
Undecidability in quantum thermalization
Naoto Shiraishi  (  naoto.shiraishi@gakushuin.ac.jp )

Gakushuin University
Keiji Matsumoto 

National Institute of Informatics

Article

Keywords: quantum thermalization, hamiltonian, turing machine

Posted Date: March 3rd, 2021

DOI: https://doi.org/10.21203/rs.3.rs-208752/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Version of Record: A version of this preprint was published at Nature Communications on August 24th,
2021. See the published version at https://doi.org/10.1038/s41467-021-25053-0.

https://doi.org/10.21203/rs.3.rs-208752/v1
mailto:naoto.shiraishi@gakushuin.ac.jp
https://doi.org/10.21203/rs.3.rs-208752/v1
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1038/s41467-021-25053-0
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The investigation of thermalization in isolated quantum many-body systems has a long history, dating

back to the time of developing statistical mechanics. Most quantum many-body systems in nature are

considered to thermalize, while some never achieve thermal equilibrium. The central problem is to

clarify whether a given system thermalizes, which has been addressed previously, but not resolved.

Here, we show that this problem is undecidable. The resulting undecidability even applies when the

system is restricted to one-dimensional shift-invariant systems with nearest-neighbour interaction, and

the initial state is a fixed product state. We construct a family of Hamiltonians encoding dynamics

of a reversible universal Turing machine, where the fate of a relaxation process changes considerably

depending on whether the Turing machine halts. Our result indicates that there is no general theorem,

algorithm, or systematic procedure determining the presence or absence of thermalization in any given

Hamiltonian.

Thermalization, or relaxation to equilibrium, in iso-
lated quantum many-body systems is a ubiquitous yet
profound phenomenon. The history of investigation of
thermalization dates back to Boltzmann1 and von Neu-
mann2, and many theoretical physicists have studied this
problem. The problem originated in the field of nonequi-
librium statistical mechanics. However, some techniques
developed in quantum information theory have gained
attention to provide fresh insight into this old problem3.
From the experimental side, the recent development of
experimental techniques to manipulate cold atoms en-
abled us to observe thermalization of isolated quantum
many-body systems in the laboratory4–9. Experimental-
ists not only tested established theoretical results, but
also revealed some unexpected behaviours9.

A central problem in this field is whether a given
system thermalizes 3,10. Although almost all-natural
quantum many-body systems are expected to thermalize,
some systems, including integrable and localized systems,
are known to never achieve thermalization11–15. To re-
solve this problem, the eigenstate thermalization hypoth-
esis (ETH) has been raised as a clue to understanding
thermalization phenomena. The ETH claims that all the
energy eigenstates of a given Hamiltonian are thermal,
that is, indistinguishable from the equilibrium state, as
long as we observe macroscopic observables16–21. Studies
based on numerical simulations support that most non-
integrable thermalizing systems satisfy the ETH20,22–24.
In contrast, recent theoretical studies and elaborated ex-
periments have revealed that some non-integrable ther-
malizing systems do not satisfy the ETH9,25–31. Hence,
the ETH does not provide a full characterization of ther-
malization. Numerous other theoretical ideas, including
largeness of effective dimension10, typicality10,32–34, and
quantum correlation35–37 have been proposed to eluci-

date thermalization phenomena; however, none of them
provides a decisive answer.
We approach the problem of thermalization from the

opposite side. We examine the difficulty of the problem
from the viewpoint of the theoretical computer science.
This type of approach is employed in some problems in
physics, including prediction of dynamical systems39, re-
peated quantum measurements40, and the spectral gap
problem41. In this approach, these problems were un-
expectedly shown to be undecidable, that is, there is no
algorithm to determine, e.g., the presence or absence of
a spectral gap in arbitrary systems in the case of the
spectral gap problem.
Our main achievement in this paper is the finding that

whether a given system thermalizes or not is undecidable
in general. This result shows not merely the difficulty of
this problem, but also the logical impossibility of solving
it. Hence, the fate of thermalization in a general setup is
independent of the basic axioms of mathematics, as im-
plied in the Gödel’s incompleteness theorem38. We prove
this by demonstrating that thermalization phenomena
in one-dimensional systems have the power of universal
computation. Our result not only sets a limit on what we
can know about quantum thermalization, but also eluci-
dates a rich variety of thermalization phenomena, which
can implement any computational task.

Results

Statement of main result

We first clarify the precise statement of our result,
namely, the undecidability of thermalization. Through-
out this study, we consider a one-dimensional lattice
system of size L with the periodic boundary condition
(we finally take L → ∞ limit), with d-dimensional lo-
cal Hilbert space H. Let |ψ(t)〉 be the state of the
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FIG. 1. The problem of thermalization concerns the

long-time average of the observable.— (a) We consider
whether a nonequilibrium initial state relaxes to the equi-
librium or not. (b) More precisely, we decide whether the
long-time average of 〈ψ(t)|A|ψ(t)〉 converges to the value A∗

with precision ε1, or deviates from A∗ at least ε2 > ε1 (If
the long-time average settles between ε1 and ε2, we do not
have to answer). This problem is shown to be an undecidable
problem.

system at time t. The long-time average of an observ-
able AL for a given initial state |ψ(0)〉 = |ψL

0 〉 is given

by ĀL = limT→∞
1
T

∫ T

0
dt 〈ψ(t)|AL|ψ(t)〉. Our interest

takes the form of whether the thermodynamic limit of
the long-time average ĀL, denoted by Ā := limL→∞ ĀL,
converges to the vicinity of a given value A∗. This ques-
tion concerns the fate of a relaxation process with a given
initial state, observable, and Hamiltonian.

We restrict the class of the Hamiltonians, observables,
and initial states to simple ones. The Hamiltonian of the
system is restricted to be nearest-neighbour interaction
and shift-invariant. Hence, the d2 × d2 local Hamilto-
nian hi,i+1, which acts only on sites i and i + 1, fully
characterizes the system Hamiltonian as H :=

∑

i hi,i+1.
We further restrict observables to a spatial average of a

single-site operator: AL := 1
L

∑L

i=1Ai (for the case of
system size L), where Ai acts only on the site i. We
assume that Ai has at least two distinct eigenvalues. In
addition, we restrict the initial state as the following form
of a product state: |ψL

0 〉 = |φ0〉 ⊗ |φ1〉 ⊗ |φ1〉 ⊗ · · · ⊗ |φ1〉,
where |φ0〉 and |φ1〉 are states on a single site orthogo-
nal to each other; 〈φ0|φ1〉 = 0. Even in this very simple
setup, we show that whether the long-time average of A
from this initial state |ψL

0 〉 under a given Hamiltonian H

relaxes to the vicinity of a given value A∗ is undecidable.

Theorem: Set the dimension of the local Hilbert space
d to be sufficiently large. Given two states |φ0〉 and
|φ1〉, orthogonal to each other on a single site, and a
single-site operator A with at least two distinct eigen-
values. Also given are the initial state and the ob-
servable as |ψL

0 〉 = |φ0〉 ⊗ |φ1〉 ⊗ · · · ⊗ |φ1〉 and AL :=
1
L

∑L

i=1Ai. We suppose that there is a promise that ei-

ther
∣

∣Ā−A∗
∣

∣ < ε1 or
∣

∣Ā−A∗
∣

∣ > ε2 holds with given A∗

and 0 < ε1 < ε2 (see Fig. 1). Then, deciding which is true
for a given shift-invariant nearest-neighbour interaction
Hamiltonian H =

∑

i hi,i+1 is undecidable.

An alternative expression of the above promise is that
we are allowed to output a wrong answer for ε1 ≤
∣

∣Ā−A∗
∣

∣ ≤ ε2. If A∗ is equal to the equilibrium value,
which can be easily realized, our result reads undecid-
ability of thermalization: Whether a given system with a
fixed initial state thermalizes or not with respect to the
observable A is undecidable.
To avoid confusion, we remark that this decision prob-

lem is not solved by exact diagonalization or any other
numerical methods. This decision problem concerns the
behaviour in the L→ ∞ limit, while the exact diagonal-
ization always treats finite-size systems. Any numerical
method on finite-size systems cannot exclude the possi-
bility that we overlook the true thermodynamic limit due
to the limitation of finite size. This is indeed the case in
a family of Hamiltonians that we construct.

Mapping classical Turing machines to a quan-

tum system

Here, we briefly sketch the main idea of the proof. A
rigorous proof is presented in Supplementary material.
We first introduce a key ingredient, the halting problem
of a Turing machine (TM), which is a prominent example
of undecidable problems. The halting problem of a TM
asks whether the TM with a given input halts at some
time or does not halt and runs forever. Turing proved in
his celebrated paper that there exists no general proce-
dure to solve the halting problem42.
Following various studies demonstrating undecidabil-

ity43, we first show the following lemma, and then apply
the reduction to the halting problem.

Lemma: Set the dimension of the local Hilbert space
d to be sufficiently large. Given its complete orthogo-
nal normal sets {|ei〉}d−1

i=0 and an observable A satisfying
〈e1|A|e1〉 = 0 and 〈e2|A|e2〉 > 0 arbitrarily, we fix a
universal reversible Turing machine (URTM). Then, for
any η > 0, there exists a shift-invariant nearest-neighbor
interaction Hamiltonian H and a set of unitary opera-
tors, {Vx}, on the local Hilbert space H which satisfies
Vx |e0〉 = |e0〉 for any x and the following property:
Set the initial state as

|ψ0〉 = (Vx |e0〉)⊗ (Vx |e1〉)⊗L. (1)
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If the URTM halts with the input x, then

Ā ≥
(

1

4
− η

)

〈e2|A|e2〉 (2)

holds, and if the URTM does not halt with the input x,
then

Ā ≤ η (3)

holds.

By adopting the unitary transformation V ⊗L
x

on the
Hamiltonian, the degree of freedom in the choice of uni-
tary transformation is mapped to that of the local Hamil-
tonian. Because the halting problem of the TM is un-
decidable, the above lemma directly implies the desired
theorem and the undecidability of the long-time average
in quantum many-body systems. Notably, although the
necessary dimension of the local Hilbert space d is not
calculated rigorously, we roughly estimate the sufficient
dimension at approximately 100, which is miniscule com-
pared to other results of undecidability in physics41.

Classical machines

Here, we outline the construction of a classical Turing
machine, which emulates the halting problem of URTM
and changes the long-time average of the observable A
depending on the behaviour of the URTM. This machine
emulates three Turing machines, TM1, TM2, and TM3.
TM1 decodes the input code x for TM2 from a sequence
of two qubits. TM2 is a URTM, which runs with the
decoded input x, whose reversibility is induced by the
unique direction property44. TM3 is a simple TM, which
flips the state of A-cells if and only if TM2 halts. Through
the above trick, the long-time average Ā in our system
reflects the result of the halting problem of TM2.
The classical system has two types of cells, M-cells and

A-cells. Two Turing machines, TM1 and TM2, are emu-
lated in M-cells. An M-cell consists of three layers: The
first layer emulates two Turing machines, and the second
and the third layers store the input code of TM2. First,
TM1 decodes a bit sequence x on the first layer from the
second and the third layers (the first part of Fig. 2), and
TM2 runs with this input x. Throughout this procedure,
the machine passes all A-cells transparently.
A-cells are responsible for changing the long-time av-

erage of A. At the initial state, the expectation value of
A in A-cells is set to be zero. If and only if TM2 halts,
TM3 starts flipping states of A-cells, and the expectation
value of A becomes a nonzero value. To inflate the dif-
ference between the halting and non-halting cases, we set
the initial state such that most of the cells are A-cells.
The procedure is summarized as follows:

(i) TM1 decodes the input code x on the first layer.

(ii) TM2, a URTM, runs with the input x in the first
layer.

0 0 0 0 0 0 1 0

0

1 0

1 11 0 11 0

0 0 0 0 0 0

TM1

first layer

second layer

third layer

Read qubits up to here.

Ratio of 1 is β (=input x).

TM2 (with input x)

TM3

a
2
a

2
0

If TM2 halts...

First part (only M-cells)

Second part

flipping a
1
 to a

2

a
1

a
1

a
1

0 0 1 0 0q
u

a
1

0 1 0 0r

FIG. 2. Roles of three layers in M-cells and schematic

of dynamics of two Turing machines— [Top]: In the
first part, a reversible Turing machine, TM1, decodes a bit
sequence x on the first layer through the estimation of the
number of |1〉 in the second layer (step (i)). The binary ex-
pansion of β is set to x. The number of qubits TM1 reads
is determined by the leftmost cell with 1 in the third layer.
Here, we draw only M-cells and omit A-cells for visibility.
[Bottom]: In the second part, a universal reversible Turing
machine, TM2, runs with the input x (step (ii)). If TM2
halts, then TM3 starts to flip the state in the second layer
from a1 to a2 (step (iii)). If TM2 does not halt, the sites in
the second layer are not flipped. Note that we have not drawn
the second and third layers of M-cells for visibility.

(iii) If and only if TM2 halts, then TM3 starts flipping
the states in A-cells (see the second part of Fig. 2).
This induces a visible difference between the long-
time average of A in the case of halting and non-
halting.

(iv) In case of halting, the head returns to the cell,
where TM2 halts due to the periodic boundary con-
dition. By this time, all A-cells have already been
flipped, and TM3 stops.

Because the halting problem of TM2 with an arbitrary
input x is undecidable, the long-time average of A with
an arbitrary local unitary transformation Vx is likewise
undecidable.

Hamiltonian construction and its eigenstates
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FIG. 3. Evolution of the quantum state of the to-

tal system— We draw a possible hopping between quan-
tum states in the computational basis. Although here, we
depict only the first and second layers for visibility, the quan-
tum state actually consists of three layers. Similar to the
Feynman-Kitaev Hamiltonian case, the total Hamiltonian in-
duces the forward and backward one-step time evolution of
the TM.

Our implementation of the classical TM in quantum
systems stems from the construction of the Feynman-
Kitaev Hamiltonian45,46, while we delete the clock part.
Each site takes one of the states of the finite control or
that of a single cell in the tape, or some additional sym-
bols. If the site i is a state of the finite control, then the
head reads the site i+1 or i−1 (see Fig. 3). In the initial
state, we set the finite control at site 1, and set all other
sites not to the states of the finite control. Because the
dynamics conserve the number of sites of the finite con-
trol, only a single site takes the state of the finite control
at all times.
The dynamics of TM are encoded in the local Hamil-

tonian as follows. Suppose, e.g., that the cell at the head
is sa, the state of the finite control is qb, and the URTM
(TM2) moves to the right. Then, the local Hamiltonian
hi,i+1 must contain the term

|sa, qb〉 〈qb, sa|+ c.c.. (4)

In a similar manner, we add all transition rules of TMs
(both TM1, TM2, and TM3) to the local Hamiltonian
in the form of (4). Owing to the deterministic property
of TMs, all the legal states of the total system have a
unique descendant state.
Because the decoding process is slightly complicated,

we first take an analogous and easier setting and present
the basic idea of construction. Our original setting is dis-
cussed in the following section. We set the initial state as
a non-uniform computational basis state, such that de-
coding of the input code x has no quantum fluctuation.
Let |x1〉 denote the initial configuration of the total sys-
tem, and |xn〉 be the n-th state (i.e., after n−1 steps from
|x1〉). By restricting the Hilbert space to the subspace

spanned by {|xn〉}, the total Hamiltonian is expressed as
(see also Fig. 3)

H ′ =

J−1
∑

n=1

|xn+1〉 〈xn|+ c.c., (5)

where the J-th state is the final state of this dynamics.
This Hamiltonian takes the same form as a single-particle
system on a closed one-dimensional lattice with only the
hopping term. Employing the result on a tridiagonal ma-
trix, eigenenergies and energy eigenstates are calculated
as

Ej = 2 cos

(

jπ

J + 1

)

(6)

|Ej〉 =
√

2

J + 1

J
∑

k=1

sin

(

kjπ

J + 2

)

|xk〉 (7)

with j = 1, 2, . . . , J .
By expanding the initial state as |x1〉 =

∑J

j=1 cj |Ej〉, the long-time average of A reads

ĀL =
∑J

j=1 |cj |
2 〈Ej |A|Ej〉, because all the off-diagonal

elements vanish in the long-time average. Since the
number of steps until TM2 halts is independent of the
system size L, by setting L to be sufficiently large,
we can make the flipping of A-cells start before J/2
steps. In this condition, half of the A-cells have been
flipped before 3J/4 steps, which confirms the nonzero
expectation value of ĀL in the case of halting. In
contrast, in the case of non-halting, the flipping by TM3
does not occur, and hence the long-time average ĀL is
kept close to zero.

Uniform initial state

We now describe the decoding process from the second
and third layers of M-cells in our original setting. The
second and third layers are set to

√
β |1〉+

√
1− β |0〉 and√

γ |1〉 +√
1− γ |0〉, respectively. The state on m of M-

cells is a superposition of 2m × 2m computational basis
states. TM1 runs on each computational basis state, and
thus the dynamics of TMs is also a superposition of 2m×
2m branches.
The quantity β stores the input code in the form such

that the binary expansion of β equals the input code x.
TM1 calculates β by estimating the relative frequency of
the state |1〉 in the second layer. Due to the law of large
numbers, the set of computational basis states, where the
relative frequency of |1〉 is close to β, has an arbitrarily
large probability amplitude. The quantity γ (more pre-
cisely, −1/ ln γ) characterizes the length of qubits that
TM1 must read in. TM1 reads the qubits in the sec-
ond layer until it first encounters |1〉 in the third layer
(the first part of Fig. 2). By setting γ to be sufficiently
small, the probability of two unwanted cases, namely, (a)
TM1 stops decoding before x is decoded to the last, and
(b) TM1 can access only an insufficiently small number
of qubits in the second layer and fails to estimate the
correct β, becomes negligible.
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Discussion

The presence or absence of thermalization in a given
quantum many-body systems, which has been a topic
of debate among researchers in various fields, is proven
to be undecidable. Hence, there exists no general sys-
tematic procedure to determine the long-time behaviour
of quantum many-body systems. The undecidability is
still valid for a class of simple systems; one-dimensional
systems with a shift-invariant and nearest-neighbour in-
teraction. Our result leads to a fundamental limitation
to reach a general theory on thermalization. This find-
ing implies that analyses based on a concrete model or
a restricted class of systems might be more fruitful to
facilitate our theoretical and rigorous understanding of
thermalization phenomena.
Our proof also shows the computational universality

of thermalization phenomena. Contrary to apparent sim-
plicity of thermalization phenomena, the above fact leads
to an astonishing consequence that the variety of ther-
malization phenomena is at the same level as that of
tasks computers can treat. A striking example bridging
physics and mathematics is a system which thermalizes
if and only if the Riemann hypothesis is true. The above
system reflects the existence of a TM which halts if and
only if the Riemann hypothesis is false47.

From a physical context, extremely slow relaxation of
our model in case of halting is induced by quasi-conserved
quantities, which are close to conserved quantities but
not conserved. Recently, some non-integrable systems
(the transverse Ising model with z magnetic field) have
been reported to relax very slowly, which is also caused
by quasi-conserved quantities23,48,49. Numerical simula-
tions with ordinal size and time length fail to address
thermalization in these systems. The extremely slow re-
laxation in our system might be understood from the
aforementioned more general viewpoint, which is worth
further investigation.
We finally comment on the limitations of our result

and conclude this study. First, our result does not ex-
clude the possibility that one proves the presence or ab-
sence of thermalization in specific systems. Our result
only excludes the possibility to obtain a general and ul-
timate criterion to judge the presence or absence of ther-
malization. In fact, integrable systems are known not
to thermalize. Second, our undecidability is shown in
only a highly artificial model with a particular form of
Hamiltonians, which is another limitation of our result.
One needs to proceed to a more natural model exhibit-
ing undecidability, or to find a set of a restricted class
of physical Hamiltonians whose fate of thermalization is
now decidable. These problems are left for future inves-
tigations.

Method
Expression of long-time average

We here show a general expression of the long-time average

Ā. Let H be a Hamiltonian of the system, and Ei and |Ei〉 be
eigenenergy and corresponding energy eigenstate. An initial state
|ψ〉 = ∑

i ci |Ei〉 evolves under the Hamiltonian H. Then, the long-

time average of an observable A is calculated as

Ā = lim
T→∞

1

T

∫ T

0
dt 〈ψ(t)|A|ψ(t)〉

= lim
T→∞

1

T

∫ T

0
dt

∑

i,j

e−i(Ej−Ei)t 〈Ei|A|Ej〉

=
∑

i,j

χ(Ej = Ei) 〈Ei|A|Ej〉 , (8)

where χ(Ej = Ei) takes 1 if Ej = Ei and takes zero otherwise. We
set the Planck constant to unity. In the third line, we used the fact

that limT→∞
1
T

∫ T

0 dte−i(Ej−Ei)t converges to zero if Ej 6= Ei and
equal to 1 if Ej = Ei. If the Hamiltonian H has no degeneracy,
we have a concise expression Ā =

∑

i 〈Ei|A|Ei〉. In contract, if
there exist degeneracy (Ei = Ej with i 6= j), we need to handle
off-diagonal elements 〈E1|A|Ej〉.

Decoding from the second and third layers

We discuss how to decode the input code x from the sequence
of two qubits in the second and third layers. The amount of β,
whose binary expansion is equal to x, is guessed by the relative
frequency of 1’s in the second layer (see Fig. 2). We expand m

copies of
√
β |1〉+

√
1− β |0〉 as

(
√

β |1〉+
√

1− β |0〉)⊗m

=
∑

w∈{0,1}⊗m

√

β
N1(w)√

1− β
m−N1(w) |w〉 , (9)

where w is a sequence of 01 with length m, and N1(w) is the
number of 1’s in the binary sequence w. The probability amplitude
for a state |w〉 is |cw|2 = βN1(w)(1− β)m−N1(w). Due to the law
of large numbers, the probability amplitude for states with relative
frequency of 1’s close to β converges to 1 in the large m limit:

lim
m→∞

∑

w:
N1(w)

m
≃β

|cw|2 = 1. (10)

Here, the symbol
N1(w)

m
≃ β means that

N1(w)
m

is close to β, whose
rigorous definition is presented soon later (in Eq. (12)). Hence, if
m is sufficiently large compared with the length of the input code,
TM1 guesses β correctly from the frequency of 1’s.

The length m is determined by another bit sequence,
√
γ |1〉 +√

1− γ |0〉, in the third layer. Let 0 < ξ < 1 be a given accuracy.
We encode the information of m into γ as satisfying

(1− γ)m ≥ 1− ξ. (11)

In other words, almost all qubits are |0〉 in this sequence, and |1〉
appears only after m-th digit with probability larger than 1 − ξ.
Owing to this, if |1〉 appears at the m′-th digit for the first time,
this is taken as the sign that m ≤ m′. Based on the observed value
m′, the length of the output by TM1 (i.e., the presumed length of
the digit of β) is determined as n′ = ⌈ 1

4
log2m⌉, which ensures

lim
m→∞

Prob

[∣

∣

∣

∣

N1(w)

m
− β

∣

∣

∣

∣

<
1

2n′+1

]

= 1. (12)

With the choice of this output length n′, guessing m larger than
the true value does not affect the correctness of the estimation of
β.

Proofs
All the results in this paper are rigorously proved in the Supple-

mentary material.
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38 K. Gödel, Über formal unentscheidbare Sätze der Principia

Mathematica und verwandter Systeme, I. Monatshefte für
Mathematik und Physik 38, 173 (1931).

39 C. Moore, Unpredictability and undecidability in dynamical

systems. Phys. Rev. Lett. 64, 2354 (1990).



7

40 J. Eisert, M. P. Müller, and C. Gogolin, Quantum mea-

surement occurrence is undecidable. Phys. Rev. Lett. 108,
260501 (2012).

41 T. S. Cubitt, D. Perez-Garcia and M. M. Wolf, Undecid-

ability of the spectral gap. Nature 528, 207 (2015).
42 A. M. Turing, On computable numbers, with an application

to the Entscheidungsproblem. Proc. London Math. Soc. 42,
230 (1937).

43 C. Moore and S. Mertens, Nature of computation. Oxford
university press (2011).

44 K. Morita, Theory of Reversible Computing. Springer
(2017).

45 R. Feynman, Quantum mechanical computers. Optics
News 11, 11 (1985).

46 A. Yu. Kitaev, A.H. Shen, and M.N. Vyalyi. Classical and
Quantum Computation. Vol. 47 of Graduate Studies in
Mathematics. American Mathematical Society, (2002).

47 C. Calude and E. Calude, Evaluating the Complexity of

Mathematical Problems: Part 1. Complex Systems 18, 387

(2010).
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Figures

Figure 1

The problem of thermalization concerns the long-time average of the observable.— (a) We consider
whether a nonequilibrium initial state relaxes to the equi- librium or not. (b) More precisely, we decide
whether the long-time average of ψ(t) A ψ(t) converges to the value A with precision ε1, or deviates from



A at least ε2 > ε1 (If the long-time average settles between ε1 and ε2, we do not have to answer). This
problem is shown to be an undecidable problem.

Figure 2

Roles of three layers in M-cells and schematic of dynamics of two Turing machines— [Top]: In the �rst
part, a reversible Turing machine, TM1, decodes a bit sequence x on the �rst layer through the estimation
of the number of 1 in the second layer (step (i)). The binary ex- pansion of β is set to x. The number of
qubits TM1 reads is determined by the leftmost cell with 1 in the third layer. Here, we draw only M-cells
and omit A-cells for visibility. [Bottom]: In the second part, a universal reversible Turing machine, TM2,
runs with the input x (step (ii)). If TM2 halts, then TM3 starts to �ip the state in the second layer from a1



to a2 (step (iii)). If TM2 does not halt, the sites in the second layer are not �ipped. Note that we have not
drawn the second and third layers of M-cells for visibility.

Figure 3

Evolution of the quantum state of the to- tal system— We draw a possible hopping between quantum
states in the computational basis. Although here, we depict only the �rst and second layers for visibility,
the quan- tum state actually consists of three layers. Similar to the Feynman-Kitaev Hamiltonian case, the
total Hamiltonian induces the forward and backward one-step time evolution of the TM.
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