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Abstract To realize the state estimation of a nonlinear continuous-time fractional-
order system, two types of fractional-order cubature Kalman filters (FOCKFs)
designed to solve problem on the initial value influence. For the first type of
cubature Kalman filter (CKF), the initial value of the estimated system are
also regarded as the augmented state, the augmented state equation is con-
structed to obtain the CKF based on Grünwald-Letnikov difference. For the
second type of CKF, the fractional-order hybrid extended-cubature Kalman
filter (HECKF) is proposed to weaken the influence of initial value by the
first-order Taylor expansion and the third-order spherical-radial rule. These
two methods can effectively reduce the influence of initial value on the state
estimation. Finally, the effectiveness of the proposed CKFs is verified by two
simulation examples.

Keywords Nonlinear fractional-order systems; extended Kalman filter;
cubature Kalman filter; state estimation; initial value compensation

1 Introduction

In recent decades, the investigation of fractional-order systems (FOSs) has
been studied by many scholars, because fractional-order calculus can more ac-
curately describe the phenomena in real worlds [1], [2], [3]. The fractional-order
calculus is applied to deal with fractional-order integral and derivative, and is
widely used in the network system [4], the heat conduction [5], the material
science [6] and so on. The fractional-order controller is a common application
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of fractional-order calculus [7]. Due to the simple structure of fractional-order
PID controller, the fractional-order PID controller is used in most industrial
control systems [8], [9]. With the introduction of fractional-order operators,
other types of fractional-order controllers appear, such as the fractional-order
sliding mode controller [10], the fractional-order back-stepping controller [11],
the fractional-order model predictive controller [12] and the fractional-order
extremum seeking controller [13]. In the practical control systems, the mea-
surement signal inevitably contains certain noise disturbances and some states
information may not be obtained directly, then robust state observers for FOSs
need to designed.

As one of robust state observers [14], the Bayesian filtering can achieve
the state estimation of nonlinear systems. The key of solving the nonlinear
filtering problem is to obtain the posterior probability distribution of the s-
tate information. Thus, the problem of nonlinear filtering can be solved in
the framework of Bayesian filtering [15]. As a special case of Bayesian filter,
Kalman filter (KF) has been more and more commonly used to estimate the
state information of integer-order systems (IOSs). The extended Kalman fil-
ter (EKF) is a very effective method to deal with nonlinear filtering problem
based on the first-order Taylor expansion [16]. EKF have been widely used
in the fields of the state-of-charge estimation of lithium-ion battery [17], the
Multi-sensor tracking of maneuvering targets [18] and the current transformer
saturation [19]. However, the state estimation accuracy of EKF linearization
method is not ideal sometimes. If some nonlinear functions are not differen-
tiable, this method can not effectively estimate the state information, which is
also the limitation of EKF [20]. Hence, other types of KFs have been designed
to deal with non-differentiable nonlinear functions, such as unscented Kalman
filter (UKF) [21], [22], [23] and culture Kalman filter (CKF) [24], [25], [26].
The UKF uses unscented transformation to cope with nonlinear functions in
FOSs, then a more proper state information is obtained by comparing with
EKF [27].

Meanwhile, fractional-order Kalman filters (FOKFs) are still appropriate to
estimate state information for linear and nonlinear FOSs. The FOKFs can ob-
tain more satisfactory state estimation than integer-order KFs. The fractional-
order EKFs were proposed for linear FOSs with white Gaussian noise and
coloured noise respectively in [28], [29]. In [30], KFs for linear and nonlinear
discrete-time FOSs were extended to estimate the parameters or order of FOS-
s. Also, linear and nonlinear discrete-time FOSs were mentioned. In [31], the
improved fractional-order UKF to nonlinear FOSs was designed to estimate
more accurately state information. Besides, CKF can also estimate effectively
state information for the nonlinear FOSs. In [32], the CKF method was ap-
plied to obtain the higher estimation accuracy compared with EKF method
for nonlinear continuous-time FOSs contain white Gaussian noise. Meanwhile,
hybrid FOKFs for nonlinear FOSs were also offered to enhance the estimation
accuracy in [33] and [34].

For the linear FOS, the initial value performs a significant impact on the s-
tate estimation and fractional-order identification if the fractional-order of the
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system is relatively small in the interval (0, 1), then an initial value compensa-
tion (IVC) is achieved by the means of augmented vector. The EKF with IVC
for continuous-time linear FOSs with unknown fractional-order was proposed
in [35]. In this paper, the CKF for nonlinear FOSs with the IVC is investigated
to obtain effective state estimations. This paper introduces the G-L difference
method into two types of fractional-order cubature Kalman filters (FOCKF)
to obtain the effective state estimation of nonlinear FOSs with IVC.

The main contributions of this paper are generalized as follows: 1. State
estimation problems of nonlinear fractional-order systems are investigated. 2.
For a relatively small fractional-order in (0, 1), the augmented vector method
is used to achieve the initial value compensation. 3. The influence of initial
value on state estimation is weakened by model transformation method. 4.
The FOCKF with the IVC and the fractional-order hybrid extended-cubature
Kalman filter (HECKF) for nonlinear continuous-time FOSs are proposed to
achieve the higher accuracy state estimation to compared with the CKF with-
out the IVC in [32].

The remaining of this paper is arranged as follows. In Section 2, we intro-
duce the definitions of fractional-order derivatives, the third-order spherical-
radial rule and cubature points. We design the discretized equation of a non-
linear FOS and the FOCKF and HECKF to solve initial value problems in
Section 3 respectively. In Section 4, the simnlation examples are gave to tes-
tify the validity of the proposed fractional-order CKF and HECKF with the
IVC. Section 5 summarizes this paper.

2 Preliminaries

2.1 Definitions of fractional-order derivatives

In the subsection, some definitions for fractional-order derivatives are intro-
duced to describe dynamic characteristics of nonlinear FOSs. Considering the
conformity of initial conditions of FOS, the Caputo definition has an increas-
ingly wide application in real-world systems. Therefore, the establishment of
nonlinear FOSs is achieved based on Caputo definition and the IVC problem is
considered, the Riemman-Liouville (R-L) definition is also used in this study.

Definition 1 The R-L definition [36] with α-order derivative for ε(t) is defined
as

R
0 D

α
t ε(t) =

1

Γ (n− α)

dn

dtn
(

∫ t

0

(t− µ)n−α−1ε(µ)dµ),

where R
0 D

α
t ε(t) represents α-order derivative based on R-L definition, α ∈ R

+

is the fractional-order and satisfies n−1 ≤ α < n, n ∈ Z
+, R+, and Z

+ are the
set of positive numbers and the set of positive integer numbers, respectively,
and Γ (·) is the Gamma function.
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Definition 2 The Caputo definition [36] with α-order derivative for ε(t) is
defined as

C
0 D

α
t ε(t) =

1

Γ (n− α)

∫ t

0

(t− µ)n−α−1ε(n)(µ)dµ,

where C
0 D

α
t ε(t) is α-order derivative under Caputo definition, and n−1 < α ≤

n.

It is obvious that the main difference between Definition 1 and Definition
2 is the order of differential operation and integral operation. In addition, the
relationship between Definition 1 and Definition 2 is described by [37]

C
0 D

α
t ε(t) =

R
0 Dα

t ε(t)−
n−1∑
r=0

ε(r)(0)

Γ (r − α+ 1)
tr−α. (1)

Definition 3 The Grünwald-Letnikov (G-L) difference [38] for α-order is de-
fined by

∆αε(r) =
1

Tα

r∑
m=0

(−1)mbαmε(r −m), (2)

where ∆α is the α-order difference operation, T is the sampling period and
the coefficient cαm is represented as follows

bαm =

(
α

m

)
=

{
1, m = 0

α(α− 1) · · · (α−m+ 1)

m!
, m ≥ 1

.

Since ε(r−m) = 0 for r > m, the R-L definition is approximately equivalent
to G-L difference at t = rT , then

R
0 D

α
t ε(t) ≈ ∆αε(r) =

1

Tα

r∑
m=0

(−1)mbαmε(r −m).

For α ∈ (0, 1), we take n = 1 in (1), then it follows that

C
0 D

α
t ε(t) ≈

1

Tα

r∑
m=0

(−1)mbαmε(r −m)− A(r)

Tα
ε(0), (3)

where A(r) = r−α/Γ (1− α).

To describe the impact of the initial value ε(0), we define ρ(r) = |A(r)|.
Fig.1 shows the relationship between ρ(r) and the iteration number r.

From Fig.1, it is seen that ρ(r) decreases gradually with the increase of r.
If fractional-order α becomes closer to 1, ρ(r) decays faster with an increasing
of r. An decreasing fractional-order has a larger influence on initial value.
Therefore, the IVC can estimate more accurately state information for the
FOS with small fractional-order in (0, 1).
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Fig. 1 Curves of ρ(r) for different fractional-order α.

2.2 Third-order spherical-radial rule and construction of cubature points

The EKF algorithm uses Taylor series to expand the nonlinear function, and re-
tains the first-order term to realize the linearization of the nonlinear function.
Other high-order terms are ignored, then the estimation accuracy becomes
greatly reduced. Besides, the CKF algorithm is available if the nonlinear func-
tion is non-differentiable. Due to the simple structure of EKF algorithm, it is
suitable for systems with differentiable nonlinear functions. The CKF algorith-
m is performed based on the third-order spherical-radial rule via the cubature
points to deal with the nonlinear function with a higher precision, and suitable
for the non-differentiable nonlinear function.

The vector ε ∈ R
n satisfies the Gaussian distribution, namely ε ∼ N (ε; ε̂,M),

where ε̂ represents the mathematical expectation of ε, the covariance matrix
of ε is represented by M with the following transformation ε = ε̂ +

√
Mγ,

where M =
√
M(

√
M)T.

The nonlinear function l(ε) satisfies the following equation

∫

Rn

l(ε)N (ε; ε̂,M)dε =

∫

Rn

l(ε̂+
√
Mγ)N (γ;0, I)dγ. (4)

The 2n cubature points are gained by performing the transformation χ(i) =
ε̂+

√
Mγ(i), where

γ(i) =

{ √
nei, i = 1, 2, · · · , n

−√
nei−n, i = n+ 1, n+ 2, · · · , 2n , (5)

and ei ∈ R
n is the unit vector on the ith axis.
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Based on the third-degree spherical-radial rule in [24], we use the 2n cu-
bature points defined in (5), the integral

∫
Rn

l(ε̂+
√
Mγ)N (γ;0, I)dγ in (4) is

approximately described by

∫

Rn

l(ε̂+
√
Mγ)N (γ;0, I)dγ ≈ 1

2n

2n∑
i=1

l(χ(i)). (6)

Combining the equation (6) with the equation (4), the following equation
holds ∫

Rq

l(ε)N (ε; ε̂,M)dε ≈ 1

2n

2n∑
i=1

l(χ(i)). (7)

3 Main results

3.1 Fractional-order cubature Kalman filter with initial value compensation
by using augmented vector method

Consider the following nonlinear continuous-time FOS as

C
0 D

α
t ε(t) = ϕ(ε(t), u(t)) +Gw(t), (8)

η(t) = y(ε(t)) + v(t), (9)

where ϕ(ε(t), u(t)) and y(ε(t)) represent the nonlinear functions, α ∈ (0, 1) is
fractional-order, ε(t) ∈ R

n, u(t) ∈ R
p and η(t) ∈ R

q represent the state vector,
the input and the measurement output respectively, w(t)∈ R

n and v(t)∈ R
q

are process and measurement noises, and satisfy E[w(r)] = 0, E[v(r)] = 0,
E[w(r)wT(s)] = Qξ(r − s), E[v(r)vT(s)] = Rξ(r − s) and E[w(r)vT(s)] = 0,
w(r) and v(r) are the sampling values at t = rT with the sampling period T ,
E[·] returns the mathematical expectation. ξ(r−s) fulfils ξ(r−s) = 0 for r ̸= s
and ξ(r − s) = 1 for r = s. ε(r), u(r) and η(r) are denoted as the sampling
values of ε(t), u(t) and η(t) at t = rT , and 0 is a zero vector or a zero matrix
with an appropriate dimension.

Combining equations (3) with (8), we obtaion

1

Tα

r∑
m=0

(−1)mbαmε(r −m)− A(r)

Tα
ε(0) = ϕ(ε(r − 1), u(r − 1)) +Gw(r − 1).

It follows that

ε(r) =
r∑

m=1
Bmε(r −m) + Tαϕ(ε(r − 1), u(r − 1))+

TαGw(r − 1) +A(r)ε(0),

(10)

where Bm = (−1)m+1bαm.
The vector ε̃(r) defined as the initial state ε(0) at the rth iteration satisfies

ε̃(r) = ε̃(r − 1) + w̃(r − 1), (11)
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where w̃(r) represents the white Gaussian noise, and satisfies E[w̃(r)] = 0,
E[w̃(r)w̃T(s)] = ξ(r − s), Q1 is a positive definite matrix with a very small
norm.

In order to reduce the influence of initial value on a FOS, we define
the augmented vector ζ(r) = [εT(r), ε̃T(r)]T, the augmented noise w(r) =

[wT(r), w̃T(r)]T with E[w(r)wT(r)] = Q2 =

[
Q 0

0 Q1

]
and E[w(r)vT(s)] = 0.

Based on the equations (10) and (11), the corresponding augmented equa-
tion is given as follows

ζ(r) = ϕ(ζ(r − 1), u(r − 1)) +
r∑

m=1

Bm(r)ζ(r −m) +Gαw(r − 1), (12)

where the nonlinear function

ϕ(ζ(r − 1), u(r − 1)) =

[
Tαϕ(ε(r − 1), u(r − 1))

0

]
,

the matrix Bm(r) =





[
B1 A(r)I
0 I

]
, m = 1

[
Bm 0

0 0

]
, m > 1

, and Gα =

[
TαG 0

0 I

]
, I is an

identity matrix with the appropriate dimension.
A CKF algorithm with the initial value compensation is proposed to achieve

more accuracy estimation effect of the nonlinear FOS (8). The prediction

and estimation of ζ(r) are defined as ζ̂(r|r − 1) = E[ζ(r)|λ(r − 1)] and

ζ̂(r|r) = E[ζ(r)|λ(r)], where λ(r) covers η(0), η(1), · · · , η(r), u(0), u(1), · · · ,
u(r).

Assuming E[ζ(r − m)|λ(r − 1)] ∼= E[ζ(r − m)|λ(r − m)], the prediction

ζ̂(r|r − 1) is obtained on the basis of the difference equation (12) as follows

ζ̂(r|r − 1)

=E[ϕ(ζ(r − 1), u(r − 1)) +
r∑

m=1
Bm(r)ζ(r −m) +Gαw(r − 1)|λ(r − 1)]

=E[ϕ(ζ(r − 1), u(r − 1))|λ(r − 1)] +
r∑

m=1
Bm(r)ζ̂(r −m|r −m).

(13)

The probability density p(ζ(r − 1)|λ(r − 1)) is supposed to satisfy the
Gaussian distribution, that is

p(ζ(r − 1)|λ(r − 1)) = N (ζ(r − 1); ζ̂(r − 1|r − 1),M(r − 1|r − 1)),

therefore, the prediction ζ̂(r|r − 1) is derived by

ζ̂(r|r − 1) =

∫

Rn

ϕ(ζ(r − 1), u(r − 1))N (ζ(r − 1); ζ̂(r − 1|r − 1),

M(r − 1|r − 1))dζ(r − 1) +
r∑

m=1
Bm(r)ζ̂(r −m|r −m).
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The nonlinear function Υ̂ (ζ̂(r − 1|r − 1), u(r − 1)) is defined as

Υ̂ (ζ̂(r − 1|r − 1), u(r − 1))

=

∫

Rn

ϕ(ζ(r − 1), u(r − 1))N (ζ(r − 1); ζ̂(r − 1|r − 1),M(r − 1|r − 1))dζ(r − 1).

For i ̸= m, the condition E[(ζ̂(r − i|r − i) − ζ(r − i))(ζ̂(r − m|r − m) −
ζ(r −m))T] = 0 is assumed in [38], the prediction error matrix M(r|r − 1) is
defined as

M(r|r − 1) = E[(ζ(r)− ζ̂(r|r − 1))(ζ(r)− ζ̂(r|r − 1))T],

then, the prediction error matrix P (r|r − 1) is derived as follows

M(r|r − 1) =E[(ϕ(ζ(r − 1), u(r − 1))− Υ̂ (ζ̂(r − 1|r − 1), u(r − 1))+
r∑

m=1
Bm(r)(ζ(r −m)− ζ̂(r −m|r −m)) +Gαw(r − 1))×

(ϕ(ζ(r − 1), u(r − 1))− Υ̂ (ζ̂(r − 1|r − 1), u(r − 1))+
r∑

m=1
Bm(r)(ζ(r −m)− ζ̂(r −m|r −m)) +Gαw(r − 1))T]

=

∫

Rn

h(r − 1|r − 1)hT(r − 1|r − 1)×

N (ζ(r − 1); ζ̂(r − 1|r − 1),M(r − 1|r − 1))dζ(r − 1)+
r∑

m=1
Bm(r)M(r −m|r −m)B

T

m(r) +GαQ2G
T
α ,

where h(r − 1|r − 1) = ϕ(ζ(r − 1), u(r − 1))− Υ̂ (ζ̂(r − 1|r − 1), u(r − 1)).
The probability density of ζ(r) is supposed to satisfy the Gaussian dis-

tribution, based on the prediction ζ̂(r|r − 1) and the prediction error matrix
M(r|r − 1), hence

η̂(r|r − 1) =

∫

Rn

y(ζ(r))N (ζ(r); ζ̂(r|r − 1),M(r|r − 1))dζ(r)

holds.
Thus, the Kalman gain matrix K(r) is represented as follows

K(r) = P (r)Z−1(r), (14)

where

P (r) =

∫

Rn

(ζ(r)− ζ̂(r|r − 1))(y(ζ(r))− η̂(r|r − 1))T×

N (ζ(r); ζ̂(r|r − 1),M(r|r − 1))dζ(r),

Z(r) =

∫

Rn

(y(ζ(r))− η̂(r|r − 1))(y(ζ(r))− η̂(r|r − 1))T×

N (ζ(r); ζ̂(r|r − 1),M(r|r − 1))dζ(r) +R.
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The updating formulas for ζ̂(r|r) and M(r|r) are shown respectively as
follows

ζ̂(r|r) = ζ̂(r|r − 1) +K(r)(η(r)− η̂(r|r − 1)), (15)

M(r|r) = M(r|r − 1)−K(r)S(r)KT(r). (16)

Based on the approximate method for the numerical integration (7), the
cubature points are defined by

χ(i)(r − 1|r − 1) = ζ̂(r − 1|r − 1) +
√

M(r − 1|r − 1)γ(i), (17)

where γ(i) is given in the equation (5). Therefore, the prediction and prediction
error matrix are presented as follows, respectively.

ζ̂(r|r − 1) ≈ 1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))+

r∑
m=1

Bm(r)ζ̂(r −m|r −m),

(18)

M(r|r − 1) ≈ 1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))×

ϕT(χ(i)(r − 1|r − 1), u(r − 1))−

[
1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))]×

[
1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))]T+

r∑
m=1

Bm(r)M(r −m|r −m)B
T

m(r) +GαQ2G
T
α .

(19)

Similarly, based on the definition

χ(i)(r|r − 1) = ζ̂(r|r − 1) +
√

M(r|r − 1)γ(i). (20)

Hence, η̂(r|r − 1), P (r) and Z(r) are approximately expressed by

η̂(r|r − 1) ≈ 1

2n

2n∑
i=1

y(χ(i)(r|r − 1)), (21)

P (r) ≈ 1

2n

2n∑
i=1

χ(i)(r|r − 1)yT(χ(i)(r|r − 1))− ζ̂(r|r − 1)×

[
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))]T,

(22)

and

Z(r) ≈ 1

2n

2n∑
i=1

y(χ(i)(r|r − 1)yT(χ(i)(r|r − 1))−

[
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))][
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))]T +R.

(23)
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Algorithm 1. The FOCKF with the IVC for the nonlinear FOS (8) with
the measurement equation (9) is implemented by the following steps.

Prediction:
Step one. Compute the cubature point χ(i)(r−1|r−1) for i = 1, 2, · · · , 2n.
Step two. Calculate the approximations (18) and (19) for ζ̂(r|r − 1) and

M(r|r − 1).
Step three. Compute the cubature points χ(i)(r|r− 1) for i = 1, 2, · · · , 2n.
Updating:
Step four. Substitute these cubature points χ(i)(r|r − 1) into η(r) to gain

η̂(r|r − 1) by (21).

Step five. Use η̂(r|r − 1) and ζ̂(r|r − 1) to ensure K(r) by P (r) and Z(r)
based on (22) and (23).

Step six. Compute ζ̂(r|r) and M(r|r) by (15) and (16).
Remark 1. Because the storage capacity is limited, we select a suitable

truncation L in the practical engineering. Therefore, ζ̂(r|r−1) and M(r|r−1)
with a truncation L are modified by

ζ̂(r|r − 1) ≈ 1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1)) +
L∑

m=1
Bm(r)ζ̂(r −m|r −m),

and

M(r|r − 1) ≈ 1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))×

ϕT(χ(i)(r − 1|r − 1), u(r − 1))−

[
1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))]×

[
1

2n

2n∑
i=1

ϕ(χ(i)(r − 1|r − 1), u(r − 1))]T+

L∑
m=1

Bm(r)M(r −m|r −m)B
T

m(r) +GαQ2G
T
α .

3.2 Hybrid extended-cubature Kalman filter to solve the impact of initial
value

The advantages of EKF algorithm and CKF algorithm are concerned to weaken
the influence of initial value in this subsection. Based on the definition of
Caputo derivative, the following equation is taken as

C
0 D

α
t ε(t) =

R
0 D

−(1−α)
t ε(1)(t). (24)

Therefore, it follows that

ε(1)(t) =R
0 D

(1−α)
t (ϕ(ε(t), u(t)) +Gw(t)). (25)
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Using G-L difference to discretize the equation (25) at t = rT , the follow-
ing equation is gained as

ε(r)− ε(r − 1)

T
=

1

T 1−α

r∑
m=0

(−1)mb1−α
m ϕ(ε(r −m), u(r −m))+

1

T 1−α

r∑
m=0

(−1)mb1−α
m Gw(r −m),

(26)

where the absolute value of coefficient for the term Gw(r − m) is related to
b1−α
m . Since the noise term is also related to the historical information, it is very
difficult to design the Kalman filters and need to be simplified. The coefficient
b1−α
m decreases rapidly with the increases of m, b1−α

m tends to zero if m is very
large. We retain the two terms w(r) and w(r − 1), then the equation (26) is
approximately by

ε(r) =Tα
r∑

m=0
(−1)mb1−α

m ϕ(ε(r −m), u(r −m))+

Tα
1∑

m=0
(−1)mb1−α

m Gw(r −m) + ε(r − 1)

=Tαϕ(ε(r), u(r)) + Tα(α− 1)ϕ(ε(r − 1), u(r − 1))+

ε(r − 1) + Tα
r∑

m=2
(−1)mb1−α

m ϕ(ε(r −m), u(r −m))+

TαGw(r) + Tα(α− 1)Gw(r − 1).

(27)

The estimation of ε(r) is denoted by ε̂(r|r) = E[ε(r)|λ(r)], where λ(r)
covers η(0), η(1), · · · , η(r), u(0), u(1), · · · , u(r), hence the first-order Taylor
expansion of the nonlinear function ϕ(ε(r), u(r)) at ε(r) = ε̂(r − 1|r − 1) is
given as follows

ϕ(ε(r), u(r)) ≈ϕ(ε̂(r − 1|r − 1), u(r)) + C(r − 1)(ε(r)− ε̂(r − 1|r − 1)),
(28)

where C(r − 1) = ∂ϕ(ε,u(r))
∂ε

|ε=ε̂(r−1|r−1).

For m ≥ 2, the first-order Taylor expansion of the nonlinear function
ϕ(ε(r −m), u(r −m)) at ε(r −m) = ε̂(r −m|r −m) is represented by

ϕ(ε(r −m), u(r −m)) ≈ϕ(ε̂(r −m|r −m), u(r −m))+

N(r −m)(ε(r −m)− ε̂(r −m|r −m)),
(29)

where N(r −m) = ∂ϕ(ε,u(r−m))
∂ε

|ε=ε̂(r−m|r−m).

The initial values C(−2) and C(−1) are expressed by C(−2) = C(−1) =
∂ϕ(ε,u(0))

∂ε
|ε=0.
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Substituting equations (28) and (29) into equation (27), then the following
equation holds

ε(r) =Tαϕ(ε̂(r − 1|r − 1), u(r)) + TαC(r − 1)(ε(r)− ε̂(r − 1|r − 1))+

Tα(α− 1)ϕ(ε(r − 1), u(r − 1)) + ε(r − 1) + Tα
r∑

m=2
(−1)mb1−α

m ×

ϕ(ε̂(r −m|r −m), u(r −m)) + Tα
r∑

m=2
(−1)mb1−α

m N(r −m)×

(ε(r −m)− ε̂(r −m|r −m)) + TαGw(r) + Tα(α− 1)Gw(r − 1).

It follows that

ε(r) =D(r)ϕ(ε̂(r − 1|r − 1), u(r)) + C̃(r − 1)ε̂(r − 1|r − 1)+

Ω(ε(r − 1), u(r − 1)) +
r∑

m=2
D(r)(−1)mb1−α

m ×

ϕ(ε̂(r −m|r −m), u(r −m)) +
r∑

m=2
Lm(r)(ε(r −m)−

ε̂(r −m|r −m)) +D(r)Gw(r) + J(r)Gw(r − 1),

(30)

where D(r) = L(r)Tα, C̃(r − 1) = −D(r)C(r − 1), the nonlinear function
Ω(ε(r − 1), u(r − 1)) = J(r)ϕ(ε(r − 1), u(r − 1)) + L(r)ε(r − 1), Lm(r) =
D(r)(−1)mb1−α

m N(r−m), J(r) = D(r)(α−1) and L(r) = (I−TαC(r−1))−1,
therefore, L(0) and L(−1) can be represented by L(0) = (I − C(−1))−1 and
L(−1) = (I − C(−2))−1.

In term of the equation (30) and the assumption in the equation (13), we
obtain

ε̂(r|r − 1) =E[D(r)ϕ(ε̂(r − 1|r − 1), u(r)) + C̃(r − 1)ε̂(r − 1|r − 1)+

Ω(ε(r − 1), u(r − 1)) +
r∑

m=2
D(r)(−1)mb1−α

m ×

ϕ(ε̂(r −m|r −m), u(r −m)) +
r∑

m=2
Lm(r)(ε(r −m)−

ε̂(r −m|r −m)) +D(r)Gw(r) + J(r)Gw(r − 1)|λ(r − 1)].

Similarly, supposing the probability density p(ε(r − 1)|λ(r − 1)) for the
(r−1)th iteration satisfies the Gaussian distribution, then p(ε(r−1)|λ(r−1)) =
N (ε(r− 1); ε̂(r− 1|r− 1),M(r− 1|r− 1)). Assuming w(r) is a white Gaussian
noise, the prediction ε̂(r|r − 1) is rewritten by

ε̂(r|r − 1) =

∫

Rn

Ω(ϕ(r − 1), u(r − 1))N (ε(r − 1); ε̂(r − 1|r − 1),

M(r − 1|r − 1))dε(r − 1) +D(r)ϕ(ε̂(r − 1|r − 1), u(r))+

C̃(r − 1)ε̂(r − 1|r − 1) +
r∑

m=2
D(r)(−1)mb1−α

m ×

ϕ(ε̂(r −m|r −m), u(r −m)).
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The nonlinear function Ω̂(ε̂(r − 1|r − 1), u(r − 1)) is defined as

Ω̂(ε̂(r − 1|r − 1), u(r − 1))

=

∫

Rn

Ω(ε(r − 1), u(r − 1))N (ε(r − 1); ε̂(r − 1|r − 1),M(r − 1|r − 1))dε(r − 1).

Supposing ε̂(r|r) = ε̂(r|r − 1) + K(r)(η(r) − y(ε̂(r|r − 1))), where K(r)
is the Kalman gain matrix. The first-order Taylor expansion of the nonlinear
function y(ε(r)) in (9) at ε(r) = ε̂(r|r − 1) is represented by

y(ε(r)) ≈ y(ε̂(r|r − 1)) + Y (r)(ε(r)− ε̂(r|r − 1)),

where Y (r) = ∂y(ε(r))
∂ε

|ε=ε̂(r|r−1).
Hence, the estimation error ε(r)− ε̂(r|r) is expressed by

ε(r)− ε̂(r|r) =ε(r)− ε̂(r|r − 1)−K(r)(η(r)− y(ε̂(r|r − 1)))

≈[I −K(r)Y (r)][Ω(ε(r − 1), u(r − 1))− Ω̂(ε̂(r − 1|r − 1),

u(r − 1)) +
r∑

m=2
Lm(r)(ε(r −m)− ε̂(r −m|r −m))+

D(r)Gw(r) + J(r)Gw(r − 1)]−K(r)v(r).

Supposing that the conditions ε̂(r −m|r −m) ≈ ε(r −m) for m ≥ 2 and
Ω̂(ε̂(r − 1|r − 1), u(r − 1)) ≈ Ω(ε(r − 1), u(r − 1)), we have

ε(r)− ε̂(r|r) ≈(I −K(r)Y (r))(D(r)Gw(r) + J(r)Gw(r − 1))−K(r)v(r).
(31)

If i ̸= m, the following equation holds

E[(
r∑

i=2

Li(r)(ε(r − i)− ε̂(r − i|r − i)))×

(
r∑

m=2
Lm(r)(ε(r −m)− ε̂(r −m|r −m)))T]

≈E[(
r∑

i=2

Li(r)((I −K(r − i)Y (r − i))(D(r − i)Gw(r − i)+

J(r − i)Gw(r − i− 1))−K(r − i)v(r − i)))(
r∑

m=2
Lm(r)×

((I −K(r −m)Y (r −m))(D(r −m)Gw(r −m)+

J(r −m)Gw(r −m− 1))−K(r −m)v(r −m)))T]

=
r−1∑
m=2

L̃m(r)J(r −m)GQGTDT(r −m− 1)L̃T
m+1(r)+

r−1∑
m=2

L̃m+1(r)D(r −m− 1)GQGTJT(r −m)L̃T
m(r),

where L̃m(r) = Lm(r)(I −K(r −m)Y (r −m)).
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In term of the equation (31), we gain

E[(
r∑

i=2

Li(r)(ε(r − i)− ε̂(r − i|r − i)))(D(r)Gw(r) + J(r)Gw(r − 1))T] = 0.

If i = m, we gain

E[(
r∑

m=2
Lm(r)(ε(r −m)− ε̂(r −m|r −m)))×

(
r∑

m=2
Lm(r)(ε(r −m)− ε̂(r −m|r −m)))T]

=
r∑

m=2
Lm(r)M(r −m|r −m)LT

m(r),

and

E[(D(r)Gw(r) + J(r)Gw(r − 1))(D(r)Gw(r) + J(r)Gw(r − 1))T]

=D(r)GQGTDT(r) + J(r)GQGTJT(r).

Meanwhile, we also obtain

E[(Ω(ε(r − 1), u(r − 1))− Ω̂(ε̂(r − 1|r − 1), u(r − 1)))

(Ω(ε(r − 1), u(r − 1))− Ω̂(ε̂(r − 1|r − 1), u(r − 1)))T]

=

∫

Rn

Ω(ε(r − 1), u(r − 1))ΩT(ε(r − 1), u(r − 1))×

N (ε(r − 1); ε̂(r − 1|r − 1),M(r|r − 1)) dε(r − 1)−
Ω̂(ε̂(r − 1|r − 1), u(r − 1))Ω̂T(ε̂(r − 1|r − 1), u(r − 1)).

The first-order Taylor expansion of the nonlinear function Ω(ε(r−1), u(r−
1)) at ε(r − 1) = ε̂(r − 1|r − 1) is given as follows

Ω(ε(r − 1), u(r − 1)) ≈Ω(ε̂(r − 1|r − 1), u(r − 1))+

F (r − 1)(ε(r − 1)− ε̂(r − 1|r − 1)),

where F (r − 1) = ∂Ω(ε,u(r−1))
∂ε

|ε=ε̂(r−1|r−1).

Assuming Ω(ε̂(r−1|r−1), u(r−1)) ≈ Ω̂(ε̂(r−1|r−1), u(r−1)) for i ̸= m,
we obtain

E[(Ω(ε(r − 1), u(r − 1))− Ω̂(ε̂(r − 1|r − 1), u(r − 1)))×
(D(r)Gw(r) + J(r)Gw(r − 1))T]

≈E[(Ω(ε̂(r − 1|r − 1), u(r − 1)) + F (r − 1)(ε(r − 1)− ε̂(r − 1|r − 1))−
Ω̂(ε̂(r − 1|r − 1), u(r − 1)))(D(r)Gw(r) + J(r)Gw(r − 1))T]

≈E[(F (r − 1)((I −K(r − 1)Y (r − 1))(D(r − 1)Gw(r − 1) + J(r − 1)G×
w(r − 2))−K(r − 1)v(r − 1)))(D(r)Gw(r) + J(r)Gw(r − 1))T]

=H(r − 1)D(r − 1)GQGTJT(r),
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and

E[(Ω(ε(r − 1), u(r − 1))− Ω̂(ε̂(r − 1|r − 1), u(r − 1)))×

(
r∑

m=2
Lm(r)(ε(r −m)− ε̂(r −m|r −m)))T]

≈E[(F (r − 1)((I −K(r − 1)Y (r − 1))(D(r − 1)Gw(r − 1) + J(r − 1)G×

w(r − 2))−K(r − 1)v(r − 1)))(
r∑

m=2
Lm(r)((I −K(r −m)Y (r −m))×

(D(r −m)Gw(r −m) + J(r −m)Gw(r −m− 1))−K(r −m)v(r −m)))T]

=H(r − 1)J(r − 1)GQGTDT(r − 2)L̃T
2 (r),

where H(r − 1) = F (r − 1)(I −K(r − 1)Y (r − 1)).
The prediction error matrix M(r|r − 1) is approximated by

M(r|r − 1)

=

∫

Rn

Ω(ε(r − 1), u(r − 1))ΩT(ε(r − 1), u(r − 1))×

N (ε(r − 1); ε̂(r − 1|r − 1),M(r − 1|r − 1))dε(r − 1)−
Ω̂(ε̂(r − 1|r − 1), u(r − 1))Ω̂T(ε̂(r − 1|r − 1), u(r − 1))+
r∑

m=2
Lm(r)M(r −m|r −m)LT

m(r) +D(r)GQGTDT(r)+

J(r)GQGTJT(r) +
r−1∑
m=2

L̃m(r)J(r −m)GQGTDT(r −m− 1)L̃T
m+1(r)+

r−1∑
m=2

L̃m+1(r)D(r −m− 1)GQGTJT(r −m)L̃T
m(r) +H(r − 1)D(r − 1)×

GQGTJT(r) + J(r)GQGTDT(r − 1)HT(r − 1) +H(r − 1)J(r − 1)×
GQGTDT(r − 2)L̃T

2 (r) + L̃2(r)D(r − 2)GQGTJT(r − 1)HT(r − 1).

Similar to equations (15) and (16), the updated formulas for ε̂(r|r) and
M(r|r) are showed by

ε̂(r|r) = ε̂(r|r − 1) +K(r)(η(r)− η̂(r|r − 1)), (32)

and

M(r|r) = M(r|r − 1)−K(r)Z(r)KT(r). (33)

Being similar to the cubature points in (17) and (20), we define the cuba-
ture points as follows

χ(i)(r − 1|r − 1) = ε̂(r − 1|r − 1) +
√
M(r − 1|r − 1)γ(i),

and

χ(i)(r|r − 1) = ε̂(r|r − 1) +
√
M(r|r − 1)γ(i).
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Then, the prediction ε̂(r|r − 1), the prediction error matrix M(r|r − 1),
η̂(r|r − 1), P (r) and Z(r) are approximately represented by

ε̂(r|r − 1) ≈ 1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))+

D(r)ϕ(ε̂(r − 1|r − 1), u(r)) + C̃(r − 1)ε̂(r − 1|r − 1)+
r∑

m=2
D(r)(−1)mb1−α

m ϕ(ε̂(r −m|r −m), u(r −m)),

(34)

and

M(r|r − 1) ≈ 1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))×

ΩT(χ(i)(r − 1|r − 1), u(r − 1))−

[
1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))]×

[
1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))]T+

r∑
m=2

Lm(r)M(r −m|r −m)LT
m(r)+

D(r)GQGTDT(r) + J(r)GQGTJT(r)+

r−1∑
m=2

L̃m(r)J(r −m)GQGTDT(r −m− 1)L̃T
m+1(r)+

r−1∑
m=2

L̃m+1(r)D(r −m− 1)GQGTJT(r −m)L̃T
m(r)+

H(r − 1)D(r − 1)GQGTJT(r)+

J(r)GQGTDT(r − 1)HT(r − 1)+

H(r − 1)J(r − 1)GQGTDT(r − 2)L̃T
2 (r)+

L̃2(r)D(r − 2)GQGTJT(r − 1)HT(r − 1).

(35)

η̂(r|r − 1) ≈ 1

2n

2n∑
i=1

y(χ(i)(r|r − 1)), (36)

P (r) ≈ 1

2n

2n∑
i=1

χ(i)(r|r − 1)yT(χ(i)(r|r − 1))− ε̂(r|r − 1)×

[
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))]T,

(37)

and

Z(r) ≈ 1

2n

2n∑
i=1

y(χ(i)(r|r − 1))yT(χ(i)(r|r − 1))−

[
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))][
1

2n

2n∑
i=1

y(χ(i)(r|r − 1))]T +R.

(38)
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Algorithm 2. The fractional-order CKF for the nonlinear FOS (8) with
the measurement output (9) is implemented by the following steps.

Prediction:
Step one. Calculate the cubature point χ(i)(r−1|r−1) for i = 1, 2, · · · , 2n.
Step two. Compute the approximations (34) and (35) for ε̂(r|r − 1) and

M(r|r − 1).
Step three. Construct the cubature points χ(i)(r|r−1) for i = 1, 2, · · · , 2n.
Updating:
Step four. Replace χ(i)(r|r−1) into η(r) to gain the approximation η̂(r|r−1)

by (36).
Step five. Utilize η̂(r|r−1) and ε̂(r|r−1) to ensure K(r) by P (r) and Z(r)

based on (37) and (38).
Step six. Compute ε̂(r|r) and M(r|r) by (32) and (33).
Remark 2. Because the storage capacity is limited, we select a suitable

truncation L in the practical engineering. Therefore,ε̂(r|r− 1) and M(r|r− 1)
with a truncation L are modified by

ε̂(r|r − 1) ≈ 1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))+

D(r)ϕ(ε̂(r − 1|r − 1), u(r)) + C̃(r − 1)ε̂(r − 1|r − 1)+

L∑
m=2

D(r)(−1)mb1−α
m ϕ(ε̂(r −m|r −m), u(r −m)),

M(r|r − 1) ≈ 1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))×

ΩT(χ(i)(r − 1|r − 1), u(r − 1))−

[
1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))]×

[
1

2n

2n∑
i=1

Ω(χ(i)(r − 1|r − 1), u(r − 1))]T+

L∑
m=2

Lm(r)M(r −m|r −m)LT
m(r)+

D(r)GQGTDT(r) + J(r)GQGTJT(r)+

L−1∑
m=2

L̃m(r)J(r −m)GQGTDT(r −m− 1)L̃T
m+1(r)+

L−1∑
m=2

L̃m+1(r)D(r −m− 1)GQGTJT(r −m)L̃T
m(r)+

H(r − 1)D(r − 1)GQGTJT(r)+

J(r)GQGTDT(r − 1)HT(r − 1)+

H(r − 1)J(r − 1)GQGTDT(r − 2)L̃T
2 (r)+

L̃2(r)D(r − 2)GQGTJT(r − 1)HT(r − 1).
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The CKF and HECKF are proposed to weaken the initial value influence
on state estimation for the nonlinear FOS (8) compared with Algorithm 1
based on the CKF in [32].

4 Numerical examples

Example 1. Considering the following nonlinear FOS

{
C
0 D

α
t ε1(t) = ε2(t) + w1(t) + u1(t)

C
0 D

α
t ε2(t) = −2ε1(t)− 2ε2(t) + 0.5sin(ε2(t))ε1(t) + w2(t) + u2(t)

, (39)

where u1(t) = 4 sin(0.9t), u2(t) = 5 sin(0.9t + π/3), and η(t) = cos(ε1(t)) +
ε2(t) + v(t).

The sampling period T is 0.1s, and the running time is 40s. The ini-
tial value ε(0) in the FOS (39) is set as ε(0) = [3,−3]T. The process noise
w(r) = [w1(r), w2(r)]

T and measurement noise v(r) are uncorrelated Gaus-
sian noises, and satisfy E[w(r)] = 0, E[v(r)] = 0, E[w(r)wT(s)] = Qξ(r − s),
E[v(r)vT(s)] = Rξ(r − s), Q = diag(0.001, 0.001) and R = 1.

The nonlinear functions ϕ1(ε(t), u(t)) and ϕ2(ε(t), u(t)) are ϕ1(ε(t), u(t)) =
ϕ2(t) + u1(t), ϕ2(ε(t), u(t)) = −2ε1(t) − 2ε2(t) + 0.5sin(ε2(t))ε1(t) + u2(t).
In order to reduce the initial value influence, we construct the augment-
ed vector as ζ(r) = [ε1(r), ε2(r), ε̃1(r), ε̃2(r)]

T with ε̃(r) = [ε̃1(r), ε̃2(r)]
T

and Q1 = diag(10−5, 10−5). Then, the nonlinear function in the correspond-
ing augmented equation is ϕ(ζ(r − 1), u(r − 1)) = [Tαϕ1(ε(r − 1), u(r −
1)), Tαϕ2(ε(r − 1), u(r − 1)), 0, 0]T, and the augmented noise is w(r − 1) =
[w1(r−1), w2(r−1), w̃1(r−1), w̃2(r−1)]T with w̃(r−1) = [w̃1(r−1), w̃2(r−1)]T.

The initial estimate vector ζ̂(0|0) and error matrix M(0|0) of ζ(r) are set as

ζ̂(0|0) = [0, 0, 0, 0]T and M(0|0) = I.

To evaluate the estimation impact by the proposed Algorithm 1 based on
CKF with the IVC, the following indicators are set by

E =
1

S + 1

S∑

r=0

√∑n
i=1(εi(r)− ε̂i(r|r))2√∑n

i=1 ε
2
i (r)

,

where S + 1 is the number of the sampling values of ε(r).

Let the truncation L be L = 25, · · · , 50 with the step value 5, the fractional-
order α is set from 0.2 to 0.8 with the step value 0.1, hence the estimation
error E for Algorithm 1 is shown in Table 1.

Table 1 Relationship between E and L with different fractional-orders α via
Algorithm 1
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Fig. 2 Sampling value of measurement η(r) in Example 1

α
L

0.2 0.3 0.4 0.5 0.6 0.7 0.8

25 0.2096 0.1431 0.1276 0.1185 0.1138 0.1081 0.0934

30 0.2047 0.1408 0.1248 0.1148 0.1081 0.1006 0.0880

35 0.1959 0.1337 0.1174 0.1069 0.0996 0.0920 0.0814

40 0.1857 0.1239 0.1073 0.0967 0.0896 0.0829 0.0745

45 0.1756 0.1135 0.0965 0.0858 0.0794 0.0743 0.0684

50 0.1672 0.1037 0.0863 0.0758 0.0704 0.0671 0.0639

Hence, with the the truncation L increasing, the estimation error E of the
system (39) has a tendency to increase for the fractional-order α set from 0.2 to
0.8 with the step value 0.1. However, the calculation burden will be increased
by a larger truncation L, to balance between the estimation accuracy and
the calculation complexity, hence an appropriate truncation L is selected in
practical engineering. Therefore, we select L = 35 and α=0.3, Fig.2 draws the
sampling value of η(r), Fig.3 and Fig.4 respectively offer the real values and
the estimations of ε1(r) and ε2(r).

Fig.3 and Fig.4 show that the proposed Algorithm 1 based on the CKF can
more effectively estimate the state information compared with the Algorithm
1 based on the CKF without the initial value compensation in [32] of the FOS
(39).

To compare with the estimation effect of the CKF without the IVC in
[32] and the proposed Algorithm 1 with the IVC in this paper, we set the
fractional-order as 0.2, 0.3, · · · , 0.8, and the truncation L=35, then the error
indexes under the indexes E are shown in Table 2, where E1 and T1 represent
estimation error and calculation time of Algorithm 1 in [32], respectively. E2
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Fig. 3 Estimation and real value of ε1(r) in Example 1
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Fig. 4 Estimation and real value of ε2(r) in Example 1

and T2 are estimation error and calculation time of the proposed Algorithm 1
in this paper, respectively.

From Table 2, it is obvious that the state estimation based on CKF pro-
posed by Algorithm 1 is more accurate for different fractional-orders α=0.2,
0.3, · · · , 0.8, but the longer time is taken for calculating. Besides, the difference
between E1 and E2 of state estimation error Algorithm 1 and the Algorith-
m 1 in [32] decreases with increasing of fractional-order α, and it indicates
that the effect of state estimation based on CKF via Algorithm 1 with IVC
is more obvious if the fractional-order α ∈ (0, 1) is relatively small. Thus, the
CKF based on Algorithm 1 can be applied to estimate the state information
for continuous-time nonlinear FOSs with a relatively small fractional-order
α ∈ (0, 1), and the CKF based on Algorithm 1 in [32] is more suitable for
the system with a relatively large fractional-order α ∈ (0, 1) if we consider
calculation time of state estimation.
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Table 2 Comparison results of state estimation error for different fractional-orders α

α E1 E2 E1 − E2 T1(/s) T2(/s)

0.2 0.6980 0.1959 0.5021 4.2052 4.5786

0.3 0.4627 0.1337 0.3290 3.3881 4.1696

0.4 0.3052 0.1174 0.1878 3.0818 3.7685

0.5 0.2003 0.1069 0.0934 2.9652 3.7757

0.6 0.1426 0.0996 0.0430 2.5884 3.5994

0.7 0.1114 0.0920 0.0194 2.7013 3.6801

0.8 0.0872 0.0814 0.0058 2.6979 3.2418

Example 1 is given to study the state estimation for nonlinear FOS (39) to
verify the validity of the proposed Algorithm 1 based on the CKF. Meanwhile,
the state estimation of calculation time is compared with Algorithm 1 based
on the CKF in [32].

Example 2 is used to investigate the state estimation for nonlinear FOS
(40) to testify the validity of the proposed Algorithm 2 based on the HECKF.
Moreover, the calculation time for state estimation is compared with Algorith-
m 1 based on the CKF in [32].

Example 2 Considering the following nonlinear FOS

{
C
0 D

α
t ε1(t) = ε2(t) + w1(t) + u1(t)

C
0 D

α
t ε2(t) = −1.5ε1(t)− 1.5ε2(t) + 0.5sin(ε2(t))ε1(t) + w2(t) + u2(t)

,

(40)
where u1(t) = 5 sin(1.1t), u2(t) = 3 sin(1.1t + π/3), and η(t) = cos(ε1(t)) +
ε2(t) + v(t).

The initial value ε(0) in the FOS (40) is set as ε(0) = [3,−3]T. The
sampling period T is 0.1s, and the running time is 30s. The process noises
w(r) = [w1(r), w2(r)]

T and measurement noise v(r) are uncorrelated Gaus-
sian noises, and satisfy E[w(r)] = 0, E[v(r)] = 0, E[w(r)wT(s)] = Qξ(r − s),
E[v(r)vT(s)] = Rξ(r − s), Q = diag(0.001, 0.001) and R = 0.5. The initial es-
timate vector ε̂(0|0) and error matrix M(0|0) of ε(r) are set as ε̂(0|0) = [0, 0]T

and M(0|0) = I.

The truncation L is set as 25, 30, · · · ,50, the fractional-order α is set from
0.2 to 0.8 with the step value 0.1, then the error indexes E for Algorithm 2 is
shown in Table 3.

Table 3 Relationship between E and L with different fractional-orders α via
Algorithm 2
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Fig. 5 Sampling value of measurement η(r) in Example 2

α
L

0.2 0.3 0.4 0.5 0.6 0.7 0.8

25 0.2638 0.2335 0.1904 0.1407 0.1025 0.0946 0.0990

30 0.2211 0.2046 0.1738 0.1324 0.0989 0.0907 0.0949

35 0.1863 0.1793 0.1577 0.1229 0.0929 0.0860 0.0900

40 0.1577 0.1571 0.1425 0.1133 0.0852 0.0775 0.0818

45 0.1341 0.1376 0.1287 0.1044 0.0778 0.0661 0.0707

50 0.1145 0.1204 0.1164 0.0964 0.0720 0.0557 0.0591

From Table 3, the index E becomes smaller with increasing of the trunca-
tion L for the fractional-order α set from 0.2 to 0.8 with the step value 0.1. A
small estimation error of the FOS (40) with a relatively small fractional-order
α in (0, 1) is still obtained by the proposed Algorithm 2 based on the HECKF.
We select L = 35 and α=0.3, then Fig.5 offers the sampling value of η(r) in
Example 2. Meanwhile, Fig.6 and Fig.7 respectively draw the real values and
the estimations of ε1(r) and ε2(r).

It can be seen that the proposed Algorithm 2 based on the HECKF can
usually obtain more accurate state estimation to compare with Algorithm 1
in [32] from the curves of Fig.6 and Fig.7.

The estimation effect of the Algorithm in [32] and the proposed Algorithm
2 based on the HECKF in this paper is evaluated by the error indexes E.
The fractional-order α is set as 0.2, 0.3, · · · , 0.8, the truncation L=35 and
the error indexes under the indexes E are shown in Table 4, where E3 and T3

represent the estimation error and the calculation time of Algorithm 1 in [32],
respectively. The E4 and T4 are estimation error and calculation time of the
proposed Algorithm 2 in this paper, respectively.
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Fig. 6 Estimation and real value of ε1(r) in Example 2
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Fig. 7 Estimation and real value of ε2(r) in Example 2

From Table 4, it is obvious that the state estimation based on CKF by
proposed Algorithm 2 is more accurate for different fractional-orders α = 0.2,
0.3, · · · , 0.8, but it needs to take a longer time for calculation. In addition,
the difference of state estimation error between Algorithm 2 and Algorithm
1 in [32] gradually decreases as the fractional-order α increases, a more accu-
rate estimation effect of the Algorithm 2 based on CKF for a relatively small
fractional-order α ∈ (0, 1) is obtained to compare with Algorithm 1 in [32].
Moreover, the CKF based on Algorithm 1 in [32] is more applicable for the
FOS (40) with a relatively large fractional-order α ∈ (0, 1) if the calculation
time of state estimation is taken into account.
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Table 4 Comparison results of state estimation error for different fractional-orders α

α E3 E4 E3 − E4 T3(/s) T4(/s)

0.2 0.9792 0.1863 0.7929 2.7007 3.6005

0.3 0.5225 0.1793 0.3432 2.6071 3.5816

0.4 0.3493 0.1577 0.1916 2.3306 3.1347

0.5 0.2349 0.1229 0.1120 2.2731 3.3592

0.6 0.1717 0.0929 0.0788 2.0796 2.9506

0.7 0.1405 0.0860 0.0545 2.2288 3.0905

0.8 0.1110 0.0900 0.0210 2.2285 3.1283

5 Conclusion

This paper presents two types of FOCKFs to solve problem on the initial val-
ue influence. The proposed Algorithm 1 and Algorithm 2 based on EKF and
HECKF can both effectively reduce the influence of initial value on the state
estimation, respectively. For a relatively small fractional-order α ∈ (0, 1), the
more accurate state estimation is obtained by Algorithm 1 and Algorithm 2
compared to Algorithm 1 in [32] based on CKF without initial value compen-
sation. But the CKF proposed in Algorithm 1 in [32] may be more suitable
for larger fractional-orders α ∈ (0, 1) if the running time is taken into ac-
count. The future work is to consider the initial value problem in the adaptive
fractional-order CKF with unknown covariance matrices Q and R for nonlinear
fractional-order systems.
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Figures

Figure 1

Curves of ρ(r) for different fractional-order α.



Figure 2

Sampling value of measurement η(r) in Example 1



Figure 3

Estimation and real value of ε1(r) in Example 1

Figure 4

Estimation and real value of ε2(r) in Example 1



Figure 5

Sampling value of measurement η(r) in Example 2



Figure 6

Estimation and real value of ε1(r) in Example 2

Figure 7

Estimation and real value of ε2(r) in Example 2


