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Abstract:  In order to investigate compressive mechanical behaviors of rock materials after 8 

different heating-cooling treatments, in this paper, a series of uniaxial compressive experiments 9 

are carried out on red sandstone samples after various heating temperature (from 25℃ to 1000℃) 10 

and water cooling treatments (10℃) to obtain evolution laws of mechanical property. The 11 

evolution laws of peak strength, elastic modulus, primary wave velocity and micro-structure are 12 

analyzed in details. And for better reflecting compressive stress-strain behaviors of red sandstone 13 

after heating-cooling treatments, based on Caputo variable-order fractional calculus, considering 14 

strain correlation and constant strain loading rate, we propose a novel variable-order fractional 15 

constitutive model to describe stress-strain behaviors of red sandstone samples after 16 

heating-cooling treatments. The validation of proposed model is well verified and a comparative 17 

study between proposed variable-order fractional constitutive model and constant-order fractional 18 

constitutive model is performed to highlight the advantage of proposed model. The evolutions of 19 

mechanical characteristics are revealed by presented varying-order function related to strain and 20 

the influence of fitting parameters on stress-strain behaviors are also discussed for deeply 21 

comprehending compressive mechanical mechanism of red sandstone after heating-cooling 22 

treatments. 23 

Keywords: Red sandstone; Heating-cooling treatment; Compressive stress-strain behavior; 24 

Variable-order fractional constitutive model; Evolution of mechanical property  25 

1 Introduction 26 

  With development of green energy resource, geothermal energy has been recommended as an 27 

alternative clean energy with high reliability, low cost and environmentally friendliness that 28 

comparing to traditional energy (Lund et al. 2005; Zaigham and Nayyar 2010). Geothermal energy 29 

is generally stored in underground space with depth of 4-6 km and distributed in rock mass with 30 

high temperature (Bai et al. 2012; Feng et al. 2012; Richards et al. 1994). During the extraction of 31 

geothermal energy, heat-carrying fluid is a significant operation and the cold water is input in rock 32 

stratum and high temperature rock mass will encounter and be cooled rapidly, where hot dry rock 33 

within deep rock stratum is forced to cool and hot energy is released and applied (Chandrasek 34 

2010; Collin and Rowcliffe 2002). These high temperature water cooling actions will induce 35 

serious influence on physical and mechanical property of rock mass (e.g. weak of strength and 36 

instability of rock) (Peng et al. 2016; Zhang et al. 2014; Zhang et al. 2014). Therefore it is 37 

necessary and valuable to explore various mechanical property of rock subjected to high 38 

temperature and water cooling treatment. 39 

  For investigating the various mechanical characteristics of rock after high temperature or 40 

heating cooling treatment, much effort have been attached and numerous achievements have been 41 

obtained (Yang et al. 2020; Chen and Wang 1980; Carlos et al. 2011; Liu et al. 2020). Shao et al. 42 
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studied the effect of cooling rate on mechanical property of heated Strathbogie granite with 43 

different grain sizes (Shao et al. 2014). Zhang et al. explored the influence of mineral components 44 

within rock material on physical and mechanical property of rock (Zhang et al. 2016). The 45 

investigation of primary wave velocity of Yantai granite after thermal treatment were performed 46 

and Zhu et al. found the increasing of temperature will cause attenuation of primary wave velocity 47 

(Zhu et al. 2017). Hu et al. conducted a series of uniaxial and tri-axial tests on sandstone after high 48 

temperature treatment and its rheological property were also studied and modeled (Hu et al. 2019). 49 

The coupling effect of high-temperature and water-cooling on the rutting resistance of rock asphalt 50 

mixture is investigated and a Bayesian approach is constructed to model the dynamic stability and 51 

predict resistance of rock asphalt mixture (Ren et al. 2020). From these current researches, it can 52 

be demonstrated the mechanical property of rock material is deeply affected by different high 53 

temperature treatments and high temperature treatment will weaken strength, elastic modulus and 54 

primary wave velocity of rock material (Zhu et al. 2020). However, there are few studies related to 55 

rock after heating-cooling treatment and the corresponding researches of mechanical behavior also 56 

have been few focused. Heating-cooling treatment has been applied on rock materials to carry out 57 

uniaxial and tri-axial experiments and thermal mechanical parameters of treated rock were 58 

obtained (Zhang et al. 2017). And cyclic loading tests of rock after various heating-cooling 59 

treatments were also performed to achieve mechanical characteristics and deformation laws (Zhu 60 

et al. 2019).  61 

  For the current study of mechanical behavior of rock material after heating-cooling treatment, it 62 

should be noticed that very few researches were devoted to clarify and describe compressive 63 

mechanical behavior of rock materials after heating-cooling treatments. Thus, how to well model 64 

and depict stress-strain relationship of rock after heating-cooling treatment under compressive 65 

experiments is a main purpose in this study. The description of stress-strain behavior of material 66 

has employed many mathematic methods (Kong et al. 2018; Tang et al. 2000; Liu et al. 2020). A 67 

mechanical model based on Weibull distribution was proposed by K. Weddfelt to study the bearing 68 

capacity and crack propagation of hard rock (Weddfelt et al. 2017). Fu et al. introduced Cauchy 69 

rotation equation to model axial compressive behaviors of layered rock (Fu et al. 2018). But it is 70 

well-known that the mechanical property of rock material is varying with time when these were 71 

subjected to different heating-cooling treatments. For describing these varying mechanical 72 

behaviors, variable-order fractional calculus is introduced and applied in depiction of stress-strain 73 

relationship due to its strong time-memory characteristics. And the application of variable-order 74 

fractional calculus in modeling stress-strain relationship has appeared in study of polymer 75 

materials (Meng et al. 2016; Meng et al. 2019). Meng et al. proposed a variable-order fractional 76 

model to describe strain softening and hardening behavior of polymer material and a linear 77 

varying-order function was also presented (Meng et al. 2019). The tensile and shear behaviors of 78 

sintered nano-silve paste were reflected by variable-order fractional model that proposed by Cai et 79 

al (Cai et al. 2020). Hence, based on the advantages of variable-order fractional calculus in 80 

modeling stress-strain behaviors of materials, in this study, based on variable-order fractional 81 

theory and strain correlation of deformation, a novel variable-order fractional constitutive model 82 

will be proposed to describe varying stress-strain relationship of rock after different 83 

heating-cooling treatments.  84 

  And considering to above statements, the outline of this paper is illustrated as follows. Section 2 85 

introduces a series of compressive experiments that carried out on red sandstone samples after 86 
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various heating-cooling treatments and the variations of elastic modulus, peak strength and 87 

primary wave velocity were also analyzed in details. In section 3, a novel variable-order fractional 88 

constitutive model related to strain is proposed and its applicability and validation in experimental 89 

stress-strain data of red sandstone samples after heating-cooling treatments will be verified. And in 90 

section 4 the sensitivity of fitting parameters is discussed and the evolution mechanisms of 91 

mechanical property of treated samples are revealed. Finally, several conclusions will be drawn.     92 

2 Uniaxial compressive experiments 93 

2.1 Experimental samples, program and apparatus 94 

  The red sandstone experimental samples are selected from Liuyang mountain area of Hunan 95 

province, China. Cylindrical samples were drilled from full red sandstone rock mass without 96 

obvious cracks and fracture on surface, whose size are 100 mm in height and 50 mm in diameter. 97 

In accordance with the standard requirements of International Society of Rock Mechanics [31], the 98 

parallelism and surface fatness are controlled within ±0.05 mm and ±0.02 mm, respectively. As 99 

displayed in Fig. 1, for ensuring the uniformity of initial samples, a series of primary wave 100 

(P-wave) velocity tests were performed on initial red sandstone samples to select 30 experimental 101 

samples with consistent mechanical property. Then the selected initial red sandstone samples are 102 

heated to 200, 300, 400, 500, 600, 700, 800, 900 and 1000℃ with a rising rate of 5°C/min by 103 

industrial muffle furnace and then the target temperature will be kept for 4h. After continuous 104 

heating treatments on samples, the heated red sandstone samples will be cooled by water without 105 

air in glass container with a volume of 50L for 2h until arriving at set temperature of 10℃. 106 

Different target heating temperature symbols different cooling rate and by monitoring cooling rate 107 

of each heated samples, the average cooling rate approaches to 20℃ min⁄ , which is greater than 108 

previous results in Chaki’s researches (Franklin et al. 1979). For each group of red sandstone 109 

samples after heating-cooling treatment, we have prepared three samples under same 110 

heating-cooling treatment to insure the reliability of experimental results. The used experimental 111 

apparatus is uniaxial-triaxial compressive experimental system in State Key Laboratory for 112 

Geomechanics and Deep Underground Engineering and the all testing procedures are controlled 113 

automatically by PC software. During the uniaxial compressive tests, the loading style is set as 114 

strain loading with constant strain rate of 0.003mm s⁄  until failing sample. 115 

 

 

Fig. 1 Experimental initial red sandstone samples and red sandstone samples after heating-cooling 

treatment 

Initial red 

sandstone samples 

Red sandstone samples 

after high temperature 

water cooling 

Dark red Red White 
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As shown in Fig. 1, we can see with an increase in temperature under same cooling conditions, 116 

there are gradually much white fine particles on the surface of red sandstone samples, possibly 117 

changing of mineral composition induced by heating-cooling treatment. And the color of each 118 

treated sample exhibits the transformation of dark red, red and white. In order to explore the 119 

influence of different heating-cooling treatments on microstructure evolutions of red sandstone 120 

samples, a series of scanning electron microscopy (SEM) tests were conducted on each 121 

experimental sample and for simplifying analysis of effect of different heating-cooling treatments 122 

on sample, the red sandstone samples that subjected to 25, 200-10, 400-10, 600-10, 800-10 and 123 

1000-10℃ are selected as analyzed examples. It can be observed in Fig. 2(a) that there is a little 124 

number of initial cracks within the sample at room temperature with 25℃, which indicates initial 125 

red sandstone sample has almost complete microstructure. And when the sample is heated to 200℃ 126 

and cooled to target temperature with 10℃, there are small number of micro-cracks and particles 127 

generated on the surface of sample where in the weak junction of aperture and it symbols the 128 

effect of heating-cooling treatment has appeared. With an increase in temperature of 400 and 129 

600℃, not only there are a large quantity of micro-cracks generating, but also long cracks within 130 

apertures begin to connect and penetrate each other. And when the heated temperature arrives at 131 

800 and 1000℃, due to the softening effect of montmorillonite in water resulted by high 132 

temperature water cooling, the relatively complete structure of initial sample is divided into small 133 

particle with clear cracks by the trans-granular cracks, which will induce the weaken of strength of 134 

red sandstone sample.     135 

  

(a) (b) 

  

(c) (d) 
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(e) (f) 

Fig. 2 SEM electro images of red sandstone samples after various heating-cooling treatments with 

25, 200-10, 400-10, 600-10, 800-10 and 1000-10℃ 

2.2 Axial experimental stress-strain curves 136 

 

Fig. 3 Total stress-strain curves of red sandstone after different heating-cooling treatments 

  For exploring the influence of different heating-cooling treatments on axial stress-strain 137 

behaviors of red sandstone samples, the self-developed uniaxial and tri-axial experimental system 138 

by SKLGDUE was employed and its vertical loading pressure can arrive at 2000kN. In order to 139 

eliminate testing errors of each treated sample, three prepared samples under same treated 140 

conditions were tested and the average value of mechanical parameters of three prepared samples 141 

is calculated as analyzed value. As shown in Fig. 3, it presents general stress-strain mechanical 142 

behaviors of red sandstone samples under 10 kinds of heating-cooling treatment. At the beginning 143 

of initial heating-cooling treatment, the evolutions of stress-strain curves exhibit relatively 144 

consistent tendency. But with rising of heated temperature, it can be seen the development of 145 

compaction stage of sample needs more time and when it enters the status of heated temperature 146 

with 700, 800, 900 and 1000℃, the peak strength will appear a sudden drop, which can be 147 

accounted for that high temperature water cooling reduces the components of quartz and clay 148 

minerals within red sandstone samples and the great ductility resulted by bonding force inside 149 

sample rising down.  150 

  And Fig. 4 presents variations between peak strength of treated red sandstone sample and 151 
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different heating-cooling treatments. It is demonstrated that the peak strength of sample will be 152 

upgraded by heating-cooling treatment and then it will decrease with an increase in heated 153 

temperature, which is same as other previous study (Zhang et al. 2014; Shao et al. 2014). That 154 

may be interpreted that during the initial heating-cooling process, the corresponding 155 

heating-cooling treatment will reduce viscous substance and eliminate relative sliding inside rock 156 

material. And with processing of heating-cooling treatment on sample, the effect of temperature 157 

impaction that induced by heating-cooling will cause much developments of initial cracks within 158 

rock and the rising down of peak strength will appear. The maximum peak strength is 91.430 MPa 159 

that corresponding to heating temperature of 500℃ and cooling temperature of 10℃. From this 160 

peak point, peak strength will decrease sharply until arriving at 40.569 MPa, which symbols for 161 

this specific red sandstone, heating-cooling treatment of 500-10℃ is a critical temperature 162 

condition and peak strength of red sandstone can be enhanced or weakened by heating-cooling 163 

treatment.   164 

 

Fig. 4 Variation of peak strength of red sandstone after different heating-cooling treatments 

2.3 Effect of heating-cooling treatment on elastic modulus and primary wave velocity  165 

 

Fig. 5 Variations of elastic modulus of red sandstone after different heating-cooling treatments 
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the evolutions of average tangent modulus, i.e., elastic modulus of red sandstone samples that 169 

subjected to different heating-cooling treatments (25, from 200-10 to 1000-10℃) are illustrated 170 

and 𝐸! increases with temperature until arriving at 300℃ and then it decreases with an constant 171 

rate, whose changes correspond to evolutions of compaction stages of each treated samples. 172 

Meanwhile, it is well-known that the P-wave velocity is closely related to elastic modulus (Zhang 173 

et al. 2017) and we can see in Fig. 6 that the evolutions of P-wave velocity under different 174 

heating-cooling treatments are well agreement with variations of elastic modulus. 175 

 

Fig. 6 Evolution of P-wave velocity of red sandstone after different heating-cooling treatments 

3 Modelling stress-strain relationship of red sandstone after heating-cooling treatment   176 

3.1 Variable-order fractional stress-strain model 177 

In this section, a well-known viscoelastic constitutive model is introduced, which was proposed 178 

by Smit and Vries (Smit and Vries 1970)  179 σ(𝑡) = 𝐸𝜏"𝐷"𝜀(𝑡) (1) 

where σ(𝑡) , 𝜀(𝑡) , 𝐸  and 𝜏  represent stress, strain, elastic modulus and relaxation time, 180 

respectively, 𝐷"  is constant-order fractional calculus. And when 𝛼 = 0 , Eq. (1) denotes 181 

stress-strain relationship of pure elastic solid body. When 𝛼 = 1, Eq. (1) characterizes pure 182 

viscosity fluid body. If 0 < 𝛼 < 1, Eq. (1) can be used to describe mechanical behaviors of 183 

viscoelastic materials. However, during the continuous deformation of material, the mechanical 184 

property within material is varying with time or space. Corresponding to these variations, 185 

variable-order fractional calculus is presented to reflect changing mechanical behaviors.  186 

  In recent years, variable-order fractional calculus has obtained much achievement and there are 187 

many kinds of variable-order fractional calculus with different definitions (Ross and Samko 1995; 188 

Mainardi 2010). In this study, for matching continuous viscoelastic deformation between 0 and 1, 189 

the variable-order fractional calculus that proposed by Coimbra (Coimbra 2003) is introduced, 190 

whose order 𝛼 is assumed as 𝛼(𝑡). And considering to time yields, the actual expression for 0 <191 𝛼(𝑡) < 1 is defined   192 

𝐷"($)𝑓(𝑡) = 1Γ[1 − 𝛼(𝑡)]9 (𝑡 − 𝜃)&"($)𝐷'𝑓(𝜃)𝑑𝜃$

!!
+ [𝑓(0() − 𝑓(0&)]𝑡&"($)Γ⌊1 − 𝛼(𝑡)⌋  (2) 

where 𝛼(𝑡) is varying-order function related to time, stress, strain, relaxation time and so on. 193 

Among, the definition of Euler gamma function is expressed (Coimbra 2003)  194 

Γ(𝑡) = 9 𝑒&)𝜃$&'𝑑𝜃$

!

 (3) 
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  By combining Eq. (2) and Eq. (1), Eq. (1) can be rewritten as Eq. (4). 195 σ(𝑡) = 𝐸𝜏"($)𝐷"($)𝜀(𝑡) (4) 

  And then the variable-order fractional expression of strain 𝐷"($)𝜀(𝑡) within Eq. (4) can be 196 

obtained 197 

𝐷"($)𝜀(𝑡) = 1Γ[1 − 𝛼(𝑡)]9 (𝑡 − 𝜃)&"($)𝐷'𝜀(𝜃)𝑑𝜃$

!!
+ [𝜀(0() − 𝜀(0&)]𝑡&"($)Γ⌊1 − 𝛼(𝑡)⌋  (5) 

  It can be demonstrated that during the uniaxial compression experiments, when vertical strain 198 

loading function is set as 𝜀(𝑡) = 𝑎𝑡, the Eq. (5) can be formulated 199 

𝐷"($)𝜀(𝑡) = 𝑎Γ[1 − 𝛼(𝑡)]9 (𝑡 − 𝜃)&"($)𝑑𝜃$

!!
= 𝑎𝑡'&"($)Γ[2 − 𝛼(𝑡)] (6) 

where 𝑎 represents strain rate. In this study, 𝑎 is vertical loading rate, i.e., 𝑎 = 0.003𝑚𝑚 𝑠⁄ .  200 

  Then the Eq. (6) is substituted into Eq. (4) and the stress-strain constitutive model can be 201 

derived as follows: 202 

σ(𝑡) = 𝐸(𝑎𝜏)"($) 𝜀(𝑡)'&"($)Γ[2 − 𝛼(𝑡)] (7) 

3.2 Determination of varying-order function 203 

  In order to better employ proposed variable-order fractional constitutive model to depict 204 

stress-strain relationship of rock material under different experimental conditions in next section, 205 

how to determine a reasonable varying-order function within proposed model is significant. It is 206 

well-known that the total deformation process of rock material can be regarded as an evolution of 207 

viscoelastic plasticity. As mentioned in previous researches (Koeller 1984; Zhou et al. 2011), 208 

fractional order α that varying from 0 to 1 can be used to reflect viscoelastic behaviors of 209 

material, which characterize the transformation between ideal elastic body and viscous fluid body. 210 

And for the description of viscoplasticity of material, as said in theory of shear thinning (Yin et al. 211 

2012; Meng et al. 2019), fractional order α that exceeding to 1 can be used to describe plastic 212 

behavior of material. Based on above stated, in this study, the total compressive deformation 213 

process of rock material is divided as two parts, i.e., pre-peak stage and peak post stage, that is 214 

shown in Fig. 7.  215 

 

Fig. 7 Segment of total compressive deformation process of rock material  
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with exponential form is determined, which is related to time-varying strain, that is expressed as 218 

Eq. (8). And in terms of determination of varying-order function, it can be interpreted that with an 219 

consumption in full viscosity of material, the ability of resisting to deformation of material is 220 

gradually weaken, this attenuation that from 1 to 0 can be characterized by classical exponential 221 

function, i.e., α(𝜀) = 𝑒&"($)"& . Then considering to peak post stage of compressive deformation, 222 

corresponding to fractional order α  exceeding to 1, a varying-order function with same 223 

exponential form is assumed, i.e., α(𝜀) = 𝑒"($)"' . Finally, in conjunction of constitutive model (Eq. 224 

(7)) and presented varying-order function (Eq. (8)), a novel variable-order fractional constitutive 225 

model related to strain is formulated as Eq. (9). And in next section, its applicability and validation 226 

will be verified by stress-strain experimental data of red sandstone after heating-cooling treatment.      227 

α(𝜀) = G𝑒&*($)*& , 0 ≤ 𝜀(𝑡) ≤ 𝜀+𝑒*($)*' ,												𝜀(𝑡) > 𝜀+ (8) 

where α(𝜀) is varying-order function related to strain, 𝜀+ is peak strain, 𝜀! and 𝜀' represent 228 

controlling strain parameters within pre-peak stage and peak post stage, respectively.  229 

σ(𝑡) = 𝐸(𝑎𝜏)"(*) 𝜀(𝑡)'&"(*)Γ[2 − 𝛼(𝜀)] (9) 

3.3 Model validation and comparison 230 

  

(a) (b) 

Fig. 8 Comparisons among experimental stress-strain curve, predicted curves of proposed 

variable-order fractional model and constant-order fractional model. And variations between and 

varying-order function and strain. a) Comparisons and variations of red sandstone under normal 

temperature with 25℃; b) Comparisons and variations of red sandstone after heating 200℃ and 

cooling 10℃ treatment  

  In order to verify the applicability of proposed variable-order fractional constitutive model, in 231 

this section, based on obtained stress-strain experimental data of red sandstone after 232 

heating-cooling treatment, a series of model validations are performed and the related analysis of 233 

evolution of varying-order function are also given. Fig. 8 illustrates comparisons among 234 

experimental stress-strain curves of red sandstone samples with 25℃ and 200-10℃, predicted 235 

curve by proposed variable-order fractional model and predicted curve by constant-order 236 

fractional model. It should be noted due to the consistent well agreements of fitting results for 237 

experimental data, the experimental samples with 25℃ and 200-10℃ are selected as analyzed 238 
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examples. It can be obtained in Fig. 8(a) that the experimental stress-strain data is well 239 

correspondence with proposed variable-order fractional model and the constant-order fractional 240 

model is inconsistent with experimental stress-strain data. There are obvious differences between 241 

proposed variable-order fractional model and constant-order fractional model that displayed in Fig. 242 

8(b).  243 

And what need to be highlighted is evolution of varying-order function and its corresponding 244 

interpretation. We can see with growth of strain, when time-varying strain is less than peak strain 245 𝜀+, varying-order function will decay from 1 to 0, which can be interpreted the full viscosity of 246 

material, that characterized by varying-order function equaling to 1, will be consumed to resist 247 

deformation and the changes of mechanical property can be exhibited by presented varying-order 248 

function related to strain, these mentioned are similar to previous study (Cai et al. 2020; Liu and 249 

Li 2020). Meanwhile, when concentrating to peak post stage, by referring from other researches 250 

(Liu and Li 2020; Zhang et al. 2015), for better describing plastic evolution and strain softening 251 

behavior, a varying-order function that greater than 1 with exponential form is established. And 252 

the presented varying-order function within peak post stage varies from 1 to 2, which is same as 253 

previous researches of soft rock and polymer materials (Liu and Li 2020; Zhang et al. 2015). Last 254 

but not least, the evolution of mechanical property of red sandstone after heating-cooling 255 

treatment can be well characterized by proposed variable-order fractional constitutive model and 256 

the presented varying-order function is valuable in description of dynamic mechanical property. 257 

Finally, Fig. 9 illustrates other comparisons of red sandstone samples after eight kinds of 258 

heating-cooling treatments and similar conclusions can be achieved from above mentioned. And 259 

the related fitting parameters of proposed variable-order fractional constitutive model based on 260 

experimental data are given in Tab. 1. 261 
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(c) (d) 

  

(e) (f) 

  

(g) (h) 

Fig. 9 Comparisons among experimental stress-strain curve, predicted curves of proposed 

variable-order fractional model and constant-order fractional model. And variations between and 

varying-order function and strain. a) Comparisons and variations of red sandstone after heating  

and cooling treatment of 300-10℃; b) That of red sandstone after 400-10℃; c) That of red 

sandstone after 500-10℃; d) That of red sandstone after 600-10℃; e) That of red sandstone after 

700-10℃; f) That of red sandstone after 800-10℃; g) That of red sandstone after 900-10℃; h) 

That of red sandstone after 1000-10℃. 

Table. 1 Fitting parameters of proposed variable-order fractional constitutive model 262 

Style 𝐸!/GPa 𝜏! 𝜀! 𝐸'/GPa 𝜏' × 10, 𝜀' 

25℃ 127.8 0.0184 0.0130 1.3287 5.9106  

200-10℃ 100.4 45.65 0.1777 3.3329 3.8112 1.2886 

300-10℃ 170.6 70.15 0.0344 18.587 0.2235 1.9343 

400-10℃ 80.01 267.9 1.4380 3.6191 8.0798 4.7618 

500-10℃ 65.21 289.0 1.7000 3.2471 1.0259 2.6035 

600-10℃ 72.85 3.771 0.5493 3.6239 5.0129 3.1405 

700-10℃ 84.54 39.99 0.9649 5.3354 4.0884 3.0245 

800-10℃ 95.64 118.3 1.3110 0.1934 2.3616 3.0710 

900-10℃ 28.46 993.3 1.4940 3.6775 3.1849 3.5050 

1000-10℃ 28.13 1897 16.010 0.0742 3.6676 4.2385 

3.4 Analysis of sensitivity of parameters 263 
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(a) (b) 

Fig. 10 Effect of elastic modulus 𝐸! and 𝐸' on stress-strain relationships of pre-peak stage and 

peak post stage 

  From the above comparisons between experimental stress-strain data and proposed 264 

variable-order fractional model, it can be observed the proposed constitutive model is well 265 

agreement with experimental data. Corresponding to pre-peak stage and peak post stage, there are 266 

six divided fitting parameters of proposed variable-order fractional constitutive model with 267 

piecewise varying-order function, i.e., 𝐸! , 𝜏! , 𝜀! , 	𝐸' , 𝜏'  and 𝜀' . For better clarifying the 268 

influence of fitting parameters on stress-strain behaviors, a series of analysis of sensitivity of 269 

fitting parameters were performed on selected sample of 200-10℃. It is illustrated in Fig. 10 that 270 

the effect of elastic modulus 𝐸! and 𝐸' on stress-strain behavior of red sandstone sample. For 271 

the pre-peak stage in Fig. 10(a), the increasing of 𝐸! will upgrade its peak strength and elastic 272 

deformation and the variations of 𝐸! has no effect on initial compaction stage. Likewise, in Fig. 273 

10(b), the alterations of 𝐸' only change stress value and have no influence on tendency of 274 

stress-strain curve of peak post stage. 275 

  

(a) (b) 

Fig. 11 Effect of relaxation time 𝜏! and 𝜏' on stress-strain relationships of pre-peak stage and 

peak post stage 

And considering to effect of relaxation time 𝜏! and 𝜏' on stress-strain curves, Fig. 11(a) 276 

presents with an increase in relaxation time 𝜏!, the influence of 𝜏! on peak strength is little, but 277 

it reduces the length of compaction stage. And it is similar as phenomenon in Fig. 10(b), Fig. 11(b) 278 

shows the rising of relaxation time 𝜏' only upgrade the position of stress-strain curve of peak 279 
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post stage and it has no obvious effect on evolution of stress-strain curve. Nevertheless, when 280 

concentrating on controlling strain parameter 𝜀! and 𝜀' within pre-peak stage and peak post 281 

stage, in Fig. 12(a), the influence of controlling strain 𝜀! on stress-strain behavior is same as 282 

displayed in Fig. 10(a) and Fig. 11(a). It is worth noting that the variations of 𝜀' has prominent 283 

effect on stress-strain curve of peak post stage. When 𝜀' rises down, the peak strength is still 284 

invariant, but decreasing rate of stress rises up gradually. And it is noticeable that the decreasing of 285 𝜀'	 will keep last strength of peak post stage constant and reduce the peak strength of treated 286 

sample. The decreasing rate of stress will rise down gradually with an increase in controlling 287 

strain 𝜀'. In short, based on above discussions on sensitivity of parameters, it can be concluded 288 

that elastic modulus and relaxation time have obvious effect on peak strength and controlling 289 

strain parameter will induce peak strength and evolution characteristics of stress-strain curve 290 

within peak post stage, which will provide references for interpreting deformation mechanism of 291 

total stress-strain curve under compressive experiments. 292 

  

(a) (b) 

Fig. 12 Effect of strain controlling parameter 𝜀! and 𝜀' on stress-strain relationships of pre-peak 

stage and peak post stage 

4 Discussions 293 

  The main mineral composition of red sandstone includes clastic and clay minerals, e.g., quartz, 294 

feldspar, montmorillonite and illite etc. When red sandstone is subjected to water, the clay 295 

minerals within red sandstone are easy to disintegrate and soften quickly, which is the main factor 296 

affecting mechanical property of red sandstone. Different high temperature treatments will cause 297 

variations of thermal expansion and contraction coefficient of mineral particles within rock itself, 298 

which will lead to thermal stress due to disharmony of thermal deformation. When thermal stress 299 

resulted by high temperature heating exceeding to tensile yield strength of crystal particles, 300 

numerous micro-cracks will be developed and the internal structure of rock mass will be destroyed 301 

(Zhu et al. 2020). Subsequently, thermal rupture will be induced and affect mechanical property. 302 

During the processing of rising temperature, the interlayer water, crystal water and structural water 303 

within rock mass will be taken off and even decomposed and then a specific mineral composition 304 

with little water or no water is formed, which will weaken physical and mechanical property of 305 

rock (Zhang et al. 2015). Then when the rock after high temperature treatment is subjected to 306 

water for cooling rapidly, thermal shock that resulted by rapid cooling will cause temperature 307 

gradient inside rock mass, which is greater than that leaded by supplying steady heated flow. And 308 

the micro-cracks surrounding crystal particles will extend and penetrate and then run though the 309 
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whole rock sample by rapid water cooling impaction and at last, it can be concluded the surface of 310 

rock is intact and a large number of cracks and fissures have been produced inside rock mass. In 311 

short, the changes of physical and chemical, e.g., microstructure, mineral composition and growth 312 

of cracks, after heating-cooling treatment is the main reason for weakness and damage of 313 

mechanical property of rock mass. 314 

5 Conclusions 315 

  For studying compressive mechanical property of red sandstone after heating-cooling 316 

treatments including ten kinds of high temperature, a series of compressive experiments were 317 

carried out and corresponding elastic modulus, peak strength and primary wave velocity were also 318 

analyzed. And in order to better describe compressive stress-strain behavior of red sandstone after 319 

different heating-cooling treatments, a variable-order fractional constitutive model was proposed 320 

and its applicability and validation have been verified by experimental data. Several detailed 321 

conclusion are expressed as follow. 322 

(1) A series of compressive experiments were conducted on red sandstone samples after 323 

heating-cooling treatments to investigate evolution of mechanical property. Peak strength of 324 

treated red sandstone samples exhibit increasing and then decreasing with heating temperature 325 

and it will arrive at maximum peak strength with heating temperature of 500℃. The evolution 326 

laws of elastic modulus are same as that of p-wave velocity. Both experience short increase 327 

and then decrease with an increase in heating temperature. 328 

(2) The compressive stress-strain behaviors exhibit various distributions and especially in 329 

compaction stage, high temperature water cooling will induce the growth of compaction stage 330 

of treated samples. For better depicting stress-strain behaviors, based on variable-order 331 

fractional calculus, considering strain correlation and constant loading strain rate, a 332 

variable-order fractional constitutive model is proposed with clear physical meaning and 333 

expressions. The applicability and validation of proposed variable-order fractional constitutive 334 

model have been verified by obtain experimental stress-strain data. 335 

(3) By comparing constant-order fractional constitutive model, the advantage of proposed 336 

variable-order fractional model is highlighted and it is well agreement with experimental data. 337 

Then the varying-order function related to strain is presented and the variation of 338 

varying-order function is used to exhibit the evolution of mechanical property. Finally, the 339 

sensitivity of fitting parameters is analyzed and the effect of elastic modulus, relaxation time 340 

and controlling strain on stress-strain behaviors is illustrated. The damage mechanism of 341 

heating-cooling treatment on red sandstone is discussed from the micro-structure in details. 342 
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Figures

Figure 1

Experimental initial red sandstone samples and red sandstone samples after heating-cooling treatment



Figure 2

SEM electro images of red sandstone samples after various heating-cooling treatments with 25, 200-10,
400-10, 600-10, 800-10 and 1000-10



Figure 3

Total stress-strain curves of red sandstone after different heating-cooling treatments



Figure 4

Variation of peak strength of red sandstone after different heating-cooling treatments



Figure 5

Variations of elastic modulus of red sandstone after different heating-cooling treatments



Figure 6

Evolution of P-wave velocity of red sandstone after different heating-cooling treatments



Figure 7

Segment of total compressive deformation process of rock material



Figure 8

Comparisons among experimental stress-strain curve, predicted curves of proposed variable-order
fractional model and constant-order fractional model. And variations between and varying-order function
and strain. a) Comparisons and variations of red sandstone under normal temperature with 25; b)
Comparisons and variations of red sandstone after heating 200 and cooling 10 treatment

Figure 9



Comparisons among experimental stress-strain curve, predicted curves of proposed variable-order
fractional model and constant-order fractional model. And variations between and varying-order function
and strain. a) Comparisons and variations of red sandstone after heating and cooling treatment of 300-
10; b) That of red sandstone after 400-10; c) That of red sandstone after 500-10; d) That of red
sandstone after 600-10; e) That of red sandstone after 700-10; f) That of red sandstone after 800-10;
g) That of red sandstone after 900-10; h) That of red sandstone after 1000-10.

Figure 10

Effect of elastic modulus E_0 and E_1 on stress-strain relationships of pre-peak stage and peak post
stage

Figure 11



Effect of relaxation time τ_0 and τ_1 on stress-strain relationships of pre-peak stage and peak post stage

Figure 12

Effect of strain controlling parameter ε_0 and ε_1 on stress-strain relationships of pre-peak stage and
peak post stage


