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Abstract

In the current manuscript, we consider a sequential g—fractional Lane-Emden system
involving Riemann-Liouville and Caputo type fractional ¢g—derivatives. We prove the
uniqueness of solutions by means Banach fixed point theorems. Then, to demonstrate the
existence of at least one solution, we use Schaefer’s fixed point theorem. Also we define
and prove two types of Ulam-Hyers for the proposed system. Finally, an illustrative
example is proposed.

(2010) Mathematics Subject Classifications: 39A13, 39B72, 30C45.
Keywords: Lane-Emden problem; fractional g—difference equations; existence; Ulam-Hyers
stability; singular differential equation.

1 Introduction

Quantum calculus and differential equations with quantum calculus are of great importance
since they can be used in mathematical physical problems, dynamical system and quantum
models, see for instance [, 0, I2]. On the other hand, the differential equations involving
fractional g—calculus plays an important role in quantum calculus, recently, there has been a
very important progress in the study of the theory of fractional ¢—differential equations, see
for example [2, @, IR, 20, 28] and the references cited therein.
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Recently, Many scholars have studied the existence and uniqueness and Ulam-stability
(U-S) of solutions of differential equations involving fractional quantum calculus (FQC), see
the works [H, 9, 19, P5] and the references cited therein. The singular fractional g—differential
equations (Fg — DE) are also very important in applied sciences, see for example [@, 21, 27,
?8]. So, in this current paper, we study the existence and U-S of solutions for sequential
gq—fractional Lane-Emden system. The Lane-Emden equation (L-EE) describe a variety of
phenomena in physics, mathematical physics and astrophysics such as aspects of the stel-
lar structure, for more informations and applications, the reader can consult the research

papers [3, [0, 23, 24, 34]. The standard L-E problem [33] can be displayed by
D% (7)+ 1D's(r) = F (1) =X (7:5(r), 7€ (0.1],n>0,
T

5(0) = Ay, Dlﬁ(O) = A,, A, eRii=1,2,

where W, f are continuous real functions. In [I5], the authors solved coupled L-EEs arising in
catalytic diffusion reaction by reproducing kernel Hilbert space method, described by

D251 (7') + leﬁl (7') = Nl (51,52) s
D252 (7') + %D152 (T) = Ng (51,52) s
DISZ' (0) = 0,51‘ (1) = Ai; 1= 1, 2,

for 7 € (0,1], where 7; is constant and W; (s1,§2) is analytic function in s;, i = 1,2. The
L-EE involving the fractional calculus have recently been discussed by several researchers,
see [B, 4, 7, BT, B2] and the references cited therein. In [22], the authors have used the
collocation method to study the following fractional L-EE

D75 () + 5D () = F (1) = N(7.5(r)), 7€ (0.1],7 20,
5<0):A17 D15(0)2A27 AZ€R7Z:1727

where 0 < v < 2,0 < § < 1 and ¢D*, s € {v,0} is the Caputo fractional derivative. Also
in [I6], the authors studied the existence, uniqueness and Ulam-Hyers stability (U-H-S) of
fractional L-EE involving two Caputo fractional derivatives, given by

D [chs—l—g]ﬁ(T):F(T)—N(T,E(T)), re(0.1],9>0,
5(0):A1, 5(1):/127 AiER,i:1,27

where ¢D* denotes the Caputo fractional derivative of order 3¢ (3x = 7,4), N is a continuous
function and k£ € C([0,1]). For more information on L-EE with fractional calculus, we refer
the reader to the works [id, 8, [3].

In this present manuscript, we discuss the existence, uniqueness, U-S of solutions for
the following sequential g—fractional Lane-Emden system involving Riemann-Liouville and
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Caputo type fractional g—derivatives

( m
RO [CDJI [cp(fl + m“ s1(7)
= F1(7) = 0Ryy (7,81 (1), 82 (), D51 (7))

— ANy (7,81 (7) , 82 (7) I8 (1), T € (0,1],

R.LD;92 |:C'qu2 |: 'D52 4 T_:H (T) (1.1)
= F2 ( ) 02N21 (T $1 (T) ( ) ,CanQsQ (T))
—AQNQQ(T,Sl( ), ( ),1;16252(7')), 76(0,1],

L D) [+ mi] s (1) =0, DY [¢Ds; (0)] =0, 5 (1) = I¥s; (v7),

for m;, 0;, A; > 0,0 < p,v; <1, w; >0, and 0 < 94,9, 0; < 1, < 8,2 := [0, 1], where R,LDf"
and ¢D, » € {ay,7;,6;} are the Riemann-Liouville and Caputo fractional g—derivatives re-
spectively, Iqﬁi is the fractional g—integral of the Riemann-Liouville type, f; : 2 — R and
N;; : Q x R? = R,4,j = 1,2 are given continuous functions.

In Section B, we recall some essential definition of fractional quantum calculus. Section B
contains our main results in this work, while an example is presented to support the validity
of our obtained results. stability results are extensively discussed in Section A. An illustrative
example with some needed algorithms for the problem are given in Section H. Finally, in
Section B, conclusion are presented.

2 Fractional quantum calculus

The operator g 1D, is the fractional g—derivative of the Riemann-Liouville type (6, 26], defined
by

wiB; s (0] =D |7 s (7], < >0,
riD) 5 ()] =5 (1),

where [] is the smallest integer greater than or equal to ¢. The fractional g—derivative of the
Caputo type of order s is given by

Dy s (n)] =77 D s ()], >0,
Dy [s (1) = s (7).
the fractional g—integral of the Riemann-Liouville type [8, 26] is defined by

1

/ (1 — qr)(wfl)s (r) dgr, w >0,
0
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(1—g)="Y

where the g—gamma function is defined by I'y (w) = g™ T 0 < g < 1 and satisfies

I'y(w+1) =[w],[', (w), such that

. n—1

(@], = q,<1—q)<0’=1, 1-—™ =] -¢") neN

=0

We recall the the following lemmas [5, 26]. See [29] for related MATLAB algorithms.

Lemma 2.1. Let v, > 0 and s be a function defined in [0,1]. Then
L7 s =17 [s(n)], Dy [s(1)]=s(1).

Lemma 2.2. Suppose that v > 0, and s be a positive integer. Then, we have

—_

T [ s ()] = a5 [ s ()] - 3

v—¢—+l

-
D! .
F,v+l—c+1) % (0)

Il
=)

Lemma 2.3. Let v € RT\N. Then, the following equality is valid

n

T [ s ()] =5 (o) -

1 l

= s (0),
—~ T (I+1) 7

I
<)

such that n is the smallest integer greater than or equal to v.
Lemma 2.4. Forv € R, and k > —1, we have

Fq (KJ + 1) T(V—I—KJ)

v [ (k)] _
ol ]_FQ(V—I—KJ—Fl)

If K =0, we can obtain T [1] = s (,,+1)T(V)

Lemma 2.5. [30/ Let G be a Banach space and P : G — G be a completely continuous
operator. If

U:{seG :5:£P5,0<§<1},
1s bounded, then P has a fixed point in U.

In order to study the system (D), we need the following space
B; = {si .5, € C(Q,R) and (Ds; € C (O, R) } P=1,2

endowed with the norm

Isill 5, = [Is:ll + HCDq‘“ﬁiH = sup|s; (7)| + sup |CDq“i5i (7’)| , i=1,2.
TEN TEQ

Then it is well known that (B, ||||Bz) , @ = 1,2 is a Banach space. Obviously the product
space (By X By, ||(s1,82)| 5, xp,) is a Banach space with norm

1(s1.82) || g, <, = 5111, + 52l 5, , ¥ (51,82) € B X Bs.
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Now, we consider the Ulam-stability for the g—fractional Lane-Emden system (D). For
l;>0,i=1,2and m: Q — R, we give the following inequalities

D [ [+ 51 (7) = [Fi7) = 00y, (7)

THi

- AZ'N;(27(51752) (T):| S éi? Z = ]'7 27 (21)
and
) ) ) i "
D) [ D [ D+ 2|51 () = [Fi7) = 00 g, ) (7)
- Az‘NfQ,(s'l,s'z) (T)] < éim (1), 1=1,2, (2.2)
where
N} (o100 (T) = Rt (7,81 (1) , 82 (), D;'s (7))
%) (61.00) (T) = Nia (7,81 (7) 82 (1) , I8 (7)),
fori=1,2.

Definition 2.6. The q—fractional Lane-Emden system () is stable in

e Ulam-Hyers sense z'fVé > 0, which (= max{lz,i = 1,2}, and for each (s1,52) € By X By,
where satisfied in the inequality (21), then there exists a solution ($1,$2) € By X By of
the system (D) and 3 Xns ny, ;> 0,0 = 1,2, with

I(51,52) = (1,821 3y ey < Dwimgrils  i=1,2. (2.3)

e Ulam-Hyers-Rassias sense, with respect to m, if for each { > 0, and for all (s,82) € By X
By, where satisfied in the inequality (22), then there exists a solution ($1,52) € By X By
of the system (1) and 38w+ w0 p,m > 0,7 = 1,2, with

(51,52) — ($1.82) | 3w, < Sty ey som,m (7) reNi=12. (2.4)

3 Existence results for ¢—fractional Lane-Emden sys-
tem

In this section, we will use the fixed point theory to study the above ¢—fractional Lane-Emden
system. We give the following auxiliary result.

Lemma 3.1. Suppose that h; (s) € C (J,R), i = 1,2. Then the unique solution of the frac-
tional problem

waDY [ (oD + ]| s () = i (7). re (0,1,
T
(3.1)
Dy [cDy +mi) s (1) =0, <D [cD)isi (0)] =0, s (1) = Tis; (vi)



6 M. Houas, et al.

Jor 0 < 9;,7,0; < 1,0 < p; <1, w;,m >0,0<v; <1(i=1,2), is given by
1

‘ _ T o \@itytei—1) d 3.9
)= g ) ) hi(r) dr 32)

1 T ;
_ NGRS I
nm J, 0 s

B 7'791'+'Yi+5i—1 /’1 (1 B T)wi_l) hz (r) dr

I'(wi +1) v (Pi+vi+8i+wi—1)
i — v hl d
(1 — 0" Ty (0; + 7 + 0; + w;) /0 (vi =) (r) dr

[(w;+1 i i i
- w.(WZ U / (v =) Log ()
(1= ;") Ly (6 +wi) Jo rh

T (Wi + 1) (1 _ Ufi-&-%‘-l-&'-&-wi—l)

[ (w; +1) ! (95+i+0i+w;—1)
— 1_ i TV i TWq i
(1 =071y (ﬁi+w+6z-+wi)/o (=) helr) dr
I (w; +1) ! (8;+wi—1)
1 _ T 7 .
TR e, 00 ) dr

where 1 — v # 0,4 =1,2.

+

1
(1-— r)wi_l) hi (r) dr

+

Proof. Applying Lemma P2, we get

i

CD;;Z [CDSZ + n—;:| S; (7‘) = .,Zqﬁi [hz (’7’)] + 6177:7—791'—1, C1, € R, 1= 1, 2. (33)
T
Thanks to Lemma (23), we have
cl’,;I‘ (791>
[ (05 + )
where ¢o; € R, i = 1,2. Applying the Riemann-Liouville ¢g—fractional integral of order ¢;,7 =
1,2 to both sides of equation in (B34), we get

(D + 2| s (7) = T2 [y (7)) +

- TﬂiJr%il + C2,i7 (34)
Tﬂz

T (192) TOityitdi—1
[ (Y5 + i + )

5 (7) = T (7) — T [/’7_;57, (7)} +oew

(3

70

TG )

+ C3,4, C3; € R,Z =1,2. (35)
Using the conditions ¢DY [¢D + m;] 5; (1) = 0 and D [¢DYs; (0)] = 0,4 = 1,2, we obtain

c1; = —Iqﬁi [hi (1)] and cp; = 0, @ = 1,2. Now, applying the operator Z:*, i = 1,2 to both
sides of equation in (B3), we get

w; i +vit+0it+w; itwW; "
T [s: (7)) = BP0 [y ()] = B | s ()]

T (ﬁz) 7Yitvitoitwi—1 34T

77 [hi (1)) + F(T—i—l)’

_F(ﬁi‘{’%"i‘éi‘i‘wi) 7

i=1,2.
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Using the condition s; (1) = Z*s; (v;) ,i = 1,2, we have

T (9;) (1 _ vﬁﬁﬂ/ﬁ&ﬁwi*l)

TV h; (1)] — TVitvitditwi h; (1
+_’Zq§i+wi [77152 (1)]) , 7 = 1’ 2’
inserting the values of ¢;;,co; and ¢3;,¢ = 1,2 in (B3) yields the solution (B2). n

In view of Lemma B, we define an operator P : By X By — By X By by

P (s1,52) (1) = (P1 (51,82) (), P2 (51,82) (7)) , T € Q,

such that
P (s1,52) ()

7(7__ )(19+'yz+6 )
:/0 Ly (9 4 i + 6;) (FZ( ) - OB (o100 ( ) - AR (61.00) (7”)) dr

1 " i Up
T () /0 (7 — 7)Y S (r) dr
q \9i

1 dityitdi—1 (1 _ 7n)(ﬁrl) . )
/0 L (¥; + i+ 05) (Fi (r) = O (o150 (1) = AR 6,5, (7")) dr

ULy (w; + 1) (v — ) oD * *
/0 1—u) Pg (9 + i + 0 + wi) (Fi (r) = O, (o) 0 (1) = ARGy g, ) (7))

q
(
Fq (wz + ].) Ui (1t 1) i
(=07 Ty (0 + wi) / (vi = 1) s (r) dr
(wi + 1) ( _ +w171)

(1 U ) (19 —|—'yl_|-5 —i—wl)
X (FZ (/r 7,1 (51 52) ( ) - AiNiQ,(51752) (T)) d,r

1 F . )('lgi'f")/i'f'éi"rwi—l)
/0 ( (?9 + v + 0; + w; ) (Fi (T) N 67:le7(51,52) (7“) - AiN:Q,(51752) <T)) dr

/1Fq wl+1 )(6+w’ Q)
0 L —v) Ty (0; + w;)

+

1
(1 _ r)(ﬁi—l)

+

ni5; (’I‘) d’l“,

with v # 1 and pu; < 1(i = 1,2). Also, we have

T (r—ar (—ay)
D, [P; (51,82) ()] :/ (Fq(lq—)

0 - 041‘)

D, [P (51,5) ()] dr,  i=1,2, (3.6)
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where

D, [P (s1,52) (7)] (3.7)

T (1 — T)(ﬁﬁvﬁfsr?)
:/o Ly +v+6—1)

T (7_ _ T)((Si—Q) Th
B L si(r)d
/O‘ Fq ((51 — 1) r#is (7") r
/1 [792 + v+ 51 — 1]q 7-19i+’)/i+5i—2 (1 - T)(ﬁifl)
. (0 + 7 + i)
X (F@ (T) — 9iN§17(51,52) (/’n) _ AZN* (’l“)) d7“7

12,(51,52)

(Fi(r) = 0 (5, 0y (1) — AN; (r)) dr

12,(51,52)

for : = 1,2. wwe introduce the following notations

1 1
I .= + 3.8
ST i 6k D) T 0T, 0 0 39
Pq (wz’ + 1) U§i+7¢+6i+w¢ Fq (wi + 1) ‘1 — Ufi+%+6¢+wiil
+ o ’ + o
n Fq (wi + 1)
II = Iy (1 — i) Iy (wi + 1) Ty (1 — py) UfﬁWFM
D0 — i+ 1) 11— v Ty (0 +wi — pi + 1)
i Fq (wi + 1)
11— v Ty (6 +wi+ 1)
of — 1 +[19i+%+5z‘—1]q L Fq(l—ui)'
YT Wiy ) il (Vi 4y 4 0i) YTy (6 — )

In the following, we give the existence and uniqueness of solutions of system () by using
Banach’s contraction principle.

Theorem 3.2. Let N1, Njp : Q xR2 5 Roand f;: Q — R, i = 1,2 be continuous functions.
In addition we assume that

(Hy) There exist a constants a;,b; > 0,1 = 1,2 such that for all T € Q and s;,6; € R, j =
1,2,3,

ai (|51 — 61| + |82 — $a| + |53 — $3])

|90i1 (7—751752753> - Nil (7-75175/275,3)
—N bi(‘ﬁl—51’+’52—§2’+’53—53|).

’NiQ (7_751752753) i2 (7_75/17‘62753)

IAIA

If

Ab; 2+ T (6¢+1))) 1 .
A: O;a; + 1 <= =N\ i, 1=1,2, 3.9
< Ig(Bi+1) ! 39)

2
where \; = Hi+%, A= H;‘Jr% and 11%, IL;, ©F and ©; (i = 1,2) are given by (BR).
Then, the considered system (1) has a unique solution on Q.
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Proof. Let us define

AN(1+6,+A)V

Aby (24T, (814 1)) ’
L N T = g — A
2 ( 1 L, (B1+1) i

0 > max

A (1465 +Ag) A

Aoby (24T, (B2 + 1)) ’
1—7\*<9a+ 22 g -\
2 T\ L, (B +1) 2

with V =max{V; : j=1,2,3} and A = max{A, : j =1,2,3}, where V; are given by:

Vi =sup|Ry (7,0,0)], Vi=sup[Ni5(7,0,0)], Vs=sup|Fi(7)|,

TEQN TEN T7EQ

and A; are given by

Ay =sup|Ng (7,0,0)], Ag =sup|Rey(7,0,0)|, Az =sup|F2(7)|.

TES) TES TEQ

Then we show that PB, C B,, where B, = {(51,52) € By x By : ||(51,52) 5, x5, < a}.
Thanks to (H;), we can write

N;jkl,(sl,gQ) (T)l = {Nll (T751( ) 52 7CD 151 )} (310)
< Ry (7,81 (7),82 (1), D8 (1)) — Naa (7,0,0)| + [Nil (7,0, 0)]
< a; ([s1 (7)] + [s2 (7 |+ |cDpis; (7)]) + Vi
< a; (ls1ll g, + lls2ll ,) + Vi
< a;l|(s1,52)| g, B, + Vi <aioc +V, i=1,2,
N:Q,(sl 59) ‘ = ‘ (7-751 (T) 752 T Iﬂzﬁz )| (311)
< [Ryp (7,81 (1) ,82 (1) , T, ’51 7)) — Ry TOO‘+|N12 (1,0,0)|
< by (|s1 (7)] + |s2 T)’—F’I’B’ﬁl ) +V
< b (sl + s, + g 2 ) + ¥
(2+T (B +1))
SPGB ”51’52”31@2 Vi (3.12)
2+T i+ 1
<bi( + 1 (Bi+ ))a—i-V, i=1,2.

N L, (Bi+1)
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From (BT0) and (BI), we get

1 1
+
(W +m+d+1) Wl (0 +7+6)
Fq (wi + 1) U1191+’Yl+51+w1
11— T (V1 4+ + 6 +wi + 1)

Fq (wl + 1) ‘1 _ U1191+’Y1+51+W1—1‘

1|1 = o[ Ty (1 + 1 + 61 +wi)
I‘q(wl—l—l) )
11— o [Ty (U1 + 71+ 01 +wy + 1)

X [(elal 4 Aty (ﬁquﬁiqiﬁlﬁ 1))> o+ (146, +A) V}

X ( Fq (1 — ,ul) Fq (w1 + 1) Fq (1 _ Ml) U<151+w1—u1
Fq

P, <
17 ensl < (5

_l_

+

+

(01 — 1 + 1) 11— oDy (61 +wi — g + 1)
I‘q(wﬁ—l) ) o
1— o7 T, (0 tw +1)) "

Aby (24T, (A1 +1))
= |II} + + +1II; (1 4+ 6, + Ay) V.
|:H1 <€16L1 Fq (51 1) HlTh g Hl (1 1 1)

+

Now, using (88) and (BZ), we can write

D [P (s1,52)] |

g 1 1 [191 + 7+ 51 _ 1]q7-191+71+51—2
+
- Pq (2—0&1) Pq (191 +7 +51) 191F (’191 +7 +51)

x [(91a1 4 ik (qujzﬁlzqiﬁl; 1)>> o4+ (1+6,+Ay) V}

1 mby (1 — )
Fg(2=on) Tg(d1 — )

_ 1 . Aby (24T (B + 1))
‘n@—aﬂg<&“+ L+ 1) )*9”4“

o1
— (1 4+06,+A .
+Fq(2—0z1)( +60,+A)V

+

From the definition of ||-||, , we have

1P (51, 8) 1, < [N{ (91a1 oAb 24T (B + 1)))

Ly (Br+1)
+7\1771]0+7\>{(1+91+A1)V§%.
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In a similar manner, we can find that

17y @189, < 1 (s + 22224 TulBa £ D))

Ly (B2+1)
+7\2772]0+A§(1+92+A2)A§%.

From these estimates, we see that ||P (s1,52)| 5,5, < 0. For (s;,%;) € By, i = 1,2 and by
(Hy), we can write

[ P1 (51,82) — P1($1,52) ||

Fq (51 + 1)
Also thanks to (B8) and (B7), we have
| D Py (51,82) =D Py (51, 50) ]|

O] Aby (24T, (B1+1)) O1m
: {rq 2— o) (9 LG ) - an]

x [|(s1,82) — (81,82) | g, 5, -

) N Hml} (51,52) — (1,82 5., -

Hence

| P1 (51,82) —P1 (51,52)]| 5,
= [Py (s1,82) — P (1, 82)|| + || DS Py (51, 82) — D Py (61, 6,) |
Aiby (24T (81 +1))
< A6 1 A
_[1(16L1+ T, (i +1) 1T
x || (51, 52) — (51752)||le32 -

Similarly, it can be shown that

P2 (51,52) — P2 (51,52)] g,
i sntanany

X ”(51752) - (éhéQ)HleBg :

Consequently, we obtain
||P(51752> —P (5,175/2)||Bl><32
= ||P1(51,82) — P (51,%2) |l g, + || P2 (51,82) — P2 ($1,62) || 5,

{20

o 0 )

X |[(s1,82) = (51, 52) | 5, x5, -

Thanks to (B), we conclude that P is contractive. Hence, by the Banach contraction prin-
ciple, there exists a unique fixed point which is a solution of system (). ]
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Now, we prove the existence of solutions of system ([I) by using Lamma P73.

Theorem 3.3. Let [; : Q — R and Rjo, Ny : Q@ x R2 — R for i = 1,2 are continuous
functions. Assume that

(Hg) There exist a positive constants Ay, Aoy Asiyi = 1,2 such that for any 7 € Q and
s; € R(j=1,2,3) we have

N1 (7,81, 892,83)] < Api,  [Nio (7,81, 89,83)| < Ao, |[Fi (7)] < Asg, 1=1,2.

If My < 1 and Aoy < 1 where A; is given by (BR). Then the system (L) has at least one
solution.

Proof. The operator P is continuous in view of the continuity of functions N;;, N;o and F;,7 =
1,2. We begin by showing that operator P : By X By — By X By is completely continuous.
Firstly, we demonstrate that P maps bounded sets of B; x By into bounded sets of By X Bs.
Let us put

B, = { (51,52) € By X By : H<51,52)H131XB2 = 6}'

Then for all (s1,82) € B, thanks to (Hz), we have
| Py (81,89)| <0 (A3 + 0; A1 + AyAsy) + Ty,

and by (B@), (B1), we get

O1m€

HD?l [Pl (51752)]H < G)T m

— L (Agy + 0,4y, + M Ay +
_Fq(2_a1>< 31 11 1 21)

Thus

I[Py (51,52)]ll 5, = | P1 (1, 82) || + || DS [P (51, 82)]]
<] (Azp + 01 A + A Ag) + A,
[P (s1,82)]|l ,
SAS (Agy + 02A10 + Ay Aga) + Agmo,

From the above inequalities, it follows that || P (s1,52)|| 5, p, < 00. Next, we show that P is
equicontinuous. Let (s1,52) € By X By and 71,75 € Q, with 7, < 71, we have

|P; (51,82) (1) —F; (81,82) (72)] (3.13)
(As1 + 61411 + M1 Ag) [ 91+71+61 0147146 0147146
< _ 1+71+01 1+y1+01 ]
T D+t +1) (=) T E
Uy (1— ) ]
+ M€
T G =+ 1)

(As1 + 01 A1 + A Agy) ’7_191+71+51—1 _ 7_191+71+51—1‘
W (U + 7+ 61) ? !

[(Tl - Tg)ai + |T{;i — 7l
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Also, by (B8) and (B), we have

’D?IPZ‘(El,Bg) (7'1) D P (51,52)( )’ (314)
(A1 + 61 A1 + AAy) V14161 —1
> (7'1 - 7’2)
Lg(2—a)Ty (0 +m +01)
+ 7_1191+'Y1+51—1 . 7_;91-1-"(14-51—1

Fq (1_:u1) [(7_ T

g (2= )Ty (6 —pa) L 2
U1+ 7+ 61 — 1]q

L,(2—a)T (91 +7 + 1)

+ e R P R 1”

Y1+71+01—2 191+’71+51—2’

Analogously, one can obtain

| P> (51,82) (T1) — P2 (81,82) (72)] (3.15)
< (As2 + 02421 + Az As) [(71 _ )ttt
Fq(ﬁ2+’72+(52+1)
+ 7_;92+72+52¢ _ 7_592+72+52 ]
Ig (1 — p2)
+ “ [ - ]
UQEFq (62 — p2 +1) " T2 ‘ ‘

(Aso + 0221 + Ao Ago)
VoI (V2 + 2 + 62)

0 d2—1 0 d2—1
I 2+72+02 — 75 2+72+02

Y

and

‘D;QPQ (51,52) (7'1) —anQPQ (51,52) (7’2)‘ (316)
(Aszz + 02491 + Ay Ag)

T2 a) Ty (Y2 + 72 + 0y

+ 7_;92+’72+52*1 _ 7_;92+’72+52*1

[(7'1 - 7_2)192-&-72-&-52—1
)

]

Ly (1 — p2) [ 52 1 Sa—1 - 1}
+n2€Fq(2—a2)Fq(52— )(7'1 T2) —l—} — Ty |

[ + 72 + 02 — 1]q
Fq (2-0&2)F(T92 + 72 +52)

‘ Yo+y2+02—2 192+72+52—2‘
- T2 .

Thanks to (B13)-(B18), we can state that

1P (s1,82) (1) (11) — P (51, 92) (1) (72) | g, 3, — 0

as 71 — To. By using the Arzela-Ascoli theorem, we conclude that P is a completely continuous
operator. Finally, we prove that the set ®, given by

d = {(51,52) € By X By : (81,52) = pP (81,52),0 < p < 1},
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is bounded. Let (s1,52) € @, then (s1,82) = pP (81, 82), for some 0 < p < 1. Hence, for 7 € Q,
we have

S; (T):pR (51,52), 221,2
Thanks to (Hz), we can write
lls1|| < II7 (A1 + 01411 + Ay Agy) + 1y ||sq]]
by (BM) and (B=1), we get

o1

||D;11P1 (51,52)“ < m

©
(Ag1 + 01 A1 + A As) + - )771 [s1] -

T, (2—ar)
In view of the above estimates, we get

||51||B1 <A (As1 + 01 A1 + A Agy) + A ||51||B1 . (3.17)
In a similar manner,we can obtain

52l g, < A3 (Aszz + 01 A2 + Ay Aga) + Ao [|s2] 5, - (3.18)
It follows from (BI7) and (BIR), that

||51||Bl + ||52||B2 <A (As1 + 01 A11 + A Agr) + A5 (Asg + 61 A2 + A Ag)
+ A 51l g, + Az ISzl 5, -

Consequently
Z?Zl A (Agi + 0, A1 + N Ay)
H51752HB1><BQ < : _ _ ’
min {1 — Agmy, 1 — Ao}

This shows that ® is bounded. Thanks to Lemma P33, we deduce that P has at least one fixed
point, which is a solution of system (IT). O

4 Ulam-stability of ¢—fractional Lane-Emden system

Theorem 4.1. Assume that (Hy) holds. If the inequality

i +}\2771<17 i:1727
Ly (Bi+1) >

is valid, then the q—fractional Lane Emden system () is stable in Ulam-Hyers sense.
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Proof. Let us denote by (s1,52) € By X By the unique solution of the problem

(

Ui
rLD! [ch” [cpfl + m“ s1(7)

= Fl (T) — HlNH (T,51 (T) , 59 (7') ,CD;qﬁl (T))
—A1N12 (7’,51(7'),52(7'),1;]5151(7')), TE(O,]_],

wiD;? [ [P + 22 ]] 52 (1)
= F2 (1) — 02Xy (7' 51 (7), 82 (7), D259 (7')> (4.1)
_A2N22 (7’,51 ( ) ( ) ,16252 ( )) T € (0, 1] ,

q
DY [P+ ) 8 (1) = DY [DF +mi] 6; (1),
Dy [cDy'si (0)] = D D4 (0)]
L S; (1) = 5/Z (1) s I;Jiﬁi (Uz) = Iqwlﬁ/z (Uz) s

for n;,0;,A; > 0,0 < py,v; < 1,0 <wi=1,2,and 0 < 9,95, 0; < 1,04 < 0;,Q := [0, 1], such
that ($1,62) € By x By is a solution of the inequality (E). From inequality (), we can
write

; , I (19) 7Oitvitéi—1 70
i 7 +yi+0; [ ] Ié [772 4, } oy — oy e
5:(7) = Rl R B 7 ) B o e A B NS Ry

) TOi+vi+0 -
S 67,1;1 K [1] ) 1= 1727

where
F5(r)=Fi(T)— 0 (7,51 (1) 82 (1), D51 (7)) — Mg (7,55 (1) , 52 () 71,16151 (1))
7 € ). By Lemma BT, we get
61 (1) — Pi$y (1) < LI+ (1], reqQ.

Using Lemma 4, we obtain

g 79171401

, _pé
’51(7’) 151()|_F(191—|—’yl+(51—|— )

T e,

and
€ 791t t+o1—an

D6y (1) — r1DM P16 (
|R'L‘1 1(7) = raDy" Pis ( |_F(191+71+51—al+1)

T €,

which imply that

21 Z1
+ :
"Iy +n+a+1) Iy +m+0—a+1)

181 = P1(81) |5, < (4.2)
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On the other hand, we have

51(7) =81 (7)) = |81 (7) = B4 [ ()] = 3 | sy ()]

TH1
T (191) 7-191+71+51—1 7-51
+c + 15— tc¢
1,1 T (@1 + 71 + 01) 2’1F(51 gy 3,1

:’él(T)—Plél(T)+Plél(T)—P151(7')|
S|5/1(7')—P1,‘§1(T)|+|P1§1(T)—P151(T)|.

Thanks to (B=2) and (H;), we can write
él + él
h+mn+o+1) Lghi+n+d—a+1)

om0

X ||(51752> - (élvéQ)’|B1xB2 :

§1— 8 <
|| 1 1||B1—Fq(

Similarly, it can be shown that
ég + é2
Vo+72+0+1) Ty(Wa+r+0d—ay+1)

om0

X ||(é17é2> - (51752)||B1><B2 :

§y— 6 <
|| 2 2||B2—Fq(

From the above inequalities, we get

|| (5/17"52) - (51752)”81 x By

> ( 1 N 1 )
TI\T Wiy 0+ 1) Ty +yitdi—ait+1)) 5

< !/ 4.3
= min;—; 2 {1 — F;} ’ 4
where
oo (9-@-+Aibi(2+rq(ﬁi+1))) + Ail); 1=1,2
i . 3 1Y Fq (/B,L + 1) (A3 ) =
If we put
: 1 1 )
2 +
. B Zz_l (Fq(§i+fyi+5i+1) Fq(ﬂi—l-%‘i'éi—ai‘Fl)
Ri R my - mini:1,2 {1 — Fz} ’
then

[($1,82) = (51,92)[| g, g, < Tz, w2y mi €

Hence, the g—fractional Lane-Emden system (1) is stable in Ulam-Hyers sense. [
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Theorem 4.2. If condition (Hy) is satisfied. Suppose there exists 0;m > 0 and O0;,m > 0,1 =
1,2 such that

) (7)) < 0im(T) and )% (7)) < 9y m(T), (4.4)

where i = 1,2, for all T € Q, where m € C(Q,R,) is nondecreasing. Then the q—fractional
Lane-Emden system () is Ulam-Hyers-Rassias stable.

Proof. Let us denote by (s1,82) € By X By the unique solution of B, From inequality (222),
we can write

85 (7) = /0 b ()| + B | 2t ()]

THi
T (191) 7Yitvi+di—1 70
— CLi — C2 — C3i
"L+ +6i) "I +1) 7
) TOi+7i+0; -
S g’ﬁ"z’;l K [m(T)] ’ L= 17 27

where (§1,65) € By X By is a solution of the inequality (222). Thanks to Lemma BTl and (£=4),
we get )
11 (1) = Pisy ()] = [ M [U(7))] < Lror mm(7),

and
|CD;{1£,’1 (T) — CanlP15,1 (T)‘ = ‘2,:;91+’Y1+517a1 [m1 (T)H < 6181,mm(7).

Also, we have

‘ ; 4 m ,

5(7) — 51 ()] = [&1 (1)~ 4 [ ()] - 7 [ g (o)
F (,191) 7—191+'Yl+51*1 7—51

+ Coq

F(191+’}/1+51) 7P((51‘f‘1)
= |§,1(T)—P1£;1(T)+P1£;1(T) —P151(T)|
< |81 (1) = Pisy (1) + [ Pis1 (1) — Pis (7)].

+ C1,1 + C31

So, by (H;) and (E2), we get

161 — 511l 5, = < brovmm(7) + 10y m(7)

. Aby (24T (814 1)) '
A A

X [|(51,82) = (51,52) 5, 3, -

Using the same arguments, we can write

[$2 — 82|, < EQQQ’mm(T) + égazmm(T)

X [[(s1,82) = (51, %2) ]| 5, x5, -
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Consequently, it follows that

¢ & Z'Lz: (QZ,TTL + az,m) 2
Io1,52) = (1,80, < i Py ().

If we take
3 N Z?:l (QZ,m + az,m>
er sz Fim -— . 5
ming_; o {1 — Fi}
we can obtain
I(s1,52) = (51,82) 1 5, e, < Drayrimlm (1), 7€

Thus, the ¢—fractional Lane-Emden system (I) is stable in Ulam-Hyers-Rassias sense. [

5 A numerical example

We consider the following ¢—fractional Lane-Emden system,

( 1 n 1
RLD /2 |:R LDI /3 {R.LD;/B + 13,0 02:H (7’) cosh (7’ + 3)
1 e s ()] 1 s
L e D )
29 57 "i347T (cos (1 (7)) + ———— T [s (7] + = sm (R,L 51 (T)

2 i n32
e (01 () tan s (1) £ 7 (1)

e 2
Rl |:R.LD;/4 |:R.LDq\/§/3 + WH $3 (7) = arctan (7 + 2)
\/§ 6_72 27 ‘ LD1/352 (7')’

T a0 )
. |51 (7)] + |52 (7 |+’\f/2 ()‘

_m(37—2 T 30) (6_37— + |81 (7)] + |32 (7)] + ‘%\/5/252 (7')’) ;
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for 7 € (0,1}, and also, consider the following inequalities

;

1 n2 2/5 1 ,
R~LD‘1/2 |:R~L’D; /e {R.L,Dq/ + W] 51 (T) — {COSh (T2 + 3)

_@Nil,(éhﬁé) (7-) - HNT27(5’175/2) (7_) ‘ S 61’

e 2
R.LDq/7 |:R.LD;/4 [R_LDqV% 4 WH — [arctan (T+2)
V3., e

_gNQL(éhég) (T) - 1_()()N§2,(51,52) (ﬂ} ‘ < 4y,
\

and
(

n 1 I
e [Rﬂ)é " [R.LD?S 13700 } Su(7) - {C"Sh (7% + 3)
1 -

~ 39N ) (T) = AR 6.0 (7) ‘ < tim (1),

e/7 3/4 \/3/3 2 T
rRLDy |:R.LDq |:R.L’Dq + W] |
\/§ * € * )
_gNm,(él,@) (1) — 1_002\2227(51,5;2) (7')] < Llym (1),
2

V31 9
qe = v A8 1n (0
57210

6_T

* |52 <T>| 1 . 9 1/s
1,602 (T) = o 1 34n (00851 (1) + T4 s (1] + 5 sin (r1D,%s1 (7)) )
1

———— (sinsy (1) + tan"' s, (1) + Z" V%5, (7)),
V40 + 72 q

- {arctan (T +2)

for

where

Tz,(ﬁl,gz) (1) =

and

e

2 ’R,LD;/SEQ (7’)‘
o1 (2 iy (T) = ———= | sin (2781 (7)) + 278> (7) +
21,(51,52) ( ) 27'[' /3,7 7_3 ( 1 ( )) 2 ( )

bl

2 + ‘R.L'Dql/:asg (T)’
51 ()] + ls2 (7)] + |7 52 (7)

N (7) = (372 + 39) (e—?ﬂ + |51 ()| + |82 ()] + ‘Zf% (T)D |

01:%>0 Al

& =
, 20 a=t<2=4,6 =" 0,=2¢(0,1),7%=2¢€(01),d=
Boe (0,1),m=2>0,1=001€(0,1],0=L>0A=:5>0a=1<¥3=
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52=7aﬂdw1=§,w2=§7v1= 6(071);112:

applying (BR), we find that in condltl (Hy),

€ (0,1). Using the given data and

(=

1 1
134 7 37 /A0’ 30

a; =

and

1 1

Fq(ﬁ1+’71+61+1)+19lr (01 + 71+ 61)
T (w1_|_1) Y1+y1+01+w1
1 — vt Ty (191+’Y1+51+w1+1)
Fq (Wl + 1) 1 — Uf1+’71+51+w1—1
191|1—’UL101|F (?914"714‘(51‘{'&)1)
P (w1+1)

AT, ht 0 o T 1)

I} =

+

_|_

R
%12+

4.2162, q= ¥,
+ - =q 41059, g¢=1,
3.96076, ¢ = 1,

5.6215, ¢ =3
Iy = ¢ 3.3547, ¢ = %
4.8735, q= 1,

Tables M and B show the numerical results of II7 and II; for ¢ = 1, 2 of g—fractional Lane-Emden

system (Bl) whenever
V31 9
qc = v 9n (¢
5 210

One can see 2D plot of these variables for three cases of ¢ in Figures &, [H, and P&, PO
respectively.
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Table 1: Numerical results of II} and IT3 (BI8) with ¢ € {?, 3 =)

g=g 9=3 =3

n| 11 T 1 I 11

1 4.0184 5.1728 3.6777 4.3794 2.2899 1.3636
2 | 4.1484 5.4664 3.8951  4.8684 2.4968  1.7479
3 | 4.1928 5.5678 4.0011 5.1118 2.6618  2.0789
4 4.2081 5.6029 4.0536 5.2333 2.8006 2.3691
5 | 4.2134 5.6151 4.0798  5.2940 2.9203  2.6260
6 | 4.2152 5.6193 4.0928 5.3243 3.0251  2.8547
7 | 4.2158  5.6207 4.0994 5.3395 3.1175  3.0590
8 | 4.2160 5.6212 4.1026  5.3471 3.1995  3.2420
9 4.2161 5.6214 4.1042 5.3509 3.2724  3.4060
10 | 4.2162 5.6215 4.1051  5.3528 3.3375  3.5533
11 4.2162  5.6215 4.1055  5.3537 3.3956  3.6856
12 4.2162 5.6215 4.1057  5.3542 3.4477  3.8045
13 4.2162 5.6215 4.1058 5.3544 3.4943 3.9115
14 | 4.2162 5.6215 4.1058  5.3546 3.5362  4.0077
15 | 4.2162 5.6215 4.1058  5.3546 3.5737  4.0943
16 4.2162 5.6215 4.1059 5.3547 3.6074  4.1722
31 4.2162 5.6215 4.1059 5.3547 3.8462 4.7292
32 | 4.2162 5.6215 4.1059  5.3547 3.8524  4.7436
33 | 4.2162 5.6215 4.1059  5.3547 3.8579  4.7566
84 | 4.2162 5.6215 4.1059  5.3547 3.9075  4.8733
85 | 4.2162 5.6215 4.1059  5.3547 3.9075  4.8733
86 | 4.2162 5.6215 4.1059  5.3547 3.9075 4.8734
87 | 4.2162 5.6215 4.1059  5.3547 3.9075 4.8734
88 4.2162 5.6215 4.1059 5.3547 3.9075 4.8735
89 | 4.2162 5.6215 4.1059  5.3547 3.9076  4.8735
90 | 4.2162 5.6215 4.1059  5.3547 3.9076  4.8735

Hl
Hl

25 —8—q=17/50| 25 —8—q=17/50|
——q=12 —0—q=12

G=9/10 G=9/10

0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
n n

(a) II (b) 113

Figure 1: Graphical representation of IIf and II} of the system (B) for ¢ € {%, 1 1%}.

Iy (1 — ) Ly (w1 + 1) Ty (1= ) vy ™7

I, = i
TG - 1) L= T () +wr — p + 1)
_l’_

Iy (wi+1)
|1—Uf1|rq (51+W1+1)
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L (2-002+1)

(34 )

+
- )7,

1— (22)"\ 1, (2+
2.0240,

Giien) ={ 1.9961
572 1.9372,

5
—0.0241)
g=2,
L a=3
_ 9
q_ﬁa

Table 2: Numerical results of II; and Il (BI8) with ¢ € {?, i, 21

—_ V3 _1 _ 9
9= -5 qg=3 9= 35
n 11, 115 11 Il ITy 112
1| 1.9385 2.5045 1.8079  2.2544 1.0382  1.0084
2 | 1.9951 2.5876 1.9061  2.4035 1.1812  1.1960
3| 2.0141 2.6158 1.9520  2.4752 1.2900  1.3474
4 | 2.0205 2.6255 1.9742  2.5103 1.3770  1.4735
5| 2.0228 2.6288 1.9852  2.5278 1.4486  1.5804
6 | 2.0235 2.6300 1.9907  2.5364 1.5088  1.6722
7 | 2.0238  2.6304 1.9934  2.5408 1.5599  1.7518
8 | 2.0239  2.6305 1.9947  2.5429 1.6039  1.8212
9 | 2.0239 2.6306 1.9954  2.5440 1.6420  1.8820
10 | 2.0239  2.6306 1.9957  2.5446 1.6751  1.9355
11 | 2.0240 2.6306 1.9959  2.5448 1.7041  1.9828
12 | 2.0240 2.6306 1.9960  2.5450 1.7296  2.0246
13 | 2.0240 2.6306 1.9960  2.5450 1.7521  2.0617
14 | 2.0240  2.6306 1.9961  2.5451 17719 2.0947
31 | 2.0240 2.6306 1.9961  2.5451 1.9111  2.3309
32 | 2.0240 2.6306 1.9961  2.5451 1.9138  2.3354
33 | 2.0240  2.6306 1.9961  2.5451 1.9161  2.3395
85 | 2.0240  2.6306 1.9961  2.5451 1.9371  2.3759
86 | 2.0240  2.6306 1.9961  2.5451 1.9371  2.3759
87 | 2.0240  2.6306 1.9961  2.5451 1.9371  2.3759
88 | 2.0240  2.6306 1.9961  2.5451 1.9371  2.3759
89 | 2.0240  2.6306 1.9961  2.5451 1.9371  2.3760
90 | 2.0240  2.6306 1.9961  2.5451 1.9372  2.3760
2.6306, ¢q= %
) 5
_ 1
Il = ¢ 25451, ¢ = 2
_ 9
2.3760, q= 35,
1 [ +7 + 61— 1],
Lo +m+0) WD+ +61)
_\3
X [1_1_111_2_{_2_1} 1.4493, q =2,
= + T =4 14088, ¢=1
[ (L2 2 P (14 m2 | 2 . 4= 3,
=+ + £ sl s+ 5+ %
a\3 3 5 2 2 3 5 9
1.3522, q = 1,
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—8—=17/50
——q=112

4=9/10

—8—q=17/50
—O—q=112

=910

Table 3: Numerical results of ©F and ©3 (BI8) with ¢ € {?, i
=% gq=13 =35
n| er o3 o1 o3 o1 o3

1 1.4120  2.9262 1.3372  2.5532 1.0586 0.9135
2 | 1.4370 3.1384 1.3759  2.8860 1.1205 1.1964
3 | 1.4451  3.2108 1.3929  3.0473 1.1619  1.4301
4 | 1.4478  3.2358 1.4010 3.1267 1.1922 1.6283
5 | 1.4488 3.2444 1.4049 3.1662 1.2158  1.7988
6 | 1.4491 3.2474 1.4069  3.1858 1.2347  1.9470
7 | 1.4492 3.2484 1.4078  3.1956 1.2503  2.0766
8 | 1.4492  3.2488 1.4083  3.2005 1.2632  2.1906
9 | 1.4493  3.2489 1.4085  3.2030 1.2742  2.2913
10 | 1.4493  3.2489 1.4087  3.2042 1.2835 2.3804
11 1.4493  3.2489 1.4087  3.2048 1.2916  2.4594
12 | 1.4493  3.2489 1.4088  3.2051 1.2985  2.5297
13 | 1.4493 3.2489 1.4088  3.2053 1.3046  2.5924
14 | 1.4493  3.2489 1.4088  3.2053 1.3099 2.6482
15 | 1.4493  3.2489 1.4088  3.2054 1.3146  2.6981
31 | 1.4493  3.2489 1.4088  3.2054 1.3458 3.0534
32 | 1.4493  3.2489 1.4088  3.2054 1.3464  3.0612
33 | 1.4493  3.2489 1.4088  3.2054 1.3470  3.0683
34 | 1.4493  3.2489 1.4088  3.2054 1.3475  3.0747
85 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1316
86 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1316
87 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1316
88 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1317
89 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1317
90 | 1.4493  3.2489 1.4088  3.2054 1.3522  3.1317

3.2480, ¢ =3

* 1
©; =14 22054, ¢=3,
3.1317, q =,

)
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Tables B and B show the numerical results of ©F and ©; for i = 1,2 of g—fractional Lane-

115 1
—8—g=17/50 —8—q=17/50
—o—q=12 1 ——q=12 |

11 4=9/10 b q=9/10

20 25 30 35 40
n

0 E‘- 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40 0 5 10 1‘5
(a) ©F (b) ©3

Figure 3: Graphical representation of ©F and ©} of the system (5l) for ¢ € {737 1

Sle

3

Emden system (Bl) whenever ¢ = v3 1 One can see 2D plot of these variables for three

50 2 10
cases of ¢ in Figures Ba, BO, and @&, AH respectively.

1.0762, ¢ =2,
=4 1.0948, ¢ =

T,(1—p)  T,(1—0.02) )
29
1.1313, ¢ = =3,

Ly(01—p) Ty (2-0.02)

@1:

1.0686, q =2,
r,(1- I, (1-0.01
0y = Lall =) _ Lol ) _ ) 10865, =1,
Ly (02— pa) 1, (ﬁ—o.m)
3 1.1224, ¢q= 2.
Also, from (BH) we obtain
3.1404, ¢ =,
7\1:H1+L:H1+L1: 3.1433, q:l,
L, (2— ) Iy(2—13) 2
3.1468, ¢ = +F,
5.7197, ¢ =%,
A =11 + o =115 + o { 5.5822, ¢ =1
T 2-a) N T2 T T
5.3533, ¢ =15,
(
Ay ( : ) 0.3811, ¢ =,
b1 2+T 51—1-1 1
Ar (6 - L A=< 0. =1 <=
1<1a1—|— Fq(ﬁl—Fl) )+ 17 < 03795, q 2 2,
| 0.3769, ¢ = 5.
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Table 4: Numerical results of ©; and O, (BI8) with ¢ € {?, 3 5}
=% g=13 =15
n O1 (SP) O1 O ©1 S
1 | 1.0032 0.9752 0.9466  0.8943 0.5492  0.4067
2 | 1.0517 1.0368 1.0244  0.9936 0.6468  0.5096
3 | 1.0678 1.0576 1.0604  1.0407 0.7192  0.5908
4 | 1.0733 1.0648 1.0778 1.0638 0.7762  0.6575
5 | 1.0752 1.0673 1.0863 1.0752 0.8226  0.7136
6 | 1.0758 1.0681 1.0905 1.0809 0.8613  0.7615
7 | 1.0761 1.0684 1.0927  1.0837 0.8940  0.8028
8 | 1.0761 1.0685 1.0937 1.0851 0.9220 0.8387
9 | 1.0762 1.0685 1.0942 1.0858 0.9462  0.8700
10 | 1.0762 1.0686 1.0945 1.0862 0.9671  0.8976
11 | 1.0762 1.0686 1.0946 1.0863 0.9854  0.9218
12 | 1.0762 1.0686 1.0947 1.0864 1.0015 0.9433
13 1.0762 1.0686 1.0947  1.0865 1.0156  0.9623
14 | 1.0762 1.0686 1.0947  1.0865 1.0281 0.9791
31 | 1.0762 1.0686 1.0948 1.0865 1.1151  1.0995
32 | 1.0762 1.0686 1.0948  1.0865 1.1168 1.1018
33 | 1.0762 1.0686 1.0948 1.0865 1.1182 1.1039
34 | 1.0762 1.0686 1.0948  1.0865 1.1196  1.1057
84 | 1.0762 1.0686 1.0948 1.0865 1.1313  1.1223
85 | 1.0762 1.0686 1.0948  1.0865 1.1313  1.1223
86 | 1.0762 1.0686 1.0948  1.0865 1.1313 1.1224
87 | 1.0762 1.0686 1.0948 1.0865 1.1313  1.1224
88 | 1.0762 1.0686 1.0948 1.0865 1.1313  1.1224
89 1.0762 1.0686 1.0948 1.0865 1.1313  1.1224
90 | 1.0762 1.0686 1.0948 1.0865 1.1313  1.1224

—8—g=17/50
——q=112

06 g=9/10

—8—=17/50

——q=12

¢=9110 | 7

Tables B and B show the numerical results of A}, A; for i =1, 2,

g—fractional Lane-Emden system (Bl) whenever ¢

_ 3

1

50 27 10

9

variables for three cases of ¢ in Figures ba and BH respectively.

and

25

Inequalities (B2) and (B=3) of

. One can see 2D plot of these
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—8—q=17/50
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L, (B +1)

02 N Asby (24T, (B2 +1)) |
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0.15
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(a) Inequality (B2) (b) Inequality (B33)
Figure 5: Graphical representation of inequality (62) of the system (B) for q € {73, %, %}.
Table 5: Numerical results of A1, A} and inequality (522) with ¢ € {§7 3 15}
— V3 —1 _ 9
q9= -5 qg=3 9= 30
n A1 AT Ineq. (B22) A1 AT Ineq. (B22) A1 AT Ineq. (B22)
1 | 2.8688 5.3277 0.3433 2.5830 4.7726 0.3029 1.1885  2.5798 0.1289
2 | 3.0463 5.5848 0.3680 2.8639 5.1815 0.3410 1.4193  2.9093 0.1560
3 | 3.1078 5.6730 0.3765 3.0037  5.3827 0.3602 1.6123  3.1825 0.1791
4 | 3.1291 5.7035 0.3795 3.0736  5.4827 0.3698 1.7785  3.4174 0.1994
5 | 3.1365 5.7141 0.3805 3.1085  5.5325 0.3746 1.9238  3.6226 0.2174
6 | 3.1391 5.7177 0.3809 3.1259  5.5574 0.3770 2.0519 3.8037 0.2334
7 | 3.1400 5.7190 0.3810 3.1346  5.5698 0.3783 2.1655  3.9643 0.2478
8 | 3.1403 5.7195 0.3811 3.1390 5.5760 0.3789 2.2665 4.1073 0.2607
9 | 3.1404 5.7196 0.3811 3.1412  5.5791 0.3792 2.3567  4.2349 0.2723
10 | 3.1404 5.7197 0.3811 3.1423  5.5807 0.3793 2.4373  4.3490 0.2827
11 | 3.1404 5.7197 0.3811 3.1428  5.5815 0.3794 2.5095 4.4512 0.2921
12 | 3.1404 5.7197 0.3811 3.1431  5.5818 0.3794 2.5741  4.5427 0.3005
13 | 3.1404 5.7197 0.3811 3.1432  5.5820 0.3794 2.6321  4.6247 0.3081
14 | 3.1404 5.7197 0.3811 3.1433  5.5821 0.3794 2.6841  4.6984 0.3150
15 | 3.1404 5.7197 0.3811 3.1433  5.5822 0.3795 2.7308  4.7645 0.3211
16 | 3.1404 5.7197 0.3811 3.1433  5.5822 0.3795 2.7727  4.8239 0.3267
30 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.0617  5.2330 0.3654
31 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.0703  5.2451 0.3666
32 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.0779  5.2559 0.3676
33 | 3.1404  5.7197 0.3811 3.1434  5.5822 0.3795 3.0848  5.2657 0.3685
34 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.0910 5.2745 0.3694
83 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1466  5.3531 0.3769
84 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1466  5.3531 0.3769
85 | 3.1404  5.7197 0.3811 3.1434  5.5822 0.3795 3.1466  5.3532 0.3769
86 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1467 5.3532 0.3769
87 | 3.1404  5.7197 0.3811 3.1434  5.5822 0.3795 3.1467  5.3532 0.3769
88 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1467  5.3533 0.3769
89 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1467  5.3533 0.3769
90 | 3.1404 5.7197 0.3811 3.1434  5.5822 0.3795 3.1468  5.3533 0.3769
3.7587, q =2,
O O
N =1+ s =Ih+ 5 =1 3708, ¢=13,
Fq(Q—Ozg) Fq(2—§ .
3.6119, ¢ = 15-
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9.0514, ¢= 3,
| R B R T 8.7872, q=13
SR PTCE T R VT R I

8.3226, q= .

A ( 1) 0.4911, ¢ =2,
by (2+ T, (B2+1 1
A (6 2 g Ao 1)p = =1 <=
2 ( 209 + T, (52 n 1) ) + Ag M2 0.4837, ¢ 5 5
0.4697, ¢= 2.

27

(5.3)

Obviously all the conditions of Theorem B are satisfied. It follows from Theorem BZ4, that

Table 6: Numerical results of Ay, A3 and inequality (B23) with q € {?, i, 51

q=4 q=3 9= 15
n A2 A5 Ineq. (B33) A2 A5 Ineq. (B33) A2 A5 Ineq. (B33)
1 | 3.4363 7.9686 0.4460 3.0263  6.5829 0.3892 1.1495 1.6806 0.1424
2 | 3.6466 8.6721 0.4754 3.3668  7.6665 0.4361 1.4240  2.2830 0.1775
3 | 3.7198 8.9195 0.4856 3.5375  8.2224 0.4598 1.6599  2.8353 0.2079
4 | 3.7452  9.0057 0.4892 3.6230  8.5037 0.4717 1.8663  3.3418 0.2347
5 | 3.7540 9.0356 0.4905 3.6658  8.6452 0.4777 2.0484  3.8057 0.2586
6 | 3.7570  9.0459 0.4909 3.6872  8.7162 0.4807 2.2100  4.2298 0.2798
7 | 3.7581  9.0495 0.4910 3.6979  8.7517 0.4822 2.3540 4.6169 0.2989
8 | 3.7585  9.0508 0.4911 3.7032  8.7695 0.4830 2.4826  4.9695 0.3160
9 | 3.7586  9.0512 0.4911 3.7059  8.7784 0.4833 2.5976  5.2905 0.3314
10 | 3.7586  9.0513 0.4911 3.7073  8.7828 0.4835 2.7005 5.5821 0.3452
11 | 3.7587 9.0514 0.4911 3.7079  8.7850 0.4836 2.7928  5.8468 0.3576
12 | 3.7587 9.0514 0.4911 3.7083  8.7861 0.4837 2.8756  6.0869 0.3688
13 | 3.7587 9.0514 0.4911 3.7084  8.7867 0.4837 2.9499  6.3044 0.3788
14 | 3.7587 9.0514 0.4911 3.7085  8.7870 0.4837 3.0167 6.5014 0.3879
15 | 3.7587 9.0514 0.4911 3.7086  8.7871 0.4837 3.0766  6.6796 0.3960
16 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.1305  6.8407 0.4034
30 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.5025  7.9790 0.4545
31 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.5135 8.0133 0.4560
32 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.5234  8.0442 0.4574
33 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.56323  8.0720 0.4586
84 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.6119  8.3220 0.4696
85 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.6119  8.3221 0.4696
86 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.6120  8.3222 0.4696
87 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.6120  8.3223 0.4696
88 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.6120 8.3224 0.4697
89 | 3.7587 9.0514 0.4911 3.7086  8.7872 0.4837 3.6121  8.3225 0.4697
90 | 3.7587  9.0514 0.4911 3.7086  8.7872 0.4837 3.6121  8.3226 0.4697

the system (B0) has a unique solution and is Ulam-Hyers stable with

1(81,52) — (51,92)l1 g, w3, < vz, e, i L,

o

Z>O.

where Yys ns, r, = 30.576. Let m (1) = 72, then

In2

II%"‘T"'%

[ =

ll—\ (l 7_7+51r12/15 lr (l)

29232 < 2 412 T = 01,m™M (T)
Fq (36+1551n2) Fq (36+1€::)1r12) Lm J

l]_—‘ (l 7_21+§81n2 ll—‘ (l)

2749 \2 < 2-49\2 7_1/2 = OomM (7_)
T, (51+§81n2) T, (51+§81n2) 2,m )
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and
e V3
3 @ lF l 7_24 +211é)8+56 l]_—‘ l
1:]7+4+ 3 [7_1/2} 2" 4 (2) < 2~ 4 (2) 7_1/2 _ 31,mm (7_)’
r (24e+378+56\/§) r (24e+378+56\/§ )
q 168 q 168
1 1 72e+462+168+/3 1 1
P arhe S N0 B V1C) LSRR 1YL ¢) By
r <7Qe+966+168\/§> T (726+966+168\/§>
q 504 q 504
Thus condition (B4) is satisfied with m (1) = 72 and
B 1T R ()
m I ,m T )
Fq (364»1551n2) Fq (51+?1)81n2)
and 1 1 1 1
_ §Fq (5) _ Erq (5)
al,m - ) aZ,m - .
r (24e+378+56\/§) r <72e+966+168x/§>
q 168 q 504

It follows from Theorem B=2 problem (B) is Ulam-Hyers-Rassias stable with
H(ébé?) - (51752)HBl><BQ < EN;H,NIQJ z‘,mgm (T) )

here Sy ne o < 2.4659 and ¢ > 0.

6 Conclusion

The sequential g—fractional Lane-Emden system involving Riemann-Liouville and Caputo
type fractional g—derivatives has been investigated in this work in details. The investigation of
this particular equation provides us with a powerful tool in modeling most scientific phenomena
without the need to remove most parameters which have an essential role in the physical
interpretation of the studied phenomena. sequential g—fractional Lane-Emden system (IT)
has been studied under some B.Cs. An example has been provided to support our results’

validity and applicability in fields of physics and engineering.
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