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Is the primary helper always a key group for the sustainability
of cooperative birds?

A mathematical study on cooperative breeding blue-tailed bee-eater

Sinchan Ghosh · Fahad Al Basir · Ganesh Chowdhury · Santanu Ray ·

Sabyasachi Bhattacharya∗

Abstract Cooperation is a fundamental requirement

for the sustainability of group-living organisms. Despite
the substantial research work in cooperative breeding
birds, the dependence of the populations’ sustainabil-

ity young or adult helpers in migratory populations

is unidentified. The mathematical models for predict-

ing the birds’ cooperative dynamics so far mostly ig-

nore the migratory property. The cooperative breeding

birds have three groups in their population, viz, imma-
ture or primary helpers, mature or secondary helpers,
and breeders. We ask three questions to study migra-

tory cooperative birds’ sustainability through mathe-

matical modeling under changing environments. Which

Author Sinchan Ghosh is thankful to the Council of Scientific
and Industrial Research, Human Resource Development, In-
dia, for funding this research (Grant no: 09/093(0184)/2019-
EMR-I). The authors edited the article using Grammarly pre-
mium (Reference ID: 36627766) and Nature-Springers’ En-
glish language tutorial. The manuscript text has been pre-
pared using the Springers’ LaTex-template.

S. Ghosh
Agricultural & Ecological Research Unit, Indian Statistical
Institute, Kolkata, 700108, India.
E-mail: sinchanghosh110@gmail.com

F. A. Basir
Department of Mathematics, Asansol Girls’ College, Asansol,
713304, India
E-mail: fahadalbasir@yahoo.com

G. Chowdhury
Agricultural & Ecological Research Unit, Indian Statistical
Institute, Kolkata, 700108, India.

S. Ray
Department of Zoology, Visva-Bharati, Santiniketan, 731235,
India
E-mail: santanu.ray@visva-bharati.ac.in

S. Bhattacharya*
Agricultural & Ecological Research Unit, Indian Statistical
Institute, Kolkata, 700108, India.
E-mail: sabyabhatta@gmail.com

group is the key to the sustainability of cooperative mi-

gratory birds? Does the maturate helper compensate

young helpers’ helping? Does the hierarchical structure

of the population vary for variable migratory rates? We

explore the answers based on the mathematical model’s
simulation experiment, a potential alternative to the
game theory approach. This study estimates the pa-

rameters associated with the proposed model through

the field survey and obtains the rest from existing liter-

ature. Although the study uses blue-tailed bee-eater as

the test-bed species, the model is useful for analyzing

other avian species’ behavioral property. The model as
a tool can determine whether the primary helpers of
blue-tailed bee-eater are the key to sustainability. The

model can also classify the adults’ help as an addition

or compensate to primary helpers’ help. The model can

predict any alteration in the cooperative breeding birds’

hierarchy sizes for variable migration rates under chang-

ing climate.

Keywords Cooperation · Migration · Delay differen-

tial system · Altruism · Maturation delay
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1 Introduction

Cooperation between individuals is the yardstick for

the population sustainability of group-living animals

ranging from insects to birds in the evolutionary time-

line (1; 2; 3; 4; 5; 6). The substantial research work
on birds’ cooperation focuses majorly on cooperative

breeding, where non-breeding subordinate helps breed-

ing pairs (7; 8; 9). Ornithologists and behavioral ecol-

ogists are interested in finding an association between

the bird population sustainability and the helping rate

of the subordinate cooperators (10; 11; 12). Identify-
ing the most necessary social-group between breeders

and different helpers is another exciting research arena

to be explored for behavioral ecologists. Surprisingly,

the existing mathematical framework poorly demon-

strates the cooperative behavior associated with migra-

tion, breeding, and population dynamics.

Mathematical models on cooperative breeding deter-
mine the behavior’s stability and frequency as the op-
posing force to the Darwinian selection from an evolu-

tionary perspective (12; 7; 13). The cooperative breed-

ing behavior is an essential driver of a group-living

organism to eusociality over the evolutionary period

(14; 1). So far, the mathematical models enlighten the

variation in bird populations’ fitness components with
a single group of helpers.
In general, the research on the cooperative behavior of

birds has two domains. The domain of genetic research

identifies the genes responsible for inducing coopera-

tion and the helper-breeder relatedness (15; 16). The

identification of the cooperative genes is out of the re-

search concern of this article. According to the geneti-

cists’ other findings, an animal tends to cooperate with

its genetically related kin (17). However, in many birds,

non-related adult helpers also cooperate with breed-

ers besides the sexually immature, genetically-related

helpers (18; 19; 20). On the other hand, Game theorists

focus on the evolutionary stability and repayment of the

cooperation against Darwinian selection in avian soci-

ety. Mathematical ethologists quantified adult coopera-

tors’ helping rate for specific environmental conditions

(21; 22; 9). Overall the theoretical studies ensure that

the adult subordinate birds cooperate as a result of en-

vironmental constraints. Their sacrifice in reproductive

fitness is repaid almost in the same amount for survival,
defense, future breeding opportunities, and social sta-
tus up-gradation (12; 7; 13). Still, their study does no

reveal the population dynamics with variation in the

helping rates for both types of helpers under different

environments.

The output of evolutionary and cooperative game the-

ory proves the helping behavior’s evolutionary stability

in the social group with multiple strategic situations

under natural selection. However, both the sexually ma-
ture and immature helpers have the same strategy, i.e.,
helping breeders to produce and nurture chicks. Sup-

pose two groups of a single population have adopted

the same strategy for survival. In that case, the game

theory cannot explain further two helpers’ role to sus-

tain the population (23). The lacunae in the present

theoretical models motivate us to aims at four major

questions in cooperative breeding birds.

We use blue-tailed bee-eater (Merops philippinus) as

the model species for this study because of their high co-

operativeness and long-distance migratory nature. The

residence of this bird is far apart from the breeding

zone. The model birds’ geographic and behavioral dis-

tribution allows us to build a model to investigate our

objectives in the breeding zone, eliminating residential

birds’ effect. The other cooperatively breeding birds

have different birth and maturation rates. Note that

a similar model can understand other birds’ behavior

with the tuning of the parameter values. The model

serves as a general toolbox to study all the cooperative
breeding avian societies’ ethology when either popula-
tion size data or the bird’s birth rate and maturation
rate is known. Commonly, any known cooperative bird’s

hierarchical classification consists of breeder, primary

or immature helpers, and secondary or adult helper. In

this present study, we would like to explore three hy-

potheses: (a) to test whether the sustainability of the
model species depends on either primary or secondary
helpers; (b) whether the secondary helpers can compen-
sate the primary helpers’ cooperation under changing

environment if the primary helpers reduce significantly;

(c) How does the variation immigration pattern mani-

fest in bird populations’ hierarchy sizes?

Our theoretical model uses the concept of a nonlinear

a delayed differential system equation for breeders, pri-

mary helpers, secondary helpers, and prey. We devel-

oped a rigorous simulation experiment based on a set

of parameter values to obtain this differential equation’s

solution. These parameter values are not arbitrary, but

we obtain most of them from the field survey. We con-

sider most of the remaining parameter values from the

existing literature and an online database. The choice

of parameter values and its estimation procedure are in

the section 3 elaboratively and summarized in table 1.

2 Model for cooperative breeding birds

We consider three compartments or state variables to

represent three social statuses of the cooperatively breed-

ing bird populations for our model. In the model, B(t),

HP (t), and HS(t) represent breeders, primary helpers
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(young chicks), and secondary helpers (adult helpers),

respectively. The breeders and the secondary helpers

immigrate to the breeding ground at rates iB and iS ,

respectively. We assume a breeding site can only sup-

port Bmax number of immigrant breeders and HSmax

number of adult immigrating helpers due to limited
resource. Most long-distance migratory birds, includ-

ing the blue-tailed bee-eater, migrates asynchronously
for the pre-breeding and breeding period (24; 25; 26).

Therefore, immigration is not necessarily rapid but sig-

moid in most cases. So, we consider a logistic equa-

tion to capture the immigrating population. On the

other hand, we observed an average rapid emigration

of birds from the breeding ground. Hence we denote

eB and eS as emigration rates for the B(t) and H(S),

respectively. the equation for immigrant breeders and

secondary helpers in the breeding ground is as follows-

dB(t)

dt
= iBB(t)

(

1−
B(t)

Bmax

)

− eBB(t),

dHS(t)

dt
= iSHS(t)

(

1−
HS(t)

HSmax

)

− eSHS(t). (1)

The breeders (B(t)) produce chicks or primary helpers

(HP (t)) at a rate of b in the breeding ground. The chick

production rate (b) includes the contributions from other

primary and secondary helpers as the sum of cooper-
ation rate per individual helpers (9). If the primary

helpers (HP (t)) and the secondary helpers (HS(t)) co-
operates at rate hp and hs respectively, the chick pro-

duction rate b can be expressed as-

b = b′ +

Hp
∑

i=1

hpi
+

HS
∑

j=1

hsj

or, b = b′ + hpHP (t) + hsHS(t). (2)

Here, the b′ is the chick production rate in absence of
helpers. The immature birds leave the breeding ground

at a rate of ep and do not come back until they are sex-
ually mature(27). Primary helpers (HP (t)) turn into

either breeders (B(t)) or an secondary helpers (HS(t))

upon sexual maturation at respective rate λb and λS in

the residential zone. Since the maturation takes longer

than the migration time, the model has a delay term

(τ) representing the maturation time. Thus the abso-

lute growth rates of breeders, secondary helpers, and

primary helpers are-

dB(t)

dt
= iBB(t)

(

1−
B(t)

Bmax

)

(3)

−eBB(t) + λbHp(t− τ),

dHS(t)

dt
= iSHS(t)

(

1−
HS(t)

HSmax

)

−eSHS(t) + λSHp(t− τ),

and

dHp(t)

dt
= B(b′ + hpHP (t) + hsHS(t))

−epHp −Hp(t− τ)(λb + λS). (4)

Although the secondary helpers in many birds may
breed opportunistically, they do not necessarily form
a new breeding pair (7). Already, we captured the rise

in chick production rate due to opportunistic breeding

in the model parameter hs. Therefore, we do not con-

sider any secondary helpers to breeders turning rate.

The birds need one or more prey populations as the
food source in both breeding and residential ground.

Many cooperative species, especially insectivores, have

an extensive range of overlapping prey preferences. So,

we consider a nontaxonomic prey population (P (t)).

P (t) is an assemble of both migratory and non-migratory

insects. Since the insects can come to a breeding site

from the nearby sites, we consider a constant intro-
duction rate GP for them. However, the species’ death

rate (DP ) is constant per individual only due to the

predation-pressure by other co-habiting species of the
cooperative breeding population. Breeders, primary helpers,
and secondary helpers need a different amount of en-
ergy as their works in the population are not the same.

We consider CB , Cp, CS as the breeder’s prey consump-
tion rates, primary or young helper, and adult or sec-

ondary helper, respectively. The consumed prey will be

converted to biomass to sustain the population sizes at

different rates too. Let us assume the conversion rate

of consumed prey are αB , αp, and αS in order. So, the
prey population dynamics will be as follow-

dP

dt
= GP −DPP (t)

−P (t)(CBB(t) + CPHp(t) + CSHS(t)). (5)

Hence, considering the interaction of the birds with

prey population the new growth rate of breeders, adult
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helpers and young helpers or chicks are-

dB(t)

dt
= iBB(t)

(

1−
B(t)

Bmax

)

−eBB(t) + λbHp(t− τ)

+CBαBP (t)B(t),

dHS(t)

dt
= iSHS(t)

(

1−
HS(t)

HSmax

)

−eSHS(t) + λSHp(t− τ)

+CSαSP (t)HS(t), and

dHp

dt
= B(t)(b′ + hpHP (t) + hsHS(t))

−epHp −Hp(λb + λS)

+CpαpP (t)Hp(t) (6)

respectively. Finally we have the following mathemati-
cal model:

dB(t)

dt
= iBB(t)

(

1−
B(t)

Bmax

)

−eBB(t) + λbHp(t− τ) + CBαBP (t)B(t),

dHS(t)

dt
= iSHS

(

1−
HS(t)

HSmax

)

−eSHS(t) + λSHp(t− τ)

+CSαSP (t)HS(t),

dHP (t)

dt
= B(t)(b′ + hpHP (t) + hsHS(t))

−epHp −Hp(λb + λS) + CpαpP (t)Hp(t),

dP (t)

dt
= GP −DPP (t)

−P (t)(CBB(t) + CSHp(t) + CSHS(t)) (7)

with the initial biological conditions

B(θ) > 0, HP (θ) > 0, Hs(θ) > 0, P (θ) > 0,

θ ∈ [−τ, 0]. (8)

Remark 1 Primary helpers’ helping rate (hp) involves

rates of food sharing, warmth sharing, and parasites’
removal resulting in better survival of the chicks. Sec-

ondary helpers’ helping rate (hs) is the cumulative mea-
sure of the increase in mate finding rate, extra pair fe-

cundity for breeders, rate of food bringing to chicks,

and defending chicks from a predator (22). We could

not track down the death of birds as it occurs mostly

during migration. Hence, the birds’ death rates are em-

bedded in the emigration rates.

2.1 Model Properties

Our proposed multidimensional model 7 holds non neg-

ativity and boundedness (see appendices A and B). The

stability analyses of the model find two stable equilibria

of the model 7 (see C). One equilibrium is trivial, i.e.,
no birds exist in the habitat as there is no prey. At the

other equilibrium, all populations coexist at different

sizes. The theorem, lemma, and proofs for the unique-

ness, non-negativity, and equilibrium points are in the

appendix 8.

3 Parameter choice using field-data and

literature

We chose blue-tailed bee-eater as the testbed species.

However, the species’ population size data is unavail-

able in avian databases. So, we surveyed seven sites in

the breeding grounds of the blue-tailed bee-eaters situ-

ated in West Bengal. Sites at Noachhar (23.63912755 N,

88.16554276 E), Agrwadip (23.57026444 N, 88.25164003
E), and Purbasthali (23.46373831 N, 88.37236078 E)
are in the banks of the river Ganges. Nabagram (23.66866386
N, 88.09044712 E) and Bhedia (23.61562858 N, 87.69968921

E) are on the riverbank, Ajay. Kalijani (26.38523545 N,

89.53102312 E) and Dinhata (26.13019108 N, 89.47253215

E) are the rest two survey sites from the north of the

state West-Bengal for data collection. The observed
habitat in Dinhata and Agradwip are newly forming
breeding sites. We surveyed from March of 2018 to Oc-

tober of 2019 at sites. We generate the figure 1 through

”R” software using ”mapview” package (28) for visual-

ization of our survey map.

Fig. 1 Seven primary data collection sites in breeding zone

At all survey sites, we counted the number of birds

coming and leaving per day by point count method. The

average of the per hour incoming bird counts are the
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Parameter descriptions and notation Value for the model Source

Breeder immigration rate (iB) 0.01day−1 Field Survey
Secondary helper immigration rate (iS) 0.02day−1 Field Survey
Primary helper production rate (b) 6 breeding − pair−1 (29)
Maximum sustainable breeder (KB) 200colony−1 Field Survey
Maximum sustainable Secondary helper (KS) 100colony−1 Field Survey
Breeder emigration rate (eB) 0.2day−1 Field Survey
Secondary helper emigration rate (eS) 0.1day−1 Field Survey
Primary helper emigration rate (ep) 0.1day−1 Field Survey
Breeders’ prey consumption rate (cB) 0.15hour−1 Field Survey
Secondary helpers’ prey consumption rate (cS) 0.1hour−1 Field Survey
Prey consumption rate of chicks (cP ) 0.2hour−1 Field Survey
Maturation time (τ) 6 Years (29)
Maturation rate into breeder (λb) 0.02 Y ears−1 (30; 7; 9)
Maturation rate into secondary helper (λS) 0.01 Y ears−1 (30; 7; 9)
Prey digestion rate of primary helper (αP ) 0.01 Hour−1 Calibrated
Prey digestion rate of secondary helper (αS) 0.001 Hour−1 Calibrated
Prey digestion rate of breeder (αB) 0.01 Hour−1 Calibrated
Helping rate of chicks (hp) 0.001 Breeder−1Hour−1 Assumed
Helping rate of adult helpers (hs) 0.001 Breeder−1Hour−1 Assumed

Table 1 Collected rate parameters for model

sum of immigration rates for both helpers and breed-

ers. We determined the ratio of the secondary helpers

and breeders by counting active nest without and with

eggs, respectively. The helpers’ and breeders’ immigra-

tion rates were determined by dividing the sum of mi-

gration rates by the ratio. We estimated the emigra-

tion rates in a similar way from field survey. We ob-

served a breeding pair lay six eggs in an average per
nest from our survey. However, all the survey area has
adult helpers. Hence the production rate of chicks or
the primary helpers from the field survey has already

the increment due to helpers. We could not observe the

maturation rates of chicks into breeders and helpers in

the breeding ground. Also, the rates may vary over dif-

ferent years and different environments (30; 7; 9). So,
we could not collect any data on maturation rates from

the field survey. The initial values of the rates collected

from fields and literature for the model 7 simulation are

in the table 1.

4 Simulation experiment to test the hypotheses

We have simulated the numerical solution for the model

through the ”DDE23” solver in ”MATLAB” software,

and parameter values from table 1. Note that the birds’

population size differs in various sites. The parameter

values may vary for different species too. So our mod-

els’ numerical solution with table 1 values best describe

the blue-tailed bee-eaters’ population dynamics in the

Gangetic delta plain. Particularly, the maturation time

τ varies for different species. It may alter due to the

presence of sex-hormone analogs in the environment.

As a species-specific property, it determines the time

to establish a species’ equilibrium in a new habitat.

However, we check the models’ predictability on other
species with different maturation times through simu-
lation. We recorded time to reach the steady-state and

size of the steady-state to evaluate the generalization

and the species specificity of the model 7.

Under changing environment, the birds’ helping rates,
maturation rates, and immigration rates may differ. We

perform a series of simulation experiments to test our
hypotheses for the populations’ characteristic under dif-
ferent environmental setups

4.1 Hypothesis 1: Population sustainability depends

on the primary and secondary helpers

A sustainable population maintains its equilibrium size

even under variation in environmental factors. We sim-

ulate each populations’ equilibrium sizes for a range of

helping rates hp and hs. We change one helping rate at

a time to test the change in equilibrium size for each

helping rate. A paired t-test is performed between the
simulated steady-state and the helping rates. The hy-
pothesis is accepted for p− value > 0.05.

4.2 Hypothesis 2: Secondary helpers compensate the

Primary helpers

The maturation rates into breeder and secondary helpers

are both species-specific and environmentally variable.

An increased maturation rate from chicks to breeders

and secondary helpers can reduce the total help from



6 Ghosh et. al.

primary helpers (sibling chicks). We simulate each pop-

ulations’ equilibrium sizes for a range of maturation

rates λb and λS . We change one maturation rate at a

time. A paired t-test is performed between the simu-

lated steady-state and the maturation rates. The hy-

pothesis is accepted for p− value > 0.05.

4.3 Hypothesis 3: Populations’ hierarchical sizes varies

for variable migratory rates

A new habitat may be colonized by a higher number

of helpers or a higher number of breeders randomly for

a given cooperative bird population. Hence, the immi-

gration rate of breeders and helpers is variable in a new

habitat during colonization. We simulate each popula-

tions’ equilibrium sizes for a range of immigration rates

IiB and iS . A paired t-test is performed between the

simulated steady-state and the helping rates. The hy-

pothesis is accepted for p− value > 0.05.

5 Result

5.1 Hierarchy sizes of the population

At our models’ coexistence equilibrium, all cooperative
breeding bird and prey populations exist together in the
habitat. According to our simulated population sizes,

the density of the blue-tailed bee-eater’s different social

hierarchies is different from each other. The primary

or the sexually immature helpers are present highest

in number, followed by breeders. Adult or secondary

helpers are present at the lowest count (figure 2).

Note that the simulated solution has been 100 times

downfolded for better visualization. Therefore, the 3.4

number scale of the breeder indicates 340 breeding pairs

on average to be expected within 90 days at a random

site after the immigration starts (see figure 2). Approx-

imately 750 juvenile helpers can sustain after the first
formation of the blue-tailed bee-eater colony. The sec-

ondary helper count is around 150, and the prey density

is around 7800 per site at the equilibrium. The simu-

lated age structure shows the number of sexually ma-

ture birds is less than young birds (B+HS < HP ). Such

an age structure is demographically stable in temporal

scale (31).

The solution also indicates that the breeders and pri-

mary helpers achieve a greater bird count value than

the equilibrium before reaching the steady-state. How-

ever, the cooperative breeding society’s secondary or

adult helper class decreases rapidly immediately after

the first immigration. It then again increases over the
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Fig. 2 Numerical solution of the model 7 using parameter
values from table 1: 100 times downfolded average population
structure of the blue-tailed bee-eater over time at any colony
inWest Bengal. (a) Breeder abundance, (b) Chicks or primary
helper number, (c) Adult or Secondary helper population size,
and (d) Prey abundance.

period to reach its equilibrium. On the other hand, the
birds’ prey population shows a rapid increase due to

high growth and invasion rate followed by a fall due
to the birds’ subsequent high prey consumption rate,
finally converging into equilibrium. These population
dynamics are likely to be observed in emerging colonies

of the birds at the breeding zone. The old residential

colonies are in equilibrium conditions already.

5.2 Species specificity of the model

The variable τ as checked by stability analyses does not

affect the equilibrium sizes (see Appendix D). However,
the time to achieve a steady-state is indeed affected by

variable τ (see figure 3). An extended sexual develop-
ment period delays the time to reach equilibrium. We

find the bird population sizes are large, and the prey

population size is low for a species with a short mat-

uration time than blue-tailed bee-eater (see figure 3).

5.3 Sustainability of the bird population on different

helpers

Our first simulation experiment suggests that the in-

creasing helping rate from sexually immature helpers

causes a significant change in the equilibria of all social

groups of the bird population and prey size (p-value

< 0.05). The higher helping rate from sibling birds

raises both the primary helper and secondary helper

count. However, it declines the breeder counts and the

prey density (See figure 4). Even with the low breeder
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Fig. 3 Effect of maturation time (τ) on the steady-state of
the model (7) populations: The population sizes and growth
time remain approximately the same, but the population sizes
during growth are (a) small for breeders, (b) small for primary
helpers, (c) small for secondary helpers, (d) large for prey.

and prey number, the total bird population keeps in-

creasing till the helping rate is 0.08 per bird (See fig-
ure 4). After that prey population drops to zero, and

without prey, no birds are found through simulation.
Therefore the bird population can not sustain without
primary helpers.
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Fig. 4 The change in the stable equilibrium sizes of the
model (7) populations for variable primary helpers’ helping
rate (hp). (a) Breeder count decreases with increasing helping
rate, (b) The increment in helping rate increases raises the
primary helpers or chicks count, (c) Secondary helper number
increases with higher helping rate, and (d) Prey population
size decrease with increased helping ratefrom primary helpers
to breeder

On the contrary, the steady-state of all populations in

our model changes insignificantly (pvalue > 0.05) for

different helping rates from secondary and adult helpers

(see figure 5). We observed almost no changes in the

steady-state sizes up to the helping rate of 0.08 per

secondary helper, but the helping rate can be further
extended. Therefore, the secondary helpers are not nec-
essary for the sustainability of the bird population.
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Fig. 5 The change in the stable equilibrium sizes of the
model (7) populations for variable primary helpers’ helping
rate (hs). (a) Breeder count stays almost the same with an
increasing helping rate. (b) The increment in helping rate
does not change the primary helpers, or chicks count. (c) The
secondary helper number stays approximately the same with
variation in helping rate. (d) Prey population size remains the
same with an increased helping rate from primary helpers to
breeder populations.

5.4 Compensation of Primary helpers’ help by
Secondary helper

We find a higher value of chicks to breeder maturation

rate (λb) raises the equilibrium sizes of a breeder, pri-
mary helper significantly (p− value < 0.05) in our sec-

ond simulation experiment. In the same experiment, the

prey abundance drops significantly (p−value < 0.05) at

the equilibrium. The change in secondary helper count

for increasing λb is insignificant (p − value > 0.05)in

our second simulation experiment (see figure 6). So, the

secondary helpers do not add a considerable amount of
compensation to primary helpers if the breeder pop-

ulation is large. Also, birds will tend to increase the
breeder population size given a larger prey population
in the environment.

Again, for increasing chicks to secondary helpers mat-

uration rate (λS), the change in the breeder and prey

count’s equilibrium size is insignificant in the simulation
experiment. However, the primary helper count drops

as the secondary helper count increases at the equi-

librium in our experiment (see figure 7). Therefore, the

secondary helper may compensate primary helpers only

if both breeders and primary are limited in the habitat.
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Fig. 6 The stable equilibrium sizes of the model (7) popu-
lations for variable chicks to breeder maturation rate (λb).
(a) Breeder count increases with increasing maturation rate.
(b) The chick’s count rises with a higher maturation rate.
(c) Secondary helper number increases to a small degree
with a higher maturation rate. (d) Prey population size de-
crease with increased maturation rate from primary helpers
to breeder (7) populations.
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Fig. 7 The stable equilibrium sizes of the model (7) pop-
ulations for variable chick to adult helper maturation rate
(λS). (a) The breeder population size stays approximately
same. (b) The primary helper population size decrease to a
less extent. (c) The secondary helper population size rapidly
increase for chicks to secondary helper maturation rate. (d)
Prey population density stays approximately same.

5.5 Effect of migration on helper breeder ratio

Increased breeder immigration decreases the prey popu-

lation significantly (p−value < 0.05) at the equilibrium

in our third simulation experiment. It significantly in-

creases all bird populations at the equilibrium in the

experiment (see figure 8). Hence, a change in breeders’

migratory pattern can alter the equilibrium sizes of bird

populations’ hierarchies.

A nine-fold increment of secondary helpers’ immigra-

tion rate can increase secondary helpers’ equilibrium

size insignificantly (p−value > 0.05). We observe an in-

significant downregulation of The breeder’s equilibrium
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Fig. 8 The steady state sizes of the model (7) populations
with respect to variable breeder immigration rate. (a) Breeder
counts increases with rise in breeder immigration rate.(b) Pri-
mary helper count increases with rise in breeder immigration
rate. (c) Secondary helper count increases with rise in breeder
immigration rate. (d) Prey abundance decreases with rise in
breeder immigration rate.

size for an increased secondary helper immigration rate

(is) in a habitat at the equilibrium. The primary helper

count increases for an increase in adult helpers’ immi-

gration rate. However this change in population sizes

are marginally insignificant (p − value > 0.05). So the

populations’ hierarchy sizes stay approximately same

for variable immigration of helpers in a new habitat.
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Fig. 9 The steady state sizes of the model (7) populations
with respect to variable breeder immigration rate. (a) Breeder
count falls slightly with rise in breeder immigration rate.(b)
Primary helper count increases at a small scale with rise
in breeder immigration rate. (c) Secondary helper count in-
creases at a small scale with rise in breeder immigration rate.
(d) Prey abundance falls slightly with rise in breeder immi-
gration rate.



Primary helper key sustain. cooperative birds 9

6 Discussion

Our models’ trivial equilibrium suggested an absence

of birds without prey in the habitat. A birds’ natu-

ral habitat usually have prey. Continuous deforestation

and pesticide application cause a high death rate of in-

sects and other prey species. As a consequence, prey

species go extinct from some habitats. The cooperative

breeding population collapses when the prey population

goes extinct in the breeding or residential habitat. One

can observe the trivial equilibrium in a habitat before

prey comes or after the prey’s extinction. A bird will be
eliminated from the habitat fast if its prey preference
is small. For the equilibrium of coexistence, the model

7 can simulate the bird populations’ social hierarchy

and portrays the interactions between them. Our simu-

lation is based on blue-tailed bee-eater, but the model

is adjustable to all species by putting species-specific

maturation time (τ). The steady-state sizes of the coop-
erative breeding birds sooner in a habitat with an envi-

ronment full of sex hormone analogs (e.g., Bisphenol-A

for Oestrogen (32; 33)) than other ones.

Our proposed model can compare and assess popula-

tion sustainability’s dependency on different helping

rates under different environmental conditions. Previ-

ous studies on the cooperation rate under different en-
vironmental conditions proved that the cooperation in-
creases under restricted resources and greater sex bias

(8; 9). Our theoretical study confirms that the pri-

mary helpers play an essential to sustain a coopera-

tive breeding bird population. The secondary or adult

helpers are insignificant contributors to the sustain-

ability of the avian cooperative breeding system. The

increased equilibrium sizes of primary helpers require

high consumption of prey to ensure the juveniles’ sur-

vivability. The secondary helpers can survive on a lower

diet. The adult helpers share their prey with juveniles

and breeders. In opposition, the breeders require sev-

eral preys to reproduce more (27). So the number of

breeders decreases following the increased primary and
secondary helper count in the habitats. Despite a sec-

ondary helpers’ constant low cooperation, the primary

helper can increase their count by helping their siblings

and increasing adult helpers. The secondary helpers’

opportunistic breeding may be less frequent as their

contribution is not essential for the populations’ sus-
tainability.
The presence of prey species with essential fatty acids

in some habitats increases maturation rate into breeder

(34). On the other hand, constraints in nesting resources

and mates’ unavailability force juveniles to mature into
non-breeding adult helpers more than into breeders in

a sex-biased population. Our model exhibits the same

behavior upon simulation. Upon sexual maturation, a

high breeder count drops the prey abundance at equi-
librium in our model simulation. Our model does not
only justify the observations in the existing literature.

It also shows that a variable maturation rate into adult

helper does not change the prey abundance. So, irre-

spective of prey abundance, the increased maturation

rate can be caused due to species specificity or other

demographic effects. For example, catastrophic mass-

death occurs under low spatial resources, breeding con-

ditions, and maturation-inducing foods in a small pop-

ulation.

Kokko and Johnstone (2001) already stated that a changed

ratio of breeders and helpers might occur due to envi-

ronmental changes. Their study suggested the biased

breeder helper ratio increases birds’ cooperation by in-

creasing either the helper number or the helping rate.

Their study was specific to a closed population. Hence,

the literature so far neglects the bottleneck effect on

helper breeder ratio for the migratory population in

a given environment. Our simulated bottleneck effect

confirms that the helper breeder ratio differs only through
a high breeder immigration rate, under two environ-
ments for a new habitat. As the population’s age struc-
ture is sustainable for both in favor of immigration of

helpers and breeders, both the helper and breeder may

colonize a new habitat at a higher immigration rate.

Although the increased breeder immigration increases

the total bird population sizes, it may collapse due to a
detrimental effect on its prey abundance. Hence a coop-
erative breeding population must have high breeder im-
migration. Regardless of the additive or compensatory

help from each secondary helper, a high secondary helper

immigration rate makes any cooperative breeding pop-

ulation stable in an ecological and evolutionary context.

Since different maturation time delay (τ) does not change

populations’ overall equilibrium sizes, this model can be

generalized for all cooperatively breeding birds. There-

fore, the model can be used for classifying the adult

helpers’ helping rate from any avian population as an

additive or compensatory to the juvenile helpers help-

ing rate in a given environment.

7 Conclusion

The study confirms the cooperative breeding blue-tailed
bee-eater population sustain significantly on the pri-
mary helpers only. The environmental changes force

the secondary helper to increase populations’ fitness

and their natural fitness. The populations’ hierarchy

sizes majorly vary for migratory pattern changes. This

study has fundamental implications in understanding
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sustainability through the cooperative behavior of sim-

ilar species in the avian community.
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A Non-negativity of solutions

To use the model for a real avian population, the population
must survive. The survival of a population in mathematical
modelling is possible under the non-negative solution of the
model. The results established in (35) for multidimensional
models suggests that the solution of our system of equations
(7) exists in R4

+ condition. Following the condition, the non-
negativity of the solution can be interpreted and proved using
the lemma in (36). In this respect, we have the following
theorem.

Theorem 1 All the solution of model 7 with the positive
initial condition 8 are positive for all t > 0 and are ultimately
bounded.

Proof If the system equation 7 with solution X(θ) ∈ R+ has
trivial points, viz. B = 0, HP = 0, Hs = 0, P = 0,
then we have

fi(X)|
xi=0,X∈R4

+
≥ 0,

where, x1(t) = B(t), x2(t) = HP (t), x3(t) = Hs(t),
x4(t) = P (t) and fi are right sides of system (7), for example,

f1 = iBB(t)
(

1− B(t)

Bmax

)

− eBB(t)

+ CBαBB(t)P (t) + λbhp − eBB(t).

Now, using the Lemma 1 of (36), we conclude that any so-
lution X(t) of our system equation (7) with X(θ) ∈ C (where,
C = ([−τ, 0], R4) is the Banach space of continuous func-
tions with sup-norm), say X(t) = X(t,X(λ)), is such that
X(θ) ∈ R4

+ for all t ≥ 0. Therefore, the set R4
+ is an invari-

ant region for system (7).

The existence of non negative solution of our proposed model
can now be used for the ethological study if we know the
boundedness of our models’ solution.

B Boundedness of solution

The boundedness of the solution is useful to depict the model
can be described as the region of attraction for the model (7),
and provided using the following set:

R =
{

(B,HP , HS , P ) ∈ C([−τ, 0], R4
+) : 0 ≤ B(t)

+HP (t) +HS(t) ≤
M

ē−m
, 0 ≤ P (t) ≤ G

DP

where, M = iBBmax

4
+

iSHSmax

4
, ē = min{eP , eB , eS}, m =

max{hp, hs}. Each solution that starts in R are ultimately
bounded in R. So, in R we can find the equilibrium points of
all the populations in this model. The equilibrium points play
an important role to under stand the change of sustainability
under varying ethological parameters in the model.

C Existence of the equilibrium point

We have checked that the system (7) has one trivial and one
equilibrium namely the coexisting equilibrium E∗(B∗, H∗

p , H
∗

S , P
∗),

where (B∗, H∗
p , H

∗

S , P
∗)T is a solution of the following sys-

tem:

iBB∗

(

1− B∗

Bmax

)

− eBB∗ + λb

H∗

p + CBαBP∗B∗ = 0,

iSHS

(

1− H∗

S

HSmax

)

− eSH
∗

S + λSHp

+CSαSP
∗H∗

S = 0, (9)

B∗(b′ + hpH
∗

P + hsH
∗

S)− epH
∗

p −H∗

p (λb + λS)

+CpαpP
∗H∗

p = 0,

GP −DPP∗ − P∗(CBαBB∗ + CpαpH
∗

p

+CSαSH
∗

S) = 0

Since the proposed equation is four dimentional system with
multiple interactive mechanism, the steady state values of sys-
tem (7) is complicated to be determine analytically. A compli-
cated expression of steady states is less interpretable and less
efficient as a tool. So, we have determined the steady state
numerically while performing the numerical stability analysis
on ”MATLAB” software.

D Stability of the Equilibrium point

The steady states as checked for our model is either a triv-
ial or a coexistence of all populations. As in trivial points
no population exist, the useful steady state from our model
is the coexisting one. Still, the model will be only useful if
the coexistence equilibrium is stable. For the stability of the
equilibrium, we need the Jacobian matrix at the interior equi-
librium point at any steady-state. The Jacobian matrix eval-
uated at the equilibrium point E(B,HP , HS , P ) gives us the
following characteristic equation:

| ξI4 −M − e−ξτD |= 0,

where I4 denotes the 4 × 4 identity matrix and M,D,E are
defined as follows:

M = [Mij ] =




















M11 0 0 cBαBP∗

b′ + hPH∗

P + hSH
∗

S − (λS + λb) hSB
∗ cPαPH∗

P

0 cSαSP iS(1− 2H∗

S

HSmax
)− eS cSαSH

∗

S

−αB −αP −αS M44





















and

J = [Jij ] =



















0 λb 0 0

0 0 0 0

0 λS 0 0

0 0 0 0



















,

where,

M11 = iB(1− 2B∗

Bmax

)− eB + cBαBP∗,

M44 = −(αSH
∗

S + αBB∗ + αPH∗

P )−DP .

The characteristic equation can be written as-

φ(ξ, τ) = ξ4 +A1ξ
3 +A2ξ

2 +A3ξ +A4 + (10)

e−ξτ [B1ξ
2 +B2ξ +B3] = 0,
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where,

A1 = −M11 −M22 −M33 −M44

A2 = +M11M22 +M11M33 +M22M33 −
M14M41 −M24M42 −M34M43 +M11M44 +

M22M44 +M33M44,

A3 = M11M23d32 −M11M22M33 +M14M22M41

+M14M33M41 −M14M21M42 +M11M24M42

+M24M33M42 −M23M34M42 −M24d32M43

+M11M34M43 +M22M34M43

−M11M22M44 −M11M33M44

−M22M33M44

A4 = −M14M22M33M41

+M14M21M33M42 −M11M24M33M42

+M11M23M34M42 −M14M21d32M43

+M11M24d32M43

−M11M22M34M43 −M11M23d32M44

+M11M22M33M44.

B1 = −J12M21 −M23J32,

B2 = J12M21M33 +M23J32M44 − J12M24M41,

B3 = M14M23J32M41 − J12M23M34M41

−J12M21M33M44 + J12M21M34M43

+J12M24M33M41 + J12M21M44.

Since maturation time of a bird cannot be negative, the τ

in our model is positive. However,the τ may be too small or
approximately 0 in extreme cases of some birds with early
maturation due to anthropogenic effects.

D.0.1 Case I: for τ = 0

For τ = 0, the characteristic equation, for τ = 0 at E∗, takes
the form as

φ(ξ, τ) = ξ4 +A1ξ
3 + (B1 +A2)ξ

2 + (B2 +A3)ξ

+(A4 +B3)] = 0. (11)

Using Routh-Hurwitz (37), we have the following results for
the stability of E∗ for τ = 0.

Proposition 1 The coexistence equilibrium point E∗ is sta-
ble if the following conditions are satisfied:

σ4 > 0, σ1σ2 − σ3 > 0, (σ1σ2 − σ3)σ3 −
σ2
1σ4 > 0, (12)

where,

σ = A1, σ2 = (B1 +A2), σ3 = (B2 +A3), σ4 = (A4 +B3)

D.0.2 Case II: for τ > 0

For τ > 0, (10) will have infinitely many roots. To deter-
mine the nature of the stability, the sign of the real parts of
the roots of the characteristic equation (10) is required. A
necessary condition for a stability changes of E∗ is that the
characteristic equation (10) should have purely imaginary so-
lutions. Let iθ, θ ∈ R, be a root of equation (10). Substituting
ρ = iθ in (10) and then separating real and imaginary parts
we get then get

Let iφ be a root of equation (10). From it we get

φ4 −A2φ
2 +A4 = [φ2B1 −B3] cosφτ

−[φB2] sinφτ, (13)

A1φ
3 −A3φ = [φ2B1 −B3] sinφτ + [φB2] cosφτ.

By squaring and adding the above two equations

φ8 + α1φ
6 + α2φ

4 + α3φ
2 + α4 = 0. (14)

Substituting φ2 = ℓ in equation (14), we get the following
equation:

ℓ4 + α1ℓ
3 + α2ℓ

2 + α3ℓ+ α4 = 0, (15)

where,

α1 = A1
2 − 2A2, α2 = 2A4 +A2

2 − 2A1A3 −B2
1 ,

α3 = −2A4A2 +A2
3 + 2B1B3 −B2

2 , α4 = A2
4 −B2

3 .

Equation (15) has roots with negative real parts if and only if
the Routh-Hurwitz criterion (16) is satisfied. In such case, for
these roots we find φ2

k = ℓk < 0, so that the roots of (10) are
real, iφk = ∓

√
ℓk, and not purely imaginary. In summary, we

have the following proposition.

Proposition 2 In case of the delayed model (10), the en-
demic steady state E∗ is locally asymptotically stable for all
τ > 0, if the following conditions are satisfied:

α1 >, α4 > 0,

α1α2 − α3 > 0,

(α1α2 − α3)α3 − α2
1α4 > 0. (16)

Instead, if α4 < 0 equation (15) possesses at least one pos-
itive root m0 > 0. We find ± i

√
m0 to be a root of (10)

corresponding to the delay τ∗. By Butler’s lemma (38), the
endemic equilibrium E∗ remains stable for τ < τ∗, the latter
being a critical value of the delay under which the delayed
system (7) remains stable. To determine it, from equation 13
we have

τ∗ =
1

m0

cos−1

[

m2
0B3[A1m

2
0 −A3] + (B1m

2
0 −B3)[m4

0 −A2m
2
0 +A4]

(B1m
2
0 −B3)2 +B2

2m
2
0

]

+
2πn

m0
, n = 0, 1, 2, 3, ... (17)

Thus, in summary we have the following result.

Theorem 2 If α4 < 0 is satisfied the steady state E∗ is
locally asymptotically stable for τ < τ∗ and becomes unstable
for τ > τ∗. Furthermore, the model system will undergo a
Hopf-bifurcation at E∗ when τ = τ∗ provided that

4m6
0 + L1m

4
0 + L2m

2
0 + L3 > 0 (18)

with

L1 = 3A1 − 6A2,

L2 = 2A2 + 4A4 − 4A1A3 − 2B2
1 ,

L3 = A2
3 − 2A2A4 −B2

2 + 2B1B3.

Proof: The first part of the theorem follows from Propo-
sition 3. For the remaining part, we differentiate (10) with
respect to τ and get:

dτ

dξ
=

4ξ3 + 3(A1ξ
2 + 2A2ξ +A3)

B1ξ3 +B2ξ2 +B3ξ
eξτ

+
2B1ξ +B2

B1ξ3 +B2ξ2 +B3ξ
− τ

ξ
.
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Using the relation (13) we find:

sgn

[

d

dτ
Re(ξ)

]

τ=τ∗

= sgn

[

Re

(

dξ

dτ

)

−1]

ξ=im0

= sgn

[

4m6
0 + L1m

4
0 + L2m

2
0 + L3

B2m
2
0 + [−B1m

2
0 +B3]2

]

.

Now sgn[ d

dτ
Re(ξ)]τ=τ∗ > 0 if the numerator is positive i.e.

the transversality condition holds (18) and the system under-
goes a Hopf bifurcation at τ = τ∗.



Figures

Figure 1

Seven primary data collection sites in breeding zone. Note: The designations employed and the
presentation of the material on this map do not imply the expression of any opinion whatsoever on the
part of Research Square concerning the legal status of any country, territory, city or area or of its
authorities, or concerning the delimitation of its frontiers or boundaries. This map has been provided by
the authors.



Figure 2

Numerical solution of the model 7 using parameter values from table 1: 100 times downfolded average
population structure of the blue-tailed bee-eater over time at any colony inWest Bengal. (a) Breeder
abundance, (b) Chicks or primary helper number, (c) Adult or Secondary helper population size, and (d)
Prey abundance.



Figure 3

Effect of maturation time () on the steady-state of the model (7) populations: The population sizes and
growth time remain approximately the same, but the population sizes during growth are (a) small for
breeders, (b) small for primary helpers, (c) small for secondary helpers, (d) large for prey.



Figure 4

The change in the stable equilibrium sizes of the model (7) populations for variable primary helpers'
helping rate (hp). (a) Breeder count decreases with increasing helping rate, (b) The increment in helping
rate increases raises the primary helpers or chicks count, (c) Secondary helper number increases with
higher helping rate, and (d) Prey population size decrease with increased helping ratefrom primary
helpers to breeder



Figure 5

The change in the stable equilibrium sizes of the model (7) populations for variable primary helpers'
helping rate (hs). (a) Breeder count stays almost the same with an increasing helping rate. (b) The
increment in helping rate does not change the primary helpers, or chicks count. (c) The secondary helper
number stays approximately the same with variation in helping rate. (d) Prey population size remains the
same with an increased helping rate from primary helpers to breeder populations.



Figure 6

The stable equilibrium sizes of the model (7) popu- lations for variable chicks to breeder maturation rate
(b). (a) Breeder count increases with increasing maturation rate. (b) The chick's count rises with a higher
maturation rate. (c) Secondary helper number increases to a small degree with a higher maturation rate.
(d) Prey population size de- crease with increased maturation rate from primary helpers to breeder (7)
populations.



Figure 7

The stable equilibrium sizes of the model (7) pop- ulations for variable chick to adult helper maturation
rate (S). (a) The breeder population size stays approximately same. (b) The primary helper population
size decrease to a less extent. (c) The secondary helper population size rapidly increase for chicks to
secondary helper maturation rate. (d) Prey population density stays approximately same.



Figure 8

The steady state sizes of the model (7) populations with respect to variable breeder immigration rate. (a)
Breeder counts increases with rise in breeder immigration rate.(b) Pri- mary helper count increases with
rise in breeder immigration rate. (c) Secondary helper count increases with rise in breeder immigration
rate. (d) Prey abundance decreases with rise in breeder immigration rate.



Figure 9

The steady state sizes of the model (7) populations with respect to variable breeder immigration rate. (a)
Breeder count falls slightly with rise in breeder immigration rate.(b) Primary helper count increases at a
small scale with rise in breeder immigration rate. (c) Secondary helper count in- creases at a small scale
with rise in breeder immigration rate. (d) Prey abundance falls slightly with rise in breeder immi- gration
rate.
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