0, we find f1 as the value, at which the second

order derivative w′′ becomes negative at x = 0. The

conclusion is justified by plotting w′(x) in Fig. 3 for

three values of f . Friction breaks the symmetry, and a

zone with negative w′ near x = 0 makes the solution
with f = 100 > f1 invalid.

Having established that the solution at f > f1 must
consist of at least two segments, we construct such a

solution analytically, see Fig. 4 for the result with f =

200. We denote by x1 the switching point between the

segments, w1(x) is the solution in the right one with

sliding upwards, w′

1 ≥ 0, and w2(x) is the solution
in the left segment with sliding downwards, w′

2 ≤ 0.

The numbering is chosen such that new segments with
higher numbers are always added at the left. Both so-
lutions read

wi(x) = (−1)i fx
4

24
+ c1,i + c2,ix+ c3,ix

2 + c4,ix
3, (8)

ck,i are integration constants for each segment. There

are no concentrated forces or moments acting on the

beam at the switching point, the moment M and the

force Q may not jump there. The entire piecewise de-
fined function w(x) must therefore be C3 continuous.

Recalling the general boundary conditions from Eq. (5)

as well as the requirement that x1 is actually a switch-

ing point from negative w′ to positive w′, we arrive at a

system of the following 9 nonlinear algebraic equations

w1(0) = 0, w′

1(0) = 0, w2(1) = 1, w′

2(1) = 0,

w1(x1) = w2(x1), w′

1(x1) = 0, w′

2(x1) = 0,

w′′

1 (x1) = w′′

2 (x1), w′′′

1 (x1) = w′′′

2 (x1)

(9)

for 9 unknowns, namely 8 integration constants ck,i and

the coordinate x1. Using Wolfram Mathematica1, we

symbolically obtained all 6 possible solutions, of which

the single physically meaningful one needs to be cho-

sen: the coordinate of the switching point needs to re-

main inside the domain and vanish for f = f1. The

1 http://www.wolfram.com/mathematica
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Fig. 4 Solution with two segments of sliding for the value of
the force parameter f = 200, deflection w and rotation angle
w′

analytical expressions for the integration constants are

lengthy, and here we just provide an expression for the

coordinate of the switching point:

x1 =
1

6



3−

√

15− 6

√

7− 432

f



 . (10)

We observe that x1|f=72 = 0. The obtained solution for
f = 200 is shown in detail in Fig. 4.

Clearly, the solution with two segments will lose va-

lidity as soon as w′ changes its sign in the vicinity of

the left end x = 0, which will happen when the segment
with the friction force pointing upwards is sufficiently

large. Again we find the corresponding critical value f2
by demanding w′′

2 (0) = 0. This equation has two roots,

the first one being again f1 and the larger one is

f2 =
144

7

(

5 + 4
√
2
)

≈ 219.227, (11)

the switching point is x1 ≈ 0.292893.

Continuing the process, we construct a solution with

three segments by solving a system of equations with 14

unknowns (2 coordinates x1,2 and 12 integration con-
stants), the subsequent critical force value appears to

be f3 ≈ 308.259. The solution with four segments for

f > f3 can also be constructed, but the correspond-

ing analytical expressions soon become very lengthy.

Therefore we implemented a routine, which solves the

problem for sequentially increasing values of the force

parameter f . The previous solution is always taken as
an initial approximation as the system of equations with

n fn n fn
1 72 9 375.435
2 219.227 10 375.573
3 308.259 11 375.627
4 348.736 12 375.647
5 365.198 13 375.655
6 371.638 14 375.658
7 374.12 15 375.659
8 375.071 16 375.659

Table 1 Critical values of the friction force parameter, at
which new segments with different sliding direction appear in
the solution of Eq. (5)

i li/li+1

1 2.618034
2 2.618027
3 2.618922
4 2.414239

Table 2 Ratios of the lengths of the neighbouring segments
in the solution at f = f5 and n = 5 segments

the actual number of segments n is solved numerically.

We increase n by one and add a new segment at the

left, as soon as the sign of w′′(0) (that is the sign of

the third integration constant for the leftmost segment

c3,n) changes from one value of f to the next one.

With the adaptive incrementation of the parameter

f we collected resulting critical values of the force pa-
rameter, which are shown in Table 1. The results clearly

indicate that the sequence fn converges to a limiting

value f∞ ≈ 375.659, and the solution with infinitely

many segments of sliding friction is then reached. Prior

to making conclusions regarding the behavior of the sys-

tem beyond this state when f > f∞, i.e. when the force

parameter is high, the beam is flexible and the end point

deflection is small (see Eq. (6)), we analytically study

the limiting solution at f = f∞.

5 Self-similar limiting solution with infinitely

many segments of sliding friction

Let us make another observation with the data of the
numerical experiment from the previous section. Con-
sider e.g. the solution at f = f5, when the 6-th segment

has not yet been appended (i.e. f = f5 − 0), see Fig. 5.

The coordinates of the switching points xi are known,
the length of the i-th segment is li = xi − xi+1 (we

use x0 = 1), and the computed ratios of the lengths of

the neighbouring segments li/li+1 are presented in Ta-

ble 2. Computing these ratios for higher n, we clearly

see that the lengths of the segments further away from

the left end form a geometric progression with the fac-

tor k ≈ 2.61803, which is by 1 larger than the famous
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Fig. 5 Solution with n = 5 segments at f = f5

Fig. 6 First two segments of a self-similar limiting solution
at f = f∞

golden ratio2. This observation gives us a clue, that the

limiting solution at f = f∞ should be sought using
the considerations of self-similarity. Noteworthy, self-

similar solutions in the related problem of the deforma-

tion of a thermally loaded beam on a rough foundation

were demonstrated in [9,8] .

We seek the limiting state by demanding that the

solution in the second segment w2 is just a scaled and

shifted solution in the first segment w1. This allows to

continue the sequence by w3, w4, etc. To make the anal-
ysis simpler, we move the origin of the coordinate x

to the switching point x1 between the segments, see

Fig. 6 for the expected distribution of the rotation an-

gle w′ in the first two segments with lengths l1 = x∗

and l2 = x∗/k. Being solutions of Eq. (5), the sought

functions are such that

w′

1,2(x) = ∓
fx3

6
+ 2c3x+ 3c4x

2. (12)

2 see https://en.wikipedia.org/wiki/Golden_ratio

We accounted for the C3 continuity of the compound
function w(x) at the shifted switching point x = 0 by

using the same integration constants and set c2 = 0

as both w′

1,2(0) = 0. Now we impose the condition of

self-similarity and demand

w′

1(x) = −kww′

2((x− x∗)/k). (13)

The solution in the second segment repeats the solution

in the first one with a negative sign, shrank by the factor

k in the horizontal direction and by the factor kw in the

vertical one. Indeed, from Eq. (13) we see that w′

1(x∗) =

−kww′

2(0) = 0, and w′

2(−x∗/k) = −w′

1(0)/kw = 0, such

that the derivatives vanish at the expected locations.
Substituting Eq. (12) in Eq. (13) and balancing the
coefficient at x3, we immediately find that

kw = k3. (14)

Further balancing the coefficients at x0, x1 and x2 in

Eq. (13) we obtain the equations

12c3k
2x∗ − 18c4kx

2
∗
+ fx3

∗
= 0,

4c3(1 + k2)− 12c4kx∗ + fx2
∗
= 0,

6c4(1 + k)− fx∗ = 0.

(15)

From the second and the third equations we easily ex-
press c3 and c4, substitute them into the first one and

end up with a quadratic equation for the scaling factor

k2 − 3k+1 = 0 ⇒ k =
1

2

(

3 +
√
5
)

≈ 2.61803. (16)

We chose the root of the quadratic equation, which is

greater than 1. The experimental observation in Ta-

ble 2 is thus justified. The inclination angles in the

neighbouring segments are thus scaled by the factor

kw = 9 + 4
√
5 ≈ 17.9443, such that sliding is indeed

pronounced only in the several segments further away

from the entry point at the left end.

The length of the first segment is now easy to find,

as the total length equals 1 and

li =
x∗

ki−1
,

∞
∑

i=1

li =
kx∗

k − 1
= 1 ⇒

⇒ x∗ = 1− 1

k
=

1

2

(√
5− 1

)

≈ 0.61803.

(17)

In the limiting state, the first switching point x1 = 1−
x∗ divides the entire domain exactly in the proportion

of the golden ratio!

Finally, we analytically determine the limiting force

parameter f∞ by computing the deflection of the right

end of the beam

w(1) =

∫ 1

0

w′(x) dx =

∞
∑

i=0

(−kwk)−iwΣ
1 . (18)

https://en.wikipedia.org/wiki/Golden_ratio
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Contribution of each subsequent segment to the total

deflection is different by the factor −kwk = −k4. The
contribution of the rightmost segment is easy to com-

pute by integrating the expression for w1 from Eq. (12)

with shifted origin and resolved constants:

wΣ
1 =

∫ x∗

0

w′

1(x) dx =
fx4

∗

24
√
5
. (19)

Now we sum the geometric series, find the limiting value
f∞ from the boundary condition at the right end and

justify the results in Table 1:

w(1) =
k4

1 + k4
wΣ

1 = 1 ⇒

⇒ f = f∞ = 168
√
5 ≈ 375.6594.

(20)

6 Solution with the zone of stick

Now the existence of a domain of sticking contact be-

comes clear. As soon as the force parameter f grows

beyond f∞, the solution will contain a continuous do-

main with w′ = 0, in which the beam sticks to the mov-

ing surface. A high value of f does not necessarily mean

that the friction force must grow itself. A flexible beam

and a small transverse misalignment h between the two

guideways at the entry to the domain and at the exit

from it will have the same effect, see Eq. (6).

At f > f∞, the above self-similar solution will es-

tablish in the right part of the beam x∞ < x < 1. The
left part 0 < x < x∞ will be a sticking zone with vanish-

ing deflection, w = 0. This resolves the contradiction,
which was intrinsic to the solution shown in Fig. 2. In-

deed, the transverse force Q at the ends of each sliding

segment differs by the factor −k:

Q(xi+1) = −Q(xi)/k. (21)

The bending moment M decreases even faster. That

means, that the self-similar solution at f = f∞ is such

that w, w′, M and Q vanish at the left end x = 0,

which makes this left end both kinematically clamped

and free from reaction force and moment. The same

will hold further at a transition point x∞, in which
the particles of the beam begin sliding relative to the

underlying surface.

In order to determine the relation between the force

parameter f and the length of the zone of sticking con-

tact, we rewrite the condition Eq. (17). The total length
of the sliding segments is now

∞
∑

i=1

li =
kx∗

k − 1
= 1− x∞. (22)

The total deflection of all sliding segments must still

fulfil the boundary condition, and we find the length

500 1000 1500 2000 2500 3000 3500

0.1

0.2

0.3

0.4

Fig. 7 Length of the zone of stick in dependence on the force
parameter f > f∞

of the rightmost sliding segment x∗ using Eq. (19) and

the first line in Eq. (20):

x∗ =

(

84(7
√
5− 15)

f

)
1
4

. (23)

Substituting in Eq. (22), we find the length of the zone

of stick as function of the force parameter, which after

transformation obtains a simple form

x∞ = 1−
(

f∞
f

)
1
4

. (24)

Evidently, x∞

∣

∣

f=f∞
= 0 and x∞

∣

∣

f→∞
= 1. We plot

this dependence in Fig. 7.

7 Sticking contact for beams with physically

meaningful parameters

Using Eq. (24), we compute the force parameter, at

which the zone of stick is exactly the half of the entire

domain:

x∞ = 1/2 at f = 16f∞ ≈ 6010.55. (25)

Is it much or not? Let us try computing with some

physical parameters of an imaginary structure. Con-

sider a steel beam L = 1m long with a square cross-

section s = 10−3 m wide. With Young’s modulus E =
2.1 · 1011 N/m2 we find the bending stiffness

a = E
s4

12
= 0.0175Nm2. (26)

This wire-like beam will weigh ρgs2 per unit length.
With the free-fall acceleration g = 9.8m/s2 and the

friction coefficient µ = 0.2 we find the maximal friction

force per unit length to be q0 = µρgs2 = 0.015288N/m.

Using the computed values in Eq. (6), we find the re-

lation connecting the dimensionless force parameter f
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and the transverse offset h between the ends of the

beam:

h =
0.8736m

f
. (27)

Substituting here f = f∞, we see that the entire beam

will be sliding as long as h > 2.32551 ·10−3 m, i.e. stick-

ing contact is possible only if the offset is below 2.3 mil-

limeters. And the zone of sticking contact will be L/2

long at h ≈ 0.145 · 10−3 m, which is slightly above 0.1
millimeters and seems to be unrealistic in terms of in-

evitable imperfections in the geometry of the beam and
angular orientation of the guideways at the ends!

Repeating the computations for a thick rubber beam
with E = 106 N/m2, ρ = 1500 kg/m3, the size of the

cross-section s = 10−2 m and the coefficient of friction

µ = 0.5, we find that the onset of sticking contact takes

place at h ≈ 2.347m, which is far beyond the geomet-

rically linear range. The half of the control domain will
be sticking at h ≈ 0.1467m.

8 Effect of angular misalignment

Until now we assumed that both guideways are per-

fectly directed along the axis of motion of the under-

lying plane. Now we briefly consider a small angular

misalignment at the entry to the domain, such that the

second boundary condition in the BVP Eq. (5) reads
w′(0) = α > 0. What will change in the above solu-

tion?

Evidently, a sliding zone must be present near x = 0.

The zone of sticking contact does, however, effectively
decouple the boundary domains. So, focussing on the
case of a flexible beam with f essentially above f∞, we
expect that the beam slides in a domain 0 ≤ x ≤ x∗.

Further we would observe a zone of sticking contact
x∗ < x < x∞ and, finally, we again have a self-similar

solution with alternating sliding directions in x∞ ≤ x ≤
1. The coordinate of the transition point x∗ follows from

the following overdeterminate boundary value problem:

w′′′′ + f = 0, w(0) = 0, w′(0) = α,

w′(x∗) = 0, w′′(x∗) = 0, w′′′(x∗) = 0.
(28)

A transition to the zone of stick requires that the beam
is horizontal and that both the force and the moment
vanish at x = x∗, which is expressed by the last three

conditions. A simple analysis shows, that the problem

is solvable only when

x∗ =

(

6α

f

)1/3

. (29)

The corresponding deflection at the transition point
reads

w(x∗) =

(

3α4

32f

)1/3

=
α

4
x∗. (30)

Interestingly, this deflection may even exceed the transver-

sal misalignment, w(x∗) > 1 (or even one may consider
the case of angular misalignment only by setting h = 0

and using another scaling in Eq. (6)). Then it is the role

of the sliding domain at the right to bring the deflec-

tion back to the prescribed level. Anyways, the scheme

of computation of the right boundary of the sticking

zone x∞ remains almost the same. One simply needs
to adjust the condition Eq. (20), as the total deflection

in the series of sliding zones with alternating directions

must now be equal to 1 − w(x∗). If by chance we ob-

tain that 1 − w(x∗) = 0, then it would mean that the

zone of sticking contact reaches until the right end of

the domain and x∞ = 1.

The entire solution makes of course sense only if
x∞ > x∗. Otherwise there is no zone of sticking con-

tact and we again return to the situation with a finite

number of sliding zones, discussed in Sect. 4.

9 Transient behavior: finite element analysis

The fascinating analytic solution for the stationary regime

of motion is certainly possible only because of the strong

idealization expressed in the use of the Bernoully-Euler

beam model, Coulomb friction law, geometrically linear

formulation as well as neglecting frictional moment in-

teraction between the beam and the moving rough sur-

face. Not intending to release these assumptions in the

framework of the present study, we wish to answer the

questions of stability of the obtained regime of motion

and to experimentally investigate, how long it takes for

the many segments with alternating directions of sliding

to develop. For this sake a finite element simulation was

designed, which features a geometrically linear coun-

terpart of the non-material Eulerian-Lagrangian beam

model, introduced in [19]. Choosing the deflection w
and its derivative w′ as nodal degrees of freedom, we

use cubic approximation within an element and obtain

the necessary C1 interelement continuity. The static so-

lution Eq. (1) (or, after non-dimensionalization, Eq. (7)

with f = 0) is taken as the initial configuration, whose
evolution in time t owing to the axial motion we intend

to compute. Along with the time evolution of the dis-

placement field w(x), we also consider the distribution

of the transverse friction force λ(x) as part of solution;

λ = −f in the segments currently sliding upwards and

λ = f in the segments sliding downwards. In the zones
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of sticking contact λ plays the role of a Lagrange mul-

tiplier for the imposed kinematic constraint and takes
on values −f < λ < f .

In the first stage of each time step we seek a new

equilibrium configuration w+(x) by minimizing the en-

ergy functional

U strain[w+] + U contact[w+]→ min,

U strain =

∫ 1

0

1

2
w′′2

+ dx,

U contact =

∫ 1

0

(

−λw+ +
1

2
P (λ)(w+ − wold)2

)

dx.

(31)

The first term here represents the strain energy of bend-

ing deformation of the beam, and the second integral

imposes the effect of friction forces. Here

P (λ) =

{

P0, −f < λ < f
0, λ = f or λ = −f (32)

is the artificial stiffness, which takes on the large value

P0 in the zones with current sticking behavior and pe-

nalizes the relative transverse motion from the given
configuration wold(x). The contribution of each finite

element to the total strain energy U strain is integrated
analytically and is a quadratic form of the nodal degrees
of freedom. The second integral U contact in the mini-

mization problem above is evaluated using a quadrature

rule with two Gaussian integration points, such that the

field values λ(x) are also stored and updated there. Ini-
tially the beam is resting on the moving surface without

sliding: λ|t=0 = 0.

During the second stage of a time step we update the
friction force distribution according to the technique

of augmented Lagrange multipliers [17], which helps

avoiding the effect of numerical drift even at moderate

values of penalty stiffness P0. The new values in each

point are computed according to the simple algorithm:

λtrial = λold − P0(w+ − wold),

λ+ =







−f, λtrial < −f
λtrial, −f < λtrial < f

f, λtrial > f.

(33)

Note that this update rule fully covers the conditions

of switching from the sliding state to stick and back.

The third stage concludes a time step by accounting

for the transport condition. For the advection equation

∂w

∂t
+ vw′ = 0 (34)

we perform a single explicit Eulerian time step and store
the results in the integration points in the form of the
reference deflection values for the subsequent time step:

wold
+ = w+ − vτw′

+. (35)

Here τ is the time step size and the derivative w′

+ is

directly available from the finite element discretization.

Note that the values wold are relevant only in the zones
of stick with P 6= 0 according to Eq. (32).

For the computations below we consider v = 1, such
that t = 1 is the time period, within which a particle of

the beam travels across the control domain of the unit

length. We used the penalty stiffness value P0 = 2 · 104
as a compromise between the stability of time integra-

tion and the rate of convergence. Accurate presentation

of the time evolution of the zones of sliding required a
fine discretization; we used 600 finite elements. This
in its own turn leads to the necessity of using a small

time step, such that the numerical integration of the

advection equation does not suffer from inaccuracies,

and we chose τ = 2.5 · 10−3 as practically converged
solutions can be accomplished in reasonable time. The

simulation was easily implemented within the Wolfram
Mathematica environment.

In the first example we consider the process with

the force parameter value f = 360. According to the
results in Table 1, we see that in the stationary regime
the control domain shall be divided into 5 sliding seg-

ments with x1 . . .x4 being the corresponding switching

points between the them. The computed time evolu-

tion of the sliding segments in the transient solution is

demonstrated in Fig. 8. The horizontal axis represents

here the time, and the vertical one – the control domain.

One sees that the first large sliding segment is initiated

almost immediately. Slightly after the beam travels the
half of the domain the second sliding segment appears,
and for the the third one it takes approximately 1.5 full

travels of the beam to be born. It takes significantly

longer for the fourth small sliding segment to appear

soon after t ≈ 17. There is no doubt, that the fifth
very narrow segment would follow much later on (and,

possibly, it would require finer discretization to actu-
ally observe it). All sliding segments grow to the limits,
predicted by the analytic solution.

The second example featured f = 500, which is
beyond the limiting value f∞ and corresponds to the

length x∞ ≈ 0.069 of the zone of stick in the station-

ary regime according to Eq. (24). The simulation re-
sults are demonstrated in Fig. 9 and again stand in full
correspondence with the analytic solution. Four sliding
segments are visible up to the time point t = 30, and

each subsequent one needs much longer to appear.
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Fig. 8 Time evolution of the segments of sliding friction (gray areas) for f = 360, full view on the left and enlarged initial
stage on the right. Dashed lines represent the analytic values for the switching points in the stationary regime.

Fig. 9 Time evolution of the segments of sliding friction (gray areas) for f = 500, full view on the left and enlarged initial
stage on the right. Dashed line represent the analytic boundary of the zone of stick in the stationary regime.

10 Conclusions

Various technogical processes feature transport of ob-
jects with the help of axially moving beam-like strips.
A slight misalignment between the transport direction

and the guideways at the both sides of the domain gives

rise to the phenomena studied in the present paper.

For an observer, sitting on the beam and moving with

it along the path with a zone of sticking contact and

then the many segments with alternating direction of

sliding, this motion will feel like highly oscillatory with

decreasing frequency and increasing amplitude.

In the present paper we introduced a seemingly sim-

ple essentially nonlinear boundary value problem, which

governs the stationary transport of a beam on a moving

rough surface. The obtained self-similar solution of the

second kind, see [13], represents the most interesting

feature of the analysis. This class of solutions, in which

the self-similarity does not take part in the dimensional

analysis but rather appears as a property of the solu-

tion of differential equations with non-dimensional co-

efficients, is seldom in statical problems of structural

mechanics. To the knowledge of the author, the only

previously known self-similar solution of this kind was

discovered by the authors of [8,9], who considered small

sliding of a rod on a rough plane under the action of a

temperature induced bending moment.

The analytical results are supplemented by the nu-

merical analysis of the transient evolution of the de-

formed shape of the beam in time. Results obtained

with a specially designed non-material finite element

model demonstrate the stability of the considered sta-
tionary regime of motion and show, that each subse-
quent segment of sliding takes significantly more time

to appear than the previous ones.

To the opinion of the author, a whole new direction

of research is expected to be initiated by the present

contribution. One may e.g. consider effects, which are
not covered by the presently used classical beam model.
The currently ignored frictional moment interaction be-

tween the beam and the plane may become particularly

important near the switching point x∞ between the

zones of stick and sliding. Implications of the natural

curvature of the beam, its shear deformability and/or

axial pre-tension need to be investigated. One may also

consider the present problem in the context of con-

tinuum mechanics with plane deformation of a two-

dimensional strip with finite width.

An important practical outcome of the presented

research will be the possibility to validate advanced

non-material finite element procedures for modelling
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the frictional transport of slender rods by rotating pul-

leys. Thus, with the moving rough plane occupying just

a part of the length of the control domain we obtain a

prototype model problem for a flat belt drive. Being

validated, the finite element scheme shall further be

applied towards the practically relevant geometrically

nonlinear study of the lateral run-off of the belt in a

three-dimensional setting.
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Figures

Figure 1

Axially travelling beam sliding on a moving surface

Figure 2

Solution with a segment of stick to the left of x and monotonous sliding upwards to the right of this
point



Figure 3

Derivative of the de�ection in the solution of the problem with just a single segment of sliding for three
values of the force parameter; a zone with ω' < 0 at f = 100 makes this last solution invalid



Figure 4

Solution with two segments of sliding for the value of the force parameter f = 200, de�ection ω and
rotation angle ω'



Figure 5

Solution with n = 5 segments at f = f5



Figure 6

First two segments of a self-similar limiting solution at f = f∞

Figure 7

Length of the zone of stick in dependence on the force parameter f > f∞



Figure 8

Time evolution of the segments of sliding friction (gray areas) for f = 360, full view on the left and
enlarged initial stage on the right. Dashed lines represent the analytic values for the switching points in
the stationary regime.

Figure 9

Time evolution of the segments of sliding friction (gray areas) for f = 500, full view on the left and
enlarged initial stage on the right. Dashed line represent the analytic boundary of the zone of stick in the
stationary regime.
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