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Abstract: Distinct models involving nonlinearity are mostly appreciated for illustrating
intricate phenomena arise in the nature. The new (3+1)-dimensional generalized nonlinear
Boiti-Leon-Manna-Pempinelli (BLMP) model describes the dynamical behaviors of nonlinear
waves arise in incompressible fluid. This present effort deals with the well-known governing
BLMP equation by adopting two efficient schemes, namely improved tanh and improved
auxiliary equation. As a result, a variety of appropriate wave solutions are made available in
different type functions. The gathered solutions are figured out to characterize their internal
properties for depicting the relevant phenomena. Diverse wave profiles are noticed in 3D, 2D
and contour sense after assigning parameter’s values involved in the achieved solutions. The
finding results are comparably different and general due to the existing wave solutions. The
employed approaches perform in a great way to construct analytic wave solutions of considered

evolution equation and deserve further use in relevant research area.

Keywords: Wave solutions, solitons, improved tanh scheme, improved auxiliary equation
approach; the new (3+1)-dimensional generalized nonlinear Boiti-Leon-Manna-Pempinelli

model.



Mathematics Subject Classifications: 35C08, 35R11
1. Introduction

The physical phenomena in various branches of science such as physical science, biological
science, chemical science, and geo-science etc. can be modeled through the nonlinear evolution
equations [1-4]. The nonlinear models are unraveled for wave solutions by imposing analytical
as well as numerical schemes. In this context, several computational approaches have been
developed by researchers. Instantly, Backlund transformation [5], first integral method [6],
Jacobi elliptic function scheme [7, 8], extended simplest equation technique [9-11], F-
expansion method [12, 13], trial equation scheme [14, 15], various rational (G'/G)-expansion
tools [16-18], exp-function approach [19, 20], improved tanh approach [21], Darboux
transformation approach [22], different Hirota schemes [23-27], Kudryashov technique [28]

etc.

This present study is conducted by implementing two competent techniques such as improved
tanh and improved auxiliary equation. The advised schemes are imposed on the new (3+1)

BLMP equation stated as follows [29]:
(ux +uy +uy)e + auy + Uy + Uy) g + (U (uy +uy, +uy)), =0, (1.1)

where a and b are non-zero parameters; u stands for the wave function alongside time variable
t and spatial variables x, y and z. Earlier, the (3+1)-dimensional nonlinear Boiti-Leon-Manna-
Pempinelli model describing dynamical behavior of waves in incompressible fluid has been
investigated by many researchers for appropriate solutions due to wide scientific importance.
Instantly, Xu produced lump kink solutions, localized excitation solutions, and presented
Painleve analysis [30]; breather and rational wave solutions have been constructed by Peng et
al. [31]; the governing model has been studied by Osman and Wazwaz providing lump,

breather, and mixed wave solutions [32]; Liu et al. have obtained several wave solutions [33];



Tang and Zai have studied the same model and found some periodic wave solutions [34],

Darvishi et al. derived stair and step soliton solutions of the model [35].

The new (3+1) BLMP model (1.1) has been studied by Samir et al. providing few analytical
solutions with the assistance of improved simple equation method [36]. We have employed
improved tanh tool and improved auxiliary equation approach to unravel the mentioned-
governing BLMP model. Consequently, various types of solitary wave solutions are found in

a great way which might attracted scholars for further research.
2. Illustration of schemes

This section deals with a short note on the suggested techniques which are well-established and

available in the literature.
2.1. Improved tanh approach
The improved tanh scheme is efficient and stated generally in the form

u(g) — Z?:o LiQi(E)"'Z?:lTiQ_i(f)

Lo e O+IL, g Q7I(E) (2.1.1)
where ((§) satisfies the auxiliary equation
@) = 9@ +6. 012

Eq. (2.1.2) delivers the solutions as follows:
(i) Q&) = —V/—=6tanh(v/=8 &) or Q(§) = —V/—8coth(vV=46 §), § < 0. (2.1.3)
(i) Q&) = —1/¢, 68 = 0. (2.1.4)
(i) Q&) = Vtan(V6 &) or Q&) = —VEcot(V6 §), 8 > 0. (2.1.5)
The working procedures of the competent tool (2.1.1) are available in Ref. [37].

2.2. Improved auxiliary equation technique

The improved auxiliary equation approach is reliable and stated as
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Z?:O Cllw(f)

u(§) = S A AP’ (2.2.1)
where () satisfies the auxiliary equation
V' = —{pA VO + g+ rav©}, (2.2.2)

Ina

Eq. (2.2.2) offers several distinct solutions [38]. The working procedures of the advised scheme

(2.2.1) have been presented in detail in Ref. [39].
3. Extraction of wave solutions

The transformation for new wave variable is supposed to be u(x,y, z,t) = u(¢), where é =

x +y + z+ wt. Then Eq. (1.1) is reduced to
3wu” + 3au®™ + 6bu'u’" = 0, (3.1)

which is ODE considering only ¢ as independent variable. Anti-derivative of Eq. (3.1) with

integral constant zero leaves
3wu’ + 3au’”’ + 3bu'? = 0. (3.2)

Balancing principle between u'"’ and u'? yields n = 1. Thereupon, the advised schemes are

employed as follows:
3.1. Improved tanh scheme
This tool suggests the solution expression

_ Lo+ QE)+t,Q71(8)
ul®) = areaer 3.1.1)

Utilizing Eq. (3.1.1) alongside its derivatives in Eq. (3.2) harvests a polynomial in Q(). Then,
connect each coefficient to zero and use Maple software to solve the found algebraic equations
for involved parameters. Eq. (3.1.1) takes the parameters values and solutions of Eq. (2.1.2) to

make sure the following groups of wave solutions:



Solution group 1: For the parameter’s values (, = 0, 74 = 2tac? 1T e
w=— w, 6d=-— EO(GaE—Ozbll), the accepted wave solutions are
3€7 24aeg
1 . 24a€?1;8tanh(V=36 &)—t1€(6a€q+biy)coth(V=5 &)
ur(§) = 24a€?egV—6+24ae3Stanh (V=5 &)—ege, (6aeg+biy)coth(vV=56 &)’ 6<0 (3.1.2)
2 _ 24a€?1;8coth(V=38 &)-11€9(6aeg+biy)tanh(V=5 &)
ui(§) = 24a€€gV—8+24a€3Scoth(V=5 §)—e€g€e1 (6aeg+biy)tanh(vV=35 &)’ 6<0 (3.1.3)
3 _ —24a6%l1—l160(6a60+bl1)62
U €)= 24a€legE—24aed—€ge1(6aeg+biy)E?’ 0 G.1.4)
4 _ 24a€?118 tan(VEE)+1,€9(6aeg+biy) cot(VEE)
ui(§) = 24a€?egV8+24aed 5 tan(VEE)+eges (6aeg+biy) cot(VeE) 6>0 (.1.5)
5 _ —24a€?118 cot(VEE) -1, €q(6acg+biy) tan(vV5¢)
ur(§) = 24a€?€gV6-24ae3 5 cot(VEE)—€peq (6aeg+biy) tan(Veé)’ 6>0 (3.1.6)
meE=x+y+z—ﬁﬁ$¥ﬂ%
1
Solution group 2: Due to the values (y, =0, 74 =0, & =0, w= —w, 6=
1
— 60(6%—0:“1), the gained solutions are presented as
6aes
1 _ —yV-8tanh(V=5 §)
uz(§) = €o—€1V—8tanh(V=6 &)’ 6<0 G.1.7)
2 _ —1,V=8coth(v=5 §)
uz(§) = €o—€1V—8coth(vV=5 &)’ 6<0 (3.1.8)
u(§) =—-.6=0 (3.1.9)
4 _ yVetan(Vé §)
u2(8) = o Vsanwe ey 0 0 (3.1.10)
5 _ —uyV8cot(Vs §)
U2 (6) = —seorvse 8 0 (3.1.11)
2€g9(6aeg+biq)

whereé =x+y+z—

2
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36€26%a? 6€28a

Solution group 3: The outcomes (; =0, 71 = —7 > €0 = = &1 = 0, w=4ad
1 1
offers the solutions
1 __14b%tanh(V-6 §)+36€28a%coth(vV-5 §)
U3 €)= -6€2abV—6+€,1;b2tanh(vV=56¢) 6<0 G.1.12)
5 _ 13b%coth(V—-5 §)+36€25a’tanh (V=5 &)
uz(§) = —6€2abV—8+€11,b2coth(V=6 &) ’ 6<0 G.1.13)
3 _ 13b%tan(V8 §)-36€58a2cot(V35 &)
uz(§) = —6€2abV8+ejtb2tan(V6 &) 6>0 G.1.14)
4 _ —13b% cot(V5 §)+36€Z5a’tan(V$ §)
uz () = —-6€2abVé—€q1b2cot(vV6 &) 6>0 (.1.15)
where ¢ = x +y + z + 4aét.
Solution group 4: Interleaving the results ¢y = 0, t; = —%, €y = %, €,=0,=0,w=
16a6, the wave solutions are achieved as
ul &) = 6av-8{tanh(vV=38 &)+coth(V=5 &)} 5<0 (3.1.16)
1(§) = 3 ; 1.
2 _ 6avV—8{coth(V—=5 &)+tanh(V=5 &)}
uz (&) = > ,0<0 (3.1.17)
ui(f) _ 6a\/3{—tan(\/ji)+cot(\/gf)}’ 5>0 (3.1.18)
ud(§) = LB (D) 55 (3.1.19)
where { = x +y + z + 16aét.
2
Solution group 5: Considering the agreements ¢y = 0, ¢; = —%, T, = 6;%, €e,=0,w=
0
4ad, we construct the solutions
1 __ 6a{—€58tanh(V-5 &)—&% coth(vV—=6 &)}
Us &)= beg{egV—8—g4 coth(vV=5 &)} ,6<0 (3.1.20)



6a{—€38 coth(vV=5 &)—¢? tanh(v-3§ &)}

202 —
us(§) = beo{€oV—8—¢; tanh(vV=§ &)} ,6<0 (G.1.21)
3 __ 6a{-€55tan(V5 &)+&Z cot(Vé £)}
Us &)= beg{egVE+e, cot(Vé &)} ,6>0 (.1.22)
4 _6a{e§8 cot(v5 &£)—¢e? tan(V$ §)}
us(§) = beg{egVd—e tan(Vs &)} 6>0 (3.1.23)
where £ = x +y + z + 4adt.
Solution group 6: For the outcomes t, = 0, ¢; =0, €5 = %, €, =0, =0,w=4ad, the
wave solutions are found as
ul(§) = 2D 5 < g (3.1.24)
uZ(§) = LEENCID 5 g (3.1.25)
W3(E) = M 5> 0 (3.1.26)
ut(€) = m 5> 0 (3.1.27)
where § = x +y + z + 4adt.
2 2
Solution group 7: According to the values t, =0, =0, 1, = %, €, =0, w = 4ad,
0
we receive the results
1 _ —6a(8ei+e?) coth(vV=5 &)
u7(§) = ST e comvs ey © <0 (3.1.28)
2 _ —6a(8ek+e?) tanh(V=3 §)
W) = e teovo—cr (v o)y 0 <0 (3.1.29)
3 _ 6a(8ei+e?) cot(V &)
u7(§) - beo{eox/g+sl cot(\/SS)}’ 6§>0 (3130)
4 _ —6a(8eg+e?) tan(V35 &)
uz; (&) = bestev—z: tan(V3 ) 6>0 (3.1.31)



where £ = x +y + z + 4adt.
3.2. Improved auxiliary equation technique

The scheme advised the solution form

_ C0+Cll¢(z)

’U,(f) = m. (321)

The utilization of Eq. (3.2.1) and its derivatives forces Eq. (3.2) to be a polynomial in AY®.
This polynomial leaves algebraic equations after assigning its coefficients to zero. We use
Maple software to obtain the considered parameters values. Combining these values and the

solutions of Eq. (2.2.2) with Eq. (3.2.1) yields the following groups of wave solutions:

6apd?—6aqdyd,+6ard3—bcgy d1

Solution group 1: The parameter’s values ¢; = — " = a(4pr —
0
q?) yields the solution expression
__ bcodo—(6apd}—6aqdeds+6ard3—bcyd)AY®

w () = D2+ b d, 1V : (3.2.2)
where § = x +y + z + a(4pr — ¢?)t.
Under the assumption g2 — 4pr < 0 and r # 0, we obtain

1 _ 2brcydo—(6apdi—6aqdyd, +6ardé—bcyd,){—q+y4pr—q?tan(y4pr—q2§/2)}
th (f) - 2brdZ+bdgd {(—q+y/4pr—q2tan(y/4pr—q2&/2)} ’ (3:2.3)
— 2_ 2_ —g— —g2? —g2
u% (f) — 2brcodo—(6apdi—6aqdyd,+6ardy—bcodi){—q Japr—q?cot(y/4pr—q 5/2)}’ (3.2.4)

2brd2+bdgd,{—q—+/4pr—q2cot(\/4pr—q2&/2)}
where £ = x +y + z + a(4pr — ¢?)t.

The postulates g2 — 4pr > 0 and r # 0 provide

u3(f) 2brcodg— (6apd1—6aqd0d1+6ard0 bcodq){—q—+/ q?—4prtanh(y/ q%— 4pr§'/2)} (325)
1 B 2brd2+bdgd,{—q—/q2—4prtanh(/q2—4pr&/2)} -

4(5) _ 2brcgdo—(6apd?—6aqdyd, +6ardi—bcyd,){—q—/ q%—4prcoth(y q?—4pré/2)} (3.2.6)
2brdZ+bdgd,{—q—+/q2—4prcoth(\/q2—4prE/2)} ’ -




where & = x +y + z + a(4pr — ¢?)t.
According to g% + 4p? > 0, r # 0 and r = —p, the wave solutions are

u5(f) __ 2bpcodo—(6apd?—6aqdyd,—6apd§—bcod1){q++ q2+4p2tanh(y q2+4p2€/2)} (3.2.7)
1 2bpd2+bdyd,{q++/q2+4p2tanh(y/q2+4p2E/2)} ’ -

u6(€) _ 2bpcodo—(6apd?—6aqdyd,—6apdé—bcyd,){q++/q2+4p2coth(y/ q2+4p2&/2)} (3.2.8)
1 2bpd%+bdod,{q+q2+4pZcoth(y/q2+4p2E/2)} ’ -

where § = x +y + z — a(4p? + q*)t.

When g? — 4p? < 0 and r = p, we receive

u7(E) — 2bpcodo—(6apdi—6aqdgds+6apdi—bcods){—q+y/—q2+4p2tan(y —q2+4p2£/2)} (3.2.9)
1 2bpd3+bdod (—q+/—q2+4p2tan(y—q?+4p2¢/2)} o

uS(E) — 2bpcodo—(6apd?—6aqdgds+6apdi—bcods){—q+y—q2+4p2cot(y —q%+4p2§/2)} (3.2.10)
1 2bpd3+bdod {-q+/—q2+4p2cot(\/—q2 +4p?E/2)} P

where € = x +y + z + a(4p? — ¢*)t.

The supposition g% — 4p? > 0 and r = p serves

9,2y _ 2bpcodo—(6apd?—6aqdyd,+6apd§—bcods){—q— q?—4p>tanh(y q2—4p2£/2)}
w (€)= 2bpd+bdods {~q—/q?—4p2tanh(y/q?—4p2§/2)} » G210

ulO({_’) — 2bpc0d0_(6apd%_6aqd0d1+6apd(2)_bCOdl){_q_\/qz_4p2COth(\/qz_‘l'pzf/z)} (3 2 12)
1 2bpd3+bdods {-q—/ q?—4pZcoth(\/q2—4p2§/2)} T

where § = x +y + z + a(4p? — ¢*)t.

The consideration rp < 0, ¢ = 0 and r # 0 gives the solutions

11,7y _ bcodo+(6apdi+6ardf—bcyds){y/—p/rtanh(v=7p§)}

U (f) - bd3-bdyd,{,/—p/rtanh(y=7p&)} ’ (3.2.13)
122y _ bcodo+(6apd}+6ardd—bcyds){y=p/reoth(y=rpé)}

ur”(§) = bdZ%-bdyd{/—p/rcoth(v=rpé)} ’ (G.2.14)

where £ = x +y + z + 4aprt.

Under the agreements g = 0 and p = —r, the attained solutions are

9



bcodo(1-e2"8)—(—6ard?+6ardé—bcod,)(1+e27%)
bd2(1-e27$)+bdod, (1+e27%) ’

wld(@) = (3.2.15)

where § = x +y + z — 4ar?t.

For the condition p = r = 0, the wave solution is

bcodo+(6aqdods+bcods){cosh(q §)+sinh(q §)}
bd2+bdyd,{cosh(q &)+sinh(q &)} ’

ul* (&) = (3.2.16)

where § = x +y + z — ag®t.
If we agree p = q = k and r = 0, then

bcodo—(6akd}—6akdgd;—bcydy ) (eX6-1)
bdZ+bdd, (eKs—1) ’

W5 (8) = (3.2.17)

where € = x +y + z — ak?t.
Whenqg =r =kandp =0,

beodo(1—-e*6)—(~6akdydy+6akd3—bcyd, )(e*?)
bd3(1-ek$)+bdyd, (e*?) ’

uls(§) = (3.2.18)

where § = x +y + z — ak®t.
If ¢ = p + r is assumed, then we find

bcodo{1-re P~} +(6apd?—6apdd,—6ardydq+6ardi—bcyd,){1-peP~%}
bd3{1-re(P—1¢}-bdyd,{1-pe®—1$} ’

Wl (§) = (3.2.19)

where § = x+y+z—a(p — 1)t
After letting the supposition ¢ = —(p + 1), the wave solution is

bcodo{r—e P~} —(6apdi+6apdod, +6ardyd, +6ardi—bcydy){p—e P14}
bd3{r-e®-"&}+bdod; {p—eP-7¢} ’

W8(8) = (3.2.20)

where E = x+y+z—a(p — 1)t

When p = 0, we receive the solution

10



bcodo(1-red$)—(6ardgd, +6ardé—bcody)(qed?)
bd3(1-re%)+bdyd,(qes) ’

wlo(§) = (3.2.21)

where & = x +y + z — ag®t.
The agreements r = q = p # 0 provide

2bcydy—(6apd?-6aqdyds+6ard3—bcyd){V3 tan(v3pé/2)—1}
2bd%+bdyd, {V3tan(v3pé/2)-1} ’

w20 (&) = (3.2.22)

where § = x +y + z + a(4pr — q*)t.
According to the condition 7 = p and q = 0, the gained solution is

bcodg—(6apd?+6apdé—bcyd,) tan(pg)
bd3+bdyd; tan(pk) ’

u'(§) =

(3.2.23)

where § = x +y + z + 4ap?t.
Under the hypothesis 7 = 0, the exponential function solution is

bcodg—(6apd?—6aqdgod, —bcody)(e5 —m/n)
bd%+bdyd,(e95—m/n) ’

w2 (&) = (3.2.24)

where § = x +y + z — ag®t.

6apdq

Solution group 2: The outcomes cy = , dy =0, w=a(4pr — q?) ensured the
expression for desired wave solutions as

6
u(§) =+ 0w (3.2.25)

where § = x +y + z + a(4pr — q?)t.

The postulates g2 — 4pr < 0 and r # 0 produce the wave solutions

1 _ ‘1 12apr
w2(§) = dy + b{-q+/4pr—q>tan(y4pr—q2§/2)y (3.2.26)
@) ==+ 2apT (3.2.27)
2 di  b{—q—4pr—q?cot(y4pr-q?§/2)} -

11



where & = x +y + z + a(4pr — g?)t.

According to the assumption g% — 4pr > 0 and r # 0, we receive

3 _a 12apr
uz(§) = dy + b{-q—/q?—4prtanh(y/q2-4pré/2)} (3.2.28)
wh(@) =2+ 12apT (3.2.29)
z di  b{-q—/q?—4prcoth(y/q?-4pré/2)} o
where § = x +y + z + a(4pr — q*)t.
For the conditions g2 + 4p? > 0, # 0 and r = —p, the attained solutions are
5 _ < 12ap?
uz (§) = dq + b{q++/q%+4p2tanh(\/q2+4p2¢/2)} (3.2.30)
6 _a 12ap?
w2(§) = dy + b{q+yq?+4p2coth(y/q%+4p2&/2)Y (3-231)
where § = x +y + z — a(4p? + q?)t.
The solutions according to g — 4p? < 0 and r = p are
7 _a 12ap?
w@ =g+ b{-q+y/-q?+ap?tan(y—qZ+4p2¢/2)}’ (3:2.32)
8 _a 12ap?
(@) = o b{~q+y/~-q?+4p2cot(y-q2+4p2§/2)} (3:2.33)
where § = x +y + z + a(4p? — q?)t.
When g2 — 4p? > 0 and r = p,
9 _a 12ap?
uz(§) = dy + b{-q—/q?>—4p?tanh(/q?-4p2¢/2)} (3.2.34)
2
ul?(®) ==+ 2 (3.2.35)

di  b{-q—y/q?-4p?coth(yq2-4p2§/2)}
where § = x +y + z + a(4p? — q?)t.

For the supposition 7rp < 0, g = 0 and r # 0, we obtain

12



11 & _ Sap
u; () = d;  b{y/-p/rtanh(y=1pé)y’

12 & _ bap
u; (f) - dy  b{/-p/rcoth(y=rp&)}y

where § = x +y + z + 4aprt.
According to the assumptions g = 0 and p = —7, we attain

¢ 6ar(1-e?™$)
dq b(1+e27%) ’

w* () =
where € = x +y + z — 4ar?t.

The postulates p = g = k and r = 0 provide the solutions

6ak
b(eks-1)

upt(©) =+
1
where § = x +y + z — ak®t.

The supposition ¢ = p + r, yields

€1 6ap{1-re®-1%}
dq b{1-pe®@-1é} ’

w°(§) =
where E = x+y+z—a(p — 1)t

The wave solution under the condition g = —(p + 1) is

16 _ C_1 6ap{r—e(p_r)f}
U; (5) - dy + b{p—e(p_r)f} ’

where § = x+y+z—a(p — 1)t

Due to the assumption r = g = p # 0, we receive

12ap

w7 =2+ ,
T (T3 W

where € = x +y + z + a(4pr — ¢*)t.

13
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Considering the relations 7 = p and g = 0, the solution is appeared as

6ap

1877y _ S1
uz (9 =2t S (3.2.43)
where & = x +y + z + 4ap?t.
Under the supposition 7 = 0, the wave solution is
19 _&a 6ap
uz (§) = dy + b(e9é—m/n)’ (3.2.44)

where € = x + y + z — aq’t.

Remarks: The considered governing model (1.1) is demonstrated by utilizing two well-
established approaches such as improved tanh and improved auxiliary equation. This present
work provides a variety of wave solutions which are distinct and general than earlier finding

results [36].
4. Graphical representations

The graphical representations of wave solutions are appreciated for depicting internal
characteristics of nonlinear phenomena. In this consideration, we figure out the achieved wave
solutions in 3D, 2D and contour profiles under the fixed values of the involved parameters. Fig
1(a), Fig 1(c) represent 3D and contour standing as anti-cuspon soliton for solution (3.1.4)
under the valuesd =y =z=0,eq = —0.5,6, =a=b=1,,4 = —0.75 in the range —5 <
x <5,-0.5 <t < 8.5 while 2D profile is found for t = 0 exposed in Fig 1(b). The soliton for
solution (3.1.6) gives the periodic shape in which Fig 2(a), Fig 2(c) illustrate 3D and contour
for the unknown values § =€, = 0.5, =a =—-1,,4 =0.1,b = =2,y = z = 0 within the
interval —5 < x,t < 5 while Fig 2(b) exhibit 2D plot together with t = 0. Fig 3(a), Fig 3(c)
signifies 3D and contour provides the form of anti-bell shape soliton for solution (3.1.12) for
the values 6 = —0.25,6;, =05,y =1,a=—-1,b=2,y=z=0intherange -1 < x,t <1
while 2D graph is described for t = 0 in Fig 3(c). Fig 4(a), Fig 4(c) proceeds 3D and contour
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stands for the shape of singular kink soliton for solution (3.1.21) under § = —0.5,a =
0.25,b = —1,eg =1, = 2,y = z = 0 within —3 < x,t < 3 and 2D plot is displayed in Fig
4(b) for t = 0. The anti-kink shape soliton for solution (3.1.25) proceeds 3D and contour
exposed in Fig 5(a), Fig 5(c) for the assumptions § = a = —1,b = 1,y = z = 0 in the interval
—3 < x,t < 3 at the same time Fig 5(b) represents 2D graph along with t = 0. Fig 6(a), Fig
6(c) represent 3D and contour expressed as periodic soliton for solution (3.2.10) for the values
chosenasp=r=b=dy=1,q=a=c=d; =-1,y=z=0intherange -3 < x,t <3
while 2D graph is shown for t = 0 exposed in Fig 6(b) .(3.2.21) proceeds the form of singular
kink soliton exposed in Fig 7(a), Fig 7(c) as 3D and contour for the assumptions p =y =z =
0,r=b=cy=dy=d; =1,q =a= -1 in the interval —3 < x,t < 3 and 2D profile is
revealed in Fig 7(b) for t = 0. Fig 8(a), Fig 8(c) exposed 3D and contour standing as periodic
soliton for solution (3.2.33) for the unknown values p=r=a=c¢;=-1,q=b=d; =
1,y =z =0 within —3 < x,t < 3 while 2D plot is shown for t = 0 obtained in the Fig
8(b).The soliton for solution (3.2.39) gives anti-bell shape exposed in Fig 9(a), Fig 9(c)
proceeds 3D and contour under the valuesk =p=q=d;=1,r=y=z=0,a=b=c¢, =
—1in the interval —13 < x,t < 13 in which Fig 9(b) disclose 2D plot in association with t =
0. Fig 10(a), Fig 10(c) represent 3D and contour expressed as kink soliton for solution (3.2.41)
for the unknown values p =q=—-05,r=a=c¢; =d; =1,b= -1,y = z = 0 within the

range —13 < x,t < 13 where 2D plot is displayed for t = 0 revealed in Fig 10(b).
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The soliton for solution (3.1.4) is in anti-cuspon shape for § =y =z=0,6j = -05,;,=a=b=1,1; =
—0.75 in the range —5 < x < 5,—0.5 < t < 8.5 while 2D plot is described in Fig 1(b) for t = 0.
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Plot the solution (3.1.6) represents periodic shape for the unknown values § =€, = 0.5,¢; =a=—-1,1; =

0.1,b = =2,y = z = 0 within the interval =5 < x,t < 5 in which Fig 2(b) exhibit 2D plot together with t =

0.5
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The soliton for solution (3.1.12) is in anti-bell type under 6 = —0.25,¢; = 0.5,, =l,a=-1,b=2,y =2z =
0 within the range —1 < x,t < 1 while Fig 3(b) represents 2D plot along with t = 0.

Fig 4(a) Fig 4(b) Fig 4(c)

The singular kink type soliton of solution (3.1.21) stands for § = —=0.5,a = 0.25,b = -1, = 1,6, =2,y =
z = 0 within —3 < x,t < 3 and 2D plot is displayed in Fig 4(b) for t = 0.
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The anti-kink type soliton of solution (3.1.25) for the unknown values § =a =—1,b =1,y =z =0 in the
range —3 < x,t < 3 at the same time Fig 5(b) represents 2D graph along with t = 0.
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Sketch of (3.2.10) stands for periodic shape for unknown values chosenarep =r=b=dy=1,gq=a=c =
dy = -1,y =z = 0inthe range —3 < x, t < 3 and 2D graph is shown in the Fig 6(b) for t = 0.
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The singular kink shape soliton of solution (3.2.21) for the assumptions p =y =z=0,r=b=cy=dy =
d; =1, = a = —1lintheinterval —3 < x,t < 3 and Fig 7(b) represents 2D plot for t = 0.
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Plot the solution (3.2.33) displays periodic graph for the valuesp=r=a=c¢;, =-1,gq=b=d, =1,y =
z = 0 within —3 < x,t < 3 and 2D plot is obtained in the Fig 8(b) for t = 0.
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Sketch of (3.2.39) stands for anti-bell shape for the assumptionsk =p=q=d, =1,r=y=z=0,a=b =
¢; = —1 within —13 < x,t < 13 in which Fig 9(b) disclose 2D plot in association with t = 0.
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Soliton of the solution (3.2.41) is in kink shape for the values p=q=-05r=a=c¢c;,=d; =1,b=
—1,y = z = 0 within the interval —13 < x,t < 13 where Fig 10(b) is displayed for 2D plot along with t = 0.
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5. Conclusions

The exploration achieves the goal providing the desired various solitary wave solutions of the
BLMP model. The stated model has adopted improved tanh and improved auxiliary equation
approaches for leaving appropriate traveling wave solutions. The acquired solutions have been
compared with earlier results to express diversity and generality. The BLMP equation is
significant for describing the behavior of nonlinear dynamic waves arise in incompressible
fluid. Taking this into consideration, the obtained solutions have been plotted in 3D, 2D and
contour profiles appearing as periodic, singular periodic, bell, anti-bell, cuspon, peakon, kink,
anti-kink etc. The entire study might be considered as significant and interesting for presenting
a great combination of well-known nonlinear BLMP equation and advised powerful

techniques.
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