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Abstract 

We propose a photonic procedure using cross-Kerr nonlinearities (XKNLs) to encode single logical qubit 

information onto four-photon decoherence-free states. In quantum information processing, a decoherence-

free subspace can secure quantum information against collective decoherence. Therefore, we design a 

procedure employing nonlinear optical gates, which are composed of XKNLs, quantum bus beams, and 

photon-number-resolving measurements with linear optical devices, to conserve quantum information by 

encoding quantum information onto four-photon decoherence-free states (single logical qubit information). 

Based on our analysis in quantifying the affection (photon loss and dephasing) of the decoherence effect, we 

demonstrate the experimental condition to acquire the reliable procedure of single logical qubit information 

having the robustness against the decoherence effect. 
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1. Introduction  

The influence of decoherence (nonunitary process) is one of the most significant obstacles hindering the 

reliable performance of various quantum information processing schemes, such as quantum communication 

[1-6], quantum entanglement [7-12], and quantum computation [13-18]. Therefore, the influence of 

decoherence should be reduced via active processes (quantum error corrections [19-21] and decoupling and 

feedback controls [22-25]) or passive processes (decoherence-free subspaces [26-30]).  

In particular, utilizing a decoherence-free subspace prevents collective decoherence [26-28] (identical 

decoherence occurring in each qubit in a system) to be spread from one subspace to another subspace in a 

system when uncontrolled interactions between a system and environment affect the schemes of quantum 

information processing. Applications (passive processes) [31-42] employing a decoherence-free subspace can 

provide immunity against collective decoherence [26-28]. For the passive process, a simple method is to 

encode quantum information onto two-qubit systems (as a singlet state [30]) or three-qubit systems (as an 

entangled W state [10, 12, 43, 44], and a three-qubit decoherence-free state [32-35, 45]). However, 

applications [10, 12, 30, 32-35, 43-45] using two- or three-qubit systems can guarantee only a limited effect 

for maintaining the coherence of quantum information from the influence of collective decoherence in 

quantum channels. Hence, four-qubit decoherence-free subspaces (passive processes) utilizing various 

physical resources have been proposed to enhance the efficiency of coherent quantum information, e.g., 

linear optics with post-selections [35], spontaneous parametric down conversions [46, 47], source of 

entangled state [48, 49], and cavity-QED [36, 37, 42].  

For the design of quantum information processing schemes (including passive processes), cross-Kerr 

nonlinearity (XKNL) [50-53] is an appropriate candidate. Quantum-controlled operations using XKNLs have 

been performed to implement various quantum information processing schemes by the indirect interaction 

between photons (signal systems) and probe beams (ancillary systems: coherent state) based on quantum 

non-demolition detections [8, 10, 12, 14, 16, 50-58]. However, the decoherence effect (photon loss and 

dephasing) [51-53, 57, 59], which results in the evolution from a quantum pure state to a mixed (classical) 

state, is inevitable when nonlinear optical gates via XKNLs are operated. To utilize quantum bus (qubus) 

beams and photon-number-resolving (PNR) measurements [8, 10, 12, 14, 16, 60] in nonlinear optical gates via 

XKNLs with a strong amplitude of coherent states (qubus beams), the decoherence effect should be reduced 

[51-53].  

In this study, we designed a photonic procedure based on nonlinear optical gates using XKNLs, qubus 

beams, and PNR measurements to encode quantum information onto four-photon decoherence-free states 

(single logical qubit information) to achieve robustness against collective decoherence [26-28]. Subsequently, 

using XKNLs, we quantified the efficiencies and performances of nonlinear optical gates under the 



3 

 

decoherence effect (photon loss and dephasing) [51-53, 57, 59]. In addition, we derived an experimental 

condition to reduce the decoherence effect in nonlinear optical gates.  

We demonstrate that the proposed procedure for generating single logical qubit information (quantum 

information on four-photon decoherence-free states) with immunity against collective decoherence can be 

realized experimentally and that it is robust against the decoherence effect (photon loss and dephasing). 
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2. Optical procedure via XKNLs for single logical qubit information  

Four-qubit decoherence-free state: To prevent quantum information in qubits from being affected by 

collective decoherence [26-28], logical qubits using decoherence-free subspaces [31-42] have been utilized. 

Herein, logical qubits {|0!⟩, |1!⟩} based on the four-qubit decoherence-free state are expressed as 

|0!⟩"#$% ≡ 12 (|0101⟩ − |1010⟩ − |0110⟩ − |1001⟩)"#$% = 1√2 (|01⟩ − |10⟩)"#⨂ 1√2 (|01⟩ − |10⟩)$%,	|1!⟩"#$% ≡ 1√12 (2|0011⟩ + 2|1100⟩ − |0101⟩ − |1010⟩ − |0110⟩ − |1001⟩)"#$%	= "

√$
0(|0011⟩ + |1100⟩)"#$% − "

√#
(|01⟩ + |10⟩)"#⨂ "

√#
(|01⟩ + |10⟩)$%1. 	 (1)	

Using the logical qubits in Eq. 1 (four-qubit decoherence-free states), we can encode arbitrary quantum 

information to acquire immunity against collective decoherence, as |𝜙!⟩ = 𝛼|0!⟩ + 𝛽|1!⟩ with |𝛼|# + |𝛽|# = 1 
(single logical qubit information). 

Interaction of XKNL: For the conditional phase shift by the Kerr medium, the Hamiltonian of the XKNL is 

expressed as 𝐻' = ℏ𝜒𝑁"𝑁# where 𝜒 and 𝑁(  represent the strength of nonlinearity and the photon number 

operator, respectively. The interaction U', which generates the conditional phase shift of the XKNL, can be 

expressed as 

U'|𝑛⟩"|𝛼⟩) = 𝑒!"ℏ*$|𝑛⟩"|𝛼⟩) = 𝑒(+,%,&|𝑛⟩"|𝛼⟩) = |𝑛⟩"=𝛼𝑒(-+>),  (2) 
where |𝑛⟩  is the 𝑛  photon state, and |𝛼⟩ = 𝑒.|0|'/# ∑ 0(

√-!
|𝑛⟩3

-45  (coherent state). The magnitude of the 

conditional phase shift for the interaction time 𝑡 is 𝜃 = 𝜒𝑡. Hereinafter, this interaction will be used in the 

proposed procedure for single logical qubit information. 
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Fig. 1. Procedure via XKNLs for single logical qubit information:  First part is to generate the superposition of four-photon 

decoherence-free states. In this part, two-photon interaction of XKNLs is used in the first gate, and the fourth gate (via XKNLs) can 

merge photon paths. Meanwhile, the second and third gates are operated by three-photon interactions of XKNLs. In the second part, the 

encoding process can encode (arbitrary) quantum information onto four-photon decoherence-free states, which are output states of the 

first part.  

Procedure via XKNLs for single logical qubit information: Our procedure pertaining to single logical 

qubit information comprises two parts: in the first part, four-photon decoherence-free states (the 

superposition of logical qubits) are generated; in the second part, quantum information is encoded, as 

described in Fig. 1. In this procedure, all gates (first, second, third, fourth, and final gates) employ the 

interactions of XKNLs, qubus beams, and PNR measurements. For the single logical qubit information, we 

prepared the initial state as |𝜓67⟩89:;"""" = |𝐿⟩8" 	⨂|𝐿⟩9"⨂|𝑅⟩:"⨂|𝑅⟩;" , where ( |𝑅⟩-right; |𝐿⟩-left) and linear ( |𝐻⟩-
horizontal; |𝑉⟩-vertical) represent the circular and linear polarizations of photon, respectively (Fig. 1). After the 

initial state, |𝜓67⟩89:;""""
 passes two 50/50 beam splitters (BSs), and the four-photon state |𝜓5⟩89:;  can be 

expressed as 

|𝜓5⟩89:; = |𝐿⟩8"⨂|𝐿⟩9"⨂F|𝑅⟩:" + |𝑅⟩:#G/√2⨂F|𝑅⟩;" + |𝑅⟩;# G/√2.  (3) 
The operation of the BS is illustrated in Fig. 1. 

 

Fig. 2. First gate (two-photon interactions between photons C and D) via XKNLs: For path arrangement of photons C and D, the first 

gate comprises XKNLs, qubus beams, PNR measurement, feed-forward, and linear optical devices. After PNR measurement, feed-forward 

(phase shifter and path switch) on photon D is either operated or not operated, depending on the result (photon number 𝑛) of PNR 

measurement.  

In the first gate (two-photon interactions between photons C and D) shown in Fig. 2, four conditional 

phase shifts θ by XKNLs, two linear phase shifts −θ, qubus beams (two BSs and PNR measurement), and 

feed-forward (phase shifter and path switch) were exploited for a controlled operation between photons C 

and D. After the state |𝜓5⟩89:; passes through the first gate, the pre-measurement (before PNR measurement) 
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state |𝜓5< ⟩89:; can be expressed as 

|𝜓5< ⟩89:; = |𝐿⟩8" |𝐿⟩9"⨂J 1√2 K 1√2 |𝑅⟩:" |𝑅⟩;" + 1√2 |𝑅⟩:#|𝑅⟩;# L⨂|𝛼⟩)= |0⟩)>	
+ "

√#
𝑒.(*+,-.)'' ∑ ((0@67+)(

√-!
M "
√#
|𝑅⟩:" |𝑅⟩;# + (.")(

√#
|𝑅⟩:#|𝑅⟩;" N⨂|𝛼cos𝜃⟩)= |𝑛⟩)>3

-45 R,  (4) 
where |𝛼⟩) is the coherent state (probe beam: ancillary system). The operation of the BS in the qubus beam 

(coherent state) is shown in Fig. 2. |±𝑖𝛼sin𝜃⟩) = 𝑒.(0@67+)'/#∑ (±(0@67+)(

√-!
|𝑛⟩)3

-45  for 𝛼 ∈ ℝ. Subsequently, by PNR 

measurement on path b of the qubus beams, if the outcome is 0 (|0⟩)>: no detection), then the output state, 

|𝜓"⟩89:; of the first gate can be obtained as |𝜓"⟩89:; = |𝐿⟩8" |𝐿⟩9"F|𝑅⟩:" |𝑅⟩;" + |𝑅⟩:#|𝑅⟩;# G/√2 . Meanwhile, if the 

outcome is 𝑛 (|𝑛⟩)>: 𝑛 ≠ 0), then the output state |𝐿⟩8" |𝐿⟩9" F|𝑅⟩:"|𝑅⟩;# + (−1)-|𝑅⟩:#|𝑅⟩;" G/√2 can be transformed to 

state |𝜓"⟩89:; by feed-forward (phase shifter and path switch), as described in Fig. 2. 

 

Fig. 3. Second and third gates (three-photon interactions) via XKNLs: For controlled operations between three photons, two (second 

and third) gates consist of XKNLs, qubus beams, PNR measurement, feed-forward, and linear optical devices were used. Feed-forwards 

(phase shifters and spin flippers) of two gates are either operated or not operated on photons (A, C, and D: second gate) and (B, C, and 

D: third gate) depending on results of PNR measurements. 

In the second and third gates (three-photon interactions) shown in Fig. 3, conditional phase shifts θ by 

XKNLs, linear phase shifts −θ, qubus beams (BSs and PNR measurements), feed-forwards (phase shifters and 

spin flippers), and linear optical devices (including polarizing beam splitters (PBSs)) were utilized for 

controlled operations between three photons, i.e., (A, C, and D: second gate) and (B, C, and D: third gate). 
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After the state |𝜓"⟩89:;  (the output state of the first gate) passes through the second gate, the pre-

measurement (before PNR measurement) state |𝜓"< ⟩89:; can be expressed as 

|𝜓"< ⟩89:; = 1√2 \12 |𝐻⟩8" |𝐿⟩9"F|𝑉⟩:" |𝑅⟩;" + |𝑅⟩:#|𝑉⟩;# G − 12 |𝑉⟩8" |𝐿⟩9" F|𝐻⟩:" |𝑅⟩;" + |𝑅⟩:#|𝐻⟩;# G]⨂|𝛼⟩)= |0⟩)> 
+ 1√2𝑒.

(0@67+)'

# ^(𝑖𝛼sin𝜃)-√𝑛! \12 |𝐻⟩8" |𝐿⟩9" F|𝐻⟩:" |𝑅⟩;" + |𝑅⟩:#|𝐻⟩;# G
3

-45

 

− (.")(

#
|𝑉⟩8" |𝐿⟩9"F|𝑉⟩:" |𝑅⟩;" + |𝑅⟩:#|𝑉⟩;# G`⨂|𝛼cos𝜃⟩)= |𝑛⟩)>,  (5) 

where the operation of the PBS is shown in Fig. 3. Depending on the PNR measurement result on path b of 

the qubus beams, if the outcome is 0 (|0⟩)>: no detection), then the output state, |𝜓#⟩89:; of the second gate 

can be obtained as |𝜓#⟩89:; = b|𝐻⟩8" |𝐿⟩9" F|𝑉⟩:"|𝑅⟩;" + |𝑅⟩:#|𝑉⟩;# G − |𝑉⟩8" |𝐿⟩9" F|𝐻⟩:" |𝑅⟩;" + |𝑅⟩:#|𝐻⟩;# Gc/2. Otherwise, if 

𝑛 (|𝑛⟩)>: 𝑛 ≠ 0), then the output state can be changed to |𝜓#⟩89:; by feed-forwards (phase shifter and spin 

flippers). Subsequently, the state |𝜓#⟩89:; enters the third gate for another controlled operation. After the 

third gate, the state |𝜓#< ⟩89:; (before PNR measurement) can be written as  

|𝜓!" ⟩#$%& = 1
√2 +

1
2√2 ,|𝐻⟩#

' |𝐻⟩$' .|𝑉⟩%'|𝑉⟩&' + |𝑉⟩%!|𝑉⟩&! 1 − |𝑉⟩#' |𝐻⟩$'.|𝐻⟩%' |𝑉⟩&' + |𝑉⟩%!|𝐻⟩&! 13 
+ 1
2√2 ,|𝑉⟩#

' |𝑉⟩$' .|𝐻⟩%' |𝐻⟩&' + |𝐻⟩%!|𝐻⟩&! 1 − |𝐻⟩#' |𝑉⟩$'.|𝐻⟩%!|𝑉⟩&! + |𝑉⟩%'|𝐻⟩&' 134⨂|𝛼⟩()|0⟩(* 
+ 1
√2𝑒

+(-./01)
!

! 8(𝑖𝛼sin𝜃)3
√𝑛! + 12√2 ,|𝐻⟩#

' |𝐻⟩$'.|𝑉⟩%'|𝐻⟩&' + |𝐻⟩%!|𝑉⟩&! 1 − |𝑉⟩#' |𝐻⟩$' .|𝐻⟩%' |𝐻⟩&' + |𝐻⟩%!|𝐻⟩&! 13
4

356
 

+ (+')"
!√! ,|𝑉⟩#' |𝑉⟩$'.|𝐻⟩%'|𝑉⟩&' + |𝑉⟩%!|𝐻⟩&! 1 − |𝐻⟩#' |𝑉⟩$' .|𝑉⟩%' |𝑉⟩&' + |𝑉⟩%!|𝑉⟩&! 13B⨂|𝛼cos𝜃⟩() |𝑛⟩(*.  (6) 

After the operations (applying feed-forwards or not in Fig. 3), owing to the outcome of the PNR 

measurement, the output state |𝜓$⟩89:; of the third gate can be expressed as 

|𝜓$⟩89:; = 12 e|𝐻⟩8" |𝐻⟩9"⨂F|𝑉⟩:" |𝑉⟩;" + |𝑉⟩:#|𝑉⟩;# G/√2 − |𝑉⟩8" |𝐻⟩9"⨂F|𝐻⟩:"|𝑉⟩;" + |𝑉⟩:#|𝐻⟩;# G/√2 +|𝑉⟩8" |𝑉⟩9"⨂F|𝐻⟩:"|𝐻⟩;" + |𝐻⟩:#|𝐻⟩;# G/√2 − |𝐻⟩8" |𝑉⟩9"⨂F|𝐻⟩:#|𝑉⟩;# + |𝑉⟩:" |𝐻⟩;" G/√2f.  (7) 
Subsequently, as described in Fig. 1, two BSs were applied to photons C and D of the output state 

|𝜓$⟩89:; in Eq. 7. Next, the output state |𝜓$⟩89:; was transformed to state |𝜓$< ⟩89:; of the superposed (four-

photon) decoherence-free states, as follows: 

|𝜓$< ⟩89:; 	= 14√2 eb|𝐻⟩8" |𝑉⟩9" |𝐻⟩:" |𝑉⟩;# + |𝑉⟩8" |𝐻⟩9" |𝑉⟩:"|𝐻⟩;# − |𝐻⟩8" |𝑉⟩9" |𝑉⟩:" |𝐻⟩;# − |𝑉⟩8" |𝐻⟩9" |𝐻⟩:" |𝑉⟩;# c +b|𝐻⟩8" |𝑉⟩9" |𝐻⟩:#|𝑉⟩;" + |𝑉⟩8" |𝐻⟩9" |𝑉⟩:#|𝐻⟩;" − |𝐻⟩8" |𝑉⟩9" |𝑉⟩:#|𝐻⟩;" − |𝑉⟩8" |𝐻⟩9" |𝐻⟩:#|𝑉⟩;" c +b2|𝐻⟩8" |𝐻⟩9" |𝑉⟩:" |𝑉⟩;" + 2|𝑉⟩8" |𝑉⟩9" |𝐻⟩:" |𝐻⟩;" − |𝑉⟩8" |𝐻⟩9" |𝐻⟩:" |𝑉⟩;" − |𝐻⟩8" |𝑉⟩9" |𝑉⟩:" |𝐻⟩;"  −|𝐻⟩8" |𝑉⟩9" |𝐻⟩:" |𝑉⟩;" − |𝑉⟩8" |𝐻⟩9" |𝑉⟩:" |𝐻⟩;" c + b2|𝐻⟩8" |𝐻⟩9" |𝑉⟩:#|𝑉⟩;# + 2|𝑉⟩8" |𝑉⟩9" |𝐻⟩:#|𝐻⟩;#  −|𝑉⟩8" |𝐻⟩9" |𝐻⟩:#|𝑉⟩;# − |𝐻⟩8" |𝑉⟩9" |𝑉⟩:#|𝐻⟩;# − |𝐻⟩8" |𝑉⟩9" |𝐻⟩:#|𝑉⟩;# − |𝑉⟩8" |𝐻⟩9" |𝑉⟩:#|𝐻⟩;# Gcf ≡ "

√#
M"
#
|0!⟩89:;"""# + √$

#
|1!⟩89:;"""" N + "

√#
M"
#
|0!⟩89:;""#" + √$

#
|1!⟩89:;""## N,  (8) 
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where we define the polarizations (|𝐻⟩ and |𝑉⟩) of photons corresponding to states (|0⟩ and |1⟩) of the qubit 

as {|𝐻⟩, |𝑉⟩} ≡ {|0⟩, |1⟩} . Hence, state |𝜓$< ⟩89:;  is the photonic superposition of logical qubits (four-qubit 

decoherence-free states in Eq. 1), according to the paths of photons C and D. 

 

Fig. 4. Fourth gate via XKNLs; encoding process with arbitrary-BS and final gate (XKNLs): The fourth gate merged the path of 

photon C using XKNLs, qubus beams, PNR measurement, and feed-forward (path switch). During encoding, the arbitrary-BS (linear 

optical device) and final gate (via XKNLs) encode arbitrary quantum information onto four-photon decoherence-free states (single logical 

qubit information). 

In the fourth gate (photon C) shown in Fig. 4, two conditional phase shifts θ by XKNLs, one linear phase 

shift −θ, qubus beams (two BSs and PNR measurement), and feed-forward (path switch) were utilized to 

merge the path of photon C (path 1 and path 2 → path 1). After state |𝜓$< ⟩89:; passes through the fourth 

gate, the pre-measurement (before PNR) state |𝜓$<<⟩89:; can be expressed as 

|𝜓$<<⟩89:; = 1√2k12 |0!⟩89:;"""# + √32 |1!⟩89:;"""" l⨂|𝛼⟩)= |0⟩)> 
+ "

√#
𝑒.(*+,-.)'' ∑ (.(0@67+)(

√-!
M"
#
|0!⟩89:;""#" + √$

#
|1!⟩89:;""## N⨂|𝛼cos𝜃⟩)= |𝑛⟩)>3

-45 .  (9) 
Subsequently, by PNR measurement on path b of the qubus beams, if the outcome is 0 (|0⟩)>: no detection), 

then output state is |𝜓%⟩89:; = F|0!⟩89:;"""# + √3|1!⟩89:;"""" G/2. Meanwhile, if the outcome is 𝑛 (|𝑛⟩)>: 𝑛 ≠ 0), then 

the output state F|0!⟩89:;""#" +√3|1!⟩89:;""## G/2  can be transformed to state |𝜓%⟩89:;  by feed-forward (path 

switch), as shown in Fig. 4. 

The encoding process shown in Fig. 4 comprises two parts (linear: arbitrary-BS, and nonlinear: final gate 

via XKNLs). To encode arbitrary quantum information for our purposes (communication, computation, 

teleportation, etc.) onto the output state |𝜓%⟩89:; of the fourth gate, we can control the transmission rate (𝜅") 
and reflection rate (𝜅# ) of an arbitrary-BS, in which the operations are expressed as described in Fig. 4. 
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Therefore, after applying the arbitrary-BS to state |𝜓%⟩89:; = F|0!⟩89:;"""# + √3|1!⟩89:;"""" G/2 , the encoded 

(superposition of) state |𝜓C⟩89:; is expressed as 

|𝜓8⟩#$%& = 1
√2 F

1
G3|𝜅!|! + |𝜅'|! .𝜅'|09⟩#$%&

'''' + √3𝜅!|19⟩#$%&'''' 1 − 1
G3|𝜅'|! + |𝜅!|! .𝜅!|09⟩#$%&

'''! −√3𝜅'|19⟩#$%&'''! 1J 
≡ "

√#
eF𝛼"|0!⟩89:;"""" + 𝛽"|1!⟩89:;"""" G − F𝛼#|0!⟩89:;"""# − 𝛽#|1!⟩89:;"""# Gf,  (10) 

where |𝛼(|# + |𝛽(|# = 1. 𝛼( and 𝛽( denote the arbitrary information encoded by the arbitrary-BS. Subsequently, 

through the final gate, the pre-measurement (before PNR measurement) state |𝜓C< ⟩89:; is expressed as 

|𝜓C< ⟩89:; = 1√2 F𝛼"|0!⟩89:;"""" + 𝛽"|1!⟩89:;"""" G⨂|𝛼⟩)= |0⟩)> 
− "

√#
𝑒.(*+,-.)'' ∑ (.(0@67+)(

√-!
F𝛼#|0!⟩89:;"""# − 𝛽#|1!⟩89:;"""# G⨂|𝛼cos𝜃⟩)= |𝑛⟩)>3

-45 .  (11) 
After PNR measurement on path b, we can obtain the final state (single logical qubit information), which is 

the encoded arbitrary information, for the outcomes (𝑛 = 0 or 𝑛 ≠ 0) of the PNR measurement, as follows:  

(𝑛 = 0) 	→ 	 (𝜓"_$*%&'( = 𝛼)|0*⟩%&'(
)))) + 𝛽)|1*⟩%&'(

)))) , 

(𝑛 ≠ 0) 	→ 	 (𝜓"_+*%&'( = 𝛼,|0*⟩%&'(
))), − 𝛽,|1*⟩%&'(

))), ,  (12) 
where the final state =𝜓D_7>89:;  (𝑛 ≠ 0 ) can be converted to state =𝜓D_5>89:;  (𝑛 = 0 ) by applying unitary 

operations since the transmission rate (𝜅") and reflection rate (𝜅#) of an arbitrary-BS are known. Consequently, 

for the single logical qubit information, the proposed procedure shown in Fig. 1 can encode the arbitrary 

quantum information (𝛼(  and 𝛽( ) onto four-photon decoherence-free states (superposed state of |0!⟩ and 

|1!⟩), as shown in Eq. 12. 

Herein, we propose a procedure comprising nonlinear optical gates (first, second, third, fourth, and final 

gates via XKNLs) and linear optical devices (including the arbitrary-BS) to encode single logical qubit 

information onto logical qubits (four-photon decoherence-free states) to protect quantum information against 

collective decoherence [26-28]. However, the nonlinear optical gates (first, second, third, fourth, and final 

gates), which are components critical to this procedure (Fig. 1), cannot avoid the influences of photon loss 

and dephasing induced by the decoherence effect [51-53, 57, 59, 61, 62]. Therefore, we should derive the 

experimental condition to reduce the decoherence effect [51-53, 57, 59] based on the master equation [63] to 

quantify the efficiency and performance of the nonlinear optical gates (first, second, third, fourth, and final 

gates). 
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3. Quantification of efficiency and performance of nonlinear optical gates 

via XKNLs under decoherence effect 

In the proposed procedure, the nonlinear optical gates (first, second, third, fourth, and final gates) using 

XKNLs are the most important components for generating decoherence-free states (logical qubits) and 

encoding arbitrary quantum information. Hence, these gates must be highly efficient and reliable when the 

proposed procedure is implemented in optical fibers [61, 62]. Regarding the interaction of XKNLs of these 

gates, we should derive an experimental condition to decrease the decoherence effect [51-53, 57, 59] using 

the master equation [63], which can indicate the open quantum system, as follows: 

-.(0)

-0
= 23

ℏ
[𝐻5 , 𝜌(𝑡)] + 𝛾 :𝑎𝜌(𝑡)𝑎6 − )

,
{𝑎6𝑎𝜌(𝑡) + 𝜌(𝑡)𝑎6𝑎}>,  (13) 

where 𝐻' = ℏ𝜒𝑁"𝑁#  (Hamiltonian of XKNL). The Lindblad operators are 𝐽p𝜌 = 𝛾𝑎𝜌𝑎F  and 𝐿t𝜌 = − G

#
(𝑎F𝑎𝜌 +

𝜌𝑎F𝑎), where 𝛾 is the energy decay rate. The solution to this equation is (𝑡) = expeF𝐽p + 𝐿tG𝑡f𝜌(0) for time 

𝑡	(= 𝜃/𝜒) . Using this solution, we can exploit the process model, which can be used to formulate the 

influences of photon loss and dephasing of coherent parameters caused by the interaction (conditional phase 

shift) of XKNLs in nonlinear optical gates under the decoherence effect, as follows: 

!𝐷#!"𝑋%!"&#|1⟩⟨0|⨂|𝛼⟩⟨𝛼| = exp2−𝛼$!1 − 𝑒%&!"&∑ !1 − 𝑒'(!)&𝑒%&!"((%+)#
(-+ 6|1⟩⟨0|⨂7Λ"𝛼𝑒')9⟨Λ"𝛼|,  (14) 

where 𝐷yH𝑋tH = F𝐷yIH𝑋tIHG, for 𝜃 = 𝜒𝑡 = 𝜒𝑁Δ𝑡 = 𝑁Δ𝜃 owing to an arbitrarily small time Δ𝑡	(= 𝑡/𝑁) for obtaining a 

good approximation [51-53, 57, 59]. Here, the decoherence 𝐷yH (photon loss and dephasing) and the rate, ΛH =𝑒.GH/#  of the remaining photons in the probe beam can be calculated from the solution of the master 

equation shown in Eq. 13. Furthermore, the operation of the operator 𝑋tH (of the interaction of XKNLs) is 

expressed as F𝑋tIHG,|1⟩⟨0|⨂|𝛼⟩⟨𝛼| = |1⟩⟨0|⨂=𝛼𝑒(,∆+>⟨𝛼| = |1⟩⟨0|⨂=𝛼𝑒(+>⟨𝛼|  for |1⟩  (one photon) and |0⟩  (zero 

photon). Using this process model (decoherence: 𝐷yH and interaction of XKNL: 𝑋tH) of Eqs. 13 and 14, we can 

quantify the influences of photon loss (ΛH = 𝑒.GH/#) and dephasing (the value of the coherent parameter, i.e., 

the coefficient of the right-hand side of Eq. 14), induced by the decoherence effect. For the practical 

realization of nonlinear optical (first, second, third, fourth, and final) gates, we should consider the 

experimental parameters and the features in the optical fibers [61, 62]. In commercial fibers, which are pure 

silica-core fibers with a signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303) [62], a length of approximately 3000 km is 

required to acquire the magnitude of the conditional phase shift, 𝜃 = 𝜋 from XKNLs. Hence, using the process 

model (Eqs. 13 and 14) with the experimental parameters and features of the optical fiber (length of 3000 km 

for 𝜃 = 𝜋 and signal loss of 0.15 dB/km), we can analyze and quantify the efficiencies and performances of 

the nonlinear optical gates (first, second, third, fourth, and final) gates in the proposed procedure for 

encoding single logical qubit information (Fig. 1). 
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For the quantification of efficiency in ideal cases (without the decoherence effect), we can obtain the 

error probabilities of nonlinear optical gates from the probabilities of measuring state |0⟩)> (zero photon) in 

state |±𝑖𝛼sin𝜃⟩)> (Eqs. 4, 5, 6, 9, and 11), as follows: PKLL = [exp(−𝛼#sin#𝜃)]/2 ≈ [exp(−𝛼#𝜃#)]/2 for 𝛼#sin#𝜃 ≈
𝛼#𝜃# with a strong amplitude of coherent state and small phase shift magnitude by the XKNL (𝛼 ≫ 1 and 𝜃 ≪
1). If we do not consider the decoherence effect (ideal case), then the error probabilities of all nonlinear 

optical gates (first, second, third, fourth, and final) will be identical, as PKLL ≈ [exp(−𝛼#𝜃#)]/2. In addition, 

when the parameter is fixed as 𝛼𝜃 = 2.5, we can acquire highly efficient nonlinear optical gates (first, second, 

third, fourth, and final) because PKLL < 10.$.  

 

Fig. 5. Error probabilities and rates of remaining photons in probe beam in practical case (under decoherence effect): Graph shows 

error probabilities (P#$$
%&', P#$$

()*, P#$$
+$*, P#$$

,'-, and P#$$
./)) and rates (Λ0 = 𝑒120/() of remaining photons of nonlinear optical gates (first, second, 

third, fourth, and final) for differences in amplitude (𝛼) of coherent state with fixed 𝛼𝜃 = 2.5 and signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303). 

Values of error probabilities and rates of remaining photons in each gate are listed in table.  

However, in the practical cases (where the decoherence effect is considered), we should recalculate the 

error probabilities (PKLL"@M, PKLL#7N, PKLL$LN, PKLL%MO, and PKLLD67) including the photon loss (the rate ΛH = 𝑒.GH/# of remaining 

photons) due to the decoherence effect, as follows:  

P:;;'.< = [exp{−Λ=>𝛼!𝜃!}]/2 = [exp{−𝑒+!?= × 2.5!}]/2 = +exp V−𝑒+!@ !.8
-×6.6C6CD × 2.5!W4 /2, 

P:;;!0E = P:;;C;E = [exp{−Λ=F𝛼!𝜃!}]/2 = [exp{−𝑒+C?= × 2.5!}]/2 = +exp V−𝑒+C@ !.8
-×6.6C6CD × 2.5!W4 /2, 

P:;;><G = P:;;H/0 = [exp{−Λ=!𝛼!𝜃!}]/2 = [exp{−𝑒+?= × 2.5!}]/2 = Yexp Z−𝑒+@ !.5

6×8.8989
D × 2.5![B /2,  (15) 

where 𝛾𝑡 = 2.5/𝛼 × 0.0303 for ΛH = 𝑒.GH/# with a fixed 𝛼𝜃 = 𝛼𝜒𝑡 = 2.5, and a signal loss of 0.15 dB/km (𝜒/𝛾 =
0.0303) in optical fibers [62]. From these calculations, we can obtain the efficiency values of the nonlinear 

optical gates (first, second, third, fourth, and final), under the decoherence effect. Figure 5 shows the 



12 

 

tendencies of the error probabilities (PKLL"@M, PKLL#7N, PKLL$LN, PKLL%MO, and PKLLD67) and rates (ΛH%, ΛHP, and ΛH#) of the remaining 

photons of the gates (first, second, third, fourth, and final) in terms of the differences in the amplitude of the 

coherent state (𝛼) with the following parameters: signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303), 𝛼𝜃 = 𝛼𝜒𝑡 = 2.5, 
and 𝑁 = 10$. In addition, the values of error probabilities (PKLL"@M, PKLL#7N, PKLL$LN, PKLL%MO, and PKLLD67) and rates (ΛH%, ΛHP, and 

ΛH#) of the remaining photons of the gates (first, second, third, fourth, and final) were calculated for the 

amplitudes (𝛼=10 , 100 , 1000 , 10000 , and 100000 ) of the coherent state, as listed on Table (in Fig. 5). 

Compared with the dotted-blue box and dotted-red box in Table, we can conclude that high efficiencies, i.e., 

PKLL < 10.$  (and low rate, ΛH ≈ 1.0  of photon loss), can be achieved in the nonlinear optical gates by 

employing a strong amplitude of coherent state (𝛼 ≫ 10) under the decoherence effect.  

Moreover, we should analyze the performances (the influence of dephasing) of the nonlinear optical 

gates, in addition to the efficiencies (error probabilities by photon loss in Fig. 5). To quantify the influences of 

dephasing (of coherent parameters) induced by the decoherence effect, we require a process model (Eqs. 13 

and 14) that can describe the dynamics of the interactions of XKNLs (𝑋tH) and the decoherence effect (𝐷yH) to 

analyze the output states from the nonlinear optical gates (first, second, third, fourth, and final).  

 

Fig. 6. Trends and values of coherent parameters in output states of first, fourth, and final gates by dephasing (decoherence 

effect): Graph represents coherent parameters in output states of the nonlinear optical gates (first, fourth, and final) for differences in 

amplitude (𝛼) of coherent state with signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303), 𝛼𝜃 = 2.5 (P#$$ < 101+), and 𝑁 = 10+. Values of coherent 

parameters in output states are listed in table.  
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In the first, fourth, and final gates, using the process model’s formula (Eqs. 13 and 14), the output states 

|𝜓5< ⟩89:; in Eq. 4, |𝜓$<<⟩89:; in Eq. 9, and |𝜓C< ⟩89:; in Eq. 11 can be expressed as density matrices 𝜌5<  of the first 

gate, 𝜌$<< of the fourth gate, and 𝜌C<  of the final gate, respectively, to determine the dephasing of coherent 

parameters, as follows: 

𝜌5< = "

%⎝
⎛

1 |CK|# |L|# |CO|#|CK|# 1 |CO|# |L|#|L|# |CO|# 1 |CM|#|CO|# |L|# |CM|# 1 ⎠
⎞ , 𝜌$<< = 𝜌C< = "

#
K 1 |C|#|C|# 1 L,  (16) 

where the bases of 𝜌5<  are the states in |𝐿⟩#' |𝐿⟩$' |𝑅⟩%' |𝑅⟩&' |Λ=!𝛼⟩(
) |0⟩(* , |𝐿⟩#' |𝐿⟩$' |𝑅⟩%!|𝑅⟩&! |Λ=!𝛼⟩(

)|0⟩(* , 

|𝐿⟩#' |𝐿⟩$' |𝑅⟩%' |𝑅⟩&! |Λ=!𝛼cos𝜃⟩(
)|𝑖Λ=!𝛼sin𝜃⟩(

*
, and |𝐿⟩#' |𝐿⟩$' |𝑅⟩%' |𝑅⟩&! |Λ=!𝛼cos𝜃⟩(

)|−𝑖Λ=!𝛼sin𝜃⟩(
*
; the bases of 𝜌$<< are the states in 

0'! |09⟩#$%&
'''! + √C

! |19⟩#$%&
'''' 3 |Λ=𝛼⟩(

)|0⟩(
*
 and 0'! |09⟩#$%&

''!' + √C
! |19⟩#$%&

''!! 3 |Λ=𝛼cos𝜃⟩(
) |−𝑖Λ=𝛼sin𝜃⟩(

*
; the bases of 𝜌C<  are the 

states in 4𝛼'|09⟩#$%&
'''' + 𝛽'|19⟩#$%&

'''' 6|Λ=𝛼⟩(
) |0⟩(

*
 and 4𝛼!|09⟩#$%&

'''! − 𝛽!|19⟩#$%&
'''! 6|Λ=𝛼cos𝜃⟩(

)|−𝑖Λ=𝛼sin𝜃⟩(
*
 from left to right 

and top to bottom. Based on the process model expressed in Eq. 14, the coherent parameters in the density 

matrices (𝜌5< , 𝜌$<<, and 𝜌C< ) are expressed as 

C = exp ?−!𝛼$/√2&!1 − 𝑒%&!"&C !1 − 𝑒'(!)&𝑒%&!"((%+)
#

(-+

D,	 

L = exp ?−!𝛼$/√2&(𝑒%&")!1 − 𝑒%&!"&C !1 − 𝑒'(!)&𝑒%&!"((%+)
#

(-+

D, 

K = exp ?−!𝛼$/√2&(𝑒%&")!1 − 𝑒%&!"&C !1 − 𝑒') ⋅ 𝑒%'(!)&𝑒%&!"((%+)
#

(-+

D, 

M = exp ?−!𝛼$/√2&(𝑒%&")!1 − 𝑒%&!"&C !1 − 𝑒') ⋅ 𝑒'(!)&𝑒%&!"((%+)
#

(-+

D, 

O = exp2−!𝛼$/√2&(𝑒%&")!1 − 𝑒%&!"&!1 − 𝑒')&∑ 𝑒%&!"((%+)#
(-+ 6,  (17) 

where for 𝜃 = 𝜒𝑡 = 𝜒𝑁Δ𝑡 = 𝑁Δ𝜃 and 𝛼 ∈ ℝ with an arbitrarily small time Δ𝑡 = 𝑡/𝑁 (for a good approximation 

[51-53, 57, 59]). In the density matrices (𝜌5< , 𝜌$<< , and 𝜌C< ), the off-diagonal terms refer to the coherent 

parameters (C, L, K, M, and O) that can be used to evaluate the degrees of a mixed state and quantify the 

influences of dephasing. For example, if the values of the coherent parameters (off-diagonal terms) decrease 

by dephasing (decoherence effect), then the output states (𝜌5<  of the first gate, 𝜌$<< of the fourth gate, and 𝜌C<  
of the final gate) evolve into mixed states (the ensemble of classical states). Therefore, to obtain reliable 

performances from the nonlinear optical gates (first, fourth, and final gates), the values of the coherent 

parameters should be retrained to approach 1 (for the pure quantum state) against dephasing by the 

decoherence effect. Figure 6 shows the tendencies of the coherent parameters (||C|#|, ||L|#|, ||KC|#|, ||OC|#|, 
and ||MC|#|) in the density matrices (𝜌5< , 𝜌$<<, and 𝜌C< ) of the first, fourth, and final gates for the amplitude of 

the coherent state (probe beam: 𝛼) with the following parameters: signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303), 
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𝛼𝜃 = 𝛼𝜒𝑡 = 2.5 (PKLL < 10.$ ), and 𝑁 = 10$  under the decoherence effect. In addition, based on the table 

shown in Fig. 6, we calculated the values of the coherent parameters based on the differences in the 

amplitudes (𝛼 = 10, 100, 1000, 10000, and 100000) of the probe beams. As shown in Fig. 6, if the amplitude 

of the coherent state (probe beam) increases (𝛼 ≫ 100), then all values of the coherent parameters are 

approximately 1. Hence, by employing the strong (large amplitude) coherent state, we can maintain the 

output state (𝜌5< , 𝜌$<<, and 𝜌C< ) of the first, fourth, and final gates to pure quantum states (prevention of off-

diagonal terms in the density matrices, Eq. 16) against the influence of dephasing induced by the 

decoherence effect. Herein, as shown by the dotted blue box, the values of coherent parameters are high (> 

0.9) when the amplitude of the coherent state is small (𝛼 = 10), compared with the values within the dotted-

red box in Fig. 6. However, in the small amplitude range (𝛼 < 10) of the coherent state, we could not acquire 

a high rate of highly efficient remaining photons in the first, fourth, and final gates, as shown in Fig. 5 

(dotted-blue box). Hence, for high efficiencies (low error probabilities) and reliable performances (preserved 

pure quantum states in the output) in the first, fourth, and final gates, we should utilize the strong coherent 

state (probe beam) to reduce the influences of photon loss and dephasing. 

 

Fig. 7. Trends and values of coherent parameters in output states of second and third gates by dephasing (decoherence effect): 
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Graph represents coherent parameters in output states of nonlinear optical gates (second and third) for differences in amplitude (𝛼) of 

coherent state with signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303), 𝛼𝜃 = 2.5 (P#$$ < 101+), and 𝑁 = 10+. Values of coherent parameters in output 

states are listed in table. 

In the second and third gates, using the process model’s formula (Eqs. 13 and 14), the output states 

(|𝜓"< ⟩89:; in Eq. 5 and |𝜓#< ⟩89:; in Eq. 6) can be expressed as density matrices 𝜌"<  of the second gate and 𝜌#<  of 

the third gate, as follows:  

𝜌"< = 𝜌#< = "

Q

⎝
⎜⎜
⎜⎜
⎜⎛

1 |LN|# C∗K∗ C∗LO∗|N|# |P|# C∗K∗|P|# |LR|# C∗LO∗|R|#|LN|# 1 C∗LO∗|N|# C∗K∗ |LR|# C∗LO∗|R|# |P|# C∗K∗|P|#CK CL∗O|N|# 1 |CON|# CK|P|# |P|# CL∗O|R|# |COR|#CL∗O|N|# CK |CON|# 1 CL∗O|R|# |COR|# CK|P|# |P|#|P|# |LR|# C∗K∗|P|# C∗LO∗|R|# 1 CK |LS|# C∗LO∗|S|#CK|P|# CL∗O|R|# |P|# |COR|# C∗K∗ 1 CL∗O|S|# |COS|#|LR|# |P|# C∗LO∗|R|# C∗K∗|P|# |LS|# C∗LO∗|S|# 1 C∗K∗CL∗O|R|# CK|P|# |COR|# |P|# CL∗O|S|# |COS|# CK 1 ⎠
⎟⎟
⎟⎟
⎟⎞,  (18) 

where the bases of 𝜌"<  are the states in |𝐻⟩#' |𝐿⟩$' |𝑉⟩%' |𝑅⟩&' |Λ=C𝛼⟩(
) |0⟩(* , |𝐻⟩#' |𝐿⟩$' |𝑅⟩%!|𝑉⟩&! |Λ=C𝛼⟩(

) |0⟩(* , 

|𝑉⟩#' |𝐿⟩$' |𝐻⟩%' |𝑅⟩&' |Λ=C𝛼⟩(
) |0⟩(* , |𝑉⟩#' |𝐿⟩$' |𝑅⟩%'|𝐻⟩&' |Λ=C𝛼⟩(

) |0⟩(* , |𝐻⟩#' |𝐿⟩$' |𝐻⟩%' |𝑅⟩&' |Λ=C𝛼cos𝜃⟩(
)|𝑖Λ=C𝛼sin𝜃⟩(

*
, 

|𝐻⟩#' |𝐿⟩$' |𝑅⟩%!|𝐻⟩&! |Λ=C𝛼cos𝜃⟩(
)|𝑖Λ=C𝛼sin𝜃⟩(

*
, |𝑉⟩#' |𝐿⟩$' |𝑉⟩%'|𝑅⟩&' |Λ=C𝛼cos𝜃⟩(

) |−𝑖Λ=C𝛼sin𝜃⟩(
*

, and 

|𝑉⟩#' |𝐿⟩$' |𝑅⟩%!|𝑉⟩&! |Λ=C𝛼cos𝜃⟩(
) |−𝑖Λ=C𝛼sin𝜃⟩(

*
; the bases of 𝜌#<  are the states in 

'
√!
|𝐻⟩#' |𝐻⟩$'.|𝑉⟩%' |𝑉⟩&' + |𝑉⟩%!|𝑉⟩&! 1]Λ𝑡3𝛼^Pa|0⟩Pb, 

'
√!
|𝑉⟩#' |𝐻⟩$'.|𝐻⟩%'|𝑉⟩&' + |𝑉⟩%!|𝐻⟩&! 1]Λ𝑡3𝛼^Pa |0⟩Pb , 

'
√!
|𝑉⟩#' |𝑉⟩$'.|𝐻⟩%'|𝐻⟩&' + |𝐻⟩%!|𝐻⟩&! 1]Λ𝑡3𝛼^Pa |0⟩Pb , 

'
√!
|𝐻⟩#' |𝑉⟩$'.|𝐻⟩%!|𝑉⟩&! +

|𝑉⟩%'|𝐻⟩&' 1]Λ𝑡3𝛼^Pa|0⟩Pb , 
'
√!
|𝐻⟩#' |𝐻⟩$'.|𝑉⟩%'|𝐻⟩&' + |𝐻⟩%!|𝑉⟩&! 1]Λ𝑡3𝛼cos𝜃^Pa ]𝑖Λ𝑡3𝛼sin𝜃^Pb , 

'
√!
|𝑉⟩#' |𝐻⟩$'.|𝐻⟩%'|𝐻⟩&' +

|𝐻⟩%!|𝐻⟩&! 1]Λ𝑡3𝛼cos𝜃^Pa ]𝑖Λ𝑡3𝛼sin𝜃^Pb , 
'
√!
|𝑉⟩#' |𝑉⟩$'.|𝐻⟩%'|𝑉⟩&' + |𝑉⟩%!|𝐻⟩&! 1]Λ𝑡3𝛼cos𝜃^Pa]−𝑖Λ𝑡3𝛼sin𝜃^Pb , and 

'
√!
|𝐻⟩#' |𝑉⟩$'.|𝑉⟩%'|𝑉⟩&' +

|𝑉⟩%!|𝑉⟩&! 1]Λ𝑡3𝛼cos𝜃^Pa ]−𝑖Λ𝑡3𝛼sin𝜃^Pb from left to right and top to bottom. The coherent parameters (C, L, K, M, and 

O) can be calculated using Eq. 17. The other coherent parameters (P, N, S, and R) in density matrices (𝜌"<  and 

𝜌#< ) can be calculated from the process model (Eq. 14), as follows:  

P = exp ?−!𝛼$/√2&(𝑒%$&")!1 − 𝑒%&!"&C !1 − 𝑒'(!)&𝑒%&!"((%+)
#

(-+

D, 

N = exp ?−!𝛼$/√2&(𝑒%$&")!1 − 𝑒%&!"&C !1 − 𝑒') ⋅ 𝑒%'(!)&𝑒%&!"((%+)
#

(-+
D, 

S = exp ?−!𝛼$/√2&(𝑒%$&")!1 − 𝑒%&!"&C !1 − 𝑒') ⋅ 𝑒'(!)&𝑒%&!"((%+)
#

(-+

D, 

R = exp2−!𝛼$/√2&(𝑒%$&")!1 − 𝑒%&!"&!1 − 𝑒')&∑ 𝑒%&!"((%+)#
(-+ 6,  (19) 

where 𝜃 = 𝜒𝑡 = 𝜒𝑁Δ𝑡 = 𝑁Δ𝜃  for an arbitrarily small time Δ𝑡	(= 𝑡/𝑁)  with 𝛼 ∈ ℝ . For the experimental 

condition to preserve the values of coherent parameters to 1 (pure quantum states) under the decoherence 

effect, we can determine the tendencies of the coherent parameters (off-diagonal terms) in the density 

matrices (𝜌"<  and 𝜌#< ) of the second and third gates for the amplitude of the coherent state (probe beam: 𝛼) 

using the following parameters: signal loss of 0.15 dB/km (𝜒/𝛾 = 0.0303), 𝛼𝜃 = 𝛼𝜒𝑡 = 2.5 (PKLL < 10.$), and 
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𝑁 = 10$, as shown in Fig. 7. In addition, the values of the coherent parameters are listed on Table (in Fig. 7) 

based on the differences in the amplitudes (𝛼 = 10, 100, 1000, 10000, and 100000) of the probe beams. 

When the amplitude of the coherent state (probe beam) increased (𝛼 ≫ 100), all values of the coherent 

parameters were approximately 1 (similar to the coherent parameters in 𝜌5< , 𝜌$<<, and 𝜌C< ), as shown in Fig. 7. 

Therefore, we confirmed that the influences, which evolved to mixed states, of dephasing coherent 

parameters in 𝜌"<  and 𝜌#<  (Eq. 18) can be reduced using a strong coherent state. Furthermore, by comparing 

with the dotted-blue box and dotted-red box in Fig. 7, the nonlinear optical gates (second and third) can 

yield high efficiencies (low error probabilities) and reliable performances (preserving pure quantum states) in 

the large amplitude range (𝛼 > 100000) of the coherent state.  

According to our analysis, using the process model (Eq. 14), which can be used to formulate the 

interaction of XKNLs between a signal system (photon) and a probe beam (coherent state) via the master 

equation (Eq. 13), we can conclude that the only experimental condition is to utilize the strong coherent state 

(probe beam) to reduce the influences of photon loss and dephasing (decoherence effect). Hence, we can 

obtain high efficiencies (low error probabilities, Fig. 5) and reliable performances (values of coherent 

parameters approaching 1: Figs 6 and 7) in the nonlinear optical gates (first, second, third, fourth, and final). 

Consequently, the proposed procedure for generating single logical qubit information (quantum information 

on four-photon decoherence-free states) with immunity against collective decoherence can be experimentally 

implemented and is secure against the decoherence effect (photon loss and dephasing). 
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4. Conclusion  

We proposed a procedure (Fig. 1) that can generate four-photon decoherence-free states (logical qubits), 

and encode quantum information onto the superposition of logical qubits (single logical qubit information) 

using XKNLs (first, second, third, fourth, and final gates) and linear optical devices to secure quantum 

information against collective decoherence. In addition, in the nonlinear optical gates (first, second, third, 

fourth, and final gates), we analyzed the influences of photon loss and dephasing induced by the 

decoherence effect, and then demonstrated the experimental condition to obtain high efficiencies and 

reliable performances for the feasible procedure (Fig. 1). The advantages of our procedure are as follows: 

(1) Our procedure can be used to encode single logical qubit information and secure quantum 

information from collective decoherence using arbitrary information encoded onto the superposed state of 

four-photon decoherence-free states. Hence, compared with two- and three-qubit systems (including the W 

state and three-qubit decoherence-free state) [10, 12, 30, 32-35, 43-45], our procedure can enhance the 

immunity against collective decoherence. 

(2) When our procedure was experimentally implemented, the nonlinear optical gates, which are essential 

components using XKNLs, could not avoid the decoherence effect (photon loss and dephasing). Hence, in 

Section 3 (our analysis), we demonstrated the experimental condition for utilizing a strong (large amplitude) 

coherent state (probe beam) to achieve high efficiencies (low error probabilities) and reliable performances 

(preserving pure quantum state) in nonlinear optical gates under the decoherence effect.  

(3) In our procedure, the nonlinear optical gates (first, second, third, fourth, and final) utilized only the 

positive conditional phase shifts (θ) of the XKNLs with qubus beams and PNR measurements because it is 

generally not possible to change the sign of the conditional phase shift (−θ) by Kok [64]. Moreover, the 

usage of a strong coherent state (for high efficiency and reliable performance) can yield an experimental 

advantage from using the weak conditional phase shift magnitude of the XKNL (i.e., if we use 𝛼 = 10C to 

reduce the influence of the decoherence effect, then the XKNL magnitude required is 𝜃 = 2.5 × 10.C for a 

fixed 𝛼𝜃 = 2.5 and PKLL < 10.$). Hence, our nonlinear optical gates are more feasible in practice, as realizing a 

large conditional phase shift magnitude via the XKNL is difficult (extremely weak: 𝜃 ≈ 10."Q) [65-67]. 

Consequently, our procedure, which can generate four-photon decoherence-free states (logical qubits) 

and encode quantum information onto the superposition of logical qubits (single logical qubit information), 

was designed to prevent quantum information from collective decoherence. In addition, for the feasible 

procedure (Fig. 1), we demonstrated that the nonlinear optical gates (first, second, third, fourth, and final) can 

yield high efficiencies (low error probabilities) and reliable performances (preserving pure quantum state) 

against photon loss and dephasing (the decoherence effect) when a strong coherent state (probe beam) was 

used. 
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Figures

Figure 1

Procedure via XKNLs for single logical qubit information: First part is to generate the superposition of
four-photon decoherence-free states. In this part, two-photon interaction of XKNLs is used in the �rst gate,
and the fourth gate (via XKNLs) can merge photon paths. Meanwhile, the second and third gates are
operated by three-photon interactions of XKNLs. In the second part, the encoding process can encode
(arbitrary) quantum information onto four-photon decoherence-free states, which are output states of the
�rst part.

Figure 2



First gate (two-photon interactions between photons C and D) via XKNLs: For path arrangement of
photons C and D, the �rst gate comprises XKNLs, qubus beams, PNR measurement, feed-forward, and
linear optical devices. After PNR measurement, feed-forward (phase shifter and path switch) on photon D
is either operated or not operated, depending on the result (photon number n) of PNR measurement.

Figure 3

Second and third gates (three-photon interactions) via XKNLs: For controlled operations between three
photons, two (second and third) gates consist of XKNLs, qubus beams, PNR measurement, feed-forward,
and linear optical devices were used. Feed-forwards (phase shifters and spin �ippers) of two gates are
either operated or not operated on photons (A, C, and D: second gate) and (B, C, and D: third gate)
depending on results of PNR measurements.



Figure 4

Fourth gate via XKNLs; encoding process with arbitrary-BS and �nal gate (XKNLs): The fourth gate
merged the path of photon C using XKNLs, qubus beams, PNR measurement, and feed-forward (path
switch). During encoding, the arbitrary-BS (linear optical device) and �nal gate (via XKNLs) encode
arbitrary quantum information onto four-photon decoherence-free states (single logical qubit
information).

Figure 5

. Error probabilities and rates of remaining photons in probe beam in practical case (under decoherence
effect): Graph shows error probabilities (P_err^1st, P_err^2nd, P_err^3rd, P_err^4th, and P_err^�n) and rates
(Λ_t=e^(-γt/2)) of remaining photons of nonlinear optical gates (�rst, second, third, fourth, and �nal) for



differences in amplitude (α) of coherent state with �xed αθ=2.5 and signal loss of 0.15 dB/km (χ/
γ=0.0303). Values of error probabilities and rates of remaining photons in each gate are listed in table.

Figure 6

Trends and values of coherent parameters in output states of �rst, fourth, and �nal gates by dephasing
(decoherence effect): Graph represents coherent parameters in output states of the nonlinear optical
gates (�rst, fourth, and �nal) for differences in amplitude (α) of coherent state with signal loss of 0.15
dB/km (χ/γ=0.0303), αθ=2.5 (P_err<10^(-3)), and N=10^3. Values of coherent parameters in output states
are listed in table.



Figure 7

Trends and values of coherent parameters in output states of second and third gates by dephasing
(decoherence effect): Graph represents coherent parameters in output states of nonlinear optical gates
(second and third) for differences in amplitude (α) of coherent state with signal loss of 0.15 dB/km (χ/
γ=0.0303), αθ=2.5 (P_err<10^(-3)), and N=10^3. Values of coherent parameters in output states are listed
in table.


