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Abstract In this paper, the mechanism for estimation of the sensor and ac-
tuator faulty control problem for the class of nonlinear systems is investigated.
The Lipschitz conditions and system uncertainties are also considered. By im-
plementing the sliding mode observer (SMO) method, initially, we introduced
the transformation scheme to make the system rational. In which, we split our
system into two parts such that the actuator fault function has only happened
in the second state vector of nonlinear dynamics. Based on the Lyapunov sta-
bility theory and appropriate inequality, some sufficient criteria in the form
of linear matrix inequalities are obtained to ensure the bounded stability for
the prescribed H∞ performance level. In addition, the designed algorithm for
actuator fault is further applied for the sensor fault.

Keywords Sliding mode observer · Lipschitz conditions · Fault diagnosis
and estimation.

1 Introduction

The study of fault isolation and detection (FID) has developed rapidly in
recent years due to the reliability of the satellite formation system and the
growing demand for security. Naturally, the nonlinear control problem for d-
ifferent dynamics system is always a hot-topic and has attracted compelling
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attention from scholars, see [1], [2], [3], [4] and [5] and the references therein.
In past years, the developed methodologies of FDI basically can be grouped
into three fundamental classifications: model-based FDI [6], information based
FDI techniques [7], and signal-based FDI [8]. With the improvement of com-
puterized PCs and framework identification procedures, eyewitness based FDI
strategies, which fall into the class of model-based FDI, has been a signifi-
cant exploration point recently. The essential thought of the observer-based
FDI approaches is to by and large contrast the real framework’s behavior and
the anticipated or evaluated behavior dependent on its scientific model. The
distinctions of these practices, referred to as residuals, are utilized for fault-
detection. An alert is activated when the residuals surpass some predefined
threshold values, which infers the occurrence of any fault. In any case, the
accomplishment of this sort of method straightforwardly identifies with the
mathematical model, which in all actuality is certifiably not an ideal portrayal
of the framework. As a result, any disparities between the framework and the
model, which show up as framework uncertainties in the model, can cause a
deceptive alert and make the FDI ineffectual. In this way, there is a require-
ment for a robust FDI which is sensitive to faults but insensitive toward model
uncertainties.
Sliding mode hypothesis has been perceived as a promising robust control way
to deal with stand up to uncertain frameworks. In [9], an discontinuous ob-
server methodology has been utilized where the blunder between the evaluated
and estimated yields is compelled to show a sliding mode and the impacts of
estimation noises are diminished. In [10], a Lyapunov-based methodology has
been utilized to define an observer structure where asymptotic stability can be
acquired under specific suppositions within the sight of limited nonlinearities
or uncertainties. The use of SMOs for robust FDI has been concentrated widely
and many structure techniques have been created in numerous investigations.
In [11], an observer was designed with the end goal that within the sight of
a fault the sliding motion was annihilated. In [12], a SMO was created to
recreated actuator faults by utilizing the purported equal yield infusion under
specific conditions. Later it was stretched out to sensor fault reproduction in
[13]. Notice that the fault reproduction appeared in [12,13] was distinctly for
linear frameworks without uncertainties. When there are uncertainties, [14]
gives a FDI plan to linear frameworks by limiting the L2 gain between the
uncertainty and the fault recreation signal. The conditions that ensure aggra-
vation decoupled deficiency remaking were examined in [15]. For nonlinear
frameworks, the synthesis and computation of the switching gain of the S-
MO are considerably more troublesome. Reference [16] introduced a adaptive
strategy to refresh the sliding mode observer gain for neutralizing uncertain-
ty, so the upper bound of the uncertainty was not required. In [17], banks
of observers were intended to disconnect actuator faults for both linear and
nonlinear frameworks. Reference [18] understood the fault estimation for Lip-
schitz nonlinear frameworks with uncertainties under the fulfillment of certain
exacting geometric states of the deficiency and uncertainty distribution ma-
trices. A LMI method was utilized to finish the design of the SMO. A robust
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SMO design with H
∞

performance execution was introduced in [19] where
both actuator faults and unsettling influences were thought of. In [20], a non-
linear state estimator dependent on sliding mode hypothesis was proposed for
open-circle steady or closed-loop stabilized frameworks that work under exact-
ing nonlinear delectability conditions. In [21], an adaptive law was integrated
into the SMO structure to such an extent that the proposed observer can deal
with the situation where the Lipschitz constant is unknown or huge.
The primary contributions and innovations of this work are elaborated as fol-
lows:

– Using the Lipschitz conditions, SMO-based scheme is constructed to es-
timate actuator faults of nonlinear systems, and furthermore enhance for
the estimated sensor faults.

– Different from the existing literature [22, 23], this work examines under
the structure of uncertainty for FDI problem.

– Effective LMIs are presented in the response of [22], where how and choose
the values of parameters to fulfill the Lyapunov theory and matching sta-
bility condition simultaneously. Furthermore, the matching conditions are
formulated into LMIs for the minimization problem. Therefore, an approx-
imate solution is presented in this article.

2 Preliminaries and Problem Formulation

Let suppose the nonlinear system described by
{
ṁ(t) = Am(t) + B(u(t) + ga(t)) +Wg(m, t) + E∇Ψ(t),
y(t) = Cm(t) + Dgs(t)

(1)

where m(t) ∈ Rn, y(t) ∈ Rp and u(t) ∈ Rm presented by state-variables,
output and control input respectively. While on the other side, gs(t) ∈ Rq

and ga(t) ∈ Rm denoted by the sensor faults and actuator fault of a vector,
respectively. The unknown bounded uncertainties was presented by ∇Ψ(t) and
the nonlinear continuous term g(m, t) ∈ Rn is supposed to be known. A, B, C,
D, E, and W are known constant matrices with B and D being of full rank.

Before going to the main theorems of this paper, the following assumptions
are given:

Assumption 1 rank(CB) = rank(B).

Assumption 2 For the nonlinear function F (m, t) is Lipschitz about “m”
uniformly, that is, ∀m, m̂ ∈ Rn

∥ F (m, t)− F (m̂, t) ∥≤ Lf ∥ m− m̂ ∥, (2)

where Lf is known as Lipschitz constant.

Assumption 3 In the formation of fault structure, actuator fault ga(t) fulfills
∥ ga(t) ∥≤ δa, while the sensor fault gs(t) is differentiable after its occurrence,
and ġs(t) belongs to ℓ2[0,∞).
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Remark 1 It is worth mentioned that we present the general form of the sensor
faults according to the (3). According to this, we can considered unbounded
sensor fault in this paper can be unbounded, which is more practicable as
compared to the previous papers, for example in [24], and [25], where sensor
faults have some certain limitations.

Lemma 1 At this stage, we will use the Assumption 1 for the existing of state
and output transformations:

ℵ = col{ℵ1,ℵ2} = T

[
m1(t)
m2(t)

]

Φ = col{Φ1, Φ2} = S

[
y1(t)
y2(t)

]

(3)

where ℵ1 ∈ Rm and Φ1 ∈ Rm, such that in the new transformation system,
the matrices of the plant become

[
TAT−1 TB TE

SCT−1 TW SD

]

=







[
A1 A2

A3 A4

] [
B1

0

] [
E1

E2

]

[
C1 0
C3 0

] [
W1

W2

] [
0
D2

]







(4)

where T = col{T1,T2} ∈ Rn×n, S = col{S1, S2} ∈ Rp×p,T1 ∈ Rm×n, S1 ∈
Rm×p,ℵ1 ∈ Rm, Φ1 ∈ Rm,A1 ∈ Rm×m,A4 ∈ R(n−m)×(n−m),B1 ∈ Rm×m,E1 ∈
Rm×r,C1 ∈ Rm×m,C4 ∈ R(p−m)×(n−m),D2 ∈ R(p−m)×q,W1 ∈ Rm×j. Fur-
thermore, B1, and C1 are invertible. However, the system (1) is transformed
into new co-ordinate system:

{

ℵ̇1 = A1ℵ1 + A2ℵ2 +W1g(T
−1ℵ, t) + B(u+ ga(t)) + E1∇Ψ(t),

Φ1 = C1ℵ1
(5)

{

ℵ̇2 = A3ℵ1 + A4ℵ2 +W2g(T
−1ℵ, t) + E2∆ψ,

Φ2 = C4ℵ2 + D2gs(t)
(6)

According to the subsystem (6), if we select sensor faults gs(t) as auxiliary
states, then an resultant system can be obtained as:

{
˙̄ℵ2 = Ā4ℵ̄2 + Ā3ℵ̄1 + W̄2g(T

−1ℵ, t) + Ē2∆ψ + Ēġs,
Φ2 = C̄4ℵ̄2

(7)

where

ℵ̄2 = col{ℵ2, gs(t)} ∈ Rn+q−m, A4 = diag{Ā4, 0} ∈ R(n+q−m)×(n+q−m)

Ā3 = col{A3, 0} ∈ R(n+q−m)×m, W̄2 = col{W2, 0} ∈ R(n+q−m)×j

Ē2 = col{E2, 0} ∈ R(n+q−m)×r, Ē = col{0, Iq} ∈ R(n+q−m)×q

C̄4 =
[
C4 D2

]
∈ R(p−m)×(n+q−m) (8)

Accordingly, System (5) can be rewritten as
{

ℵ̇1 = A1ℵ1 + Ā2ℵ̄2 +W1g(T
−1ℵ, t) + B(u+ ga(t)) + E1∆ψ,

Φ1 = C1ℵ1
(9)

where Ā2 = col{A2, 0}
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3 Construction of Observers

Let considered the system (7), we designed the following SMO :






˙̂ℵ1 = A1ℵ̂1 + Ā2
ˆ̄ℵ2 +W1g(T

−1ℵ̂, t) + B1(u+ ϕ)

+ (A1 − As1)C
−1
1 (Φ1 − Φ̂1) +

1
2∃1W1W

T
1 P1C

−1
1 (Φ1 − Φ̂1)

Φ̂1 = C1ℵ̂1

(10)

where ℵ̂1,
ˆ̄ℵ2, and Φ̂1 present the estimated ℵ1, ℵ̄2, and Φ1, respectively. Define

the Lyapunov matrix for As1 for the symmetric matrix P1 ∈ Rm×m. Addition-
ally, later on, As1 ∈ Rm×m is a stable matrix to be calculated. It should be

noted that ℵ̂ is defined as ℵ̂ :=

[
C

−1
1 S1y

[In−m] 0

]

ˆ̄ℵ2 and does not represent the s-

tate estimate vector

[
ℵ̂1

ℵ̂1

]

. The term ϕ is reoresented by output error injection

(discontinuous):

ϕ =

{
B
T

1
P1(C

−1

1
Φ1−ℵ̂1

∥BT

1
P1(C

−1

1
Φ1−ℵ̂1∥

(λa + η) if C
−1
1 Φ1 − ℵ̂1 ̸= 0

0 otherwise
(11)

where positive scalar η is to be determined later. Now, we introduced the
variable ∃̂1 which fullfills the adaptation law:

˙̂∃1 = l∃1
∥ P1(C

−1
1 Φ1 − ℵ̂1 ∥2, (12)

where l∃1
is a positive scalar. For the system (9), we design the following

Unknown Input Observer (UIO):






~̇ = F0~+M0W̄2g(T
−1ℵ̂, t) + L0Φ2 +M0Ā3C

−1
1 Φ1

+ 1
2 ∃̂2M0W̄2H0(Φ2 − Φ̂2)

ˆ̄ℵ2 = ~+N0Φ2

(13)

whereM0 ∈ R(n+q−m)×(n+q−m), F0 ∈ R(n+q−m)×(n+q−m), N0 ∈ R(n+q−m)×(p−m), L0 ∈
R(n+q−m)×(p−m) and H0 ∈ Rj×(p−m) are matrices to be determined. Further-

more, Φ̂2 = C̄4
ˆ̄ℵ2 is the estimated of the Φ2, and ~ ∈ Rn+q−m is a middle

variable. Now, we define the ∃̂2 fulfills the following adaptation law:

˙̂∃2 = l∃2
∥ H0(Φ2 − Φ̂2) ∥2 (14)

where l∃2
is a positive scalar. Further computing from (13) that

˙̄̂ℵ2 = ~̇+N0Φ̇2

= F0
ˆ̄ℵ2 + (L0C̄4 +N0C̄4Ā4 − F0N0C̄4)ℵ̄2 +M0W̄2g(T

−1ℵ, t) +N0C̄4W̄2g(T
−1ℵ, t)

+ (M0 +N0C̄4)Ā3ℵ1 +N0C̄4Ē2∇Ψ +N0C̄4Ēġs +
1

2
∃̂2M0W̄2H0(Φ2 − Φ̂2) (15)
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Define the errors as δe1 = ℵ1 − ℵ̂1 and δ̄e2 = ℵ̄2 − ˆ̄ℵ2. After appearing the
faults, dynamics of the system can be calculated as:

δ̇e1 = A
s
1δe1 + Ā2δ̄e2 +W1(g(T

−1ℵ, t)− g(T−1ℵ̂, t)) + B1(ga(t)− ϕ) + E1∇Ψ

− 1

2
∃̂1W1W

T
1 P1δe1 , (16)

˙̄δe2 = (Ā4 + F0N0C̄4 − L0C̄4 −N0C̄4Ā4)ℵ̄2 − F0
ˆ̄ℵ2 + (In+q−m −N0C̄4)W̄2g(T

−1ℵ, t)
− M0W̄2g(T

−1ℵ̂, t) + (In+q−m −N0C̄4)Ē2∇Ψ + (In+q−m −N0C̄4)Ēḟs

− 1

2
∃̂2M0W̄2H0C̄4δ̄e2 . (17)

If matrices L0, F0, N0,, and M0 fulfills the conditions as mentioned in [26],
then, we rewrite the error dynamics (17) as:

˙̄δe2 = F0δ̄e2 +M0Ē2∇Ψ − 1

2
∃̂2M0W̄2H0C̄4δ̄e2

+ M0W̄2(g(T
−1ℵ, t)− g(T−1ℵ̂, t)) (18)

Now, we define the controlled estimation error r as

r = He = Hcol{δe1 , δe2} (19)

whereH is the pre-specified weight matrix having the structureH = diag{H1,H2}
with H1 ∈ Rm×m and H2 ∈ R(n+q−m)×(n+q−m). Before going to present the
Theorem 1, we present the general condition for the existence of the proposed
observers satisfying:

1. The system (16) and (18) are asymptotically stable when ∇Ψ = 0, so
called, when system have no uncertainty;

2. With the zero initial condition under the H∞ performance index J =
∫∞

0
(rT r − µ∆ψT∆ψ)dt < 0 holds for all nonzero ∆ψ ∈ ℓ2, where µ > 0 is

a prescribed scalar and
√
µ represents the attenuation level of disturbance.

Theorem 1 For the given system (1) under the Assumptions 1-3. Given a
positive scalar µ and matrices F0, L0,M0, and N0, if there exist matrices P1 =
PT1 > 0,P2 = PT2 > 0 and H0 such that:

H0C4 = W
T
2 B

T
0 P2 (20)

Γ :=





sym{AsT1 P1}+HT
1 H1 P1Ā2 P1E1

(•) sym{P2F0}+HT
2 H2 P2M0Ē2

(•) (•) −µIr



 < 0(21)

Then the estimation error dynamics are asymptotically stable with the pre-
scribed H∞ tracking performance.

Proof : Choose the following Lyapunov function:

U =
4∑

l=1

Ul (22)
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where

U1 = δTe1P1δe1

U2 = δ̄Te2P2δ̄e2

U3 =
l−1
∃1
e2∃1

2

U4 =
l−1
∃2
e2∃2

2

e∃1
= ∃1 − ∃̂1 and e∃2

= ∃2 − ∃̂2. It should be noted that ∃1 and ∃2 are two
positive scalars which can be calculated later from (32). Now we calculate the
derivative of U1 along with the trajectories of error dynamics (16) can be given
to be:

U̇1 = δTe1(A
sT
1 P1 + P1A

s
1)δe1 + 2δTe1P1Ā2δe2 + 2δTe1P1W1(g(T

−1ℵ, t)− g(T−1ℵ̂, t))
+ 2δTe1P1E1∇Ψ + 2δTe1P1B1(ga − ϕ)− ∃̂1 ∥ W

T
1 P1δe1 ∥2

From the evidence that ℵ̂ :=

[
C

−1
1 S1y

[In−m] 0

]

ˆ̄ℵ2, it yields that

∥ g(T−1ℵ, t)− g(T−1ℵ̂, t) ∥≤ Lf ∥ T
−1 ∥∥ δ̄e2 ∥ (23)

Since there is a scalar exist β > 0 in the inequality 2aT b ≤ 1
β
aT a+βbT b holds

[-], then

U1 ≤ δTe1(A
sT
1 P1 + P1A

s
1)δe1 + 2δTe1P1Ā2δ̄e2 + 2δTe1P1E1∇Ψ +

1

β1
δTe1P1W1W

T
1 P1δe1

+ β1(g(T
−1ℵ, t)− g(T−1ℵ̂, t))T (g(T−1ℵ, t)− g(T−1ℵ̂, t)) + 2δTe1P1B1(ga − ϕ)

− ∃1 ∥ W
T
1 P1δe1 ∥2

≤ δTe1(A
sT
1 P1 + P1A

s
1)δe1 +

1

β1
δTe1P1W1W

T
1 P1δe1 + 2δTe1P1Ā2δ̄e2 + 2δTe1P1E1∇Ψ

+ β1L
2
f ∥ T

−1 ∥2∥ δ̄e2 ∥2 +2δTe1P1B1(ga − ϕ)− ∃̂1 ∥ W
T
1 P1δe1 ∥2 . (24)

From the eq. (11), it can easy get that:

δTe1P1B1(ga − ϕ) = δTe1P1B1ga − (λa + η)
∥ BT1 P1δe1 ∥2
∥ BT1 P1δe1 ∥

≤ −η ∥ B
T
1 P1δe1 ∥< 0. (25)

Further cmputing:

U̇1 ≤ δTe1(sym{AsT1 P1})δe1 +
1

β1
δTe1P1W1W

T
1 P1δe1 + β1L

2
f ∥ T

−1 ∥2∥ δ̄e2 ∥2 +2δTe1P1Ā2δ̄e2

+ 2δTe1P1E1∇Ψ − ∃̂1 ∥ W
T
1 P1δe1 ∥2 . (26)

Let
β1 = 1/L2

f ∥ T
−1 ∥2
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We have

U̇1 ≤ δTe1(sym{AsT1 P1})δe1 + 2δTe1P1Ā2δ̄e2 + (L2
f ∥ T

−1 ∥2 −∃̂1 ∥ W
T
1 P1δe1 ∥2

+ ∥ δ̄e2 ∥2 +2δTe1P1E1∇Ψ (27)

With the eq. (20), the time derivatives of U2 can be calculated as:

U̇2 = δ̄Te2(sym{P2F0})δ̄e2 + 2δ̄Te2P2M0W̄2(g(T
−1ℵ, t)− g(T−1ℵ̂, t))

+ 2δ̄Te2P2M0Ē2∇Ψ − ∃̂2δ̄Te2P2M0W̄2H0C̄4δ̄e2

≤ δ̄Te2(sym{P2F0})δ̄e2 +
1

β2
δ̄Te2P2M0W̄2W̄

T
2M

T
0 P2δ̄e2

+ β2L
2
f ∥ T

−1 ∥2∥ δ̄e2 ∥2 In+q−m
+ 2δ̄Te2P2M0Ē2δ̄e2∇Ψ − ∃̂2 ∥ W̄

T
2M

T
0 P2δ̄e2 ∥2 . (28)

Let

β2 =
1

L2
f ∥ T−1 ∥2

Then it follows that

U̇2 ≤ δ̄Te2(sym{P2F0})δ̄e2 + (L2
f ∥ T

−1 ∥2 −∃̂2) ∥ W̄
T
2M

T
0 P2δ̄e2 ∥2

+ ∥ δ̄e2 ∥2 +2δ̄Te2P2M0Ē2∇Ψ (29)

Moreover, the time derivatives of U3 and U4 are

U̇3 = −e∃1
∥ W

T
1 P1δe1 ∥2 (30)

U̇4 = −e∃2
∥ W̄

T
2M

T
0 P2δ̄e2 ∥2 (31)

let

∃1 = ∃2 = L
2
f ∥ T

−1 ∥2 . (32)

From (27), (29)-(31), the time derivative of V can be obtained as:

U̇ =
4∑

l=1

U̇l

≤
[
δe1
δ̄e2

]T [
sym{AsT1 P1} P1Ā2

(•) sym{P2F0}

]

︸ ︷︷ ︸

Ξ

[
δe1
δ̄e2

]

+ 2δTe1P1E1∇Ψ

+ 2δ̄Te2P2M0Ē2∇Ψ (33)

The feasible solution from (20), then it can be said that W < 0 with U̇ < 0
under the no uncertainties ∇Ψ = 0. From this analysis, when time approaches
to infinity then error becomes zero. However, the error dynamics are asymp-
totically stable when ∇Ψ = 0.
When we will talk to the uncertain system which means ∇Ψ ̸= 0, to get the
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robustness of the proposed observers with the disturbances ∇Ψ in L2 sense,
we define

U0 − rT r + µ∇ΨT∇Ψ = U̇ (34)

If Condition (20) is satisfied, it follows that

U0 ≤





δe1
δ̄e2
∇Ψ





T

Γ





δe1
δ̄e2
∇Ψ



 < 0 (35)

Under zero initial conditions, we obtained:
∫ ∞

0

(∥ r ∥2 −µ ∥ ∇Ψ ∥2)dt+
∫ ∞

0

U̇dt =
∫ ∞

0

(U̇+ ∥ r ∥2 −µ ∥ ∇Ψ ∥2)dt

= U(0)− U(∞) +

∫ ∞

0

(U̇+ ∥ r ∥2 −µ ∥ ∇Ψ ∥2)dt

≤
∫ T

0

U0dt

< 0 (36)

which implies that

∫ T

0

(rT r)dt− µ

∫ T

0

(∇ΨT∇Ψ)dt ≤ 0 (37)

namely,

∥ r ∥ℓ2≤
√
µ ∥ ∇Ψ ∥ℓ2 (38)

Consequently, it completes the proof. �
Note that Theorem 1 states the stability condition of the proposed ob-

servers when matrices F0, L0,M0, and N0 satisfying conditions are provided
in [26]. However, it does not suggest how to determine the value of these ma-
trices. This problem will be addressed in the following theorem which outlines
a constructive procedure for designing the proposed observers.

Theorem 2 Consider System (1) with Assumptions 1-3. Given a positive con-
stant µ, if there exist matrices P1 = PT1 > 0,P2 = PT2 > 0, X, Y , and U , and
a positive scalar γ such that the following LMI optimization problem has a
solution:

minimize γ
subject to P1 > 0,P2 > 0 and





Π3 +HT
1
H1 P1Ā2 P1E1

ĀT
2
P1 Π4 +HT

2
H2 Π5

ET
1
P1 ΠT

5
−µIr



 < 0, (39)

[

γIj W̄T
2
JT
1
P2 + W̄T

2
JT
2
XT −H0C̄

(W̄T
2
JT
1
P2 + W̄T

2
JT
2
XT −H0C̄)T γIn+q−m

]

> 0, (40)



10 Muhammad Shamrooz Aslam, Irfan Qaisar*

where Π3 = U +UT , Π4 = P2J1Ā4 + Ā4J
T
1 P2 +XJ2Ā4 + ĀT4 J

T
2 X

T + Y C̄4 +
C̄T4 Y

T + 2In+q−m, and Π5 = P2J1Ē2 + XJ2Ē2, then the estimation error
dynamics are asymptotically stable with the prescribed disturbance attenuation
level µ. After getting Z = P

−1
2 X and K0 = P

−1
2 Y , the parameters of the

proposed observers (10) and (13) can be obtained as As1 = P
−1
1 U,M0 = J1 +

ZJ2, N0 = J3 + ZJ4, F0 =M0Ā4 +K0C̄4, and L0 = F0N0 −K0.

Proof Let:

[

M0 N0

]

S1 = S2 (41)

where S1 =

[

In+q−m Ē

C̄4 0

]

and S2 =
[

In+q−m 0
]

It is easy to see that

rank

[

S1

S2

]

= rank(S1) = n+ 2q −m.

Therefore, a set of solutions of unknown matrices
[
M0 N0

]
always exists [27],

and can be represented as

M0 = J1 + ZJ2, N0 = J3 + ZJ4, (42)

where Z ∈ R(n+q−m)×(n+p+q−2m) is a design matrix to be determined and

J1 = S2S
+

1

[

In+q−m

0

]

, J2 =
[

In+p+q−2m −S1S
+

1

]

[

In+q−m

0

]

,

J3 = S2S
+

1

[

0
Ip−m

]

, J4 =
[

In+p+q−2m −S1S
+

1

]

[

0
Ip−m

]

,

where S+
1 is a generalized inverse of S1, i.e., S

+
1 = (ST1 S1)

−1ST1 . Substi-
tuting M0 = J1 + ZJ2, N0 = J3 + ZJ4 into (20) and letting X = PZ and
Y = PK0, we can get the LMIs (39) and (40) directly.

This completes the proof. �
In the following theorem, we will show how to determine the value of η in

(11) such that the error dynamics (16) can be driven to the sliding surface S
which is defined as:

S = {(e1, ē2) | e1 = 0}, (43)

in finite time and maintain on it thereafter.

Theorem 3 Given System (1) with Assumptions 1-3 and the proposed ob-
servers (10) and (13). Then the error dynamics (16) can be driven to the
sliding surface given by (43) in finite time and remain on it if the LMI opti-
mization problem formulated in Theorem 2 is solvable and the gain η satisfies

η ≥∥ B−T
1

∥ (∥ Ā2 ∥ ε+ Lf ∥ W1 ∥∥ T−1 ∥ ε+ ∥ E1 ∥ ξ) + η1, (44)

where η1 is a positive scalar and ε is the upper bound of ∥ e ∥, i.e., ∥ e ∥< ε.
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Proof Consider the Lyapunov function V1 = eT1 P1e1. The time derivative of
V1 can be obtained as

V̇1 = eT1 (AsT
1 P1 + P1A

s
1)e1 + 2eT1 P1Ā2ē2 + 2eT1 P1W1(f(T

−1z, t)− f(T−1ẑ, t))

+ 2eT1 P1E1∆Ψ(t) + 2eT1 P1B1(fa − v)− k̂1 ∥ WT
1 P1e1 ∥2

≤ eT1 (AsT
1 P1 + P1A

s
1)e1 + 2eT1 P1Ā2ē2 + 2eT1 P1W1(f(T

−1z, t)− f(T−1ẑ, t))

+ 2eT1 P1E1∆Ψ + 2eT1 P1B1(fa − v).

It is easy to see that AsT1 P1 + P1A
s
1 < 0 since As1 is a stable matrix by

design. Then, from the Cauchy-Schwartz inequality, (11) and the fact that B1
is invertible, we get

V̇1 < 2eT1 P1Ā2ē2 + 2eT1 P1E1∆Ψ + 2eT1 P1W1(f(T
−1z, t)− f(T−1ẑ, t)) + 2eT1 P1B1(fa − v)

≤ 2 ∥ P1e1 ∥ (∥ Ā2 ∥∥ ē2 ∥ +Lf ∥ W1 ∥∥ T−1 ∥∥ ē2 ∥ + ∥ E1 ∥ ξ)− 2η ∥ BT
1 P1e1 ∥

≤ 2 ∥ BT
1 P1e1 ∥ (∥ B−T

1
∥ (∥ Ā2 ∥ ε+ Lf ∥ W1 ∥∥ T−1 ∥ ε+ ∥ E1 ∥ ξ)− η1) (45)

It follows from (44) that

V̇1 ≤ −2η1 ∥ BT
1 P1e1 ∥≤ −2η1 ∥ B1 ∥

√

λmin(P1)V
1

2

1

This shows that the readability condition [28] is satisfied and an ideal slid-
ing motion is achieved and maintained after some finite time. This completes
the proof. �

4 Estimation of Faults

In this section, we will show how to obtain simultaneous estimation of actuator
and sensor faults using observers designed in Sect. 3. It is shown in Theorem
3 that an ideal sliding motion (43) will take place after some finite time if the
condition (44) is satisfied. During the sliding motion, (16) becomes

0 = Ā2ē2W1(f(T
−1z, t)− f(T−1ẑ, t)) +B1(fa − veq) + E1∆Ψ (46)

where veq denotes the equivalent output error injection signal to maintain the
sliding motion [-], and can be approximated to any degree of accuracy by
replacing (11) with

v ≈ (ρa + η)
BT1 P1(C

−1
1 S1y − ẑ1)

∥ BT1 P1(C
−1
1 S1y − ẑ1) ∥ +δ

(47)

where δ is a small positive scalar to reduce the chattering effect.

Since B1 is invertible, (46) can be further rewritten as

fa − veq = B−1
1 (Ā2ē2W1(f(T

−1z, t)− f(T−1ẑ, t)) + E1∆ψ) (48)
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Computing the L2 norm of (48) yields

∥ fa − veq ∥ L2 = ∥ B−1
1 (Ā2ē2W1(f(T

−1z, t)− f(T−1ẑ, t)) + E1∆Ψ) ∥ L2

≤ (σmax(B
−1
1 Ā2) + σmax(B

−1
1 W1)Lf ∥ T−1 ∥) ∥ ē2 ∥ L2

+ σmax(B
−1
1 E1) ∥ ∆Ψ ∥ L2

≤ (σmax(B
−1
1 Ā2) + σmax(B

−1
1 W1)Lf ∥ T−1 ∥) ∥ ē ∥ L2

+ σmax(B
−1
1 E1) ∥ ∆Ψ ∥ L2 (49)

Since ∥ ē ∥ L2 ≤ σmax(H
−1)

√
µ ∥ ∆Ψ ∥ L2 , we get

∥ fa − veq ∥ L2 ≤ (
√
µ(σmax(B

−1
1 Ā2) + σmax(B

−1
1 W1)Lf ∥ T−1 ∥)σmax(H−1)

+ σmax(B
−1
1 E1) ∥ ∆Ψ ∥ L2. (50)

It follows that

sup
∥∆ψ∥L2 ̸=0

∥ fa − veq ∥ L2

∥ ∆Ψ ∥ L2
=

√
µβ1 + β2. (51)

where β1 = (σmax(B
−1
1 Ā2) + σmax(B

−1
1 W1)Lf ∥ T−1 ∥)σmax(H−1) and β2 =

σmax(B
−1
1 E1).

Thus for a small
√
µβ1 + β2 ∥ ∆Ψ ∥ L2, the actuator faults fa can be

approximated as

f̂a(t) ≈ (ρa + η)
BT1 P1(C

−1
1 S1y − ẑ1)

∥ BT1 P1(C
−1
1 S1y − ẑ1) ∥ +δ

(52)

Using observer (13), the estimated state ˆ̄z2 of the augmented state vector
z̄2 can be obtained with the prescribed performance. Then sensor faults fs can
be obtained from ˆ̄z2 by

f̂s ≈ [0 Iq]ˆ̄z2 (53)

5 Application of satellite control

As mentioned in Figure 1, an application of a satellite system has been il-
lustrated in which two masses are connected through the constant ”k” which
represents the spring torque and ”d” denoted by the viscous damping constant.
From Figure 1, the equation of the motion is presented as:

{

J1ϑ̈1 + d(ϑ̇1 − ϑ̇2) + k(ϑ̇1 − ϑ̇2) = Tc

J2ϑ̈2 + d(ϑ̇2 − ϑ̇1) + k(ϑ̇2 − ϑ̇1) = 0
(54)
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Model

ϑ
1

ϑ
2

ϑ
1

ϑ
2

k

d

Fig. 1 Architecture of satellite system

where Tc presents the control torque, and inertia is denoted by J1 and J2.

Suppose x =









ϑ2

ϑ̇2

ϑ1

ϑ̇1









and u(t) = Tc. Then, the state-space model of eq. (54) can

be represent with:

A =











0 1 0 0
−k

J2

−d
J2

k

J2

d
J2

0 0 0 1
k

J2

d
J2

−k

J2

−d
J2











, B =









0
0
0
1

J1









, C =

[

0 0 1 1
1 0 1 0

]

In the simulation parameters, △Ψ is supposed to be 0.1 sin(t) and faults are
given below:

Actuator Fault =







0, t ≤ 12.5
0.1 sin(0.2π(t− 12.5)), 12.5 < t < 35
0, t ≥ 35

Sensor Fault =







0, t ≤ 40
−0.15, 40 < t < 60
0, t ≥ 60
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Fig. 2 System states ϑ2 and its estimation ϑ2.
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Fig. 3 System states ϑ̇2 and its estimation ϑ̇2.

Now we introduced the nonsingukar matrices T and S:

[

T S
]

=









0 1 0 0 0 1 0
1 0 0 0 1 0 0
0 0 1 0 0 0 1
0 0 0 1 − − −









According to the system (5)-(6), with µ = 10−10. By solving the LMIs of
Theorem 2, weget the feasible solution:

[

As
1

]

=
[

−6.4772
]

[

F0 M0

]

=









0.06811 0.00381 −0.00487 −0.00487 0.06811 0.00381 −0.00487 −0.00487
0.00381 0.06977 0.00345 0.00345 0.06811 0.00381 −0.00487 −0.00487
−0.00487 0.03540 0.06977 0.06977 0.06811 0.00381 −0.00487 −0.00487
0.00487 0.03540 0.06977 0.06977 0.06811 0.00381 −0.00487 −0.00487









For the simulation, we choose the initial conditions (l∃1
, l∃2

= (0, 0)), (η, δ) =
(7.2, 0.05). The state and fault estimation results are shown in Fig. (2)–(7).
It can be seen that the proposed method can estimate the faults as well as
the system states with satisfactory accuracy despite the existence of system
uncertainties.
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Fig. 4 System states ϑ1 and its estimation ϑ1.
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Fig. 5 System states ϑ̇1 and its estimation ϑ̇1.
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Fig. 6 Actuator fault and its estimation.
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Fig. 7 Sensor fault and its estimation.

6 Conclusion

This paper has been studied for a new structure that consists of a UIO and an
SMO to simultaneously estimate actuator and sensor faults under the effect
of uncertain Lipschitz systems. Sufficient conditions for the existence of the
observers have been established and characterized by linear matrix inequali-
ties. The results of the satellite system have demonstrated the validity of the
designed observers on estimating both the sensor/actuator faults. Therefore,
time delay and packet loss are the key factors to deteriorate the filtering and
control problem, it is of much interest to study the extended dissipative filter-
ing of markovian switch method under multiagent systems by simultaneously.
This changeling problem will be investigated carefully in the future.
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Figures

Figure 1

Architecture of satellite system



Figure 2

System states ϑ2 and its estimation ϑ2.



Figure 3

System states ˙ϑ2 and its estimation ˙ϑ2.

Figure 4

System states ϑ1 and its estimation ϑ1.



Figure 5

System states ˙ϑ1 and its estimation ˙ϑ1.



Figure 6

Actuator fault and its estimation.



Figure 7

Sensor fault and its estimation.


