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 10 

Abstract 11 

Background: The European phase of the COVID (SARS-CoV-2) pandemic started in early 12 

February 2020. Lockdown measures have been adopted to flatten the infection curve. Early 13 

detection and robust estimation of its inflection point and other phenomenological epidemic 14 

parameters are extremely relevant to evaluate effectiveness of containment measures and 15 

the epidemic course.  16 

Methods: We use a nonlinear least-squares algorithm to fit logistic functions to the curves 17 

of active infected and deceased during the pandemic evolution, studying also the changes 18 

and stabilization of the logistic parameters. 19 



Results: We present the computation of the inflection points for Spain and Italy. We use 20 

these results to estimate two fundamental disease parameters: the infection-to-death lag and 21 

the onset of lockdown effects. These estimates are sharp and robust. 22 

Conclusions: The data-driven logistic-fit approach has proven to be a remarkably powerful 23 

tool, allowing us to effectively compute three disease parameters which may prove to be an 24 

invaluable help in the control of the epidemic as well as to model response of the health 25 

services in other countries in the World. The results and methods can be used to forecast 26 

the evolution in countries still in early stages of the epidemic. 27 

Keywords: Covid-19, Logistic approach, Epidemic model, Infection-to-death lag. 28 

 29 

Background  30 

The European phase of the COVID pandemic started in February 2020. The initial outbreak 31 

in Italy was closely followed in other countries, spreading across Western Europe. Without 32 

any immunity, epidemic models predicted an infection curve with a peak value of 70% of 33 

the population if no action was taken. These countries had to undergo lockdown – Italy 34 

partially on March 8 and totally on March 11 (day 25 from Feb. 15), and Spain on March 35 

16 (day 30). At the end of March Italy had over 100,000 cases and 12,000 dead, and Spain 36 

about 85,000 cases and 8,000 dead. It thus became a critical issue to detect the inflection 37 

point of the infection curve in order to evaluate effectiveness of containment measures. We 38 

perform these computations and use the corresponding results to estimate essential disease 39 

parameters as infection-to-death lag and onset of lockdown effects, which may prove 40 

crucial for the control of the epidemic elsewhere. The logistic fit of (the increasing section 41 



of) these curves has proven to be an extremely useful tool, allowing us to estimate these 42 

parameters quite sharply. 43 

 44 

Methods  45 

Detection of the inflection points 46 

In this paragraph we take a completely data-driven approach, treating the system as a black 47 

box outputting raw data and ignoring any underlying biological mechanisms. We analyse 48 

reliable public data openly available [1,2], using them to detect possible inflection points in 49 

the number of active cases and in the number of deaths.  We work with the active cases at 50 

each moment and not with the accumulated infections since only actives contribute, at each 51 

instant, to contagion. 52 

We model the ascent segment of both the active infectious and the deceased curves with a 53 

logistic curve [3,4,5,6,7,8] 54 

  55 

𝑁𝑁(𝑡𝑡) =
𝐿𝐿

1 + 𝑒𝑒−𝑟𝑟(𝑡𝑡−𝑇𝑇𝑖𝑖) 56 

 57 

performing a least-squares fit (minimization of the sum of squared errors SSE along the 58 

fitting period) [9]. 59 



We optimize all three independent parameters: 𝐿𝐿 (carrying capacity) ,𝑇𝑇𝑖𝑖 (inflexion time) 60 

and 𝑟𝑟 (exponential rate) by solving a nonlinear least-squares problem through the 61 

multivariate Newton-Raphson iterative algorithm [10,11,12,13,14]. The initial guess of 62 

parameters is obtained from 3 regularly separated values along the fitting period. Moreover, 63 

a proper parametric scaling is mandatory in order to ensure convergence of the algorithm. 64 

The method details are provided in the appendix. 65 

The goodness-of-fit measure adopted is the relative error 𝐺𝐺𝐺𝐺𝐺𝐺 = �𝑆𝑆𝑆𝑆𝑆𝑆/𝑆𝑆𝑆𝑆 , where SS is 66 

the sum of squared observations. The sensitivity, both of the optimal parameters and GOF 67 

to the final day 𝑡𝑡𝑒𝑒 of the fitting period, is studied.  68 

 69 

Estimation of the time lag between onset of symptoms and death in COVID-19 70 

The technique presented here provides a simple way to estimate the average time lag 71 

between onset of symptoms and death in COVID-19 infected individuals. It can also be 72 

applied to other variables which are obtained from the infected cases by integration, as is 73 

the case of deceased in the usual ODE epidemiological models [3,15, 16] SIR (Susceptible-74 

Infected-Recovered), SEIR (Susceptible-Exposed-Infected-Recovered) and their variants 75 

[17,18,19] dealing specifically with COVID modelling. 76 

The time lag between onset of symptoms and death (TLSD) is an important measure by 77 

itself and of vital interest for health care system management. It is particularly relevant in 78 

the estimation of under-reporting of infected cases [20] and in the estimation of the severity 79 

of the infection [21]. 80 



Lag between onset of symptoms and death in Wuhan was assumed by different authors to 81 

be 15 to 20 days [22], 21 to 22 days [21] or 18 days [23], and was taken, as a general 82 

prototype for this disease, to be 14 days in the recent work by Baud et al [24]. 83 

Distinct approaches produce different numbers. This lag, naturally, varies from region to 84 

region and country to country. Factors like healthcare system and demographic structure, 85 

among others, are important variables concerning TLSD. 86 

We present a purely data analytic estimation of TLSD in the two European countries which 87 

have suffered to date the most number of fatalities with this pandemic: Spain and Italy. 88 

This measure could also be performed for the onset of symptoms and recovery, but the 89 

exactness of the moment of recovery is not clear with current available data, in opposition 90 

to the time of death for individuals in Europe, which is usually very precise. 91 

We measured the distance of the graph of the number of active infected cases to the graph 92 

of the curve of deceased for Italy and Spain. We shifted the curve of deceased using as time 93 

unit the day. We considered the time interval where the behavior of the number of infected 94 𝐼𝐼(𝑡𝑡) and the number of deceased 𝐷𝐷(𝑡𝑡) with time is approximately exponential in the onset 95 

of the local epidemics. Obviously, this assumption is not necessary in a general framework 96 

of logistic approximations, or for the general solutions of epidemic models (SIR, SEIR 97 

[3,15] and its multiple variants [17,18]).  98 

For the exponential phase of the outbreak we consider the curve of the daily increment of 99 

active infected cases and the curve of the daily increment of the fatalities and their 100 

corresponding values obtained from the logistic fit of 𝐼𝐼(𝑡𝑡) and 𝐷𝐷(𝑡𝑡) respectively. Then we 101 

vary the time lag between these curves, computing the Euclidean distance in function of 102 



each possible time shift. The desired value of TLSD is the minimizer of this distance 103 

function. We perform this computation in the period ranging between the time 104 

corresponding to a minimum threshold of actives (e.g. 100) and the point of inflection in 105 

the curve of actives estimated from the logistic fit. 106 

The technical details of the methods are presented in the appendix. 107 

 108 

Results 109 

Inflection Point 110 

Our findings are the following. In the case of Italy, the inflection point of the active curve 111 

(Fig. 1) was attained on days 35-36, corresponding to 21-22 March  (Fig. 2b), where day 0 112 

is set to 15 February.. This result seems extremely robust: up until day 36 a hypothetical 113 

inflection point was placed always in the last day of the series, indicating its effective 114 

inexistence. In fact, during that stage, the solution is approximately exponential, and one of 115 

the three parameters is redundant, since 𝐿𝐿/𝑒𝑒𝑟𝑟𝑇𝑇𝑖𝑖 becomes approximately constant. From that 116 

point onwards the inflection point froze on day 36, as may be seen in Fig. 2b), and 117 

parametric degeneracy disappears. Before the inflection the GOF measure (relative error), 118 

shown in Fig. 2d), increases to a peak, after which it follows a steadily declining curve, 119 

which starts exactly at the point where the inflection is included in the fitting, i.e. when the 120 

ending day 𝑡𝑡𝑒𝑒 of the fitting period depasses 35. The GOF has reached about 1.3% at 𝑡𝑡𝑒𝑒 =49, 121 

corresponding to a linear correlation of 99.95% between simulations and observations. The 122 

logistic assymptotic value L in Fig. 2a) and the exponential rate r in Fig. 2c), as a function 123 

of 𝑡𝑡𝑒𝑒, have both stabilized, respectively near 97000 and 0.181 day-1. 124 



 125 

 126 

Fig. 1. Fig 1. | Active (red squares) and deceased (red circles) daily sampled declared 127 

values in Italy from t=0 (Feb-15) up to t=49 (Apr-04) and logistic fits using a fitting period 128 

starting at t=7 (Feb-22, when  active = 79) and ending at 𝑡𝑡𝑒𝑒 =33, 36, 39, 42, 45 (thin lines) 129 

and 𝑡𝑡𝑒𝑒=49 (solid lines). Fits stop at L-100 in ordinates. Line colors are black for active and 130 

blue for deceased.  131 

 132 

With respect to the deceased curve (see Fig. 1), it may also be seen in Fig 2b) that the 133 

inflection point has not yet been reached, since the fitted value of 𝑇𝑇𝑖𝑖 is still growing, even 134 

for 𝑡𝑡𝑒𝑒 > 35. This is to be expected, since the deceased curve has an effective delay with 135 



respect to the active curve. The logistic asymptotic value L has slowly risen up to ~18800 136 

(Fig. 2a) at 𝑡𝑡𝑒𝑒=49 and r has decreased towards 0.184 day-1 (Fig. 2c), with a tendency to 137 

converge to the r value of the active curve as new outcomes enter in the fitting. This 138 

behaviour is consistent with the slow but steady increase of the inflection point for the 139 

deceased curve seen in Fig. 2b). 140 

 141 

Fig. 2. Logistic parameters for Italy as a function of the fitting period ending day 𝑡𝑡𝑒𝑒 in the 142 

following order:  L (a) , 𝑇𝑇𝑖𝑖 (b) and r (c) and correspondent relative error (d) (GOF) in % for 143 

the active (black) and deceased (red) curves.  144 

 145 



In the case of Spain (Fig. 3), these methods reveal that an inflection point in the number of 146 

active cases has been reached in days 39-40 that is, 25-26 March, and in a very robust way 147 

as seen in Fig. 4b). The GOF of the logistic fit in Fig. 4d) decays sharply and 148 

monotonously since day 38, reaching 1.75% when the fitting is extended up to 𝑡𝑡𝑒𝑒 = 49 (see 149 

Fig. 4d). 150 

 151 

Fig. 3. Active (red squares) and deceased (red circles) daily sampled declared values in 152 

Spain from t=0 (Feb-15) up to t=49 (Apr-04) and logistic fits using a fitting period starting 153 

at t=15 (Mar-01, when  active = 82) and ending at 𝑡𝑡𝑒𝑒 =36,39,42,45 (thin lines) and 𝑡𝑡𝑒𝑒=49 154 

(solid lines). Fits stop at L-100 in ordinates. Line colors are black for active and blue for 155 

deceased. 156 



 157 

The deceased curve seems to show the same tendency, but in a less robust way: the GOF 158 

has a relative minimum (Fig. 4d) when the fit ends at 𝑡𝑡𝑒𝑒 =41, growing afterwards. This 159 

indicates that it is still too early to confirm the existence of an inflection point in the 160 

deceased curve. 161 

For the active and deceased curves, the values of the asymptotic value L are converging to 162 

89800 and 14800 respectively (see Fig. 4a) whereas the r values (see Fig. 4c) are stabilizing 163 

at 0.23  day-1 for the active curve but still decreasing for the deceased curve, with values 164 

around 0.26 day-1 respectively. This is another indication that the estimated inflection point 165 

is still not very stable.  166 



167 

Fig. 4. Logistic parameters for Spain as a function of the fitting period ending day 𝑡𝑡𝑒𝑒 in the 168 

following order:  L (a) , 𝑇𝑇𝑖𝑖 (b) and r (c) and correspondent relative error (d) (GOF) in % for 169 

the active (black) and deceased (red) curves. 170 

 171 

Time lag between onset of symptoms and death in COVID-19 172 

The graph of distance vs. time shift is shown for Italy (Fig. 5a) and Spain (Fig. 5c), both 173 

using observed data and the logistic fit with the longest fitting period (𝑡𝑡𝑒𝑒 =49). Both curves 174 



have a remarkable agreement, with minima lying in the same specific TLSD for each 175 

country.  176 

In the case of exponential approximation 𝜏𝜏 gives the lag that makes the exponents of 𝐼𝐼(𝑡𝑡) 177 

and 𝐷𝐷(𝑡𝑡 + 𝜏𝜏) equal, making the interpretation straightforward: in these conditions, the 178 

shifting time that produces the minimal distance between the two loglinear graphs of the 179 

daily new cases (Fig. 5b for Italy and Fig. 5d for Spain) is precisely the desired time lag 𝜏𝜏 180 

between the onset of symptoms and death. 181 

In Fig. 5b and Fig. 5d, we present the results of our computations using the available and 182 

public data of Johns Hopkins repository [1].  183 



184 

Fig. 5. Root mean square difference between the daily new active and lagged daily new 185 

deceased curves for Italy (a) and Spain (c) with black symbols. The estimation obtained 186 

from the daily increments of the logistic fit of active and deceased is given by red symbols. 187 

b), for Italy) and d) for Spain, show the curves of daily new active (Solid black), and its 188 

logistic approximation (Thin black), daily new deceased (Solid red), and its logistic 189 

approximation (Thin red). The lagged daily new active by the logistic approximation, with 190 

the lag of minimum curve distance is also plotted (Dashed thin black).  191 

 192 



Our findings show that the distance between the curves is minimal when 𝜏𝜏 =16 days for 193 

Italy and when 𝜏𝜏 =13 days for Spain, with errors of about 1 day. These numbers agree 194 

remarkably well with the bounds mentioned in the literature [4,20,21,22]. The method is 195 

fairly straightforward, and in the presence of the appropriate data may be very efficiently 196 

adapted to obtain TLSD for any country.  197 

 198 

Discussion 199 

This work was performed during the evolution of the COVID-19 viral outbreak in Europe 200 

in 2020; thus, some of the predictions we perform, namely the asymptotic values of 201 

deceased people, will only be validated in the near future. Therefore, the predictive tools 202 

we present can only be taken as an accompanying diagnostic to help Healthcare policy- and 203 

decision-makers during the epidemic progress. Moreover, the results we obtain are only 204 

valid as long as the hypotheses of validity of the logistic approach remain applicable. For 205 

instance, if a second pandemic wave occurs, the logistic fit must be reset. Another 206 

limitation is the representativeness of the declared values of the actively infected.  207 

In fact, the total of actives for many countries may be aggregate values from different 208 

heterogeneous regions corresponding to distinct local outbreaks, in different stages of the 209 

pandemic, with different contagion factors (dependent on e.g. geographical or sociological 210 

variables) and where eventually different lockdown measures were applied. This has 211 

happened very specifically in Italy, with an earlier outbreak in Lombardy and later regional 212 

outbreaks, leading to the Lombardy lockdown in March 8 and full lockdown in March 11.  213 



The sum of different epidemiological variables corresponding to sources of infection in 214 

different stages of development may result in the heteroscedasticity (differing variance) of 215 

the summands totalizing the number of infected, which may prove to be a source of noise 216 

for  global logistic modeling of the epidemic. However, for large enough populations like 217 

those studied in this paper, the heterogeneity factors will in fact become sufficiently diluted 218 

as not to perturb too much the logistic fit, as is evidenced by the stability of our 219 

computations for the cases of Italy and Spain. This fact allows thus for a robust estimation 220 

of the inflection point of the epidemic curve, as well as the corresponding estimations of 221 

TLSD, making our conclusions sound and reliable.  222 

Unfortunately, using only the curves of infected and deceased, we have no information to 223 

estimate standard deviations of the time lag from onset of symptoms to death using only the 224 

logistic fit. 225 

 226 

Conclusions 227 

The evolution of the logistic fitting parameters, as well as the goodness-of-fit as far new 228 

recent observations are included during the pandemic, is a good diagnostic and early 229 

warning of the inflection point both in active and deceased epidemiologic curves. The 230 

estimation of the inflection point of epidemic curves through a smooth logistic curve is 231 

certainly more robust than that obtained from difference-based estimations of time 232 

derivatives, which are contaminated by noise.  233 

Our results show that Italy has reached the inflection point of the active curve on days 35-234 

36 (21-22 March) and Spain on days 39-40 (25-26 March). We note that full lockdown was 235 



declared, respectively, on days 25 and 30. This is extremely good evidence that the period 236 

between full lockdown measures and reaching the inflection point is 10 days. 237 

Our results may also be used to estimate the lag between onset of symptoms and death for 238 

both countries, which we find to be 16 days for the case of Italy and 13 days for the case of 239 

Spain. In fact, these lags may be immediately read off from Figs. 5b) and 5d), which are 240 

just the loglin plot of the daily step of observed data (new daily cases): in both cases the 241 

deceased curve is seen to be an almost perfect time-translation of the active curve by the 242 

respective lag, also plotted in Fig.5b and Fig. 5d. Both these data may be extremely useful 243 

as guidelines for controlling the epidemic in other countries in the course of the current 244 

pandemic. 245 

 246 

List of abbreviations 247 

COVID-19: Virus SARS-CoV-2 248 

GOF: Goodness of Fitting 249 

SIR: Epidemiologic model Susceptible-Infected-Recovered 250 

SEIR: Epidemiologic model Susceptible-Exposed-Infected-Recovered 251 

TLSD: Time lag between onset of symptoms and death 252 

 253 

Appendix 254 



Fitting of the Logistic Model 255 

The active, deceased and recovered curves during the rising stage of an epidemic outbreak 256 

can be well modeled by a logistic or Richards growth model [3,4], obeying the differential 257 

equation 258 

 259 

𝑑𝑑𝑁𝑁𝑑𝑑𝑡𝑡 = 𝑟𝑟𝑁𝑁 �1 − 𝑁𝑁𝐿𝐿� 260 

 261 

where 𝑟𝑟, 𝐿𝐿 are fixed positive parameters for each of those groups. The solution is 262 

 263 

𝑁𝑁(𝑡𝑡,𝜽𝜽) =
𝐿𝐿

1 + 𝑎𝑎 𝑒𝑒−𝑟𝑟𝑡𝑡 264 

  265 

where 𝜽𝜽 = (𝐿𝐿,𝑎𝑎, 𝑟𝑟)′ is the column vector of the solution parameters. The time evolving graph 266 

of 𝑁𝑁(𝑡𝑡,𝜽𝜽) is a sigmoid curve reaching the asymptotic upper bound L. The constant r is the 267 

exponential growth rate and 𝑎𝑎 =
𝐿𝐿−𝑁𝑁(0,𝜽𝜽)𝑁𝑁(0,𝜽𝜽)

= 𝑒𝑒𝑟𝑟𝑇𝑇𝑖𝑖 is positive, depending on the initial 268 

condition 𝑁𝑁(0,𝜽𝜽). It also relates to the mid-point time 𝑁𝑁(𝑇𝑇𝑖𝑖,𝜽𝜽) = 𝐿𝐿/2 where the sigmoid 269 

passes through an inflection point (null second time derivative).  270 

 271 



We now provide the details on how to fit a logistic curve and its three parameters from a set 272 

of regularly sampled observed or estimated available numbers 𝑧𝑧𝑘𝑘 at times 𝑡𝑡𝑘𝑘 =273 𝑘𝑘Δ , (𝑘𝑘 = 0, … ,𝑚𝑚), where Δ is the sampling time, taken as unit w.l.g. (e.g. 1 day). Those 274 

values may be affected by operational errors of systematic or random nature. Let us stress 275 

that if 𝑧𝑧𝑘𝑘 is obtained from a representative finite sample, then it is reasonable to think of 𝑧𝑧𝑘𝑘 276 

as a constant fraction of the real number which satisfies a proportional logistic function with 277 

a different carrying capacity 𝐿𝐿. In order to get the misfit solution, we look for the absolute 278 

minimum of the cost function: 279 

 280 

𝐽𝐽�𝜽𝜽,𝑚𝑚𝑖𝑖,𝑚𝑚𝑓𝑓� = � (𝑁𝑁(𝑡𝑡𝑘𝑘,𝜽𝜽) − 𝑧𝑧𝑘𝑘 )𝟐𝟐𝑚𝑚𝑓𝑓
𝑘𝑘=𝑚𝑚𝑖𝑖  281 

 282 

where 𝑚𝑚𝑖𝑖  is the initial fitting instant, which in the case of epidemiological curves is set to the 283 

time after which 𝑧𝑧𝑘𝑘 is above a certain threshold 𝑧𝑧𝑚𝑚𝑖𝑖𝑚𝑚, i.e. 𝑧𝑧𝑘𝑘 ≥ 𝑧𝑧𝑚𝑚𝑖𝑖𝑚𝑚 ,𝑘𝑘 ≥ 𝑚𝑚𝑖𝑖 (e.g. 𝑧𝑧𝑚𝑚𝑖𝑖𝑚𝑚 =284 

100).The cost function is therefore the sum of squared errors (SSE) or squared deviations 285 

between observations 𝑧𝑧𝑘𝑘 and a given control solution 𝑁𝑁(𝑡𝑡𝑘𝑘,𝜽𝜽). The absolute minimum of 𝐽𝐽 286 

in parameter space yields the optimal or misfit logistic. Given the nonlinear dependence on 287 

parameters, the optimal solution can only be reached by Monte-Carlo, genetic or gradient-288 

descent-based methods.  289 

 290 



Here we will use the Newton-Raphson iterative algorithm (). It starts from a first guess 𝜽𝜽𝑓𝑓𝑓𝑓 =291 �𝐿𝐿𝑓𝑓𝑓𝑓,𝑎𝑎𝑓𝑓𝑓𝑓, 𝑟𝑟𝑓𝑓𝑓𝑓�𝑇𝑇 of the parameters, where superscript T stands for transpose. They can be 292 

easily obtained from three equally spaced values 𝑧𝑧𝑚𝑚, 𝑧𝑧2𝑚𝑚, 𝑧𝑧3𝑚𝑚, considering that they are well 293 

fitted by a logistic. Its parameters are obtained as follows. Let us take 𝑐𝑐1 ≡ 𝑧𝑧3𝑛𝑛𝑧𝑧2𝑛𝑛 , 𝑐𝑐2 ≡ 𝑧𝑧2𝑛𝑛𝑧𝑧𝑛𝑛  and 294 

𝑏𝑏1 ≡ 𝑐𝑐1 𝑐𝑐2−1𝑐𝑐1 (𝑐𝑐2 −1)
, 𝑏𝑏2 ≡ 𝑐𝑐2 −1𝑐𝑐1 (𝑐𝑐2 −1)

. Then 𝑥𝑥 ≡  𝑒𝑒−𝑚𝑚 𝑟𝑟𝑓𝑓𝑓𝑓 satisfy a second-order equation:  𝑥𝑥2 −295 

𝑏𝑏1 𝑥𝑥 + 𝑏𝑏2 = 0 with solution 𝑥𝑥 =
12  �𝑏𝑏1 −�𝑏𝑏12 − 4𝑏𝑏2 �. If 𝑥𝑥 is complex, then choose the 296 

largest 𝑛𝑛 possible: 3𝑛𝑛 ≤ 𝑚𝑚. Thus, we easily get 𝑟𝑟𝑓𝑓𝑓𝑓 = −log (𝑥𝑥)/𝑛𝑛, 𝑎𝑎𝑓𝑓𝑓𝑓 =
𝑐𝑐1 −1𝑥𝑥2−𝑐𝑐1 𝑥𝑥3, 𝐿𝐿𝑓𝑓𝑓𝑓 =297 

�1 + 𝑥𝑥𝑎𝑎𝑓𝑓𝑓𝑓�𝑧𝑧𝑚𝑚.  298 

Then, parameter steps in each iteration depend both on the cost-function gradient and the 299 

Hessian matrix. In order to keep its well-conditioning, both the parameters and time must be 300 

rescaled such that new parameters are O(1). The vector of rescaled parameters is 𝜼𝜼 =301 

(𝐿𝐿′,𝑎𝑎′, 𝑟𝑟′)𝑇𝑇 with 𝐿𝐿′ = 𝐿𝐿/𝐿𝐿𝑓𝑓𝑓𝑓, 𝑎𝑎′ = 𝑎𝑎/𝑎𝑎𝑓𝑓𝑓𝑓 , 𝑟𝑟′ = 𝑟𝑟/𝑟𝑟𝑓𝑓𝑓𝑓 and all the correspondent first-guess 302 

values are set to 1. The scaled time is 𝑡𝑡′ = 𝑡𝑡 𝑟𝑟𝑓𝑓𝑓𝑓 and the rescaled cost-function comes as: 303 

 304 

𝐽𝐽�𝜼𝜼,𝑚𝑚𝑖𝑖,𝑚𝑚𝑓𝑓� = � � 𝑁𝑁�(𝑡𝑡𝑘𝑘′,𝜼𝜼) − 𝑧𝑧𝑘𝑘𝐿𝐿𝑓𝑓𝑓𝑓�𝟐𝟐𝑚𝑚𝑓𝑓
𝑘𝑘=𝑚𝑚𝑖𝑖  305 

 306 

with 307 

𝑁𝑁�(𝑡𝑡′,𝜼𝜼) =
𝐿𝐿′

1 + 𝑎𝑎𝑓𝑓𝑓𝑓𝑎𝑎′ 𝑒𝑒−𝑟𝑟′𝑡𝑡′ =
𝑁𝑁(𝑡𝑡,𝜽𝜽)𝐿𝐿𝑓𝑓𝑓𝑓   308 



 309 

Let 𝜼𝜼𝑙𝑙 the l-th parameter iteration with 𝜼𝜼1 set to a vector of ones. The iteration process is 310 

written as 311 

 312 

𝜼𝜼𝑙𝑙+1 = 𝜼𝜼𝑙𝑙 − 𝜀𝜀𝑯𝑯�𝐽𝐽(𝜼𝜼𝑙𝑙)�−1𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈�𝐽𝐽(𝜼𝜼𝑙𝑙)�, 313 

 314 

where 𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈(𝐽𝐽(𝜼𝜼𝑙𝑙)) and 𝑯𝑯�𝐽𝐽(𝜼𝜼𝑙𝑙)� are the gradient and Hessian matrix of 𝐽𝐽 with respect to 315 

the parameters evaluated at 𝜼𝜼𝑙𝑙 and 𝜀𝜀 ∈]0,1], preferentially small (e.g. 𝜀𝜀 = 0.005). 316 

Expressions for the derivatives may be automatically obtained in 317 

https://www.wolframalpha.com/. 318 

If the first guess lies in the attraction basin of a minimum, then 𝐽𝐽(𝜼𝜼𝑙𝑙)− 𝐽𝐽(𝜼𝜼𝑙𝑙+1) > 0 and the 319 

process is iterated, stopping at 𝜼𝜼𝑓𝑓𝑖𝑖𝑚𝑚𝑓𝑓𝑙𝑙 when consecutive cost-function differences or the 320 

gradient norm is less than a certain tolerance 𝜀𝜀𝐽𝐽 (e.g. the rounding error) or the maximum 321 

number of iterations is reached. At the optimal solution, its sensitivity to small changes in 322 

the parameters may be obtained by diagonal terms of 𝑯𝑯�𝐽𝐽�𝜼𝜼𝑓𝑓𝑖𝑖𝑚𝑚𝑓𝑓𝑙𝑙��−1. Some first guesses 323 

must be tried, choosing the solution with the least cost function.  324 

 325 

Goodness-of-fitting 326 

https://www.wolframalpha.com/


The goodness-of-fitting (GOF) is obtained as the root square of the ratio between the SSE at 327 

the optimal solution and the sum of squares of the solution.  328 

 329 

𝐺𝐺𝐺𝐺𝐺𝐺 = �𝐽𝐽�𝜽𝜽𝑓𝑓𝑖𝑖𝑚𝑚𝑓𝑓𝑙𝑙 ,𝑚𝑚𝑖𝑖,𝑚𝑚𝑓𝑓�∑ 𝑧𝑧𝑘𝑘2𝑚𝑚𝑓𝑓𝑘𝑘=𝑚𝑚𝑖𝑖 �1/2
 330 

 331 

Delay between active and deceased new cases 332 

We provide a measure of similarity between the curve of new active cases and the curve of 333 

new deceased cases. Let 𝐼𝐼(𝑡𝑡) and 𝐷𝐷(𝑡𝑡) the active and deceased curve at time 𝑡𝑡 and 334 

correspondent daily variations denoted as 𝐼𝐼′(𝑡𝑡) ≡  𝐼𝐼(𝑡𝑡) − 𝐼𝐼(𝑡𝑡 − 1) and 𝐷𝐷′(𝑡𝑡) ≡  𝐷𝐷(𝑡𝑡) −335 𝐷𝐷(𝑡𝑡 − 1) respectively. The logistic fit of 𝐼𝐼(𝑡𝑡) is 𝐼𝐼𝑙𝑙(𝑡𝑡) and of 𝐷𝐷(𝑡𝑡) is 𝐷𝐷𝑙𝑙(𝑡𝑡). The daily 336 

variations by the logistic approach are then approximated by 𝐼𝐼𝑙𝑙′(𝑡𝑡) ≡ 𝐼𝐼𝑙𝑙(𝑡𝑡) − 𝐼𝐼𝑙𝑙(𝑡𝑡 − 1) and 337 𝐷𝐷𝑙𝑙′(𝑡𝑡) ≡ 𝐷𝐷𝑙𝑙(𝑡𝑡) −𝐷𝐷𝑙𝑙(𝑡𝑡 − 1) respectively. 338 

We perform this computation in the period ranging between the time correspondent to a 339 

minimum threshold of actives (e.g. 100) and the point of inflection in the curve of actives. 340 

We then compute the root mean average squared difference (or Euclidean distance) between 341 

the curve 𝐼𝐼′(𝑡𝑡) and the lagged curve 𝐷𝐷′(𝑡𝑡 + 𝜏𝜏) for a positive 𝜏𝜏 (𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡(𝜏𝜏)):  342 

 343 

𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡(𝜏𝜏) = � 1𝑇𝑇𝑖𝑖 −𝑚𝑚𝑖𝑖 + 1
��𝐼𝐼′(𝑡𝑡) − 𝐷𝐷′(𝑡𝑡 + 𝜏𝜏)�2𝑇𝑇𝑖𝑖
𝑡𝑡=𝑚𝑚𝑖𝑖  344 



 345 

Equally, we compute the same distance using the logistic fit (𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡𝑙𝑙(𝜏𝜏)), where we simply 346 

replace 𝐼𝐼′(𝑡𝑡) by 𝐼𝐼𝑙𝑙′(𝑡𝑡) and 𝐷𝐷′(𝑡𝑡 + 𝜏𝜏) by 𝐷𝐷𝑙𝑙′(𝑡𝑡 + 𝜏𝜏). 347 
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Figures

Figure 1

Active (red squares) and deceased (red circles) daily sampled declared values in Italy from t=0 (Feb-15)
up to t=49 (Apr-04) and logistic �ts using a �tting period starting at t=7 (Feb-22, when active = 79) and
ending at t_e =33, 36, 39, 42, 45 (thin lines) and t_e=49 (solid lines). Fits stop at L-100 in ordinates. Line
colors are black for active and blue for deceased.



Figure 2

Logistic parameters for Italy as a function of the �tting period ending day te in the following order: L (a) ,
Ti (b) and r (c) and correspondent relative error (d) (GOF) in % for the active (black) and deceased (red)
curves.



Figure 3

Active (red squares) and deceased (red circles) daily sampled declared values in Spain from t=0 (Feb-15)
up to t=49 (Apr-04) and logistic �ts using a �tting period starting at t=15 (Mar-01, when active = 82) and
ending at te =36,39,42,45 (thin lines) and t_e=49 (solid lines). Fits stop at L-100 in ordinates. Line colors
are black for active and blue for deceased.



Figure 4

Logistic parameters for Spain as a function of the �tting period ending day t_e in the following order: L
(a) , Ti (b) and r (c) and correspondent relative error (d) (GOF) in % for the active (black) and deceased
(red) curves.



Figure 5

Root mean square difference between the daily new active and lagged daily new deceased curves for
Italy (a) and Spain (c) with black symbols. The estimation obtained from the daily increments of the
logistic �t of active and deceased is given by red symbols. b), for Italy) and d) for Spain, show the curves
of daily new active (Solid black), and its logistic approximation (Thin black), daily new deceased (Solid
red), and its logistic approximation (Thin red). The lagged daily new active by the logistic approximation,
with the lag of minimum curve distance is also plotted (Dashed thin black).


