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Abstract: Gear fault diagnosis has been a vital technology to 

enhance the reliability and reduce the maintenance cost of gear 

systems. Tooth spalling is one of the most destructive surface 

failure models of the gear faults. Revealing the dynamic 

characteristics of a gear system with spalling fault and extracting 

the fault feature are the premise and basis for effective fault 

diagnosis. Previous studies have mainly concentrated on the 

spalling damage on a single gear tooth, but the spalling 

distributed over double teeth which usually occurs in practical 

engineering problems is rarely reported. To remedy this 

deficiency, this paper constructs a new dynamical model of a gear 

system with double-teeth spalling fault and validates this model 

with various experimental tests. The dynamic characteristics of 

gear systems are obtained by considering the excitations induced 

by the number of spalling teeth, the relative position of two faulty 

teeth, and the rotational speed. The method based on the 

Variational Mode Decomposition (VMD) and the Fast Kurtogram 

(FK) is proposed to extract the features of the double-teeth 

spalling fault. First, the raw signal is decomposed into a set of 

Intrinsic Mode Functions (IMFs) by applying the VMD, and the 

IMFs with strong correlation are summed as a reconstructed 

signal. The reconstructed signal is then filtered by an optimal 

band-pass filter based on the FK. Combined with envelope 

spectrum analysis, the feature extraction ability of the proposed 

method is compared with that of the original FK method and the 
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method based on the Empirical Mode Decomposition and the FK, 

respectively. The results indicate that the proposed dynamic 

model and fault feature extraction method can provide a 

theoretical basis for spalling defect diagnosis of gear systems.  

Keywords: Gear systems • Double-teeth spalling fault • Fault 

feature analysis • Variational mode decomposition • Fast 

kurtogram  

 

1  Introduction 

 

Gear systems commonly exist in mechanical equipment, 

such as wind turbines, shearer, and motor vehicle [1]. Due 

to the excessive load, poor lubrication, and other harsh 

operating conditions, faults often occur in the gear systems. 

The faults may generate serious economic losses and even 

casualties. Specifically, damages (e.g., pitting, cracking, 

and spalling) on the gear teeth are the main causes of 

system failure, and they usually impact the dynamic 

characteristics of gear devices [2-5]. Background noise 

often occurs in actual fault detection. It is difficult to 

extract fault feature accurately when background noise 

involves [6]. Therefore, it is essential to effectively obtain 

the dynamic characteristics of gear systems and extract the 

fault feature for identifying faults because they play an 

important role in improving reliability and reducing 

maintenance cost of gear systems.  

Spalling is one of the most destructive surface failure 

models of gear faults [7]. Until now, many researchers 

have modeled the tooth spalling and investigated its effect 

on dynamic characteristics of the gear systems [8]. 

According to their researches, tooth spalling was regarded 

as different shapes (e.g., rectangle, circular, and V-shape), 

and the influence of the spalling on time-vary mesh 

stiffness (TVMS) of gear was explored [9-11]. Luo et al. 
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[12] proposed a curved bottom shape method to model the 

geometric features of gear tooth spalls and studied the 

effect of different shapes and severity conditions time-vary 

mesh stiffness by finite element analysis. Chen et al. [13] 

presented a new two-dimensional Gaussian distribution 

model to depict pitting distribution. In their analysis, the 

overlaps of the pits and pits in the boundary of the tooth 

surface were considered in the computation of TVMS. 

Furthermore, Luo et al. [14] built a dynamic model that 

includes tooth surface roughness changes and geometric 

deviations because of the pitting and spalling of gear teeth. 

This model was validated by comparison with experiments 

under different rotational speed and fault conditions. The 

above-mentioned studies only focus on a single tooth 

spalling fault. In fact, tooth spalling which is caused by 

excessive local Hertzian contact fatigue stress may 

distribute over multiple teeth [15-16]. In term of this 

phenomenon, Liang et al. [17] modeled a gear system with 

double-teeth spalling fault, and simulated its effect on 

vibration characteristics. However, in Ref. [17], only the 

phenomenon that the tooth spalling occurs on two adjacent 

teeth is considered. According to Ref. [17], this paper will 

further explore the influence of the relative position of two 

faulty teeth on the dynamic characteristics of gears.  

The accuracy of dynamic model validation results and 

the validity of the fault feature extraction are susceptible to 

the background noise caused by the sensor’s location (e.g., 

the bearing pedestal or the gearbox housing). It is of great 

significance for dynamic model validation and fault 

diagnosis to highlight the fault feature and eliminate the 

background noise in the experimental signal. Spectral 

Kurtosis (SK) which was proposed by Dwyer for detecting 

non-stationary components to highlight the features in a 

signal is an effective tool [18]. It can reveal the hidden 

non-stationary components and indicate their frequency 

bands by calculating the kurtosis index of each frequency 

line. Antoni [19] made further efforts on the SK and 

formally defined it as a fourth-order spectral cumulant. For 

improving the efficiency and accuracy of the SK 

calculation, Antoni presented two methods [20-21]. One 

was Kurtogram based on the Short-Time Fourier 

Transform, the other was Fast Kurtogram based on the 

arborescent filter-bank structure. Compared with 

Kurtogram, the FK has been widely used to highlight the 

fault feature for mechanical fault diagnosis because of high 

efficiency [22-23]. Nevertheless, the efficiency of the FK 

is limited by the complex background noise in the original 

signal [24]. To tackle the complex background, several 

signal processing methods such as Wavelet Transform (WT) 

[25-26], Empirical Mode Decomposition (EMD) [27-32], 

Ensemble Empirical Mode Decomposition (EEMD) 

[33-34], and Local Mean Decomposition (LMD) [35-36] 

have been applied. However, the treatment effect of these 

methods is often not satisfactory because of the inherent 

limitations. The WT method needs to empirically chose 

wavelet basis function. The EMD method decomposes any 

signal into a set of intrinsic mode functions (IMFs), but its 

efficiency is restricted by the problems of end effects and 

mode mixing. The EEMD method mainly depends on the 

parameters of white noise. The LMD method is confined 

by decomposition level. In recent years, a lot of literature 

has studied a new adaptive signal processing method 

which is called Variational Mode Decomposition (VMD) 

[37]. By determining the relevant bands of fault feature 

and dividing the signal into several IMFs, the VMD can 

effectively avoid the end effects and mode mixing [38-39]. 

Zhang et al. [40] proved that the VMD performs better 

than the EMD. An et al. [41] compared the performance of 

the VMD, the EMD, and the WT, and proved that the 

VMD outperforms other methods. Considering the above 

all, many novel signal processing methods around the 

VMD have been proposed [42-45]. Based on the 

advantages of the VMD in denoising, this paper uses the 

VMD to eliminate the complex background noise in the 

experimental signal.  

Generally, gear system dynamic characteristics and fault 

feature extraction methods that considers the double-teeth 

spalling fault have not been well studied by existing 

researches. To make this gap, a new dynamic model of 

gear systems considering the double-teeth spalling fault is 

established in this paper. This dynamic model is validated 

by various experimental tests, and could supply more 

realistic dynamic environment for extraction of gear 

double-teeth fault feature. Then, the dynamic 

characteristics considering the effect of the number of 

spalling teeth, the relative position of two faulty teeth, and 

the rotational speed are analyzed. The method based on the 

VMD and the FK is used to extract the features of 

double-teeth spalling fault embedded the strong 

background noise. The raw signal acquired from gear 

systems is decomposed into several IMFs by using the 

VMD, and the IMFs with strong correlation are summed as 

a reconstructed signal. An optimal band-pass filter based 

on the FK is applied to filter the reconstructed signal .  

The main contributions of this paper are summarized as 

follows: ① a new dynamical model which considers 

double-teeth spalling fault is proposed, and the dynamic 

characteristics considering the effect of the relative 

position of two faulty teeth are investigated. This 

investigation is proposed for the first time in previous 
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studies; ② by integrating the VMD and the FK, a novel 

fault extraction method for gear fault detection is proposed. 

The original signal is denoised by using the VMD, which 

ensures the validity of the FK in fault feature extraction.  

The rest of the paper is organized as following. The 

TVMS calculation method considering the double-teeth 

spalling fault is introduced in Section 2, and In Section 3, 

the new dynamical model is proposed. In Section 4, the 

effectiveness of the dynamic model is validated by 

analyzing the dynamic characteristics of the gear system 

and some influencing factors are discussed. In Section 5, 

the fault extraction method based on the VMD and the FK 

is detailed. Conclusions are provided in Section 6.  

 

2  Meshing stiffness calculation of gears  

 

As shown in Figure 1, the gear meshing transmission is 

divided into double toothed meshing zone and single 

toothed meshing zone. The meshing stiffness of the gear 

will change abruptly when the double toothed meshing 

zone and single toothed meshing zone alternate.  

 

 

Figure 1  Schematic diagram of gear meshing 

 

2.1  Meshing stiffness calculation of gears with healthy 

tooth 

As shown in Figure 2, the gear teeth is divided into n 

microelements as a cantilever.  

 

 

Figure 2  Schematic diagram of a gear tooth cantilever beam 

 

On the basis of the Timoshenko’s beam theory [46], the 

stiffness of the tooth bending, shear and axial compressive 

are given as  
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where Li and aj represent the thickness of a microelement 

and the pressure angle of the contact point j, respectively; 

Sij is the distance between a microelement and the contact 

point in the X direction; Yj is the corresponding half tooth 

thickness; Aj and Ij denote the cross-sectional areas and 

area moments of inertia, respectively. The Aj and Ij could 

be expressed by Eqs. (2), (3).  
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Ee represents the effective-Young’s modulus which can 
be expressed as  
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in which, E and v are the Young’s modulus and the 
Poisson’s ratio, respectively; B is the teeth width, and Hp is 

the thickness on the pitch circle.  

Eq. (5) represents the fillet foundation stiffness 

according the Muskhelishivili’s method [47].  
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The Hertzian contact stiffness is calculated by Eq. (6).  
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The total structural stiffness of a tooth pair is defined as 
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where p and g are pinion and gear, respectively.  

 

2.2  Meshing stiffness calculation of gears with tooth 

spalling  

The calculation method of meshing stiffness of gears with 

spalling teeth is similar to that of healthy gears. Both of 

these calculation methods consider the axial compressive 

stiffness, shear stiffness, bending stiffness, fillet foundation 

stiffness and Hertzian contact stiffness.  
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Figure 3  Geometric model of the spalling tooth 

 

In this paper, spalling is molded as a circular shape and 

occurred near the gear pitch line, as shown in Figure 3. For 

a gear tooth with spalling, the expressions of ΔB, Aj’ and Ij’ 
are given as follows:  
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where ΔB, Aj’ and Ij’ represent the reduction of tooth 

contact width, area and area moment of inertia of the tooth 

spalling section, respectively; r, h and s are the radius, 

depth, and number of spalling points, respectively; d is the 

diameter of the pitch circle.  

 

3  Dynamic model of a gear system  

 

A six-degree of freedom dynamical model considering 

TVMS, transmission error, and bearing support stiffness 

is established, in which the changes of TVMS are caused 

by double-teeth spalling fault, as shown in Figure 4.  

 

 

Figure 4  Dynamic model of the 6-DOF gear system 

 

Here are some assumptions: (1) the bearings at both 

ends of the shaft have the same stiffness and damping; (2) 

the gearbox casing is a rigid body; (3) the shaft of the 

pinion and gear are parallel to each other. The equations 

of the dynamic model are given by Eq. (11).  
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Fpg denotes the total mesh force, and it is expressed by 
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where rbp and rbg are the base circle radius of pinion and 
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gear; Ip and Ig are the mass moments of inertia of pinion 

and gear; mp and mg are the masses of the pinion and gear; 

kbp and kbg, are the bearing stiffness of the pinion and gear, 

respectively; cbp and cbg are the bearing damping of the 

pinion and gear, respectively; TM is the input torque, TL is 

the load torque; the time-varying meshing damping cm is 

mentioned in [48]; epg denotes transmission error. The 

transmission error considers the short-period error in this 

paper, which can be obtained:  

 

 
'( ) cos( )sin(2 ),  = +

pg ic m
e t f a f  (13) 

 

where a is the pressure angle, fm is the mesh frequency of 

the gear, and ϕ is the phase.  

According to the definition of Δf’ic, Δf’ic can be 

expressed as: 

 

 ' ' ' ' ' ,  = +  +
ic ip ig ip ig
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where f ’ip=Δfpbp+Δffp, f ’ig=Δfpbg+Δffg, in whichΔfpbp and

Δfpbg are the pitch deviation of the pinion and gear, 

respectively; Δffp andΔffg are the profile deviation of the 

pinion and gear, respectively; as shown in Figure 5.  

 

 

Figure 5  Tooth error and base pitch error[49] 

 

 

4  Dynamic simulation and experimental 
verification  

 

The simulated vibration signal is compared with the 

experimental measurement signal in time and frequency 

domain, and the dynamic simulation results are verified 

under conditions of different faulty tooth number, relative 

position of faulty teeth, and rotational speed. The 

simulation parameters are detailed in Table 1.  

The test-rig presented in Figure 6 is the standard FZG 

test-rig of STRAMA-MPS. This FZG test-rig consists of a 

controller, a three-phase motor, a test gearbox, and a load 

applied by a clutch. Table 1 indicated the performance 

parameters of the bearing and gear. The data acquisition 

system is B&K-3560C, and the experimental vibrations 

signal is measured along the meshing line of the gear teeth 

by the sensor mounted on the bearing pedestal. The 

sampling frequency is 65536 Hz, and the sampling time is 

1 s. Since the pinion is a faulty gear, the vibration signal 

apy of the pinion in the direction of the meshing line is 

collected.  

 

Table 1  Parameters for the dynamic simulation 

Parameters Pinion Gear 

Number of teeth 16 24 

Pressure angle (deg)    20 

Teeth module (mm)    4.5 

Teeth width(mm)    14 

Mass (kg) 0.676 1.084 

Mass moment inertia ( kgm2) 0.000407 0.001168 

Young’s modulus (N/mm2) 2.06e5 

Poisson’s ratio 0.3 

Bearing damping (Ns/m) 4.86e3 6.16e3 

Bearing stiffness (N/m) 3.5e9 3.5e9 

Torque(Nm) 23.5 35.3 

 

 

 

Figure 6  The FZG test-rig 

 

 

4.1  Effect of the number of spalling faulty teeth on 

dynamic characteristics of gears  

In this paper, we assume that the rotational speed of pinion 

is n=1500 r/min, the rotational frequency of pinion is fs=25 

Hz, the rotating period of pinion is ts=0.04 s, the meshing 

frequency is fm=400 Hz, and the meshing period is 

tm=0.0025 s. Three types of the spalling faulty tooth 

number are considered, namely health pinion, pinion with 

single tooth spalling, and pinion with adjacent double teeth 

spalling.  

Figure 7(a), Figure 8(a), and Figure 9(a) present the 

failure states of tooth surface spalling, respectively. It can 

clearly see that the spalling near the pitch line. This paper 

we set that r=0.75 mm, h=1 mm, and s=3, where r, h, and s 
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are the radius, depth, and numbers of spalling point, 

respectively. According to the method described in Section 

2, the meshing stiffness is simulated. It can be observed 

from Figure 7(b) that the meshing stiffness curve is 

periodically changing during the meshing process. The 

meshing stiffness decreases when the spalling faulty tooth 

participates in an engagement. The frequency of meshing 

stiffness reduction is related to the number of teeth with 

spalling fault, as shown in Figure 8(b) and Figure 9(b).  

 

   

(a) Status of tooth surface      (b) Meshing stiffness curves 

Figure 7  Status of tooth surface and meshing stiffness curves 

(healthy pinion) 

 

   

(a) Status of tooth surface      (b) Meshing stiffness curves 

Figure 8  Status of tooth surface and meshing stiffness curves 

(single tooth with spalling fault) 

 

   

(a) Status of tooth surface       (b) Meshing stiffness curves 

Figure 9  Status of tooth surface and meshing stiffness curves 

(adjacent teeth with spalling fault) 

 

The simulated vibration signal and the experimental 

measurement signal under different number of spalling 

faulty tooth are displayed in Figures 10-12. The simulated 

results are close to the experimental results when the 

pinion is in a healthy state, as shown in Figure 10. There 

are no obvious impulse vibrations in the time domain, only 

tooth meshing frequency (TMF) and its harmonics are 

included in the frequency domain. In the frequency domain, 

the TMF is equal to the meshing frequency of gears, and 

the remaining harmonics are multiples of the TMF, as 

marked in Figure 10(b) and Figure 10(d).  

 

  

(a) Simulated signal        (b) Simulated frequency signal   

  

(c) Experimental signal    (d) Experimental frequency signal   

Figure 10  The simulated and experimental signal in the 

meshing line direction (healthy pinion)  

 

Compared with the healthy gear, the spalling fault can 

generate the periodic impulse vibration, and sidebands are 

spaced by the rotational frequency of the faulty gears in the 

frequency domain. These features are successfully 

captured by the simulated signal. Figure 11 shows the 

simulated and experimental signal results of the pinion 

with single tooth spalling fault. As shown in Figure 11, the 

periodic impulse vibration can be recognized in the time 

domain, and the period of the impulse vibration is 0.04 s, 

which is equal to the rotating period of the pinion. The 

sideband appears in the frequency domain, and the spacing 

of the sideband is equal to the rotating frequency of the 

pinion. Figure 12 shows the simulated and experimental 

signal results of the pinion with adjacent double tooth 

spalling fault. Compared with the time domain in Figure 

11(a), Figure 12(a) shows that the impulse vibration 

excited twice with an interval of 0.0025 s in one rotational 

period of the pinion. However, impulse vibration in the 

experimental signal is submerged by the background noise, 

as shown in Figure 11(c) and Figure 12(c). In the 



Luo-Jie Shi et al. 

 

·8· 

frequency domain, the maximum value of the sideband of 

Figure 12 is higher than that in Figure 11. The results of 

frequency domain analysis show that the fault feature in a 

case of double-teeth spalling are more obvious than that in 

case of single tooth spalling.  

 

  

(a) Simulated signal     (b) Simulated frequency signal  

  

(c) Experimental signal  (d) Experimental frequency signal  

Figure 11  The simulated and experimental signal in the 

meshing line direction (single tooth with spalling fault) 

 

  

(a) Simulated signal     (b) Simulated frequency signal  

  

(c) Experimental signal  (d) Experimental frequency signal  

Figure 12  The simulated and experimental signal along the 

line of action (adjacent teeth spalling fault) 

 

 

4.2  Effect of the relative position of the faulty teeth on 

dynamic characteristics of gears 

Based on the simulated and experimental parameters in 

Section 4.1, this paper we assume that the number of 

healthy teeth between two spalling faulty teeth is H. Three 

relative positions (H=0, H=1, and H=2) of the two faulty 

teeth are considered. Figure 13(a), Figure 14(a) and 

Figure15(a) show the failure states of tooth surface 

spalling in three relative positions. Furthermore, when the 

two spalling fault teeth are meshed separately, the meshing 

stiffness decreases, and the interval time of the reductions 

is related to the number of healthy teeth between the two 

spalling fault teeth, as shown in Figure 14(b) and 

Figure15(b).  

 

   

(a) Status of tooth surface       (b) Meshing stiffness curves 

Figure 13  Status of tooth surface and meshing stiffness curves 

(two teeth with spalling fault which separated by one healthy 

tooth) 

 

   

(a) Status of tooth surface       (b) Meshing stiffness curves 

Figure 14  Status of tooth surface and meshing stiffness curves 

(two teeth with spalling fault which separated by two healthy 

teeth) 

 

The simulated and experimental signals both in time and 

frequency domain at the three relative positions of the 

double faulty teeth are presented in Figure 12, Figure 15, 

and Figure 16. As shown in Figure 12(a), Figure 15(a), and 

Figure 16(a), impulse vibration excited twice in one 

rotational period of the pinion. Also, the distance between 

two impulse vibrations are 0.0025 s, 0.005 s, and 0.0075 s, 

which can be expressed by (H+1)tm. However, the impulse 

vibration is not obvious in Figure 12(c), Figure 15(c), and 
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Figure 16(c). One possible explanation is that these 

features are submerged by the background noise in the 

experimental signal.  

  

(a) Simulated signal     (b) Simulated frequency signal  

  

(c) Experimental signal  (d) Experimental frequency signal  

Figure 15  The simulated and experimental signal in the 

meshing line direction (two teeth with spalling fault which 

separated by one healthy tooth) 

 

  

(a) Simulated signal     (b) Simulated frequency signal  

  

(c) Experimental signal  (d) Experimental frequency signal  

Figure 16  The simulated and experimental signal in the 

meshing line direction (two teeth with spalling fault which 

separated by two healthy teeth) 

 

Moreover, as presented in Figure 12(b), Figure 15(b), 

and Figure 16(b), the maximum amplitude of the sidebands 

at the three relative positions is 0.019, 0.015, and 0.011, 

respectively. Among them, the amplitude of the sidebands 

at the adjacent positions is the highest, which is close to 

the simulated results. It can be concluded that when the 

two teeth with spalling fault are adjacent, the features of 

the spalling fault is the most obvious. 

 

4.3 Effect of rotational speed on dynamic 

characteristics of gears with double-teeth spalling 

fault  

Many statistical indicators based on time-domain signals 

can be well applied to the fault diagnosis of gear systems 

[50]. The pinion with adjacent spalling teeth is taken as an 

example for exploring the influence of the rotational speed 

on the gear dynamic characteristics by using three 

statistical indicators in this paper. Three types of rotational 

speed (n=1500 r/min, n=3000 r/min, and n=4500 r/min) of 

the pinion are considered.  

RMS is used for measuring the overall vibration level, 

which is expressed as [51]: 
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1 1

1 1
( ( ) ( )) ,

= =
= − 

N N

n n

RMS x n x n
N n

 (15) 

 

in which N is the number of data points in the signal, and 

x(n) is the amplitude of the nth point.  

Kurtosis [52] is a parameter sensitive to the shape of 

signal, and can detect the impulse signal caused by local 

fault well, which is defined by Eq. (16).  
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Third statistical moment parameter Sa  [53] is similar to 

the kurtosis in impulse recognition, but it is more sensitive 

to the impulse, which can be calculated by Eq. (17).  
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Table 2 shows the statistical characteristics under 

different rotational speed of the pinion. With the increase 

of the rotational speed, the values of RMS both in 

simulation and experimental results increase, and the 

values of Kurtosis and Sa decrease in the simulation results. 

Contrary to the simulation results, the experimental results 

demonstrate that the values of Kurtosis and Sa increase 

when the rotational speed is between 3000 rpm and 4500 

rpm. This inconsistency may be caused by the vibration of 
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the whole experimental device due to the increase of the 

rotational speed. The results of the experimental (EXPM) 

are consistent with the simulated (SIM) in general.  

 

Table 2  The effect of rotation speed on statistical indicators 

RMP 

(r/min) 

RMS Kurtosis 𝑆𝑎 

SIM EXPM SIM EXPM SIM EXPM  

1500 1.225 5.573 10.376 3.189 17.098 3.328 

3000 1.857 9.132 6.452 2.927 5.336 3.065 

4500 15.912 17.877 2.410 3.107 2.565 3.230 

 

 

 

(a) 1500 r/min 

 

(b) 3000 r/min 

 

(c) 4500 r/min 

Figure 17  The experimental time-domain signal in the 

direction of meshing line under three pinion rotational speed 

(pinion with adjacent spalling teeth) 

 

Furthermore, it can be found that the values of Kurtosis 

and Sa reach the maximum at a rotational speed of n=1500 

r/min. The results indicate that the features of the 

double-teeth spalling fault is more obvious at low 

rotational speed. With the increase of the rotational speed 

of pinion, the impulse vibration is gradually submerged by 

the background noise. This conclusion is also confirmed by 

the experimental results, as shown in Figure 17.  

 

5  Feature extraction method of double - 
teeth spalling fault 

 

To solve the problem that the features of double-teeth 

spalling fault is submerged by the complex background 

noise in the experimental signal, a feature extraction 

method based on the VMD and the FK is proposed. The 

experimental signal is denoised by using the VMD method, 

which can ensure the effectiveness of the FK in fault 

feature extraction. The reconstructed signal is filtered by 

an optimal band-pass filter based on the FK.  

 

 

Figure 18 The procedure of the feature extraction method based 

on the VMD and the FK 

 

Figure 18 outlines the procedure of the proposed method, 

and the major steps are as follows: 

Step 1: the original signal with the double-teeth spalling 

fault collected from experiments is decomposed into a set 



Dynamic characteristics of a gear system with double-teeth spalling fault and its fault feature analysis 

 

·11· 

of IMFs by using the VMD method.  

Step 2: the correlation coefficient between each IMFs 

and the original signal is calculated, and the IMFs (i.e., the 

IMFs with a correlation coefficient greater than 0.6) which 

conforms to the strong correlation criterion are summed as 

the reconstructed signal.  

Step 3: based on the FK, the frequency and bandwidth of 

the signal which contains the most information of the 

double-teeth spalling fault feature are adaptively selected 

as the parameters of the band-pass filter.  

Step 4: the filtered signal is demodulated by the 

envelope analysis.  

Step 5: the time domain and the envelope spectrum of 

the filtered signal are utilized to analyze the features of the 

double-teeth spalling fault. 

According to the conclusions given in Section 4, the 

features of the double-teeth spalling fault are extracted by 

using the method described in this Section. The 

experimental signal when the two spalling faulty teeth are 

adjacent and the rotational speed n=1500 r/min is taken as 

the object, as shown in Figure 12(c) and Figure 12 (d). 

 

 

Figure 19 Results of decomposition based on the VMD for the 

experimental signal 

Compared with the simulated signal, the features of 

double-teeth spalling fault can not be clearly observed in 

the experimental signal because of the complex 

background noise. To address this problem, the VMD is 

used to decompose the original signal with double-teeth 

spalling fault which collected in the experiment into a set 

of IMFs. According to the central frequency approach 

principle, the value of decomposition level is set to 7, the 

value of penalty factor is set to 2000, the value of 

Lagrange multiplier is set to 0, and the results of the 

decomposition are shown in Figure 19.  

 

 

Figure 20 The correlation coefficient between each IMF and the 

original experimental signal 

 

The correlation coefficient between each IMF and the 

original signal is calculated. As presented in Figure 20, 

only the correlation coefficient value of IMF2 is greater 

than 0.6. According to the correlation coefficient algorithm, 

IMF2 is selected as the reconstructed signal. 

 

 

Figure 21  The Kurtogram of the reconstructed signal 

 

The frequency and bandwidth of the IMFs which 

contain the most information of the double-teeth spalling 

fault are adaptively selected as the reconstructed signal by 

using the FK method. As shown in Figure 21, the 

frequency value is 20992 Hz, and the bandwidth is 1024 

Hz. The frequency and bandwidth of IMFs are used as 
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band-pass filter parameters to filter the reconstructed signal. 

Subsequently, the filtered signal is demodulated by the 

envelope analysis, and the results of the reconstructed 

signal and the envelope spectrum are shown in Figure 22. 

Compared with Figure 12(c), the periodic impulse 

vibration which excited by the spalling fault can be clearly 

observed in Figure 22(a). The period of the impulse 

vibration is 0.04s, which is equal to the rotating period of 

the pinion. Also, in a rotation period of the pinion, the 

impulse vibration excited twice, and the interval time of 

the two impulse vibration is close to the single tooth 

meshing period. This is consistent with the previous 

simulated results mentioned in Section 4.  

 

 

(a)The time-domain filtered signal 

 

(b)The envelope spectrum 

Figure 22  The results of the proposed method based on VMD 

and FK for the gear system experimental signal with double-teeth 

spalling fault 

 

The performance of the proposed method is compared 

with the original FK method and the method combined 

with the EMD and the FK. Figure 22(b), Figure 23, and 

Figure 24 show the envelop spectrum of the proposed 

method, the original FK method, and the method combined 

with the EMD and the FK. For clarity, we set the visible 

abscissa range of the spectrum to 0-500 Hz. As can be 

observed in Figure 22(b), five spectrum lines are located at 

the harmonics of the pinion rotating frequency, which are 

26.05 Hz, 50.09 Hz, 76.14 Hz, 102.19 Hz, and 126.24 Hz. 

The results of frequency domain analysis strongly 

demonstrate that the pinion is a faulty gear. Compared with 

the phenomenon in Figure 22(b), there is one fault 

frequency harmonic in Figure 23, and two fault frequency 

harmonics in Figure 24. Besides, considerable background 

noises exist in Figure 23 and 24. Therefore, it can conclude 

that the proposed method outperformed the original FK 

and the method combined with the EMD and the FK in the 

feature extraction of gear fault.  

 

 

Figure 23  The envelop spectrum of the original FK method for 

the gear system experimental signal with double-teeth spalling 

fault 

 

 

Figure 24  The envelop spectrum of the method combined with 

the EMD and the FK for the gear system experimental signal with 

double-teeth spalling fault 

 

 

6  Conclusions 

 

In this paper, a dynamic model of a gear system with 

double-teeth spalling fault is presented with considering 

the influence of TVMS, transmission error, and bearing 

support stiffness. The effectiveness of the proposed 

dynamic model is validated by analyzing experimental 

results. The effect of the number of spalling teeth, the 

relative position of the two faulty teeth, and the rotational 

speed on the dynamic characteristics are investigated. Both 
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of the experimental test and dynamic simulation results 

have shown that the double-teeth spalling fault will 

generate impulse vibration twice in one rotating period of 

the fault gear, and the interval of the two impulse is related 

to the number of healthy teeth, which can be expressed as 

(H+1)tm. Moreover, the features of double-teeth spalling 

fault are significant when the two spalling teeth are 

adjacent and the pinion runs at a low rotational speed.  

A feature extraction method which combines the VMD 

and the FK is proposed. The raw signal obtains from 

experiments is decomposed by using the VMD. The IMFs 

that reserve a strong correlation with the original signal are 

summed as a reconstructed signal according to the value of 

the coefficient correlation. The reconstructed signal is 

filtered by the optimal filter based on the FK. The results 

confirm that, (1) the VMD has a good denoising ability and 

can provide the FK with a well denoised signal; (2) By 

compared with the original FK method and the method 

based on the EMD and the FK, it can be found that the 

proposed VMD-FK method is more effective in extracting 

the features of the double-teeth spalling fault in gear fault 

diagnosis than other methods. 
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Figures

Figure 1

Schematic diagram of gear meshing

Figure 2

Schematic diagram of a gear tooth cantilever beam



Figure 3

Geometric model of the spalling tooth

Figure 4

Dynamic model of the 6-DOF gear system



Figure 5

Tooth error and base pitch error[49]

Figure 6

The FZG test-rig



Figure 7

Status of tooth surface and mesh ing stiffness curves (healthy pinion)

Figure 8

Status of tooth surface and mesh ing stiffness curves (single tooth with spalling fault)



Figure 9

Status of tooth surface and mesh ing stiffness curves (adjacent teeth with spalling fault)

Figure 10

The simulated and experimental signal in the meshing line direction (healthy pinion)



Figure 11

The simulated and experimental signal in the meshing line direction (single tooth with spalling fault)



Figure 12

The simulated and experimental signal along the line of action (adjacent teeth spalling fault)

Figure 13

Status of tooth surface and meshing stiffness curves (two teeth with spalling fault which separated by
one healthy tooth)



Figure 14

Status of tooth surface and meshing stiffness curves (two teeth with spalling fault which separated by
two healthy teeth)

Figure 15

The simulated and experimental signal in the meshing line direction (two teeth with spalling fault which
separated by one healthy tooth)



Figure 16

The simulated and experimental signal in the meshing line direction (two teeth with spalling fault which
separated by two healthy teeth)



Figure 17

The experimental time-domain signal in the direction of meshing line under three pinion rotational speed
(pinion with adjacent spalling teeth)



Figure 18

The procedure of the feature extraction method based on the VMD and the FK



Figure 19

Results of decomposition based on the VMD for the experimental signal



Figure 20

The correlation coe�cient between each IMF and the original experimental signal

Figure 21

The Kurtogram of the reconstructed signal



Figure 22

The results of the proposed method based on VMD and FK for the gear system experimental signal with
double-teeth spalling fault spalling fault



Figure 23

The envelop spectrum of the original FK method for the gear system experimental signal with double-
teeth spalling fault

Figure 24

The envelop spectrum of the method combined with the EMD and the FK for the gear system
experimental signal with double-teeth spalling fault


