
A coupled system of q-fractional Lane-Emden
problem involving three sequential q-fractional
derivatives with stability inequality
Mohamed Houas 

Khemis Miliana University
Mohammad Esmael Samei  (  mesamei@basu.ac.ir )

Bu-Ali Sina University
Shahram Rezapour 

Azarbaijan Shahid Madani University

Research Article

Keywords: Lane-Emden problem, fractional q-difference equations, existence, Ulam-Hyers stability,
singular differential equation

Posted Date: February 1st, 2023

DOI: https://doi.org/10.21203/rs.3.rs-2518206/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: No competing interests reported.

https://doi.org/10.21203/rs.3.rs-2518206/v1
mailto:mesamei@basu.ac.ir
https://doi.org/10.21203/rs.3.rs-2518206/v1
https://creativecommons.org/licenses/by/4.0/


A coupled system of q−fractional Lane-Emden problem involving
three sequential q−fractional derivatives with stability inequality

Mohamed Houas1, Mohammad Esmael Samei2,∗, Shahram Rezapour3,4,5,∗

1 Laboratory, FIMA, UDBKM, Khemis Miliana University, Algeria

2 Department of Mathematics, Faculty of Basic Science, Bu-Ali Sina University, Hamedan, Iran

3 Department of Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

4 Department of Mathematics, Kyuing Hee University, 26 Kyungheedae-ro,

Dongdaemun-gu, Seoul, Republic of Korea

5 Department of Medical Research, China Medical University Hospital,

China Medical University, Taichung, Taiwan

Abstract

In the current manuscript, we consider a sequential q−fractional Lane-Emden system
involving Riemann-Liouville and Caputo type fractional q−derivatives. We prove the
uniqueness of solutions by means Banach fixed point theorems. Then, to demonstrate the
existence of at least one solution, we use Schaefer’s fixed point theorem. Also we define
and prove two types of Ulam-Hyers for the proposed system. Finally, an illustrative
example is proposed.

(2010) Mathematics Subject Classifications: 39A13, 39B72, 30C45.
Keywords: Lane-Emden problem; fractional q−difference equations; existence; Ulam-Hyers
stability; singular differential equation.

1 Introduction

Quantum calculus and differential equations with quantum calculus are of great importance
since they can be used in mathematical physical problems, dynamical system and quantum
models, see for instance [1, 10, 12]. On the other hand, the differential equations involving
fractional q−calculus plays an important role in quantum calculus, recently, there has been a
very important progress in the study of the theory of fractional q−differential equations, see
for example [2, 9, 18, 20, 28] and the references cited therein.

∗ Corresponding author. E-mail addresses: m.houas.st@univ-dbkm.dz (M. Houas), mesamei@basu.ac.ir,
mesamei@gmail.com (M.E. Samei), rezapourshahram@yahoo.ca, sh.rezapour@azaruniv.edu (Sh. Reza-
pour).
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Recently, Many scholars have studied the existence and uniqueness and Ulam-stability
(U-S) of solutions of differential equations involving fractional quantum calculus (FQC), see
the works [5, 9, 19, 25] and the references cited therein. The singular fractional q−differential
equations (Fq − DE) are also very important in applied sciences, see for example [4, 21, 27,
28]. So, in this current paper, we study the existence and U-S of solutions for sequential
q−fractional Lane-Emden system. The Lane-Emden equation (L-EE) describe a variety of
phenomena in physics, mathematical physics and astrophysics such as aspects of the stel-
lar structure, for more informations and applications, the reader can consult the research
papers [3, 11, 23, 24, 34]. The standard L-E problem [33] can be displayed by





D2
s (τ) +

η

τ
D1

s (τ) = 𝟋 (τ)− ℵ (τ, s (τ)) , τ ∈ (0, 1] , η ≥ 0,

s (0) = A1, D1
s (0) = A2, Ai ∈ R, i = 1, 2,

where ℵ,𝟋 are continuous real functions. In [15], the authors solved coupled L-EEs arising in
catalytic diffusion reaction by reproducing kernel Hilbert space method, described by





D2
s1 (τ) +

η1

τ
D1

s1 (τ) = ℵ1 (s1, s2) ,

D2
s2 (τ) +

η2

τ
D1

s2 (τ) = ℵ2 (s1, s2) ,

D1
si (0) = 0, si (1) = Ai, i = 1, 2,

for τ ∈ (0, 1] , where ηi is constant and ℵi (s1, s2) is analytic function in si, i = 1, 2. The
L-EE involving the fractional calculus have recently been discussed by several researchers,
see [6, 14, 17, 31, 32] and the references cited therein. In [22], the authors have used the
collocation method to study the following fractional L-EE





CDγ
s (τ) +

η

τ γ−δ C
Dδ

s (τ) = 𝟋 (τ)− ℵ (τ, s (τ)) , τ ∈ (0, 1] , η ≥ 0,

s (0) = A1, D1
s (0) = A2, Ai ∈ R, i = 1, 2,

where 0 < γ ≤ 2, 0 < δ ≤ 1 and CDκ,κ ∈ {γ, δ} is the Caputo fractional derivative. Also
in [16], the authors studied the existence, uniqueness and Ulam-Hyers stability (U-H-S) of
fractional L-EE involving two Caputo fractional derivatives, given by





CDγ
[
CDδ +

η

τ

]
s (τ) = 𝟋 (τ)− ℵ (τ, s (τ)) , τ ∈ (0, 1] , η ≥ 0,

s (0) = A1, s (1) = A2, Ai ∈ R, i = 1, 2,

where CDκ denotes the Caputo fractional derivative of order κ (κ = γ, δ), ℵ is a continuous
function and k ∈ C([0, 1]). For more information on L-EE with fractional calculus, we refer
the reader to the works [7, 8, 13].

In this present manuscript, we discuss the existence, uniqueness, U-S of solutions for
the following sequential q−fractional Lane-Emden system involving Riemann-Liouville and
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Caputo type fractional q−derivatives





R.LDϑ1
q

[
CDγ1

q

[
CDδ1

q +
η1

τµ1

]]
s1 (τ)

= 𝟋1 (τ)− θ1ℵ11

(
τ, s1 (τ) , s2 (τ) , CDα1

q s1 (τ)
)

−Λ1ℵ12

(
τ, s1 (τ) , s2 (τ) , Iβ1

q s1 (τ)
)
, τ ∈ (0, 1] ,

R.LDϑ2
q

[
CDγ2

q

[
CDδ2

q +
η2

τµ2

]]
s2 (τ)

= 𝟋2 (τ)− θ2ℵ21

(
τ, s1 (τ) , s2 (τ) , CDα2

q s2 (τ)
)

−Λ2ℵ22

(
τ, s1 (τ) , s2 (τ) , Iβ2

q s2 (τ)
)
, τ ∈ (0, 1] ,

CDγi
q

[
CDδi

q + ηi
]
si (1) = 0, CDγi

q

[
CDδi

q si (0)
]
= 0, si (1) = Iωi

q si (υi) ,

(1.1)

for ηi, θi,Λi > 0, 0 < µi, υi ≤ 1, ωi ≥ 0, and 0 < ϑi, γi, δi < 1, αi < δi,Ω := [0, 1] , where R.LDϑi
q

and CDκ
q ,κ ∈ {αi, γi, δi} are the Riemann-Liouville and Caputo fractional q−derivatives re-

spectively, Iβi
q is the fractional q−integral of the Riemann-Liouville type, 𝟋i : Ω → R and

ℵij : Ω× R2 → R, i, j = 1, 2 are given continuous functions.

In Section 2, we recall some essential definition of fractional quantum calculus. Section 3
contains our main results in this work, while an example is presented to support the validity
of our obtained results. stability results are extensively discussed in Section 4. An illustrative
example with some needed algorithms for the problem are given in Section 5. Finally, in
Section 6, conclusion are presented.

2 Fractional quantum calculus

The operator R.LDς
q is the fractional q−derivative of the Riemann-Liouville type [5, 26], defined

by 



R.LDς
q [s (τ)] = D[ς]

q

[
I [ς]−ς
q [s (τ)]

]
, ς > 0,

R.LD0
q [s (τ)] = s (τ) ,

where [ς] is the smallest integer greater than or equal to ς. The fractional q−derivative of the
Caputo type of order κ is given by





CDκ
q [s (τ)] = I [κ]−κ

q

[
D[κ]
q [s (τ)]

]
, κ > 0,

CD0
q [s (τ)] = s (τ) ,

the fractional q−integral of the Riemann-Liouville type [5, 26] is defined by





Iϖ
q [s (τ)] =

1

Γq (ϖ)

∫ τ

0

(τ − qr)(ϖ−1)
s (r) dqr, ϖ > 0,

I0
q [s (τ)] = s (τ) ,
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where the q−gamma function is defined by Γq (ϖ) = (1−q)(ϖ−1)

(1−q)ϖ−1 , 0 < q < 1 and satisfies

Γq (ϖ + 1) = [ϖ]qΓq (ϖ) , such that

[ϖ]q =
1− qϖ

1− q
, (1− q)(0) = 1, (1− q)(n) =

n−1∏

l=0

(
1− ql+1

)
, n ∈ N.

We recall the the following lemmas [5, 26]. See [29] for related MATLAB algorithms.

Lemma 2.1. Let ν,ϖ ≥ 0 and s be a function defined in [0, 1]. Then

Iν
q

[
Iϖ
q [s (τ)]

]
= Iν+ϖ

q [s (τ)] , Dν
qIν

q [s (τ)] = s (τ) .

Lemma 2.2. Suppose that ν > 0, and ς be a positive integer. Then, we have

Iν
q

[
R.LDς

q [s (τ)]
]
= R.LDς

q

[
Iν
q [s (τ)]

]
−

µ−1∑

l=0

τ ν−ς+l

Γq (ν + l − ς + 1)
Dl
qs (0) .

Lemma 2.3. Let ν ∈ R+\N. Then, the following equality is valid

Iν
q

[
CDν

q [s (τ)]
]
= s (ι)−

n−1∑

l=0

τ l

Γq (l + 1)
Dl
qs (0) ,

such that n is the smallest integer greater than or equal to ν.

Lemma 2.4. For ν ∈ R+ and κ > −1, we have

Iν
q

[
τ (κ)
]
=

Γq (κ+ 1)

Γq (ν + κ+ 1)
τ (ν+κ).

If κ = 0, we can obtain Iν
q [1] = 1

Γq(ν+1)
τ (ν).

Lemma 2.5. [30] Let G be a Banach space and P : G → G be a completely continuous
operator. If

U =
{
s ∈ G : s = ξPs, 0 < ξ < 1

}
,

is bounded, then P has a fixed point in U .

In order to study the system (1.1), we need the following space

Bi =
{
si : si ∈ C (Ω,R) and CDαi

q si ∈ C (Ω,R)
}
, i = 1, 2

endowed with the norm

∥si∥Bi
= ∥si∥+

∥∥
CDαi

q si

∥∥ = sup
τ∈Ω

|si (τ)|+ sup
τ∈Ω

∣∣
CDαi

q si (τ)
∣∣ , i = 1, 2.

Then it is well known that
(
Bi, ∥·∥Bi

)
, i = 1, 2 is a Banach space. Obviously the product

space
(
B1 × B2, ∥(s1, s2)∥B1×B2

)
is a Banach space with norm

∥(s1, s2)∥B1×B2
= ∥s1∥B1

+ ∥s2∥B2
, ∀ (s1, s2) ∈ B1 × B2.
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Now, we consider the Ulam-stability for the q−fractional Lane-Emden system (1.1). For
ℓ̊i > 0, i = 1, 2 and m : Ω → R+, we give the following inequalities

∣∣∣R.LDϑi

q

[
CDγi

q

[
CDδi

q +
ηi

τµi

]]
si (τ)−

[
𝟋i (τ)− θiℵ∗

i1,(s1,s2)
(τ)

− Λiℵ∗
i2,(s1,s2)

(τ)
]∣∣∣ ≤ ℓ̊i, i = 1, 2, (2.1)

and
∣∣∣R.LDϑi

q

[
CDγi

q

[
CDδi

q +
ηi

τµi

]]
si (τ)−

[
𝟋i (τ)− θiℵ∗

i1,(s1,s2)
(τ)

− Λiℵ∗
i2,(ś1,ś2)

(τ)
]∣∣∣ ≤ ℓ̊im (τ) , i = 1, 2, (2.2)

where

ℵ∗
i1,(s1,s2)

(τ) = ℵi1

(
τ, s1 (τ) , s2 (τ) , CDαi

q si (τ)
)
,

ℵ∗
i2,(s1,s2)

(τ) = ℵi2

(
τ, s1 (τ) , s2 (τ) , Iβi

q si (τ)
)
,

for i = 1, 2.

Definition 2.6. The q−fractional Lane-Emden system (1.1) is stable in

• Ulam-Hyers sense if ∀ℓ̊ > 0, which ℓ̊ = max{ℓ̊i, i = 1, 2}, and for each (s1, s2) ∈ B1×B2,

where satisfied in the inequality (2.1), then there exists a solution (ś1, ś2) ∈ B1 × B2 of
the system (1.1) and ∃Σℵ∗

i1,ℵ∗
i2,𝟋i

> 0, i = 1, 2, with

∥(s1, s2)− (ś1, ś2)∥B1×B2
≤ Σℵ∗

i1,ℵ∗
i2,𝟋i

ℓ̊, i = 1, 2. (2.3)

• Ulam-Hyers-Rassias sense, with respect to m, if for each ℓ̊ > 0, and for all (s1, s2) ∈ B1×
B2, where satisfied in the inequality (2.2), then there exists a solution (ś1, ś2) ∈ B1×B2

of the system (1.1) and ∃Σℵ∗
i1,ℵi2∗,𝟋i,m > 0, i = 1, 2, with

∥(s1, s2)− (ś1, ś2)∥B1×B2
≤ Σℵ∗

i1,ℵ∗
i2,𝟋i,m,ℓ̊m (τ) , τ ∈ Ω, i = 1, 2. (2.4)

3 Existence results for q−fractional Lane-Emden sys-

tem

In this section, we will use the fixed point theory to study the above q−fractional Lane-Emden
system. We give the following auxiliary result.

Lemma 3.1. Suppose that hi (s) ∈ C (J,R) , i = 1, 2. Then the unique solution of the frac-
tional problem





R.LDϑi
q

[
CDγi

q

[
CDδi

q +
ηi

τµi

]]
si (τ) = hi (τ) , τ ∈ (0, 1] ,

CDγi
q

[
CDδi

q + ηi
]
si (1) = 0, CDγi

q

[
CDδi

q si (0)
]
= 0, si (1) = Iωi

q si (υi) ,

(3.1)
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for 0 < ϑi, γi, δi < 1, 0 < µi ≤ 1, ωi, ηi ≥ 0, 0 < υi < 1 (i = 1, 2), is given by

si (τ) =
1

Γq (ϑi + γi + δi)

∫ τ

0

(τ − r)(ϑi+γi+δi−1)
hi (r) dr (3.2)

− 1

Γq (δi)

∫ τ

0

(τ − r)(δi−1) ηi

rµi
si (r) dr

− τϑi+γi+δi−1

Γ (ϑi + γi + δi)

∫ 1

0

(1− r)(ϑi−1)
hi (r) dr

+
Γ (ωi + 1)

(1− υωi

i ) Γq (ϑi + γi + δi + ωi)

∫ υi

0

(υi − r)(ϑi+γi+δi+ωi−1)
hi (r) dr

− Γ (ωi + 1)

(1− υωi

i ) Γq (δi + ωi)

∫ υi

0

(υi − r)(δi+ωi−1) ηi

rµi
si (r) dr

+
Γ (ωi + 1)

(
1− υ

ϑi+γi+δi+ωi−1
i

)

(1− υωi

i ) Γ (ϑi + γi + δi + ωi)

∫ 1

0

(1− r)(ϑi−1)
hi (r) dr

− Γ (ωi + 1)

(1− υωi

i ) Γq (ϑi + γi + δi + ωi)

∫ 1

0

(1− r)(ϑi+γi+δi+ωi−1)
hi (r) dr

+
Γ (ωi + 1)

(1− υωi

i ) Γq (δi + ωi)

∫ 1

0

(1− r)(δi+ωi−1)
ηisi (r) dr,

where 1− υωi

i ̸= 0, i = 1, 2.

Proof. Applying Lemma 2.2, we get

CD
γi
q

[
CD

δi
q +

ηi

τµi

]
si (τ) = Iϑi

q [hi (τ)] + c1,iτ
ϑi−1, c1,i ∈ R, i = 1, 2. (3.3)

Thanks to Lemma (2.3), we have

[
CDδi

q +
ηi

τµi

]
si (τ) = Iϑi+γi

q [hi (τ)] +
c1,iΓ (ϑi)

Γ (ϑi + γi)
τϑi+γi−1 + c2,i, (3.4)

where c2,i ∈ R, i = 1, 2. Applying the Riemann-Liouville q−fractional integral of order δi, i =
1, 2 to both sides of equation in (3.4), we get

si (τ) = Iϑi+γi+δi
q hi (τ)− Iδi

q

[ ηi

τµi
si (τ)

]
+ c1,i

Γ (ϑi) τ
ϑi+γi+δi−1

Γ (ϑi + γi + δi)

+ c2,i
τ δi

Γ (δi + 1)
+ c3,i, c3,i ∈ R, i = 1, 2. (3.5)

Using the conditions CDγi
q

[
CDδi

q + ηi
]
si (1) = 0 and CDγi

q

[
CDδi

q si (0)
]
= 0, i = 1, 2, we obtain

c1,i = −Iϑi
q [hi (1)] and c2,i = 0, i = 1, 2. Now, applying the operator Iωi

q , i = 1, 2 to both
sides of equation in (3.5), we get

Iωi

q [si (τ)] = Iϑi+γi+δi+ωi

q [hi (τ)]− Iδi+ωi

q

[ ηi

τµi
si (τ)

]

− Γ (ϑi) τ
ϑi+γi+δi+ωi−1

Γ (ϑi + γi + δi + ωi)
Iϑi

q [hi (1)] +
c3,iτ

ωi

Γ (ωi + 1)
, i = 1, 2.
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Using the condition si (1) = Iωi
q si (υi) , i = 1, 2, we have

c3,i =
Γ (ωi + 1)

1− υωi

i

(
Iϑi+γi+δi+ωi

q hi (υi)− Iδi+ωi

q

[
ηi

υ
µi

i

si (υi)

]

+
Γ (ϑi)

(
1− υ

ϑi+γi+δi+ωi−1
i

)

Γ (ϑi + γi + δi + ωi)
Iϑi

q [hi (1)]− Iϑi+γi+δi+ωi

q [hi (1)]

+Iδi+ωi

q [ηisi (1)]
)
, i = 1, 2,

inserting the values of c1,i, c2,i and c3,i, i = 1, 2 in (3.5) yields the solution (3.2).

In view of Lemma 3.1, we define an operator P : B1 ×B2 → B1 × B2 by

P (s1, s2) (τ) = (P1 (s1, s2) (τ) , P2 (s1, s2) (τ)) , τ ∈ Ω,

such that

Pi (s1, s2) (τ)

=

∫ τ

0

(τ − r)(ϑi+γi+δi−1)

Γq (ϑi + γi + δi)

(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

− 1

Γq (δi)

∫ τ

0

(τ − r)(δi−1) ηi

rµi
si (r) dr

−
∫ 1

0

τϑi+γi+δi−1 (1− r)(ϑi−1)

Γ (ϑi + γi + δi)

(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

+

∫ υi

0

Γq (ωi + 1) (υi − r)(ϑi+γi+δi+ωi−1)

(1− υωi

i ) Γq (ϑi + γi + δi + ωi)

(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

− Γq (ωi + 1)

(1− υωi

i ) Γq (δi + ωi)

∫ υi

0

(υi − r)(δi+ωi−1) ηi

rµi
si (r) dr

+
(ωi + 1)

(
1− υ

ϑi+γi+δi+ωi−1
i

)

(1− υωi

i ) Γ (ϑi + γi + δi + ωi)

∫ 1

0

(1− r)(ϑi−1)

×
(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

−
∫ 1

0

Γq (ωi + 1) (1− r)(ϑi+γi+δi+ωi−1)

(1− υωi

i ) Γq (ϑi + γi + δi + ωi)

(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

+

∫ 1

0

Γq (ωi + 1) (1− r)(δi+ωi−1)

(1− υωi

i ) Γq (δi + ωi)
ηisi (r) dr,

with υωi

i ̸= 1 and µi ≤ 1 (i = 1, 2). Also, we have

Dαi

q [Pi (s1, s2) (τ)] =

∫ τ

0

(τ − qr)(−αi)

Γq (1− αi)
Dq [Pi (s1, s2) (r)] dr, i = 1, 2, (3.6)
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where

Dq [Pi (s1, s2) (τ)] (3.7)

=

∫ τ

0

(τ − r)(ϑi+γi+δi−2)

Γq (ϑi + γi + δi − 1)

(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr

−
∫ τ

0

(τ − r)(δi−2)

Γq (δi − 1)

ηi

rµi
si (r) dr

−
∫ 1

0

[ϑi + γi + δi − 1]q τ
ϑi+γi+δi−2 (1− r)(ϑi−1)

Γ (ϑi + γi + δi)

×
(
𝟋i (r)− θiℵ∗

i1,(s1,s2)
(r)− Λiℵ∗

i2,(s1,s2)
(r)
)
dr,

for i = 1, 2. wwe introduce the following notations

Π∗
i :=

1

Γq (ϑi + γi + δi + 1)
+

1

ϑiΓq (ϑi + γi + δi)
(3.8)

+
Γq (ωi + 1) υϑi+γi+δi+ωi

i

|1− υωi

i |Γq (ϑi + γi + δi + ωi + 1)
+

Γq (ωi + 1)
∣∣∣1− υ

ϑi+γi+δi+ωi−1
i

∣∣∣
ϑi |1− υωi

i |Γq (ϑi + γi + δi + ωi)

+
Γq (ωi + 1)

|1− υωi

i |Γq (ϑi + γi + δi + ωi + 1)
,

Πi :=
Γq (1− µi)

Γq (δi − µi + 1)
+

Γq (ωi + 1) Γq (1− µi) υ
δi+ωi−µi

i

|1− υωi

i |Γq (δi + ωi − µi + 1)

+
Γq (ωi + 1)

|1− υωi

i |Γq (δi + ωi + 1)
,

Θ∗
i :=

1

Γq (ϑi + γi + δi)
+

[ϑi + γi + δi − 1]q
ϑiΓq (ϑi + γi + δi)

, Θi :=
Γq (1− µi)

Γq (δi − µi)
.

In the following, we give the existence and uniqueness of solutions of system (1.1) by using
Banach’s contraction principle.

Theorem 3.2. Let ℵi1, ℵi2 : Ω × R2 → R and 𝟋i : Ω → R, i = 1, 2 be continuous functions.
In addition we assume that

(H1) There exist a constants ai, bi > 0, i = 1, 2 such that for all τ ∈ Ω and sj, śj ∈ R, j =
1, 2, 3,

|φi1 (τ, s1, s2, s3)− ℵi1 (τ, ś1, ś2, ś3)| ≤ ai (|s1 − ś1|+ |s2 − ś2|+ |s3 − ś3|) ,
|ℵi2 (τ, s1, s2, s3)− ℵi2 (τ, ś1, ś2, ś3)| ≤ bi (|s1 − ś1|+ |s2 − ś2|+ |s3 − ś3|) .

If

λ
∗
i

(
θiai +

Λibi (2 + Γq (βi + 1))

Γq (βi + 1)

)
<

1

2
− λi ηi, i = 1, 2, (3.9)

where λi = Πi+
Θi

Γq(2−αi)
, λ∗

i = Π∗
i +

Θ∗
i

Γq(2−αi)
and Π∗

i , Πi, Θ
∗
i and Θi (i = 1, 2) are given by (3.8).

Then, the considered system (1.1) has a unique solution on Ω.



M. Houas, et al. 9

Proof. Let us define

σ ≥ max





λ
∗
i (1 + θ1 + Λ1)∇

1
2
− λ∗i

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
− λiη1

,

λ
∗
i (1 + θ2 + Λ2)∆

1
2
− λ∗

i

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)
− λiη2





,

with ∇ = max {∇j : j = 1, 2, 3} and ∆ = max {∆j : j = 1, 2, 3} , where ∇j are given by:

∇1 = sup
τ∈Ω

|ℵ11 (τ, 0, 0)| , ∇2 = sup
τ∈Ω

|ℵ12 (τ, 0, 0)| , ∇3 = sup
τ∈Ω

|𝟋1 (τ)| ,

and ∆j are given by

∆1 = sup
τ∈Ω

|ℵ21 (τ, 0, 0)| , ∆2 = sup
τ∈Ω

|ℵ22 (τ, 0, 0)| , ∆3 = sup
τ∈Ω

|𝟋2 (τ)| .

Then we show that PBσ ⊂ Bσ, where Bσ =
{
(s1, s2) ∈ B1 × B2 : ∥(s1, s2)∥B1×B2

≤ σ
}
.

Thanks to (H1), we can write

∣∣ℵ∗
i1,(s1,s2)

(τ)
∣∣ =

∣∣ℵ11

(
τ, s1 (τ) , s2 (τ) , CDαi

q si (τ)
)∣∣ (3.10)

≤
∣∣ℵi1

(
τ, s1 (τ) , s2 (τ) , CDαi

q si (τ)
)
− ℵi1 (τ, 0, 0)

∣∣+ |ℵi1 (τ, 0, 0)|
≤ ai

(
|s1 (τ)|+ |s2 (τ)|+

∣∣
CDαi

q si (τ)
∣∣)+∇i

≤ ai
(
∥s1∥B1

+ ∥s2∥B2

)
+∇i

≤ ai ∥(s1, s2)∥B1×B2
+∇i ≤ aiσ +∇, i = 1, 2,

∣∣ℵ∗
i2,(s1,s2)

(τ)
∣∣ =

∣∣ℵi2

(
τ, s1 (τ) , s2 (τ) , Iβi

q si (τ)
)∣∣ (3.11)

≤
∣∣ℵi2

(
τ, s1 (τ) , s2 (τ) , Iβi

q si (τ)
)
− ℵi2 (τ, 0, 0)

∣∣+ |ℵi2 (τ, 0, 0)|
≤ bi

(
|s1 (τ)|+ |s2 (τ)|+

∣∣Iβi

q si (τ)
∣∣)+∇i

≤ bi

(
∥s1∥B1

+ ∥s2∥B2
+

∥si∥Bi

Γq (βi + 1)

)
+∇2

≤ bi
(2 + Γq (βi + 1))

Γq (βi + 1)
∥s1, s2∥B1×B2

+∇i (3.12)

≤ bi
(2 + Γq (βi + 1))

Γq (βi + 1)
σ +∇, i = 1, 2.
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From (3.10) and (3.11), we get

∥P1 (s1, s2)∥ ≤
(

1

Γq (ϑ1 + γ1 + δ1 + 1)
+

1

ϑ1Γq (ϑ1 + γ1 + δ1)

+
Γq (ωi + 1) υϑ1+γ1+δ1+ω1

1

|1− υω1
1 |Γq (ϑ1 + γ1 + δ1 + ω1 + 1)

+
Γq (ω1 + 1)

∣∣∣1− υ
ϑ1+γ1+δ1+ω1−1
1

∣∣∣
ϑ1 |1− υω1

1 |Γq (ϑ1 + γ1 + δ1 + ω1)

+
Γq (ω1 + 1)

|1− υω1
1 |Γq (ϑ1 + γ1 + δ1 + ω1 + 1)

)

×
[(

θ1a1 +
Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
σ + (1 + θ1 + Λ1)∇

]

+

(
Γq (1− µ1)

Γq (δ1 − µ1 + 1)
+

Γq (ω1 + 1)Γq (1− µ1) υ
δ1+ω1−µ1

1

|1− υω1
1 |Γq (δ1 + ω1 − µ1 + 1)

+
Γq (ωi + 1)

|1− υω1
1 |Γq (δ1 + ω1 + 1)

)
η1σ

=

[
Π∗

1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+Π1η1

]
σ +Π∗

1 (1 + θ1 + Λ1)∇.

Now, using (3.6) and (3.7), we can write

∥∥∥Dα1
q [P1 (s1, s2)]

∥∥∥

≤ 1

Γq (2− α1)

[
1

Γq (ϑ1 + γ1 + δ1)
+

[ϑ1 + γ1 + δ1 − 1]q τ
ϑ1+γ1+δ1−2

ϑ1Γ (ϑ1 + γ1 + δ1)

]

×
[(

θ1a1 +
Λ1b1 (1 + Γq (β1 + 1))

Γq (β1 + 1)

)
σ + (1 + θ1 + Λ1)∇

]

+
1

Γq (2− α1)

η1Γq (1− µ1)

Γq (δ1 − µ1)
σ

=
1

Γq (2− α)

[
Θ∗

1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+Θ1η1

]
σ

+
Θ∗

1

Γq (2− α1)
(1 + θ1 + Λ1)∇.

From the definition of ∥·∥B1
, we have

∥P1 (s1, s2)∥B1
≤
[
λ
∗
1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)

+ λ1η1] σ + λ
∗
1 (1 + θ1 + Λ1)∇ ≤ σ

2
.
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In a similar manner, we can find that

∥P2 (s1, s2)∥B2
≤
[
λ
∗
2

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)

+ λ2η2] σ + λ
∗
2 (1 + θ2 + Λ2)∆ ≤ σ

2
.

From these estimates, we see that ∥P (s1, s2)∥B1×B2
≤ σ. For (si, śi) ∈ Bσ, i = 1, 2 and by

(H1), we can write

∥P1 (s1, s2)− P1 (ś1, ś2) ∥

≤
[
Π∗

1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+Π1η1

]
∥(s1, s2)− (ś1, ś2)∥B1×B2

.

Also thanks to (3.6) and (3.7), we have
∥∥Dα1

q P1 (s1, s2) −Dα1
q P1 (ś1, ś2)

∥∥

≤
[

Θ∗
1

Γq (2− α1)

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+

Θ1η1

Γq (2− α1)

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Hence

∥P1 (s1, s2) −P1 (ś1, ś2)∥B1

= ∥P1 (s1, s2)− P1 (ś1, ś2)∥+
∥∥Dα1

q P1 (s1, s2)−Dα1
q P1 (ś1, ś2)

∥∥

≤
[
λ
∗
1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
λ1η1

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Similarly, it can be shown that

∥P2 (s1, s2) −P2 (ś1, ś2)∥B2

≤
[
λ
∗
2

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)
λ2η2

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Consequently, we obtain

∥P (s1, s2) −P (ś1, ś2)∥B1×B2

= ∥P1 (s1, s2)− P1 (ś1, ś2)∥B1
+ ∥P2 (s1, s2)− P2 (ś1, ś2)∥B2

≤
{[

λ
∗
1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+ λ1η1

]

+

[
λ
∗
2

(
θ2a2 +

Λ2b2 (1 + Γq (β2 + 1))

Γq (β2 + 1)

)
+ λ2η2

]}

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Thanks to (3.9), we conclude that P is contractive. Hence, by the Banach contraction prin-
ciple, there exists a unique fixed point which is a solution of system (1.1).
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Now, we prove the existence of solutions of system (1.1) by using Lamma 2.5.

Theorem 3.3. Let 𝟋i : Ω → R and ℵi2,ℵi1 : Ω × R2 → R for i = 1, 2 are continuous
functions. Assume that

(H2) There exist a positive constants A1i, A2i, A3i, i = 1, 2 such that for any τ ∈ Ω and
sj ∈ R (j = 1, 2, 3) we have

|ℵi1 (τ, s1, s2, s3)| ≤ A1i, |ℵi2 (τ, s1, s2, s3)| ≤ A2i, |𝟋i (τ)| ≤ A3i, i = 1, 2.

If λ1η1 < 1 and λ2η2 < 1 where λi is given by (3.8). Then the system (1.1) has at least one
solution.

Proof. The operator P is continuous in view of the continuity of functions ℵi1,ℵi2 and 𝟋i, i =
1, 2. We begin by showing that operator P : B1 × B2 → B1 × B2 is completely continuous.
Firstly, we demonstrate that P maps bounded sets of B1 ×B2 into bounded sets of B1 ×B2.
Let us put

Bϵ =
{
(s1, s2) ∈ B1 × B2 : ∥(s1, s2)∥B1×B2

≤ ϵ
}
.

Then for all (s1, s2) ∈ Bϵ, thanks to (H2), we have

∥P1 (s1, s2)∥ ≤ Π∗
1 (A31 + θiA11 + ΛiA21) + Π1η1,

and by (3.6), (3.7), we get

∥∥Dα1
q [P1 (s1, s2)]

∥∥ ≤ Θ∗
1

Γq (2− α1)
(A31 + θiA11 + Λ1A2i1) +

Θ1η1ϵ

Γq (2− α1)
.

Thus

∥[P1 (s1, s2)]∥B1
= ∥P1 (s1, s2)∥+

∥∥Dα1
q [Pi (s1, s2)]

∥∥
≤ λ

∗
1 (A31 + θ1A11 + Λ1A21) + λ1η1,

∥[P2 (s1, s2)]∥B2

≤ λ
∗
2 (A32 + θ2A12 + Λ1A22) + λ2η2,

From the above inequalities, it follows that ∥P (s1, s2)∥B1×B2
< ∞. Next, we show that P is

equicontinuous. Let (s1, s2) ∈ B1 ×B2 and τ1, τ2 ∈ Ω, with τ2 < τ1, we have

|Pi (s1, s2) (τ1) −Pi (s1, s2) (τ2)| (3.13)

≤ (A31 + θ1A11 + Λ1A21)

Γq (ϑ1 + γ1 + δ1 + 1)

[
(τ1 − τ2)

ϑ1+γ1+δ1 +
∣∣∣τϑ1+γ1+δ1

1 − τ
ϑ1+γ1+δ1
2

∣∣∣
]

+ η1ϵ
Γq (1− µ1)

Γq (δ1 − µ1 + 1)

[
(τ1 − τ2)

δi +
∣∣τ δi1 − τ δi2

∣∣
]

+
(A31 + θ1A11 + Λ1A21)

ϑ1Γ (ϑ1 + γ1 + δ1)

∣∣∣τϑ1+γ1+δ1−1
2 − τ

ϑ1+γ1+δ1−1
1

∣∣∣ .
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Also, by (3.6) and (3.7), we have

∣∣Dα1
q Pi (s1, s2) (τ1) −Dα1

q Pi (s1, s2) (τ2)
∣∣ (3.14)

≤ (A31 + θ1A11 + Λ1A21)

Γq (2− α1) Γq (ϑ1 + γ1 + δ1)

[
(τ1 − τ2)

ϑ1+γ1+δ1−1

+
∣∣∣τϑ1+γ1+δ1−1

1 − τ
ϑ1+γ1+δ1−1
2

∣∣∣
]

+ η1ϵ
Γq (1− µ1)

Γq (2− α1) Γq (δ1 − µ1)

[
(τ1 − τ2)

δ1−1 +
∣∣τ δ1−1

1 − τ δ1−1
2

∣∣
]

+
[ϑ1 + γ1 + δ1 − 1]q

Γq (2− α1) Γ (ϑ1 + γ1 + δ1)

∣∣∣τϑ1+γ1+δ1−2
1 − τ

ϑ1+γ1+δ1−2
2

∣∣∣ .

Analogously, one can obtain

|P2 (s1, s2) (τ1) −P2 (s1, s2) (τ2)| (3.15)

≤ (A32 + θ2A21 + Λ2A22)

Γq (ϑ2 + γ2 + δ2 + 1)

[
(τ1 − τ2)

ϑ2+γ2+δ2

+
∣∣∣τϑ2+γ2+δ2i

1 − τ
ϑ2+γ2+δ2
2

∣∣∣
]

+ η2ϵ
Γq (1− µ2)

Γq (δ2 − µ2 + 1)

[
(τ1 − τ2)

δ2 +
∣∣τ δ21 − τ δ22

∣∣
]

+
(A32 + θ2A21 + Λ2A22)

ϑ2Γ (ϑ2 + γ2 + δ2)

∣∣∣τϑ2+γ2+δ2−1
1 − τ

ϑ2+γ2+δ2−1
2

∣∣∣ ,

and

∣∣Dα2
q P2 (s1, s2) (τ1) −Dα2

q P2 (s1, s2) (τ2)
∣∣ (3.16)

≤ (A32 + θ2A21 + Λ2A22)

Γq (2− α2) Γq (ϑ2 + γ2 + δ2)

[
(τ1 − τ2)

ϑ2+γ2+δ2−1

+
∣∣∣τϑ2+γ2+δ2−1

1 − τ
ϑ2+γ2+δ2−1
2

∣∣∣
]

+ η2ϵ
Γq (1− µ2)

Γq (2− α2) Γq (δ2 − µ2)

[
(τ1 − τ2)

δ2−1 +
∣∣τ δ2−1

1 − τ δ2−1
2

∣∣
]

+
[ϑ2 + γ2 + δ2 − 1]q

Γq (2− α2) Γ (ϑ2 + γ2 + δ2)

∣∣∣τϑ2+γ2+δ2−2
1 − τ

ϑ2+γ2+δ2−2
2

∣∣∣ .

Thanks to (3.13)-(3.16), we can state that

∥P (s1, s2) (τ1) (τ1)− P (s1, s2) (τ1) (τ2)∥B1×B2
→ 0,

as τ1 → τ2. By using the Arzelà-Ascoli theorem, we conclude that P is a completely continuous
operator. Finally, we prove that the set Φ, given by

Φ =
{
(s1, s2) ∈ B1 × B2 : (s1, s2) = ρP (s1, s2) , 0 < ρ < 1

}
,
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is bounded. Let (s1, s2) ∈ Φ, then (s1, s2) = ρP (s1, s2) , for some 0 < ρ < 1. Hence, for τ ∈ Ω,
we have

si (τ) = ρPi (s1, s2) , i = 1, 2.

Thanks to (H2), we can write

∥s1∥ ≤ Π∗
1 (A31 + θ1A11 + Λ1A21) + Π1η1 ∥s1∥ ,

by (3.6) and (3.7), we get

∥∥Dα1
q P1 (s1, s2)

∥∥ ≤ Θ∗
1

Γq (2− α1)
(A31 + θ1A11 + Λ1A21) +

Θ1

Γq (2− α1)
η1 ∥s1∥ .

In view of the above estimates, we get

∥s1∥B1
≤ λ

∗
1 (A31 + θ1A11 + Λ1A21) + λ2η1 ∥s1∥B1

. (3.17)

In a similar manner,we can obtain

∥s2∥B2
≤ λ

∗
2 (A32 + θ1A21 + Λ1A22) + λ2η2 ∥s2∥B2

. (3.18)

It follows from (3.17) and (3.18), that

∥s1∥B1
+ ∥s2∥B2

≤ λ
∗
1 (A31 + θ1A11 + Λ1A21) + λ

∗
2 (A32 + θ1A21 + Λ1A22)

+ λ1η1 ∥s1∥B1
+ λ2η2 ∥s2∥B2

.

Consequently

∥s1, s2∥B1×B2
≤
∑2

i=1 λ
∗
i (A3i + θiA1i + ΛiA2i)

min {1− λ2η1, 1− λ2η2}
.

This shows that Φ is bounded. Thanks to Lemma 2.5, we deduce that P has at least one fixed
point, which is a solution of system (1.1).

4 Ulam-stability of q−fractional Lane-Emden system

Theorem 4.1. Assume that (H1) holds. If the inequality

λ
∗
i

(
θiai +

Λibi (2 + Γq (βi + 1))

Γq (βi + 1)

)
+ λiηi < 1, i = 1, 2,

is valid, then the q−fractional Lane Emden system (1.1) is stable in Ulam-Hyers sense.
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Proof. Let us denote by (s1, s2) ∈ B1 × B2 the unique solution of the problem





R.LDϑ1
q

[
CDγ1

q

[
CDδ1

q +
η1

τµ1

]]
s1 (τ)

= 𝟋1 (τ)− θ1ℵ11

(
τ, s1 (τ) , s2 (τ) , CDα1

q s1 (τ)
)

−Λ1ℵ12

(
τ, s1 (τ) , s2 (τ) , Iβ1

q s1 (τ)
)
, τ ∈ (0, 1] ,

R.LDϑ2
q

[
CDγ2

q

[
CDδ2

q +
η2

τµ2

]]
s2 (τ)

= 𝟋2 (τ)− θ2ℵ21

(
τ, s1 (τ) , s2 (τ) , CDα2

q s2 (τ)
)

−Λ2ℵ22

(
τ, s1 (τ) , s2 (τ) , Iβ2

q s2 (τ)
)
, τ ∈ (0, 1] ,

CDγi
q

[
CDδi

q + ηi
]
si (1) = CDγi

q

[
CDδi

q + ηi
]
śi (1) ,

CDγi
q

[
CDδi

q si (0)
]
= CDγi

q

[
CDδi

q śi (0)
]
,

si (1) = śi (1) , Iωi
q si (υi) = Iωi

q śi (υi) ,

(4.1)

for ηi, θi,Λi > 0, 0 < µi, υi ≤ 1, 0 ≤ ωi, i = 1, 2, and 0 < ϑi, γi, δi < 1, αi < δi,Ω := [0, 1] , such
that (ś1, ś2) ∈ B1 × B2 is a solution of the inequality (2.1). From inequality (2.1), we can
write

∣∣∣∣śi (τ)− Iϑi+γi+δi
q

[
�̂�

śi

i (τ)
]
+ Iδi

q

[ ηi

τµi
śi (τ)

]
− c1,i

Γ (ϑi) τ
ϑi+γi+δi−1

Γ (ϑi + γi + δi)
− c2,i

τ δi

Γ (δi + 1)
− c3,i

∣∣∣∣

≤ ℓ̊iIϑi+γi+δi
q [1] , i = 1, 2,

where

�̂�
śi

i (τ) = 𝟋i (τ)− θiℵi1

(
τ, s1 (τ) , s2 (τ) , CDα1

q s1 (τ)
)
− Λ1ℵi2

(
τ, si (τ) , s2 (τ) , Iβ1

q s1 (τ)
)
,

τ ∈ Ω. By Lemma 3.1, we get

|ś1 (τ)− P1ś1 (τ)| ≤ ℓ̊1Iϑ1+γ1+δ1
q [1] , τ ∈ Ω.

Using Lemma 4, we obtain

|ś1 (τ)− P1ś1 (τ)| ≤
ℓ̊1τ

ϑ1+γ1+δ1

Γq (ϑ1 + γ1 + δ1 + 1)
, τ ∈ Ω,

and
∣∣
R.LDα1

q ś1 (τ)− R.LDα1
q P1ś1 (τ)

∣∣ ≤ ℓ̊1τ
ϑ1+γ1+δ1−α1

Γq (ϑ1 + γ1 + δ1 − α1 + 1)
, τ ∈ Ω,

which imply that

∥ś1 − P1 (ś1)∥B1
≤ ℓ̊1

Γq (ϑ1 + γ1 + δ1 + 1)
+

ℓ̊1

Γq (ϑ1 + γ1 + δ1 − α1 + 1)
. (4.2)
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On the other hand, we have

|ś1 (τ)− s1 (τ)| =
∣∣∣∣ś1 (τ)− Iϑ1+γ1+δ1

q

[
hś1
1 (τ)

]
− Iδ1

q

[ η1
τµ1

ś1 (τ)
]

+ c1,1
Γ (ϑ1) τ

ϑ1+γ1+δ1−1

Γ (ϑ1 + γ1 + δ1)
+ c2,1

τ δ1

Γ (δ1 + 1)
+ c3,1

∣∣∣∣
= |ś1 (τ)− P1ś1 (τ) + P1ś1 (τ)− P1s1 (τ)|
≤ |ś1 (τ)− P1ś1 (τ)|+ |P1ś1 (τ)− P1s1 (τ)| .

Thanks to (4.2) and (H1), we can write

∥ś1 − s1∥B1
≤ ℓ̊1

Γq (ϑ1 + γ1 + δ1 + 1)
+

ℓ̊1

Γq (ϑ1 + γ1 + δ1 − α1 + 1)

+

[
λ
∗
i

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+ λiη1

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Similarly, it can be shown that

∥ś2 − s2∥B2
≤ ℓ̊2

Γq (ϑ2 + γ2 + δ2 + 1)
+

ℓ̊2

Γq (ϑ2 + γ2 + δ2 − α2 + 1)

+

[
λ
∗
i

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)
+ λiη2

]

× ∥(ś1, ś2)− (s1, s2)∥B1×B2
.

From the above inequalities, we get

∥(ś1, ś2) − (s1, s2)∥B1×B2

≤

∑2
i=1

(
1

Γq (ϑi + γi + δi + 1)
+

1

Γq (ϑi + γi + δi − αi + 1)

)

mini=1,2 {1− Fi}
ℓ̊, (4.3)

where

Fi := λ
∗
i

(
θiai +

Λibi (2 + Γq (βi + 1))

Γq (βi + 1)

)
+ λiηi, i = 1, 2.

If we put

Σℵ∗
i1,ℵ∗

i2,mi
:=

∑2
i=1

(
1

Γq (ϑi + γi + δi + 1)
+

1

Γq (ϑi + γi + δi − αi + 1)

)

mini=1,2 {1− Fi}
,

then
∥(ś1, ś2)− (s1, s2)∥B1×B2

≤ Σℵ∗
i1,ℵ∗

i2,mi
ℓ̊.

Hence, the q−fractional Lane-Emden system (1.1) is stable in Ulam-Hyers sense.
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Theorem 4.2. If condition (H1) is satisfied. Suppose there exists ϱi,m > 0 and ∂i,m > 0, i =
1, 2 such that

Iϑi+γi+δi
q [m(τ)] ≤ ϱi,mm(τ) and Iϑi+γi+δi−αi

q [m(τ)] ≤ ∂i,mm(τ), (4.4)

where i = 1, 2, for all τ ∈ Ω, where m ∈ C(Ω,R+) is nondecreasing. Then the q−fractional
Lane-Emden system (1.1) is Ulam-Hyers-Rassias stable.

Proof. Let us denote by (s1, s2) ∈ B1 × B2 the unique solution of 4.1. From inequality (2.2),
we can write

∣∣∣∣śi (τ)− Iϑi+γi+δi
q

[
hśi

i (τ)
]
+ Iδi

q

[ ηi

τµi
ti (τ)

]

− c1,i
Γ (ϑi) τ

ϑi+γi+δi−1

Γ (ϑi + γi + δi)
− c2,i

τ δi

Γ (δi + 1)
− c3,i

∣∣∣∣

≤ ℓ̊iIϑi+γi+δi
q [m(τ)] , i = 1, 2,

where (ś1, ś2) ∈ B1×B2 is a solution of the inequality (2.2). Thanks to Lemma 3.1 and (4.4),
we get

|ś1 (τ)− P1ś1 (τ)| =
∣∣λ1Iϑ1+γ1+δ1

q [l(τ)]
∣∣ ≤ ℓ̊1ϱ1,mm(τ),

and ∣∣
CDα1

q ś1 (τ)− CDα1
q P1ś1 (τ)

∣∣ =
∣∣Iϑ1+γ1+δ1−α1

q [m1 (τ)]
∣∣ ≤ ℓ̊1∂1,mm(τ).

Also, we have

|ś1 (τ)− s1 (τ)| =
∣∣∣∣ś1 (τ)− Iϑ1+γ1+δ1

q

[
hś1
1 (τ)

]
− Iδ1

q

[ η1
τµ1

ś1 (τ)
]

+ c1,1
Γ (ϑ1) τ

ϑ1+γ1+δ1−1

Γ (ϑ1 + γ1 + δ1)
+ c2,1

τ δ1

Γ (δ1 + 1)
+ c3,1

∣∣∣∣
= |ś1 (τ)− P1ś1 (τ) + P1ś1 (τ)− P1s1 (τ)|
≤ |ś1 (τ)− P1ś1 (τ)|+ |P1ś1 (τ)− P1s1 (τ)| .

So, by (H1) and (4.4), we get

∥ś1 − s1∥B1
= ≤ ℓ̊1ϱ1,mm(τ) + ℓ̊1∂1,mm(τ)

+

[
λ
∗
i

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+ λiη1

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.

Using the same arguments, we can write

∥ś2 − s2∥B2
≤ ℓ̊2ϱ2,mm(τ) + ℓ̊2∂2,mm(τ)

+

[
λ
∗
i

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)
+ λiη2

]

× ∥(s1, s2)− (ś1, ś2)∥B1×B2
.
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Consequently, it follows that

∥(s1, s2)− (ś1, ś2)∥B1×B2
≤
∑2

i=1 (ϱi,m + ∂i,m)

mini=1,2 {1− Fi}
ℓ̊m(τ).

If we take

Σℵ∗
i1,ℵ∗

i2,𝟋i,m :=

∑2
i=1 (ϱi,m + ∂i,m)

mini=1,2 {1− Fi}
,

we can obtain

∥(s1, s2)− (ś1, ś2)∥B1×B2
≤ Σℵ∗

i1,ℵ∗
i2,𝟋i,mℓ̊m (τ) , τ ∈ Ω.

Thus, the q−fractional Lane-Emden system (1.1) is stable in Ulam-Hyers-Rassias sense.

5 A numerical example

We consider the following q−fractional Lane-Emden system,





R.LD
1/2
q

[
R.LD

ln 2/3
q

[
R.LD

2/5
q +

1

13τ 0.02

]]
s1 (τ) = cosh (τ 2 + 3)

− 1

39

e−τ2

eτ
2 + 34π

(
cos (s1 (τ)) +

|s2 (τ)|
1 + |s2 (τ)|

+
1

2
sin2

(
R.LD

1/5
q s1 (τ)

))

− 2

41

1√
40 + τ 2

(
sin (s1 (τ)) + tan−1

s2 (τ) + I ln 3/2
q s1 (τ)

)
,

R.LD
e/7
q

[
R.LD

3/4
q

[
R.LD

√
3/3

q +
2

17τ 0.01

]]
s2 (τ) = arctan (τ + 2)

−
√
3

85

e−τ2

2π
√
37 + τ 3


sin (2πs1 (τ)) + 2πs2 (τ) +

2π
∣∣∣R.LD

1/3
q s2 (τ)

∣∣∣

2 +
∣∣∣R.LD

1/3
q s2 (τ)

∣∣∣




− e

100

|s1 (τ)|+ |s2 (τ)|+
∣∣∣I

√
5/2

q s2 (τ)
∣∣∣

(3τ 2 + 39)
(
e−3τ + |s1 (τ)|+ |s2 (τ)|+

∣∣∣I
√
5/2

q s2 (τ)
∣∣∣
) ,

R.LD
ln 2/3
q

[
R.LD

2/5
q +

1

13

]
s1 (1) = 0,

R.LD
3/4
q

[
R.LD

√
3/3

q +
2

17

]
s2 (1) = 0,

R.LD
ln 2/3
q

[
R.LD

2/5
q s1 (0)

]
= 0, R.LD

3/4
q

[
R.LD

√
3/3

q s2 (0)
]
= 0,

s1 (1) = I3/2
q s1

(
ln 2
5

)
, s2 (1) = I

4
3
q s2

(
e
6

)
,

(5.1)
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for τ ∈ (0, 1], and also, consider the following inequalities





∣∣∣∣R.LD
1/2
q

[
R.LD

ln 2/3
q

[
R.LD

2/5
q +

1

13τ 0.02

]]
ś1 (τ)−

[
cosh (τ 2 + 3)

− 1

39
ℵ∗
11,(ś1,ś2)

(τ)− 2

41
ℵ∗
12,(ś1,ś2)

(τ)

]∣∣∣∣ ≤ ℓ̊1,

∣∣∣∣R.LD
e/7
q

[
R.LD

3/4
q

[
R.LD

√
3/3

q +
2

17τ 0.01

]]
−
[
arctan (τ + 2)

−
√
3

85
ℵ∗
21,(ś1,ś2)

(τ)− e

100
ℵ∗
22,(ś1,ś2)

(τ)

]∣∣∣∣ ≤ ℓ̊2,

and 



∣∣∣∣R.LD
1/2
q

[
R.LD

ln 2/3
q

[
R.LD

2/5
q +

1

13τ 0.02

]]
ś1 (τ)−

[
cosh (τ 2 + 3)

− 1

39
ℵ∗
11,(ś1,ś2)

(τ)− 2
41
ℵ∗
12,(ś1,ś2)

(τ)

]∣∣∣∣ ≤ ℓ̊1m (τ) ,

∣∣∣∣R.LD
e/7
q

[
R.LD

3/4
q

[
R.LD

√
3/3

q +
2

17τ 0.01

]]
−
[
arctan (τ + 2)

−
√
3

85
ℵ∗
21,(ś1,ś2)

(τ)− e

100
ℵ∗
22,(ś1,ś2)

(τ)

]∣∣∣∣ ≤ ℓ̊2m (τ) ,

for

q ∈
{√

3

5
,
1

2
,
9

10

}
,

where

ℵ∗
11,(ś1,ś2)

(τ) =
e−τ2

eτ
2 + 34π

(
cos s1 (τ) +

|s2 (τ)|
1 + |s2 (τ)|

+
1

2
sin2

(
R.LD1/5

q s1 (τ)
))

,

ℵ∗
12,(ś1,ś2)

(τ) =
1√

40 + τ 2

(
sin s1 (τ) + tan−1

s2 (τ) + I ln 3/2
q s1 (τ)

)
,

and

ℵ∗
21,(ś1,ś2)

(τ) =
e−τ2

2π
√
37 + τ 3


sin (2πs1 (τ)) + 2πs2 (τ) +

2π
∣∣∣R.LD

1/3
q s2 (τ)

∣∣∣

2 +
∣∣∣R.LD

1/3
q s2 (τ)

∣∣∣


 ,

ℵ∗
22,(ś1,ś2)

(τ) =
|s1 (τ)|+ |s2 (τ)|+

∣∣∣I
√

5/2
q s2 (τ)

∣∣∣

(3τ 2 + 39)
(
e−3τ + |s1 (τ)|+ |s2 (τ)|+

∣∣∣I
√
5/2

q s2 (τ)
∣∣∣
) .

Clearly, ϑ1 = 1
2
∈ (0, 1), γ1 = ln 2

3
∈ (0, 1), δ1 = 2

5
∈ (0, 1), η1 = 1

13
> 0, µ1 = 0.02 ∈ (0, 1],

θ1 = 1
39

> 0, Λ1 = 2
41

> 0, α1 = 1
5
< 2

5
= δ1, β1 = ln 3

2
, ϑ2 = e

7
∈ (0, 1), γ2 = 3

4
∈ (0, 1), δ2 =

√
3
3

∈ (0, 1), η2 = 2
17

> 0, µ2 = 0.01 ∈ (0, 1], θ2 =
√
3

85
> 0, Λ2 = e

100
> 0, α2 = 1

3
<

√
3
3

= δ2,
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β2 =
√
5
2

and ω1 = 3
2
, ω2 = 4

3
, υ1 = ln 2

5
∈ (0, 1), υ2 = e

6
∈ (0, 1). Using the given data and

applying (3.8), we find that in condition (H1),

a1 =
1

1 + 34π
, a2 =

1√
37

, b1 =
1√
40

, b2 =
1

39
,

and

Π∗
1 =

1

Γq (ϑ1 + γ1 + δ1 + 1)
+

1

ϑ1Γq (ϑ1 + γ1 + δ1)

+
Γq (ω1 + 1) υϑ1+γ1+δ1+ω1

1

|1− υω1
1 |Γq (ϑ1 + γ1 + δ1 + ω1 + 1)

+
Γq (ω1 + 1)

∣∣∣1− υ
ϑ1+γ1+δ1+ω1−1
1

∣∣∣
ϑ1 |1− υω1

1 |Γq (ϑ1 + γ1 + δ1 + ω1)

+
Γq (ω1 + 1)

|1− υω1
1 |Γq (ϑ1 + γ1 + δ1 + ω1 + 1)

=
1

Γq

(
1
2
+ ln 2

3
+ 2

5
+ 1
) + 1

1
2
Γq

(
1
2
+ ln 2

3
+ 2

5

)

+
Γq

(
3
2
+ 1
) (

ln 2
5

) 1
2
+ ln 2

3
+ 2

5
+ ln 3

2

∣∣∣1−
(
ln 2
5

)3/2∣∣∣Γq

(
1
2
+ ln 2

3
+ 2

5
+ ln 3

2
+ 1
)

+
Γq

(
3
2
+ 1
) ∣∣∣1−

(
ln 2
5

) 1
2
+ ln 2

3
+ 2

5
+ 3

2
−1
∣∣∣

1
2

∣∣∣1−
(
ln 2
5

)3/5∣∣∣Γq

(
1
2
+ ln 2

3
+ 2

5
+ 3

2

)

+
Γq

(
3
2
+ 1
)

∣∣∣1−
(
ln 2
5

)3/2∣∣∣Γq

(
1
2
+ ln 2

3
+ 2

5
+ 3

2
+ 1
) =





4.2162, q =
√
3
5
,

4.1059, q = 1
2
,

3.96076, q = 9
10
,

Π∗
2 =





5.6215, q =
√
3
5
,

3.3547, q = 1
2
,

4.8735, q = 9
10
,

Tables 1 and 2 show the numerical results of Π∗
i and Πi for i = 1, 2 of q−fractional Lane-Emden

system (5.1) whenever

q ∈
{√

3

5
,
1

2
,
9

10

}
.

One can see 2D plot of these variables for three cases of q in Figures 1a, 1b, and 2a, 2b
respectively.
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Table 1: Numerical results of Π∗
1
and Π∗

2
(3.18) with q ∈ {

√
3

5
, 1

2
, 9

10
}.

q =
√
3

5
q =

√
3

5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n Π∗
1 Π∗

2 Π∗
1 Π∗

2 Π∗
1 Π∗

2

1 4.0184 5.1728 3.6777 4.3794 2.2899 1.3636
2 4.1484 5.4664 3.8951 4.8684 2.4968 1.7479
3 4.1928 5.5678 4.0011 5.1118 2.6618 2.0789
4 4.2081 5.6029 4.0536 5.2333 2.8006 2.3691
5 4.2134 5.6151 4.0798 5.2940 2.9203 2.6260
6 4.2152 5.6193 4.0928 5.3243 3.0251 2.8547
7 4.2158 5.6207 4.0994 5.3395 3.1175 3.0590
8 4.2160 5.6212 4.1026 5.3471 3.1995 3.2420
9 4.2161 5.6214 4.1042 5.3509 3.2724 3.4060

10 4.2162 5.6215 4.1051 5.3528 3.3375 3.5533
11 4.2162 5.6215 4.1055 5.3537 3.3956 3.6856
12 4.2162 5.6215 4.1057 5.3542 3.4477 3.8045
13 4.2162 5.6215 4.1058 5.3544 3.4943 3.9115
14 4.2162 5.6215 4.1058 5.3546 3.5362 4.0077
15 4.2162 5.6215 4.1058 5.3546 3.5737 4.0943
16 4.2162 5.6215 4.1059 5.3547 3.6074 4.1722
.
..

.

..
.
..

.

..
.
..

.

..
.
..

31 4.2162 5.6215 4.1059 5.3547 3.8462 4.7292
32 4.2162 5.6215 4.1059 5.3547 3.8524 4.7436
33 4.2162 5.6215 4.1059 5.3547 3.8579 4.7566
..
.

..

.
..
.

..

.
..
.

..

.
..
.

84 4.2162 5.6215 4.1059 5.3547 3.9075 4.8733
85 4.2162 5.6215 4.1059 5.3547 3.9075 4.8733
86 4.2162 5.6215 4.1059 5.3547 3.9075 4.8734
87 4.2162 5.6215 4.1059 5.3547 3.9075 4.8734
88 4.2162 5.6215 4.1059 5.3547 3.9075 4.8735
89 4.2162 5.6215 4.1059 5.3547 3.9076 4.8735
90 4.2162 5.6215 4.1059 5.3547 3.9076 4.8735

n

0 5 10 15 20 25 30 35 40

Π
∗ 1

2

2.5

3

3.5

4

4.5

q=17/50
q=1/2
q=9/10

(a) Π∗
1

n

0 5 10 15 20 25 30 35 40

Π
∗ 1

2

2.5

3

3.5

4

4.5

q=17/50
q=1/2
q=9/10

(b) Π∗
2

Figure 1: Graphical representation of Π∗
1
and Π∗

2
of the system (5.1) for q ∈

{√
3

5
, 1

2
, 9

10

}
.

Π1 =
Γq (1− µ1)

Γq (δ1 − µ1 + 1)
+

Γq (ω1 + 1) Γq (1− µ1) υ
δ1+ω1−µ1

1

|1− υω1
1 |Γq (δ1 + ω1 − µ1 + 1)

+
Γq (ω1 + 1)

|1− υω1
1 |Γq (δ1 + ω1 + 1)
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=
Γq (1− 0.02)

Γq

(
2
5
− 0.02 + 1

) + Γq

(
3
2
+ 1
)
Γq (1− 0.02)

(
ln 2
5

) 2
5
+ 3

2
−0.02

∣∣∣1−
(
ln 2
5

)3/2∣∣∣Γq

(
2
5
+ 3

2
− 0.02 + 1

)

+
Γq

(
3
2
+ 1
)

∣∣∣1−
(
ln 2
5

)3/2∣∣∣Γq

(
2
5
+ 3

2
+ 1
) =





2.0240, q =
√
3
5
,

1.9961, q = 1
2
,

1.9372, q = 9
10
,

,

Table 2: Numerical results of Π1 and Π2 (3.18) with q ∈ {
√
3

5
, 1

2
, 9

10
}.

q =
√
3
5

q =
√

3
5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n Π1 Π2 Π1 Π2 Π1 Π2

1 1.9385 2.5045 1.8079 2.2544 1.0382 1.0084
2 1.9951 2.5876 1.9061 2.4035 1.1812 1.1960
3 2.0141 2.6158 1.9520 2.4752 1.2900 1.3474
4 2.0205 2.6255 1.9742 2.5103 1.3770 1.4735
5 2.0228 2.6288 1.9852 2.5278 1.4486 1.5804
6 2.0235 2.6300 1.9907 2.5364 1.5088 1.6722
7 2.0238 2.6304 1.9934 2.5408 1.5599 1.7518
8 2.0239 2.6305 1.9947 2.5429 1.6039 1.8212
9 2.0239 2.6306 1.9954 2.5440 1.6420 1.8820

10 2.0239 2.6306 1.9957 2.5446 1.6751 1.9355
11 2.0240 2.6306 1.9959 2.5448 1.7041 1.9828
12 2.0240 2.6306 1.9960 2.5450 1.7296 2.0246
13 2.0240 2.6306 1.9960 2.5450 1.7521 2.0617
14 2.0240 2.6306 1.9961 2.5451 1.7719 2.0947
..
.

..

.
..
.

..

.
..
.

..

.
..
.

31 2.0240 2.6306 1.9961 2.5451 1.9111 2.3309
32 2.0240 2.6306 1.9961 2.5451 1.9138 2.3354
33 2.0240 2.6306 1.9961 2.5451 1.9161 2.3395
.
..

.

..
.
..

.

..
.
..

.

..
.
..

85 2.0240 2.6306 1.9961 2.5451 1.9371 2.3759
86 2.0240 2.6306 1.9961 2.5451 1.9371 2.3759
87 2.0240 2.6306 1.9961 2.5451 1.9371 2.3759
88 2.0240 2.6306 1.9961 2.5451 1.9371 2.3759
89 2.0240 2.6306 1.9961 2.5451 1.9371 2.3760
90 2.0240 2.6306 1.9961 2.5451 1.9372 2.3760

Π2 =





2.6306, q =
√
3
5
,

2.5451, q = 1
2
,

2.3760, q = 9
10
,

Θ∗
1 =

1

Γq (ϑ1 + γ1 + δ1)
+

[ϑ1 + γ1 + δ1 − 1]q
ϑ1Γq (ϑi + γ1 + δ1)

=
1

Γq

(
1
2
+ ln 2

3
+ 2

5

) +
[
1
2
+ ln 2

3
+ 2

5
− 1
]
q

1
2
Γq

(
1
2
+ ln 2

3
+ 2

5

) =





1.4493, q =
√
3
5
,

1.4088, q = 1
2
,

1.3522, q = 9
10
,
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n

0 5 10 15 20 25 30 35 40

Π
1

1

1.2

1.4

1.6

1.8

2

2.2

q=17/50
q=1/2
q=9/10

(a) Π1

n

0 5 10 15 20 25 30 35 40

Π
2

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

q=17/50
q=1/2
q=9/10

(b) Π2

Figure 2: Graphical representation of Π1 and Π2 of the system (5.1) for q ∈
{√

3

5
, 1

2
, 9

10

}
.

Table 3: Numerical results of Θ∗
1
and Θ∗

2
(3.18) with q ∈ {

√
3

5
, 1

2
, 9

10
}.

q =
√
3

5
q =

√
3

5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n Θ∗
1 Θ∗

2 Θ∗
1 Θ∗

2 Θ∗
1 Θ∗

2

1 1.4120 2.9262 1.3372 2.5532 1.0586 0.9135
2 1.4370 3.1384 1.3759 2.8860 1.1205 1.1964
3 1.4451 3.2108 1.3929 3.0473 1.1619 1.4301
4 1.4478 3.2358 1.4010 3.1267 1.1922 1.6283
5 1.4488 3.2444 1.4049 3.1662 1.2158 1.7988
6 1.4491 3.2474 1.4069 3.1858 1.2347 1.9470
7 1.4492 3.2484 1.4078 3.1956 1.2503 2.0766
8 1.4492 3.2488 1.4083 3.2005 1.2632 2.1906
9 1.4493 3.2489 1.4085 3.2030 1.2742 2.2913

10 1.4493 3.2489 1.4087 3.2042 1.2835 2.3804
11 1.4493 3.2489 1.4087 3.2048 1.2916 2.4594
12 1.4493 3.2489 1.4088 3.2051 1.2985 2.5297
13 1.4493 3.2489 1.4088 3.2053 1.3046 2.5924
14 1.4493 3.2489 1.4088 3.2053 1.3099 2.6482
15 1.4493 3.2489 1.4088 3.2054 1.3146 2.6981
.
..

.

..
.
..

.

..
.
..

.

..
.
..

31 1.4493 3.2489 1.4088 3.2054 1.3458 3.0534
32 1.4493 3.2489 1.4088 3.2054 1.3464 3.0612
33 1.4493 3.2489 1.4088 3.2054 1.3470 3.0683
34 1.4493 3.2489 1.4088 3.2054 1.3475 3.0747
.
..

.

..
.
..

.

..
.
..

.

..
.
..

85 1.4493 3.2489 1.4088 3.2054 1.3522 3.1316
86 1.4493 3.2489 1.4088 3.2054 1.3522 3.1316
87 1.4493 3.2489 1.4088 3.2054 1.3522 3.1316
88 1.4493 3.2489 1.4088 3.2054 1.3522 3.1317
89 1.4493 3.2489 1.4088 3.2054 1.3522 3.1317
90 1.4493 3.2489 1.4088 3.2054 1.3522 3.1317

Θ∗
2 =





3.2489, q =
√
3
5
,

2.2054, q = 1
2
,

3.1317, q = 9
10
,
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Tables 3 and 4 show the numerical results of Θ∗
i and Θi for i = 1, 2 of q−fractional Lane-

n

0 5 10 15 20 25 30 35 40

Θ
∗ 1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

1.45

q=17/50
q=1/2
q=9/10

(a) Θ∗
1

n

0 5 10 15 20 25 30 35 40

Θ
∗ 2

0.5

1

1.5

2

2.5

3

3.5

q=17/50
q=1/2
q=9/10

(b) Θ∗
2

Figure 3: Graphical representation of Θ∗
1
and Θ∗

2
of the system (5.1) for q ∈

{√
3

5
, 1

2
, 9

10

}
.

Emden system (5.1) whenever q =
√
3
5
, 1

2
, 9

10
. One can see 2D plot of these variables for three

cases of q in Figures 3a, 3b, and 4a, 4b respectively.

Θ1 =
Γq (1− µ1)

Γq (δ1 − µ1)
=

Γq (1− 0.02)

Γq

(
2
5
− 0.02

) =





1.0762, q =
√
3
5
,

1.0948, q = 1
2
,

1.1313, q = 9
10
,

Θ2 =
Γq (1− µ2)

Γq (δ2 − µ2)
=

Γq (1− 0.01)

Γq

(√
3
3
− 0.01

) =





1.0686, q =
√
3
5
,

1.0865, q = 1
2
,

1.1224, q = 9
10
.

Also, from (3.9) we obtain

λ1 = Π1 +
Θ1

Γq (2− α1)
= Π1 +

Θ1

Γq

(
2− 1

5

) =





3.1404, q =
√
3
5
,

3.1433, q = 1
2
,

3.1468, q = 9
10
,

λ
∗
i = Π∗

i +
Θ∗

i

Γq (2− αi)
= Π∗

1 +
Θ∗

1

Γq

(
2− 1

5

)





5.7197, q =
√
3
5
,

5.5822, q = 1
2
,

5.3533, q = 9
10
,

λ
∗
1

(
θ1a1 +

Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)
+ λ1 η1 =





0.3811, q =
√
3
5
,

0.3795, q = 1
2
,

0.3769, q = 9
10
.





<
1

2
, (5.2)
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Table 4: Numerical results of Θ1 and Θ2 (3.18) with q ∈ {
√
3

5
, 1

2
, 9

10
}.

q =
√
3

5
q =

√
3

5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n Θ1 Θ2 Θ1 Θ2 Θ1 Θ2

1 1.0032 0.9752 0.9466 0.8943 0.5492 0.4067
2 1.0517 1.0368 1.0244 0.9936 0.6468 0.5096
3 1.0678 1.0576 1.0604 1.0407 0.7192 0.5908
4 1.0733 1.0648 1.0778 1.0638 0.7762 0.6575
5 1.0752 1.0673 1.0863 1.0752 0.8226 0.7136
6 1.0758 1.0681 1.0905 1.0809 0.8613 0.7615
7 1.0761 1.0684 1.0927 1.0837 0.8940 0.8028
8 1.0761 1.0685 1.0937 1.0851 0.9220 0.8387
9 1.0762 1.0685 1.0942 1.0858 0.9462 0.8700

10 1.0762 1.0686 1.0945 1.0862 0.9671 0.8976
11 1.0762 1.0686 1.0946 1.0863 0.9854 0.9218
12 1.0762 1.0686 1.0947 1.0864 1.0015 0.9433
13 1.0762 1.0686 1.0947 1.0865 1.0156 0.9623
14 1.0762 1.0686 1.0947 1.0865 1.0281 0.9791
.
..

.

..
.
..

.

..
.
..

.

..
.
..

31 1.0762 1.0686 1.0948 1.0865 1.1151 1.0995
32 1.0762 1.0686 1.0948 1.0865 1.1168 1.1018
33 1.0762 1.0686 1.0948 1.0865 1.1182 1.1039
34 1.0762 1.0686 1.0948 1.0865 1.1196 1.1057
.
..

.

..
.
..

.

..
.
..

.

..
.
..

84 1.0762 1.0686 1.0948 1.0865 1.1313 1.1223
85 1.0762 1.0686 1.0948 1.0865 1.1313 1.1223
86 1.0762 1.0686 1.0948 1.0865 1.1313 1.1224
87 1.0762 1.0686 1.0948 1.0865 1.1313 1.1224
88 1.0762 1.0686 1.0948 1.0865 1.1313 1.1224
89 1.0762 1.0686 1.0948 1.0865 1.1313 1.1224
90 1.0762 1.0686 1.0948 1.0865 1.1313 1.1224

n

0 5 10 15 20 25 30 35 40

Θ
1

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

q=17/50
q=1/2
q=9/10

(a) Θ1

n

0 5 10 15 20 25 30 35 40

Θ
2

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

q=17/50
q=1/2
q=9/10

(b) Θ2

Figure 4: Graphical representation of Θ1 and Θ2 of the system (5.1) for q ∈
{√

3

5
, 1

2
, 9

10

}
.

Tables 5 and 6 show the numerical results of λ∗i , λi for i = 1, 2, Inequalities (5.2) and (5.3) of

q−fractional Lane-Emden system (5.1) whenever q =
√
3
5
, 1

2
, 9

10
. One can see 2D plot of these

variables for three cases of q in Figures 5a and 5b respectively.

and



26 M. Houas, et al.

n

0 5 10 15 20 25 30 35 40
0.1

0.15

0.2

0.25

0.3

0.35

0.4

λ∗

1

(

θ1a1 +
Λ1b1 (2 + Γq (β1 + 1))

Γq (β1 + 1)

)

+ λ1 η1

q=17/50
q=1/2
q=9/10

(a) Inequality (5.2)

n

0 5 10 15 20 25 30 35 40
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

λ∗

2

(

θ2a2 +
Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)

+ λ2 η2

q=17/50
q=1/2
q=9/10

(b) Inequality (5.3)

Figure 5: Graphical representation of inequality (5.2) of the system (5.1) for q ∈
{√

3

5
, 1

2
, 9

10

}
.

Table 5: Numerical results of λ1, λ
∗
1
and inequality (5.2) with q ∈ {

√
3

5
, 1

2
, 9

10
}.

q =
√

3
5

q =
√

3
5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n λ1 λ
∗
1 Ineq. (5.2) λ1 λ

∗
1 Ineq. (5.2) λ1 λ

∗
1 Ineq. (5.2)

1 2.8688 5.3277 0.3433 2.5830 4.7726 0.3029 1.1885 2.5798 0.1289
2 3.0463 5.5848 0.3680 2.8639 5.1815 0.3410 1.4193 2.9093 0.1560
3 3.1078 5.6730 0.3765 3.0037 5.3827 0.3602 1.6123 3.1825 0.1791
4 3.1291 5.7035 0.3795 3.0736 5.4827 0.3698 1.7785 3.4174 0.1994
5 3.1365 5.7141 0.3805 3.1085 5.5325 0.3746 1.9238 3.6226 0.2174
6 3.1391 5.7177 0.3809 3.1259 5.5574 0.3770 2.0519 3.8037 0.2334
7 3.1400 5.7190 0.3810 3.1346 5.5698 0.3783 2.1655 3.9643 0.2478
8 3.1403 5.7195 0.3811 3.1390 5.5760 0.3789 2.2665 4.1073 0.2607
9 3.1404 5.7196 0.3811 3.1412 5.5791 0.3792 2.3567 4.2349 0.2723

10 3.1404 5.7197 0.3811 3.1423 5.5807 0.3793 2.4373 4.3490 0.2827
11 3.1404 5.7197 0.3811 3.1428 5.5815 0.3794 2.5095 4.4512 0.2921
12 3.1404 5.7197 0.3811 3.1431 5.5818 0.3794 2.5741 4.5427 0.3005
13 3.1404 5.7197 0.3811 3.1432 5.5820 0.3794 2.6321 4.6247 0.3081
14 3.1404 5.7197 0.3811 3.1433 5.5821 0.3794 2.6841 4.6984 0.3150
15 3.1404 5.7197 0.3811 3.1433 5.5822 0.3795 2.7308 4.7645 0.3211
16 3.1404 5.7197 0.3811 3.1433 5.5822 0.3795 2.7727 4.8239 0.3267
.
..

.

..
.
..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

30 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.0617 5.2330 0.3654
31 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.0703 5.2451 0.3666
32 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.0779 5.2559 0.3676
33 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.0848 5.2657 0.3685
34 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.0910 5.2745 0.3694
..
.

..

.
..
.
..
.

..

.
..
.

..

.
..
.

..

.
..
.

83 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1466 5.3531 0.3769
84 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1466 5.3531 0.3769
85 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1466 5.3532 0.3769
86 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1467 5.3532 0.3769
87 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1467 5.3532 0.3769
88 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1467 5.3533 0.3769
89 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1467 5.3533 0.3769
90 3.1404 5.7197 0.3811 3.1434 5.5822 0.3795 3.1468 5.3533 0.3769

λ2 = Π2 +
Θ2

Γq (2− α2)
= Π2 +

Θ2

Γq

(
2− 1

3

) =





3.7587, q =
√
3
5
,

3.7086, q = 1
2
,

3.6119, q = 9
10
.
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λ
∗
2 = Π∗

2 +
Θ∗

2

Γq (2− α2)
= Π∗

2 +
Θ∗

2

Γq

(
2− 1

3

) =





9.0514, q =
√
3
5
,

8.7872, q = 1
2
,

8.3226, q = 9
10
.

λ
∗
2

(
θ2a2 +

Λ2b2 (2 + Γq (β2 + 1))

Γq (β2 + 1)

)
+ λ2 η2 =





0.4911, q =
√
3
5
,

0.4837, q = 1
2
,

0.4697, q = 9
10
.





<
1

2
. (5.3)

Obviously all the conditions of Theorem 3.2 are satisfied. It follows from Theorem 3.2, that

Table 6: Numerical results of λ2, λ
∗
2
and inequality (5.3) with q ∈ {

√
3

5
, 1

2
, 9

10
}.

q =
√

3
5

q =
√

3
5q =
√

3
5

q = 1
2

q = 1
2q = 1
2

q = 9
10

q = 9
10q = 9
10

n λ2 λ
∗
2 Ineq. (5.3) λ2 λ

∗
2 Ineq. (5.3) λ2 λ

∗
2 Ineq. (5.3)

1 3.4363 7.9686 0.4460 3.0263 6.5829 0.3892 1.1495 1.6806 0.1424
2 3.6466 8.6721 0.4754 3.3668 7.6665 0.4361 1.4240 2.2830 0.1775
3 3.7198 8.9195 0.4856 3.5375 8.2224 0.4598 1.6599 2.8353 0.2079
4 3.7452 9.0057 0.4892 3.6230 8.5037 0.4717 1.8663 3.3418 0.2347
5 3.7540 9.0356 0.4905 3.6658 8.6452 0.4777 2.0484 3.8057 0.2586
6 3.7570 9.0459 0.4909 3.6872 8.7162 0.4807 2.2100 4.2298 0.2798
7 3.7581 9.0495 0.4910 3.6979 8.7517 0.4822 2.3540 4.6169 0.2989
8 3.7585 9.0508 0.4911 3.7032 8.7695 0.4830 2.4826 4.9695 0.3160
9 3.7586 9.0512 0.4911 3.7059 8.7784 0.4833 2.5976 5.2905 0.3314

10 3.7586 9.0513 0.4911 3.7073 8.7828 0.4835 2.7005 5.5821 0.3452
11 3.7587 9.0514 0.4911 3.7079 8.7850 0.4836 2.7928 5.8468 0.3576
12 3.7587 9.0514 0.4911 3.7083 8.7861 0.4837 2.8756 6.0869 0.3688
13 3.7587 9.0514 0.4911 3.7084 8.7867 0.4837 2.9499 6.3044 0.3788
14 3.7587 9.0514 0.4911 3.7085 8.7870 0.4837 3.0167 6.5014 0.3879
15 3.7587 9.0514 0.4911 3.7086 8.7871 0.4837 3.0766 6.6796 0.3960
16 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.1305 6.8407 0.4034
.
..

.

..
.
..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

30 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.5025 7.9790 0.4545
31 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.5135 8.0133 0.4560
32 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.5234 8.0442 0.4574
33 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.5323 8.0720 0.4586
..
.

.

.

.
..
.
..
.

..

.
..
.

..

.
..
.

..

.
..
.

84 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6119 8.3220 0.4696
85 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6119 8.3221 0.4696
86 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6120 8.3222 0.4696
87 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6120 8.3223 0.4696
88 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6120 8.3224 0.4697
89 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6121 8.3225 0.4697
90 3.7587 9.0514 0.4911 3.7086 8.7872 0.4837 3.6121 8.3226 0.4697

the system (5.1) has a unique solution and is Ulam-Hyers stable with

∥(ś1, ś2)− (s1, s2)∥B1×B2
≤ Σℵ∗

i1,ℵ∗
i2,𝟋i

ℓ̊, ℓ̊ > 0.

where Σℵ∗
i1,ℵ∗

i2,𝟋i
≃ 30.576. Let m (τ) = τ

1
2 , then

I
1
2
+ ln 2

3
+ 2

5
q

[
τ

1/2
]
=

1
2
Γq

(
1
2

)
τ

7+5 ln 2/15

Γq

(
36+5 ln 2

15

) ≤
1
2
Γq

(
1
2

)

Γq

(
36+5 ln 2

15

)τ 1/2 = ϱ1,mm (τ) ,

I
1
2
+ ln 2

3
+ 2

5
− 1

5
q

[
τ

1/2
]
=

1
2
Γq

(
1
2

)
τ

21+10 ln 2
30

Γq

(
51+10 ln 2

30

) ≤
1
2
Γq

(
1
2

)

Γq

(
51+10 ln 2

30

)τ 1/2 = ϱ2,mm (τ) ,



28 M. Houas, et al.

and

I
e
7
+ 3

4
+

√
3

3
q

[
τ

1/2
]
=

1
2
Γq

(
1
2

)
τ

24e+210+56
√

3
168

Γq

(
24e+378+56

√
3

168

) ≤
1
2
Γq

(
1
2

)

Γq

(
24e+378+56

√
3

168

)τ 1/2 = ∂1,mm (τ) ,

I
e
7
+ 3

4
+

√
3
3
− 1

3
q

[
τ

1/2
]
=

1
2
Γq

(
1
2

)
τ

72e+462+168
√
3

504

Γq

(
72e+966+168

√
3

504

) ≤
1
2
Γq

(
1
2

)

Γq

(
72e+966+168

√
3

504

)τ 1/2 = ∂2,mm (τ) .

Thus condition (4.4) is satisfied with m (τ) = τ
1/2 and

ϱ1,m =
1
2
Γq

(
1
2

)

Γq

(
36+5 ln 2

15

) , ϱ2,m =
1
2
Γq

(
1
2

)

Γq

(
51+10 ln 2

30

) ,

and

∂1,m =
1
2
Γq

(
1
2

)

Γq

(
24e+378+56

√
3

168

) , ∂2,m =
1
2
Γq

(
1
2

)

Γq

(
72e+966+168

√
3

504

) .

It follows from Theorem 4.2 problem (5.1) is Ulam-Hyers-Rassias stable with

∥(ś1, ś2)− (s1, s2)∥B1×B2
≤ Σℵ∗

i1,ℵ∗
i2,𝟋i,mℓ̊m (τ) ,

here Σℵ∗
i1,ℵ∗

i2,𝟋i,m ≃ 2.4659 and ℓ̊ > 0.

6 Conclusion

The sequential q−fractional Lane-Emden system involving Riemann-Liouville and Caputo
type fractional q−derivatives has been investigated in this work in details. The investigation of
this particular equation provides us with a powerful tool in modeling most scientific phenomena
without the need to remove most parameters which have an essential role in the physical
interpretation of the studied phenomena. sequential q−fractional Lane-Emden system (1.1)
has been studied under some B.Cs. An example has been provided to support our results’
validity and applicability in fields of physics and engineering.
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