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ABSTRACT   

Chemical chain-reactions are pathways that can transmit information, as demonstrated by signal-

transduction reactions in cell biology. In this study, we defined entropy as the logarithm of the concentration 

ratio of chemical species and considered the channel capacity for information transmission by maximizing 

the entropy. We hypothesized that the reaction chain has an orientation in which the reaction time for the 

reverse reaction is sufficiently long. According to this model, the logarithm of the forward and reverse 

transitional probability ratio was found to indicate the entropy-time average per unit reaction time, 

corresponding to the fluctuation theorem for thermodynamics regarding entropy production rate. This 

conclusion illuminates the process of signal transduction in cells and other biochemical systems and may 

provide insights into the relation between thermodynamic and information entropy. 
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Introduction 

This paper presents a generalized fluctuation theorem (FT) for chemical chain-reactions and investigates 

the rate of information transmissible using a chemical pathway to develop a unified understanding of 

thermodynamic and information entropy. The FT and the Jarzynski equality are considered significant 

achievements of non-equilibrium thermodynamics.1,2 Gaspard et al. have demonstrated that Onsager’s 

reciprocity relations can be derived from the FT for a chain-reaction system.3 The FT relates to the 

probability distribution of the time-averaged entropy production. Herein, we aim to prove the FT 

theoretically by redefining the chain-reaction from the viewpoint of information transmission. 

Consequently, we aim to demonstrate that the average rate of entropy production is critical to the 

information transmission channel capacity of the chain-reaction. 

Let us consider a continuous chain-reaction consisting of n species, Xj (j = 1, 2, …, n). Such a system 

would be isothermal in contact with the chemostat at the boundary, and out of equilibrium. The flux of the 

chemical species from the chemostat continuously generates entropy in the course of the chain-reaction. 

The temporal evolution of such a chain-reaction can be regarded as a Markov stochastic process described 

by the master equation governing the probability distribution of the random variables for the intermediate 

species participating in the chain. If the system is described by a probability distribution that is a steady-

state solution of the master equation, it is considered to have reached a non-equilibrium steady state.   

Reaction systems transmit information on the concentration change of X1 as the concentration 

change of Xn through code strings.4 For example, in a biological cell, an environmental change triggers the 

conformation change of the receptor protein on the cell membrane. The adaptor molecule of the receptor 

promotes the chemical reaction in the cytoplasm. Consequently, the cytoplasmic protein that possesses the 

DNA-binding ability alters the structure of the DNA and promotes the transduction of the genetic 

information to the protein translation to express the genetic information. 

In this study, we defined the amount of information entropy transmitted by the concentration ratio of the 

chemical species. Subsequently, the transmission capacity, that is, the channel capacity of the path, was 

defined as the logarithm of the number of chemical reactions occurring per unit time during information 

transmission.  

 

 

Methods  

Model chain-reaction that transmits information 

Consider a chemical chain-reaction path consisting of n chemical species Xj (j = 1, 2, …, n) :  
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  𝑋𝑗  + 𝑆 ⇋  𝑋𝑗∗ + 𝑃                                                            (1) 𝑋𝑗∗ + 𝑋𝑗+1  ⇋  𝑋𝑗∗+𝑋𝑗+1∗                                                     (2)                            

 

This conversion forms a cycle that is linked to a path in which Xj-1
* converts Xj into Xj

* and Xj
* converts 

Xj+1 into Xj+1
*. Xj is converted spontaneously into Xj

* following the reaction. For a continuous reaction, the 

chemostat is necessary and the reaction system is essentially a non-equilibrium system.  In (1) and (2), the 

substrate (S) for this conversion is supplied by the chemostat attached to the reaction system. S is 

transformed into the product P in the course of the conversion Xj into Xj
*. system.  

Herein, we allocated the chemical species that transmitted positive information in the forward direction the 

code Xj
*, and those that transmitted negative information in the reverse direction the code Xj. This code 

sequence is a time-series of chemical species arranged in the order in which the chemical reactions occur. 

For example, an increase in X1
* can be transmitted as an increase in the final species Xn

* through a chain-

reaction path. The code sequence for the forward chain-reaction can therefore be written as4   𝑋1 ∗ 𝑋2 ∗ 𝑋2 ∗ 𝑋3 ∗ 𝑋4 ∗ 𝑋4 ∗ 𝑋5 ∗ 𝑋5 ∗                               (3)                           

The redundant appearance of the species coding was intentionally permitted. The code sequence for the 

reverse chain-reaction can therefore be written as 

 𝑋5𝑋4𝑋3𝑋3𝑋2𝑋1𝑋1                                                               (4)      

An increase in X5 can be transmitted as an increase in the initial species X1 through the chain-reaction path. 

It is possible for Xj and Xj
* to appear in a mixed order as follows: 𝑋1𝑋1 ∗ 𝑋2 ∗ 𝑋2 ∗ 𝑋3𝑋3 ∗                                                      (5) 

 

We computed the total number of messages or different combinations of such symbols possible when the 

numbers X1, X2, …, Xj, …, Xn of the different species used in the sequences were provided in advance. In 

this study, we considered a message of total duration τj, corresponding to the reaction time of the jth-step. 

The total duration of the message is given by 𝜏 =  ∑ 𝑋𝑗𝜏𝑗 = 𝑋 ∑ 𝑝±𝑗𝜏±𝑗𝑛𝑗=1 = 𝑋(∑ 𝑝𝑗𝜏𝑗𝑛𝑗=1 −  ∑ 𝑝−𝑗𝜏−𝑗𝑛𝑗=1 )                                (6) 

                                                                                   

where τj signifies the duration of conversion of Xj to Xj
*, and τ-j signifies the duration of conversion of Xj

* 

to Xj. The difference between this model and traditional thermodynamics lies in the introduction of the 
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reaction time, which corresponds to the length of the code in the code. Here, we give τj a positive value and 

τ-j a negative value. This sign-convention is used to distinguish the direction of the reaction path. We define 

the total number of symbols X and the relative proportions pj and pj
* as 𝑝𝑗 =  𝑋𝑗/𝑋                                                                         (7) 

𝑝𝑗∗ =  𝑋𝑗∗/𝑋                                            (8) 

where 

 ∑ (𝑝𝑗 + 𝑝𝑗∗)𝑛𝑗=1 = 1                                                              (9) 

Here, X represents the total concentration of the signaling molecules. 𝑋 =  ∑ 𝑋𝑗 +  𝑋𝑗∗𝑛𝑗=1                                                       (10) 

Subsequently, the total number of signal events, Ψ, is defined for the entire path, as follows:  

Ψ =  𝑋𝑗!∏ 𝑋𝑗!𝑛𝑗=1 ∏ 𝑋𝑗∗!𝑛𝑗=1                                                            (11) 

Shannon’s entropy S, which is the logarithm of Ψ, is given by Starling’s formula, as follows: 𝑆 = log Ψ ≃ 𝑋(∑ 𝑝𝑗 log 𝑝𝑗𝑛𝑗=1 +  ∑ 𝑝𝑗∗ log 𝑝𝑗∗𝑛𝑗=1 )                           (12) 

Shannon defined the channel capacity as follows:  

𝐶 =  lim𝑡→∞ 𝐾 log Ψ𝑚𝑎𝑥𝜏 = max lim𝑡→∞ 𝐾 𝑆𝑚𝑎𝑥𝜏                              (13) 

Here, if we use entropy units, we take K = kB, Boltzmann’s constant. In contrast, in information science, K 

is equivalent to log2e. To obtain the maximum value of KSmax/τ using the non-determined parameters a and 

b, we define a function G, and apply Lagrange’s method to maximize G under the constraints (5), (6), (7), 

and (10).  

𝐺(𝑝1, 𝑝2, … 𝑝𝑛;  𝑝1∗, 𝑝2∗, … 𝑝𝑛∗ ) = 𝑆 − 𝑎 ∑(𝑝𝑗 +  𝑝𝑗∗) − 𝑏𝜏𝑛
𝑗=1= 𝑆 − 𝑎 ∑(𝑝𝑗 + 𝑝𝑗∗) − 𝑏𝑋 ∑(𝑝𝑗𝜏𝑗 − 𝑝−𝑗𝜏−𝑗)𝑛

𝑗=1
𝑛

𝑗=1  

                                                                              (14) 
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Therefore, we have  

𝜕𝐺𝜕𝑝𝑗 = −𝑋(log 𝑝𝑗 − 𝑏𝜏𝑗) − 𝑎 − 𝑋                                            (15) 

𝜕𝐺𝜕𝑝𝑗∗ = −𝑋(log 𝑝𝑗∗ + 𝑏𝜏−𝑗) − 𝑎 − 𝑋                                    (16) 

𝜕𝐺𝜕𝑋 = −(∑ 𝑝𝑗 log 𝑝𝑗 + ∑ 𝑝𝑗∗ log 𝑝𝑗∗𝑛𝑗=1𝑛𝑗=1 ) − 𝑏(∑ 𝜏𝑗𝑝𝑗 − ∑ 𝜏−𝑗𝑝−𝑗𝑛𝑗=1𝑛𝑗=1 )                       (17) 

Setting the left-hand sides of Eqs. (15), (16), and (17) as equal to zero, we have 𝑎 = −𝑋                                                                 (18) − log 𝑝𝑗 = 𝑏𝜏𝑗                                                               (19) 

−log 𝑝−𝑗 = −𝑏𝜏−𝑗                                                          (20) 

From Eqs. (19) and (20), we find that b is the average entropy produced per unit reaction time, and can be 

considered to be the average “entropy production rate.” Furthermore, substituting Eqs. (19) and (20) into 

the right-hand side of Eq.(12), we have 𝑆𝑚𝑎𝑥 ≃ −𝑋(∑ 𝑝𝑗𝑏𝜏𝑗 − ∑ 𝑝𝑗∗𝑏𝜏−𝑗𝑛𝑗=1𝑛𝑗=1 ) = −𝑏𝜏                           

                                                                               (21) 

Hence, the channel capacity of the path is given by 𝐶 = −𝑏                                          (22) 

Therefore, the negative of the rate of entropy production is equal to the channel capacity of the reaction 

path. In non-equilibrium information thermodynamics, the average entropy production rate may be a critical 

parameter rather than the entropy describing the non-equilibrium system. 

 

Fluctuation theorem of the cyclic reaction path  

Thereafter, the probability function of step j + 1, given step j, is defined as P(j+1|j) and the probability 

function of step j, given step j+1, is defined as P(j|j+1), when the transitional probability function is given 

as follows:  
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𝑃(𝑗 + 1|𝑗) =  𝑋𝑝𝑗𝜏𝑗𝑋 ∑ 𝑝𝑗𝜏𝑗𝑛𝑗=1` = 𝑝𝑗𝜏𝑗∑ 𝑝𝑗𝜏𝑗𝑛𝑗=1                                         (23)     

𝑃(𝑗|𝑗 + 1) =  𝑋𝑝−𝑗𝜏−𝑗𝑋 ∑ 𝑝−𝑗𝜏−𝑗𝑛𝑗=1` = 𝑝−𝑗𝜏−𝑗∑ 𝑝−𝑗𝜏−𝑗𝑛𝑗=1                                     (24) 

The function Zj(t) of the jth reaction is given as 

𝑍𝑗(𝑡) = log 𝑃(𝑗|𝑗 + 1)𝑃(𝑗 + 1|𝑗)                                                                 (25)                           

Substituting Eqs.(23), and (24)  into (25) gives              

𝑍𝑗(𝑡) = log 𝑝𝑗𝜏𝑗/ ∑ 𝑝𝑗𝜏𝑗±𝑛𝑗=±1𝑝−𝑗𝜏−𝑗/ ∑ 𝑝𝑗𝜏𝑗±𝑛𝑗=±1 = 𝑙𝑜𝑔 𝑒−𝑏𝜏𝑗𝜏𝑗−𝑒𝑏𝜏−𝑗𝜏−𝑗                             (26)              

We then take the logarithm of the average < Zj (t) > for the reaction time τj - τ-j. 〈𝑍𝑗(𝑡)〉 = 1𝜏𝑗−𝜏−𝑗 𝑍𝑗(𝑡) = −𝑏 + 1𝜏𝑗−𝜏−𝑗 log 𝜏𝑗𝜏−𝑗                                     (27)    

When the absolute value of the duration τj - τ-j  is sufficiently longer, we have 

lim𝜏𝑗−𝜏−𝑗→∞ 1𝜏𝑗−𝜏−𝑗 〈𝑍𝑗(𝑡)〉 = −𝑏                                                (28)           

Here, the right-hand side has a negative value, indicating that the transmitted information possesses a 

“negative” entropy rate. Thus, the FT for the reaction path can be obtained. 

 

Conclusions 

The FT was discovered through numerical simulations by Evans et al.5 The proof was given using a system 

having a heat bath as an instance of a non-equilibrium system. The FT indicates that reversible time-

evolution is derived from reversible dynamical systems. Additionally, there are reports that the Green-Kubo 

formula6 for linear response remain valid when using the FT. However, the FT assumes a detailed balance, 

which significantly limits the applicability of the theorem. In the proof of the FT, the (q, p) phase-space 

volume that relates to the entropy is not conserved in a general dynamic system in contact with a 

conventional heat bath but is considered a reversible system. Previously, a detailed balance was 

hypothesized in which the Jacobian of the time evolution operator that transforms (q, p) to (q, -p) in phase-

space is 1. This operator is a critical requirement in the derivation of the FT. Therefore, to expand the 

applicability of this theorem, the proof of the FT should be provided without assuming a detailed balance. 
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Recently, it has been suggested that the FT remains valid without assuming a detailed balance, which is the 

premise of the proof, and its wide application is expected.6 

Considering the aforementioned theoretical requirements for the application of FT, the current study 

considered a chain-reaction as a code sequence to model signal transduction in biophysical systems7. We 

made two simple premises for deriving the FT using this model: (i) maximization of Shannon entropy8
, and 

(ii) the reverse chemical-reaction time is sufficiently longer than the forward chemical-reaction time. The 

irreversibility of time is represented by the reaction time with a negative sign of τ-j. This is also an important 

feature of this model. Although the reaction time does not explicitly indicate the passage of time, it is 

essential to specify the rate of reaction, assuming that the reverse reaction is considerably slower than the 

forward chemical reaction (|τ-j|>> τj). Thus, detailed balance and equilibrium states are not explicitly 

assumed. Instead, we assumed that the Shannon entropy maximization principle remains valid even in a 

steady or non-equilibrium state. Thereafter, we could derive the FT for the chemical chain-reaction; 

however, the adaptation of the theorem needed further refinement. In other words, it is necessary to examine 

in greater detail how far the entropy-maximizing principle can be applied in a non-equilibrium system.9 

In this study, equations (18) and (19) were derived from the viewpoint of source-coding in 

information engineering. The amount of information transmissible through the chemical-reaction chain, i.e, 

channel capacity was represented by this entropy-time average, KSmax/τ. Therefore, we can recognize that 

this channel capacity is an essential quantity in information transmission. Considering that the entropy-time 

average obtained from the logarithm of the function Zj (t) is the expression of the new FT,7,10 the information 

transmitted by the chemical reaction provides a unified understanding of thermodynamic and information 

entropy.  

The models and analyses presented here remain preliminary and are based on a simplified approach; 

however, a more detailed analysis based on stochastic thermodynamics is required for cyclic reactions.11,12 

The introduction of encoding theory may provide novel insights into information thermodynamics. This 

study also provides important implications for the natural computing of binary coding by two chemical 

species, Xj and Xj *. Entropy-coding of a chemical reaction may also provide insights into natural computing 

applications. In future, it will be possible to measure the amount of information transmitted in specific 

chemical reactions. We will report it elsewhere. 
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