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Abstract

In this paper, the estimation of angular difference between adjacent sources is investigated in the uniform

linear array. In the presence of additive Gaussian noise, we use singular value decomposition to obtain the

eigenvalues of the spatial covariance matrix. Thus, the expressions of eigenvalues related to the signal are

obtained. The smaller one between the eigenvalues is related to the degree of difference between the two

sources and we derive the expression of the angular difference estimation through it. In practice, the more

samples observed, the more accurate the estimate is. Numerical results confirm our theoretical analysis and

demonstrate the effectiveness of the proposed estimation method. The result in this paper has important

guiding significance for array signal processing in the actual environment.
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1 Introduction
For decades, array processing of the received signal has
been intensively investigated. Resolution and accurate
estimation of signals and their parameters are cen-
tral capabilities of adaptive sensor array processing [1].
Many techniques were the result of an attempt by re-
searchers to go beyond the classical Fourier-limit. For
example, the Maximum Entropy (ME) spectral esti-
mation method [2] overcome the problem of “Rayleigh
limit” in the conventional beam-forming method [3],
which have important inspirations for the subsequent
effort. The subspace-based approach such as the mul-
tiple signal classification (MUSIC) algorithm [4, 5] re-
lies on certain geometrical properties of the assumed
data model, resulting in a resolution capability which
is not limited by the array aperture. The maximum
likelihood (ML) method [6] including deterministic M-
L (DML) [7] algorithm and stochastic ML (SML) [8]
algorithm can achieve asymptotic optimal estimates
with multi-dimensional optimization.

Eigenspace decompositions are used in solving many
signal processing problems such as source location es-
timation [9]. In this case, either the eigenvalue decom-
position (EVD) of a covariance matrix or the singu-
lar value decomposition (SVD) of a data matrix is re-
quired [10]. At present, SVD is mainly applied to the
decomposition of sample covariance matrix in order
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to obtain the signal and noise subspaces in array sig-
nal processing. Then the locations of the highest peak-
s of spectrum are recorded as the direction-of-arrival
(DOA) estimates. MUSIC algorithm is the typical one
among these subspace-based methods. However, the
algorithm results in the computational complexity. For
two closely spaced signal sources, it’s important to ac-
curately estimate the angular difference. Through the
estimate, we can judge whether the sources are distin-
guishable under different conditions.

In this paper, we use the quadrature component in
the transformed signal space obtained by singular val-
ue decomposition. Then we obtain the estimate of the
angular difference between adjacent sources. This pa-
per is organized as follows. The system model of a
uniform linear array (ULA) detecting two narrowband
far-field sources is presented in Section 2.1. In Section
2.2, the process of SVD is given and the expression of
angular difference is derived. The estimation for finite
samples in practice are discussed in Section 2.3. The
proposed method is tested via a few simulations, which
appear in Section 3. The main results of this paper are
discussed and concluded in Section 4.

2 Methods
2.1 System model

Let us consider a ULA composed of M antenna el-
ements, as shown in Figure 1 and the inter-element
spacing is half wavelength. Two far-field narrow-band
signals are impinging on the array. Then, the received
signal by the m-th element is given by
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Figure 1 Uniform linear array system model in two sources
scenario.

xm (t) =

2
∑

i=1

si (t)e
jω0τm(θi) + wm (t) (1)

where si (t) stands for the complex amplitude of the
source signals, ω0 is the carrier frequency and τm (θi)
describes the time delay of the signal with direction
angle θi to the m-th element. wm (t) is the additive
noise at the m-th element.
Equation (1) can be expressed compactly as

X (t) = A (θ)S (t) +W (t) (2)

and the steering matrix is

A (θ)=











ejω0τ0(θ1) ejω0τ0(θ2)

ejω0τ1(θ1) ejω0τ1(θ2)

...
...

ejω0τM−1(θ1) ejω0τM−1(θ2)











(3)

In (2), we have the following definitions:

X (t) = [x1(t)x2(t) · · ·xM (t)]
T
,

S (t)=[s1(t)s2(t)]
T
,

W (t)=[w1(t)w2(t) · · ·wM (t)]
T

(4)

Besides, the i-th source is given by si (t) = αie
jϕi(t),

where αi denotes the known amplitude and ϕi (t) is
the unknown phase of source. We assume that ϕi (t) is
uniformly distributed in the interval [0, 2π].
Here, we define the i-th source SNR as

ρi
2=

E
(

αi
2
)

N0
(5)

where N0 is the power spectral density of noise. Specif-
ically, the noise is modeled as a complex Gaussian zero-
mean spatially and temporally white random process
with identical power spectral density N0 on each ar-
ray element. What’s more, it is uncorrelated among
different array elements.

2.2 Eigenvalue decomposition of covariance matrix

The covariance matrix of X (t) is

R = E
[

(X (t)−mx (t)) (X (t)−mx (t))
H
]

(6)

where mx (t)=E [X (t)] and mx (t)= 0. Then, under
the basic assumption that the source signals and the
noise are uncorrelated we have

R = E
[

X (t)X(t)
H
]

= A (θ)RSA
H (θ)+N0I (7)

In (7), the sources are uncorrelated and their covari-
ance matrix is

RS = E
[

S (t)SH (t)
]

=

[

P1 0
0 P2

]

(8)

where P1 = E
(

α1
2
)

and P2 = E
(

α2
2
)

respectively
represents the known power of source 1 and source 2.
We consider the situation that the sources have equal
power and denote the average power as P .
The singular value decomposition of the M × 2 ma-

trix A (θ) is obtained by making a certain well-defined
choice for U and V , which then gives rise to the fol-
lowing decomposition:

A (θ) = UΣV H (9)

where U ∈ CM×M and V ∈ C2×2 is a unitary matrix.
Σ is an M × 2 diagonal matrix containing the singular
values of A (θ).
Let

∣

∣λI −A
H (θ)A (θ)

∣

∣ = 0, then we get the eigen-
values as

λ1=M

(

1 +
sin (M (β1 − β2)/2)

M sin ((β1 − β2)/2)

)

(10)

λ2=M

(

1−
sin (M (β1 − β2)/2)

M sin ((β1 − β2)/2)

)

(11)

where βl = 2πd sin θl/λ. Thus, we get the singular val-
ue matrix Σ as

Σ =

[ √
λ1 0 0 · · · 0
0

√
λ2 0 · · · 0

]T

(12)

Based on the results of decomposition above, we
rewrite (7) as

R = PUΣΣHUH +N0I (13)

Dividing the covariance matrix obtained by the noise
power in the channel gives the following expression

R

N0
= UΛUH (14)
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where Λ = ρ2ΣΣH + I is a M × M diagonal matrix
and ρ2 = P

/

N0 is the average SNR. The specific ex-
pressions of the eigenvalues related to signals in the
eigenvalues of the spatial covariance matrix can also
be obtained.

According to (12), we can obtain the specific repre-
sentation of the matrix Λ.

Λ =











Λ1

Λ2

. . .

ΛM











(15)

=











1+ρ2λ1

1+ρ2λ2

1
. . .











In (15), the first two diagonal values are related to the
source signals. λ1 and λ2 are two signal subspaces ob-
tained by singular value decomposition. λ1 represents
the in-phase component in the transformed signal s-
pace, while λ2 represents the quadrature component.
Note that the quadrature component is related to the
degree of difference between the two sources, we use
λ2 to estimate the angular difference.

When the two sources are adjacent, we exploit the
Taylor expansion at sin θ1 − sin θ2= 0 on λ2 as

λ2 =
π2d2M(M2−1)

6λ2 (sin θ1 − sin θ2)
2

+o (sin θ1 − sin θ2)
(16)

where o (·) is the higher power of sin θ1 − sin θ2 and it
can be neglected. After the transformation of the trig
formula, we have the following expression

λ2 ≈
π2d2M

(

M2 − 1
)

6λ2

(

2 sin
∆

2
cos θ0

)2

(17)

where θ0=(θ1 + θ2)/2 is the azimuth axis and ∆=θ1−
θ2 denotes the angular difference.

Then, we can denote the angular difference by

∆=

√

6λ2 (Λ2 − 1)

ρ2π2d2M (M2 − 1) cos2θ0
(18)

The method enables us to estimate the angular dif-
ference of adjacent sources through the obtained eigen-
values of the covariance matrix. Therefore, the estima-
tion method is simple and fast in practice.

2.3 Angular difference estimation for finite samples

All of the earlier formulation in the last section as-
sume the existence of exact quantities, i.e. infinite ob-
servation time. It is clear that in practice only sam-
ple estimates which we denote by a hat, i.e., ∧, are
available. The sensor outputs are appropriately pre-
processed and sampled at arbitrary time instances, la-
beled t = 1, 2, . . . , N for simplicity.
A natural estimate of R is the sample covariance

matrix and the specific expression is shown as (19),
where R̂S is the source sample covariance matrix and
R̂W is the noise sample covariance matrix.
Here, we ignore the cross term between the source

and the noise in order to simplify the complexity of
the problem. Hence, we can write

R̂=A (θ) R̂SA
H (θ) + R̂W (20)

Because the source signals are assumed to be nonran-
dom (i.e., the same in all realizations) in this paper,
R̂S can be expressed as RS .
After singular value decomposition of A (θ), the rep-

resentation of R̂ is similar to R, i.e.

R̂ = PUΣΣHUH + R̂W (21)

Thus, we obtain

Λ̂2= 1+
P̄

1
N

N
∑

t=1
σ2
n (t)

λ2 (22)

where σ2
n (t) is the variance of noise in the different

snapshot. The above equation is similar to equation
(16).
Based on the discussion of infinite snapshots in the

last section, we give the following expression for finite
N :

∆̂=

√

√

√

√

√

6λ2
(

Λ̂2 − 1
)

1
N

N
∑

t=1
σ2
n (t)

P̄ π2d2M (M2 − 1) cos2θ0
(23)

This representation can be used to estimate the angu-
lar difference in the case of finite samples. Next, we will
discuss the estimation variance of angular difference.
Because the probability density of noise obeys gaus-

sian distribution, the variance of noise σ2
n is exponen-

tial distributed with a mean of N0 and a variance of
N2

0 . Based on the law of large numbers, the sample
mean of noise variance approximately follows the nor-
mal distribution when the number of samples N is suf-
ficiently large.
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R̂ = 1
N

N
∑

t=1
X (t)XH (t)=A (θ) R̂SA

H (θ) +A (θ) 1
N

N
∑

t=1
S (t)WH (t)

+ 1
N

N
∑

t=1
W (t)SH (t)AH (θ) + R̂W

(19)

E (x) =
∫∞

0
xf (x)dx = 1

√

2πN2

0/N

∫∞

0
x exp

(

− (x−N0)
2

2N2

0/N

)

dx

= 1
2

N0(
√
πerf(

√
2N/2)Nexp(N/2)+

√
πNexp(N/2)+

√
2N)exp(−N/2)

N
√
π

(24)

If x =
N
∑

t=1
σ2
n (t)

/

N , then x is Gaussian with a mean

of N0 and a variance of N2
0

/

N . Then the mean value
for the random variable x is the expectation value, as
shown in equation (24), where erf (·) is error function.
When the number of samples is increased to infinity,

we have the following expression

limit
N→∞

(E (x)) = limit
N→∞

1

2

N0

(

2
√
πN+

√
2Nexp

(

−N
2

)

)

N
√
π

= N0

(25)

leading to

limit
N→∞

E

[

(

∆̂−∆
)2

]

= limit
N→∞

E
(

∆̂2 +∆2 − 2∆̂∆
)

=0

(26)

Thus, the estimation variance tends to zero as the
number of samples increases, that is the estimate of
angular difference in practice approaches the true val-
ue with large samples.

In actual signal processing, we can easily judge
whether the sources are distinguishable or not by the
estimate value of the angular difference. When the es-
timate value tends to be constant with the decrease
of the actual angular difference, it is the case that the
two sources are indistinguishable.

3 Results and discussion
In this section, we demonstrate via simulations the re-
sults of the estimation of angular difference for adja-
cent sources.

In the following simulation, a uniform linear array
of M = 32 antennas spaced half a wave length apart
from each other is used. The power of both sources is

0 0.2 0.4 0.6 0.8 1

0
(°)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

estimated value

actual value

Figure 2 Estimated value of the angular difference varies
with actual value.

set as 1. In addition, we set the element-level SNR as
5dB.
In Fig. 2, the comparison of the estimated value of

the angular difference with the actual value is plotted
for large samples (N = 1000). Note that when the true
value ∆0 is less than 0.2 degrees, the estimated value
∆ deviates significantly from the true value and the
estimation is not accurate. This is due to the fact that
the array cannot distinguish between the two sources
at this point. While in the other interval of angular d-
ifference, the estimated value is close to the true value.
The phenomenon just reflects the effectiveness of the
proposed estimation method.
Fig. 3 presents the angular difference estimation for

different samples. We set the actual value to 0.5◦. Ob-
viously, as the number of samples N increases, the es-
timated value of the angular difference will tend to
the actual value. This is consistent with the results
of previous theoretical analysis. In this case, the more
observed values obtained, the less interference caused
by noise and thus the estimation is more accurate.
The computing time of angular difference estimation

is measured by simulations and the results of different
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Figure 3 Estimated value of the angular difference varies
with snapshots.

Table 1 Average run times for various algorithms.

Algorithm Run times (sec)
Music 1.369946
Esprit 1.518598

Algorithm in this paper 0.165054

algorithms are displayed in Table 1. We set the actual
value of angular difference to 0.5◦ and the number of
samples is 1000000. MUSIC and ESPRIT are typical
ones among DOA estimation algorithms, so we com-
pare them with the algorithm in this paper. Here, we
directly estimate the DOAs of two sources and calcu-
late the difference between them. The algorithm pro-
posed in this paper is faster than other algorithms for
the omission of search of peaks. We obtain the angular
difference directly by the eigenvalue and the process of
calculation is simple.

4 Conclusions
In this paper, the estimation method of angular dif-
ference between two adjacent sources in the uniform
linear array is investigated. In the case of infinite ob-
servation time, we derive the theoretical expression of
angular difference under the condition that source sig-
nals are nonrandom. We obtain the eigenvalues of the
spatial covariance matrix by singular value decompo-
sition of the steering matrix. Particularly, the specific
expressions of two eigenvalues related to the signals
are obtained.
Then we call the small eigenvalue the quadrature

component and find that the eigenvalue is related to
the degree of difference between the two sources. Af-
ter a series of approximate calculations, the theoretical
expression of angular difference is derived. Compared
with other DOA estimation methods based on sub-
space, the computation of the method in this paper
is greatly reduced. Through the estimate of angular
difference, we can judge whether the sources are dis-
tinguishable under different conditions.

Besides, the estimation for finite samples is dis-
cussed. Similarly, we give the result of the estimation
in practice based on the sample covariance matrix. It
proves that the estimated value of the angular differ-
ence tends to the actual value as the number of samples
increases.
Finally, we can generalize our research to more com-

plicated scenario, such as extended signal models and
generalized multiple sources. All these problems are
worthy of further investigations.
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Figures

Figure 1

Uniform linear array system model in two sources scenario.



Figure 2

Estimated value of the angular difference varies with actual value.



Figure 3

Estimated value of the angular difference varies with snapshots.


