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Abstract: The traditional whole finite element method (WFEM1) has several shortcomings, 

including that it has too many degrees of freedom so the execution is not efficient and is difficult 

to solve in nonlinear dynamic analysis. In this paper, a novel simplified modeling approach is 

proposed to investigate the lateral nonlinear vibration characteristics of coupled water turbine 

generator set shaft-foundation system (CSFS2). The simplified coupled model is generated in two 

stages. First, a more reasonable simplified model for foundation subsystem considering coupling 

with each other is constructed to simulate the lateral vibrations of guide bearing foundations in 

hydropower house. Based on the response spectra of WFEM of hydropower house and a 

constructed energy error objective function, the optimal equivalent parameters of the simplified 

foundation model are then determined by using the genetic algorithm. Second, considering actions 

of various nonlinear factors and the pulsating water pressure acting on turbine runner, a nonlinear 

dynamic differential equations of CSFS based on Lagrange equation are derived. The nonlinear 

dynamic responses of CSFS using the optimal equivalent model are also compared with the field 

test data. It is demonstrated that the method proposed to develop the equivalent model is more 

efficient and more convenient in capturing the nonlinear dynamic behavior of CSFS. In addition, 

this energy-equivalent model is more adaptable to the stochastic uncertainty and frequency band 

variation in hydropower station system. Some novel dynamic laws and inner mechanism of the 

coupled system are also revealed further based on the proposed model.  

Key words: Coupled water turbine generator set shaft-foundation system (CSFS); 

Energy equivalent model; Lumped-parameter models; Nonlinear vibration; 

Model simplification;  

1 Introduction  

The vibration problem of the hydro generator units and its supporting 

                                                 

1 WFEM: whole finite element method 

2 CSFS: coupled water turbine generator set shaft-foundation system 
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structure (i.e. hydropower house foundation) is one of the key issues influencing 
operational security and stability of hydropower station. Due to the nonlinear 
dynamic behavior of the hydro generator units and higher complexity of the 
hydropower house structure, the dynamic analyses for unit system have not long 
taken account of the vibrational effect of hydropower house. In the past, the 

vibrations of the hydro generator shaft system and hydropower house have been 

extensively studied from different perspectives, and the relevant achievements 

have been quite fruitful [1-9]. In fact, the water turbine generator set and its 
supporting foundation should be a whole coupling system, which includes not 
only the shaft-foundation coupling but also the coupling between foundations (as 
shown in Fig. 1(b)). The oscillation phenomenon of CSFS is also of time-varying 
and strongly nonlinear stochastic dynamics simultaneously. The strongly 
nonlinear stochastic vibrations usually come from the direct rotor-bearing-seal 
interactions [10], random external loads and the nonlinear vibrations of damaged 
concrete structures, etc. [11]. The effect of foundation vibration is very sensitive 
to the whole dynamic characteristics of CSFS, a slight perturbation of the system 
parameters may also cause unpredictable and drastic changes of the coupling 
nonlinear dynamic behaviors [12]. Accordingly, increased attention has been 
aroused to perform the coupling dynamic analyses for CSFS in recent years. Wu 
and Zhang et al. [13, 14] developed a whole coupling model for hydropower 
station considering hydro-mechanical-electric and structure system, and the 
corresponding dynamic properties under different operation cases were studied. 
Zhang and Wang et al. [15] built whole fluid-machinery-concrete structure 
coupling finite element model and studied the vibration transmission path in the 
hydropower plant using the time-delayed transfer entropy method. Song and Ma 
et al. [16] established the coupling mechanical model including a water turbine 
generator set and hydropower plant, its transitional running condition is analyzed 
so as to evaluate the effect of hydropower house foundation and each pad's 
nonlinear dynamic coefficients on system response. However, it should be noted 

that the WFEM (just as shown in Fig. 1(a)) has been basically adopted in the 

coupling system modeling in previous researches. The method of WFEM has 

shown some disadvantages for the nonlinear dynamic analysis of CSFS: 

consisting of a high number of elements and degrees-of-freedom, requiring more 

solving time and greater computational source, this may lead to a difficult solution 

particularly in some problems with a large number of very small time steps 

requested (for example, high-frequency time-history dynamic analysis) or 

sensitivity analysis of parameters variation, etc.  

   

(a)                               (b) 
Fig. 1 (a) Whole finite element model and (b) equivalent simplified model of a coupled water 

turbine generator set shaft-foundation system 
In addition to the above-mentioned WFEM, the most commonly-used 
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methods for dynamic structural analysis are the substructure method and lumped 

parameter method. In contrast, the substructure method and lumped parameter 

method feature in reducing the system to a smaller set of degrees of freedom, 

which reduce the computer time and allow the solution of very large problems 

with limited computer resources. However, since these two methods are specific 

frequency-dependent (mostly low-order main frequency), they cannot be used 

directly in broadband vibration analysis or time-domain structural analysis [17], 

and they are especially difficult for the modeling of CSFS due to the structural 

complexity and wide response spectrum characteristic. For these reasons too, 

there has been very little modeling and research on nonlinear vibrations for CSFS 

in current literatures. So far, only a few linear elastic modal analyses for CSFS 

have been conducted by using roughly estimated three independent foundation 

mass models, and not considering the different guide bearing foundations 

coupling. Hence, for computational efficiency, it is necessary to develop a more 

reasonable modeling methodology so as to effectively simulate the nonlinear 

dynamic characteristics for the CSFS.  

Actually, in many cases, a detailed and highly accurate model is unnecessary 

because approximations can be made, while still capturing the mechanisms that 

operate in the particular case. In this paper, on the basis of the nonlinear stochastic 

dynamics theory, the study mainly presents a new equivalent simplified model to 

simulate the CSFS undergoing coupled horizontal motion. The present model 

could not only capture the nonlinear dynamic behaviors of the coupled shaft-

foundation system but also reflect the coupled vibration features of different 

supporting foundations. This study also supplements the existing dynamic theories 

and methods for analyzing the CSFS. 

The rest of the paper is organized as follows. A more reasonable energy-

equivalent lumped-parameter model of the foundation subsystem is presented, 

along with the modeling methodology and principles, in Section 2. Moreover, this 

section also compares the dynamic responses of a foundation subsystem using the 

new energy-equivalent model with those obtained by the whole finite element 

model, by the modal behavior based simplified model. In section 3, based on the 

novel simplified model of foundation subsystem and considering actions of 

various nonlinear factors of unit subsystem, the nonlinear coupled dynamic model 

of the CSFS is established by Lagrange approach. The next section 4 provides a 

validation of the derived dynamic coupling equations and its numerical solutions 

of CSFS utilizing field measurement results in previous literature. The energy-

equivalent simplified model solved numerically has proven to be effective to 

calculate the coupling vibration and interaction between the unit subsystem and 

foundation subsystem, and be useful for evaluating the vibration performance of 

hydropower station subjected to different output conditions. The differences of 

nonlinear vibration responses between individual shaft system (no coupling 

foundation) and CSFS models are discussed in Section 5, consisting of amplitude, 

frequency and stability. The conclusions of this paper are exhibited in section 6.  
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2 Energy-equivalent model of foundation 

subsystem 

2.1 Modeling method for foundation subsystem 

While the WFEM is the most accurate modeling for the supporting foundation 

of hydropower unit, the supporting foundation system can be simplified if there is 

no need for a detailed analysis of the hydropower house structure. However, it 

must be emphasized that the strong coupling effects between different guide 

bearing foundations should be taken into account in the simplified model, because 

the vibrations of different foundations will be transmitted and influenced each 

other through the integral concrete structure of hydropower house. To this end, 

this study develops a three-layer shear spring-damper-mass model (shown in Fig. 

1(b) and called the coupled lumped parameter model) that is used to simplify the 

vibration behavior and the coupling processes of three guide bearing foundations. 

The simplified model includes the key nine parameters of equivalent shear 

stiffness (kbx1~ kbx3), equivalent mass (mb1~mb3), and equivalent damping (cbx1~ 
cbx3). An equivalent model is then determined from these optimal equivalent 

parameters through minimizing an energy error function.  

Suppose the foundation subsystem is a linear elastic stochastic system. The 

proposed method for establishing an optimal energy-equivalent model follows 

these subsequent steps:  

(1) Determination of initial values and optimization ranges for these 

equivalent parameters. To optimize the equivalent model, the initial parameter 

values of the equivalent model are established by considering three equivalent 

criteria. These criteria establish the equivalence between a guide bearing 

foundation system in WFEM and the simplified foundation model. The 

optimization range of these equivalent parameters can be specified in a given 

percentage range of the initial value. 

The first criterion is equivalent static displacement to create the initial values 

of equivalence stiffness (kbx1~ kbx3), namely the same lateral static load is applied 

to the foundations of WFEM and simplified model, respectively, so that the lateral 

displacements of the simplified foundation model are the same as those of WFEM. 

This can be accomplished by adjusting shear stiffness parameters of the simplified 

model. Then initial values of the equivalent shear stiffness (kbx1~ kbx3) can be 

obtained.  

The second criterion is equivalent natural frequency to create the initial 

values of the equivalence mass parameters (mb1~mb3). Based on the natural 

frequencies of WFEM and the identified initial values of equivalence stiffness 

above, the initial values of the equivalence mass parameters for the simplified 

model can be calculated directly.  

The third criterion is equivalent dissipated energy to create the initial values 

of the equivalence damping (cbx1~ cbx3). Some researchers have identified 
damping ratios of hydropower house through field tests [8, 9, 18]. The range of 
identified damping ratio is approximately 2% to 4%. The damping ratio of 3% is 
assigned to calculate the initial values of equivalent shear damping coefficients 
herein. In this case, the values of cbx1, cbx2 and cbx3 are assumed same.  

   (2) Calculation of response spectrum. By applying a series of harmonic forces 
corresponding to N discrete frequencies, the corresponding response spectrums 
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can be obtained for the simplified foundation model and WFEM, respectively.  

(3) Determine the optimal model. An optimal energy-equivalent foundation 

model is then determined from optimizing the equivalent parameters to obtain the 

response spectrum curves closest to those of WFEM, namely the optimal model 

has the minimum error (εr) of response spectrum curves. The optimization method 

selected is genetic algorithm herein. The energy error function εr is defined as: ε𝑟 = ∑  9𝑖=1 ∑ √[(𝑀𝑒(𝑗)−𝑀𝑎(𝑗)𝑀𝑎(𝑗) )2 × 𝑤𝑗]𝑖𝑁𝑗=1                   (1) 

where j is serial number of harmonic forces, Me(j) is the response spectrum value 
of the equivalent model, Ma(j) is the response spectrum value of the WFEM, wj is 
weight, i is serial number of response spectrum (total number is 9) corresponding 
to each foundation when applying the harmonic forces to the three foundation, 
respectively.  

The sequence of steps in establishing the optimal energy-equivalent model for 

foundation subsystem is shown graphically in Fig. 2. 

 
Fig. 2 Procedure for establishing an optimal energy-equivalent model for foundation 

subsystem 

2.2 Analysis and validation in frequency-domain 

Based on the proposed modeling method, a series of harmonic excitations 

with same amplitude of 3000kN and frequencies from 2Hz to 60Hz are applied to 

the simplified model and WFEM, respectively. Then the optimal equivalent 

foundation model is found with genetic algorithm, and its corresponding 

parameters are obtained and listed in Table 1.  

Table 1 Corresponding parameters of the optimal equivalent foundation model. 

x-direction 

kbx1 (kN/m) kbx2 (kN/m) kbx3 (kN/m) mx1 (kg) mx2 (kg) 
1.817×107  5.585×107  5.11×107  5.91×105  1.133×107 

mx3 (kg) cbx1 (kN·s/m) cbx2 (kN·s/m) cbx3 (kN·s/m)  

1.265×106 6.217×103  4.773×104  1.526×104   

y-direction 

kby1 (kN/m) kby2 (kN/m) kby3 (kN/m) my1 (kg) my2 (kg) 
1.62×107  4.38×107 5.68×107  5.03×105  1.05×107  

my3 (kg) cby1 (kN·s/m) cby2 (kN·s/m) cby3 (kN·s/m)  

1.18×106 5.416×103 4.069×104 1.553×104  

To validate the reasonability of the established energy-equivalent foundation 
model, another simplified model determined by the conventional modal behavior 
based method (i.e., the equivalent stiffness and mass parameters are obtained by 
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inverse calculation using the few low-order natural vibration frequencies and 
modes.) is also calculated and compared. Comparisons of the simulated results for 
the three different modeling methods are performed in frequency-domain and 
shown in Fig. 3. Note that the results obtained by the optimal energy-equivalent 

model generally consist well with the WFEM solutions except the very individual 

result just as Fig. 3(i). While the accuracy of the energy-equivalent model is a 

little less than that of the modal behavior based simplified model in low frequency 

(8Hz), the energy-equivalent model has the obvious advantage of greater accuracy 

than the modal behavior based simplified model in medium- and higher- 

frequency. In some calculations, especially between 16Hz and 28Hz, the results of 

the modal behavior based model are completely wrong when comparing results of 

the WFEM, but the results of the energy-equivalent model still keep the higher 

accuracy.  

 

(a) 1-1                      (b) 1-2                      (c) 1-3 

 

(d) 2-1                      (e) 2-2                      (f) 2-3 

 

(g) 3-1                      (h) 3-2                      (i) 3-3 

Fig. 3 Model comparison for foundation subsystem in frequency-domain (In the subtitle “1, 2, 
3” denote upper guide bearing foundation, lower guide bearing foundation and turbine guide 

bearing foundation, respectively. The symbol “1-2” means "the dynamic responses of the 
lower guide bearing foundation when upper guide bearing foundation is subjected to 

harmonic loadings.") 

2.3 Analysis and validation in time-domain 

In order to further evaluate the established energy-equivalent model, the 

vibration signals of the foundation subsystem collected from the simulated results 

of the three different modeling methods are also analyzed and compared in the 

form of time-domain distribution. For the purpose, two kinds of different random 

excitations are constructed, including the white noise excitation (i.e., uniform 

random excitation as shown in Fig. 4) and random excitation with narrow spectral 

width (as shown in Fig. 5). The constructed random excitations are applied on 

different foundations respectively, and the acceleration root mean square values 
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(Effective values) of the time-history responses of each foundation are then 

obtained, the results are represented in Fig. 6. As can be seen from Fig. 6, the 

calculated results of the energy-equivalent simplified model give better 

approximations to the results of the WFEM than those of the conventional modal 

behavior based simplified model, whether the values or distribution of the 

dynamic responses.  

In conclusion, the optimal energy-equivalent model could provide an 

effective method for the more realistic prediction of the dynamic performance of 

the foundation subsystem and for the dynamic evaluations of the vibration 

transmission between different guide bearing foundations. 

      
(a)                            (b)  

Fig. 4 The first time-varying excitation constructed by white noise. (a) time-history curve of 

this excitation; (b) spectrum characteristic of this excitation 

      
Fig. 5 The second time-varying excitation constructed by bounded noise. (a) time-history 

curve of this excitation; (b) spectrum characteristic of this excitation 

      
(a) Response to the first random excitation;  (b) Response to the second random excitation 
Fig. 6 Acceleration root-mean-square values of time-history responses for different models 

(See Fig. 3 for description of the X-axis markers) 

3 Modeling of the whole nonlinear coupled shaft-

foundation system 

Based on the established equivalent foundation model, then the foundation 

subsystem and the nonlinear shaft subsystem may be incorporated into a 

comprehensive model that can yield coupled dynamics information directly. The 

nonlinear dynamic differential equations for the CSFS are derived from Lagrange 

equation, considering the nonlinear effects of rotor unbalance, runner sealing 
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force and nonlinear oil film forces, etc. In this study, the lateral vibration of the 
hydraulic turbine generator set is only considered, and the forces of the thrust 
bearing are neglected. The metal supporting structures that connect shafting 
system to concrete foundation, i.e. upper bracket, lower bracket and head cover, 
are assumed to be rigid laterally herein. If in some cases that deformations of the 
metal supporting structures are expected to be a consideration in the modeling, 
they may be made springs in series connected to the guide bearing models.  

3.1 Forces acting on shaft system 

3.1.1 Damping 

When the vibration is generated under excitation, the structural damping 
loads acting on the rotor and turbine can be defined as [4]： 

Rotor damping loads： {𝐹𝑐𝑥1 = 𝑐1�̇�1𝐹𝑐𝑦1 = 𝑐1�̇�1                             (2) 

Turbine damping loads： {𝐹𝑐𝑥2 = 𝑐2�̇�2𝐹𝑐𝑦2 = 𝑐2�̇�2                             (3) 

Where, 𝑐1 and 𝑐2 are the damping coefficients. 

3.1.2 Unbalanced magnetic pull 

   Unbalanced magnetic pull results from air gap eccentricity, which can cause a 
potential risk to the dynamic stability of shafting system. Hence, correct analysis 
of hydropower unit vibration requires a load analysis involving the unbalanced 
magnetic pull. According to previous studies [4, 19], the unbalanced magnetic pull 
can be expressed as {𝐹𝑥_𝑢𝑚𝑝𝐹𝑦_𝑢𝑚𝑝} = 𝑅𝐿𝜋𝐾𝑗2𝐼𝑗24𝜇0 (2Λ0Λ1 + Λ1Λ2 + Λ2Λ3) {𝑐𝑜𝑠𝛾𝑠𝑖𝑛𝛾}              (4) 

Λ𝑛 = {𝜇0𝛿0 1√1−𝜀2                          (𝑛 = 0) 2𝜇0𝛿0 1√1−𝜀2 [1−√1−𝜀2𝜀 ]𝑛    (𝑛 > 0)                       (5) 

Where, 𝑅, 𝐿 are the radius and length of the rotor; 𝐾𝑗  is the coefficient of 
magnetomotive force fundamental wave of the air gap; 𝐼𝑗  is the exciting current 
of the generator; 𝜇0 is the coefficient of the air gap permeance; Λ𝑛 are the 
Fourier coefficients of the air gap permeance; 𝛿0 is uniform air gap length; ε =𝑒𝛿0 is the relative eccentricity (𝑒 = √𝑥12 + 𝑦12 is the radial displacement of rotor); 𝛾 is the generator angle. 

3.1.3 Seal fluid excitation force 

   The fluid induced vibration from seals is usually primary source of the system 
instability for hydro-turbine-generator units. The seal fluid excitation force can be 
written as Eq.(6) [20] 
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{𝐹𝑥_𝑠𝑒𝑎𝑙𝐹𝑦_𝑠𝑒𝑎𝑙} = [𝑚𝑓𝜏𝑓2𝜔2 − 𝐾 −𝜏𝑓𝜔𝐷𝜏𝑓𝜔𝐷 𝑚𝑓𝜏𝑓2𝜔2 − 𝐾] {𝑥2𝑦2} − [ 𝐷 2𝑚𝑓𝜏𝑓𝜔−2𝑚𝑓𝜏𝑓𝜔 𝐷 ] {�̇�2�̇�2} − [𝑚𝑓 00 𝑚𝑓] {�̈�2�̈�2}          
(6) {𝐾 = 𝐾0(1 − 𝑒2)−𝑛𝐷 = 𝐷0(1 − 𝑒2)−𝑛𝜏𝑓 = 𝜏0(1 − 𝑒)𝑏     ，𝑒 = √𝑥22 + 𝑦22/𝑐              (7) 

Where, K is the equivalent stiffness; mf, D are the equivalent quality and 
equivalent damping. And 𝐾, 𝐷, 𝜏𝑓 are the nonlinear functions of rotor lateral 
displacements (𝑥2, 𝑦2) at the disk. 𝑒 is the relatively eccentric distance of rotor; c 
is the seal gap. 

3.1.4 Nonlinear oil-film forces 

The nonlinear oil-film forces are the major contributing factors which result 
in the hydro-turbine-generator units to be a self-exciting vibration and make 
unstable accidents. The oil-film instability would also lead to the significant 
nonlinear dynamic behavior of the shafting system varies with the rotational speed 
and model parameters. The nonlinear oil-film forces can be written as [21] {𝐹𝑥_𝑦𝑚 = 𝜎𝑓�̅�_𝑦𝑚𝐹𝑦_𝑦𝑚 = 𝜎𝑓�̅�_𝑦𝑚                                 (8) 

where 𝜎 = 𝜇𝜔𝑅𝑏𝐿𝑏 (𝑅𝑏𝑐𝑧 )2 ( 𝐿𝑏2𝑅𝑏)2 

{𝑓�̅�𝑦𝑚𝑓�̅�𝑦𝑚} = [(𝑥 − 2𝑦′)2 + (𝑦 + 2𝑥′)2]121 − 𝑥2 − 𝑦2 · [3𝑥𝑉(𝑥, 𝑦, 𝛼) − 𝑠𝑖𝑛𝛼𝐺(𝑥, 𝑦, 𝛼) − 2𝑐𝑜𝑠𝛼𝑆(𝑥, 𝑦, 𝛼)3𝑦𝑉(𝑥, 𝑦, 𝛼) + 𝑐𝑜𝑠𝛼𝐺(𝑥, 𝑦, 𝛼) − 2𝑠𝑖𝑛𝛼𝑆(𝑥, 𝑦, 𝛼)] 𝑉(𝑥, 𝑦, 𝛼) = 2 + (𝑦𝑐𝑜𝑠𝛼 − 𝑥𝑠𝑖𝑛𝛼)𝐺(𝑥, 𝑦, 𝛼)1 − 𝑥2 − 𝑦2  𝑆(𝑥, 𝑦, 𝛼) = 𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼1 − (𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼)2 

𝐺(𝑥, 𝑦, 𝛼) = 2(1 − 𝑥2 − 𝑦2)12 · [𝜋2 + 𝑎𝑟𝑐𝑡𝑎𝑛 𝑦𝑐𝑜𝑠𝛼 − 𝑥𝑠𝑖𝑛𝛼(1 − 𝑥2 − 𝑦2)12] 𝛼 = 𝑎𝑟𝑐𝑡𝑎𝑛 𝑦 + 2𝑥′𝑥 − 2𝑦′ − 𝜋2 sgn (𝑦 + 2𝑥′𝑥 − 2𝑦′) − 𝜋2 sgn(𝑦 + 2𝑥′) 
Where 𝜎 is the correction factor of Sommerfeld; 𝜇 is the oil viscosity; 𝑅𝑏 is 
the radius of bearing; 𝐿𝑏  is the length of bearing; 𝑐𝑧  is the bearing radial 
clearance; 𝑓�̅�_𝑦𝑚, 𝑓�̅�_𝑦𝑚 are the non-dimension components of the oil-film forces.  

3.1.5 Modeling of the pulsating water pressure acting on turbine runner 

   The pulsating water pressure acting on turbine runner is caused by the non-

uniform water flow in pressure conduit of hydropower station. Most of the 
previous studies of shaft system only focused on the mechanical eccentric force 
and unbalanced sealing force, etc. Because there is lack of a mature method 
currently to determine the effect of water pressure fluctuation on the turbine 
runner vibration so that the influence of pressure fluctuations produced from the 
draft tube entrance and spiral case on the turbine runner is often simplified or 
ignored. Indeed, the behavior of the pulsating water pressure acting on turbine 
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runner is often shown as the superposition of strong random uncertainty and 
harmonics, as shown in the typical measured data [22] in Fig. 7.  

 
Fig. 7 Typical pressure fluctuation of the turbine runner tested on prototype machine [22] 

In this study, based on a number of comprehensive investigations on the 
measured data, the pulsating water pressure acting on turbine runner is established 
in the following way:  𝑓(𝑡) = ∑ 𝑝𝑖sin (Ω𝑖𝑡 + α𝑖)𝑛𝑖=1 + 𝑓ξ(𝑡)                   (9) 

Where, ｐi is the amplitude of harmonic hydraulic excitation. Ωi is the lower 
rotational frequency and its multiple frequencies, and it may also be the middle 
and higher electromagnetic vibration frequency and water pressure fluctuation 
(50Hz, 100Hz, etc.). α𝑖 is the random phase. 𝑓 is the coefficient of hydraulic 
excitation intensity. 𝜉(𝑡) is the random excitation and can be constructed by 
independent bounded noise [24].  ξ(𝑡) = 𝐴𝑠𝑖𝑛[𝜔0𝑡 + 𝜎𝐵(𝑡) + 𝛾]                     (10) 
where A is the amplitude of noise; ω0 is the center frequency; σ is the parameter of 
spectrum width; B(t) is unit Wiener process; γ is a random variable uniformly 
distributed in [0, 2π). ξ(𝑡) is a stationary random process in wide sense with zero 
mean. Its covariance function is 𝐸[𝜉(𝑡1)𝜉(𝑡2)] = 12 cosω0(𝑡1 − 𝑡2) · exp (− 𝜎22 |𝑡1 − 𝑡2|)       (11) 

and its spectral density is S𝜉𝜉(𝛺) = 𝜎22π [ 14(Ω−𝜔0)2+𝜎4 + 14(Ω+𝜔0)2+𝜎4]               (12) 

which implies that the noise ξ(t) is a generalized steady random process and has 
finite power. The shape of spectral density depends on ω0, σ while the bandwidth 
of the noise depends mainly on σ. It is a narrow-band process when σ is small and 
it approaches to white noise when σ→∞.  

    ξ(t) is a reasonable model and can simulate effectively the random excitation 
or response in engineering systems by adjusting its parameters (ω0 and σ). From 
[24, 25], each physical realization of bounded noise ξ(t) can be approximated by 𝜉(𝑡) ≈ ∑ 𝐴cos(𝜔𝑜𝑘𝑡 + 𝜙𝑘)    (𝑁 →∞)𝑁𝑘=1              (13) 

Where, 𝐴 = √2𝑆𝜉𝜉Δ𝜔0. {ωok | k = 1, 2, ..., N} are independent and nonnegative 
random variables over the interval [ωol, ωor], {ϕk | k =1, 2, ..., N} are identically 
uniformly distributed phases over the interval [0,2π); N is a large positive integer; 
Δω0=(ωor − ωol)/N is a frequency increment. Therefore, the bounded noise ξ(t) can 
be created as a deterministic function due to the approximated sum function. 
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3.2 Mathematical modeling of CSFS 

  Use the notations T, T1 and T2 to denote the whole kinetic energy of CSFS, the 
kinetic energy of shafting system and the kinetic energy of foundation subsystem, 
respectively. Their relationship is given by 

 T = 𝑇1 + 𝑇2 = 12𝑚1(�̇�12 + �̇�12 + 𝑒12�̇�12 + 2𝑒1�̇�1�̇�1𝑐𝑜𝑠𝜙1 − 2𝑒1�̇�1�̇�1𝑠𝑖𝑛𝜙1) +12 (𝐽1 +𝑚1𝑒12)�̇�12 + 12𝑚2(�̇�22 + �̇�22 + 𝑒22�̇�22 + 2𝑒2�̇�2�̇�2𝑐𝑜𝑠𝜙2 − 2𝑒2�̇�2�̇�2𝑠𝑖𝑛𝜙2) +12 (𝐽2 +𝑚2𝑒22)�̇�22 + 12𝑚𝑥1�̇�𝑏12 + 12𝑚𝑥2�̇�𝑏22 + 12𝑚𝑥3�̇�𝑏32 + 12𝑚𝑦1�̇�𝑏12 + 12𝑚𝑦2�̇�𝑏22 +12𝑚𝑦3�̇�𝑏32                                                             

(14) 
Where, (𝑥1, 𝑦1) and (𝑥2, 𝑦2) are the axis coordinates of the generator rotor and the 
turbine runner; 𝑚1, 𝑒1, 𝜙1, 𝐽1 are the quality, the mass eccentricity, the angle and 
rotational inertia of the generator rotor, respectively; 𝑚2, 𝑒2, 𝜙2, 𝐽2 are the quality, 
the mass eccentricity, the angle and rotational inertia of the turbine runner, 
respectively; 𝑚𝑥1, 𝑚𝑥2, 𝑚𝑥3,𝑚𝑦1, 𝑚𝑦2, 𝑚𝑦3 are the lumped-masses of foundation 
subsystem in the x and y directions, respectively; 𝑥𝑏1, 𝑥𝑏2, 𝑥𝑏3, 𝑦𝑏1, 𝑦𝑏2, 𝑦𝑏3 are 
the coordinates of the lumped-masses in the x and y directions, respectively. 
    A, B, C, O1 and O2 are the centroids of the upper guide bearing, the lower 
guide bearing, the turbine guide bearing, the rotor of the generator and hydro-

turbine, as shown in Fig. 1(b). Set |𝐴𝑂1| = 𝑎, |𝑂1𝐵| = 𝑏, |𝐵𝐶| = 𝑐, |𝐶𝑂2| = 𝑑, 
there will be 

{  
  
  𝑟1 = √𝑥12 + 𝑦12                                                      𝑟2 = √𝑥22 + 𝑦22                                                      𝑟3 = [(𝑎+𝑏)(𝑏+𝑐+𝑑)−𝑎(𝑐+𝑑)]𝑟1−𝑎𝑏𝑟2𝑏(𝑏+𝑐+𝑑) = 𝐴1𝑟1−𝐴2𝑟2𝐵𝑟4 = (𝑐+𝑑)𝑟1+𝑏𝑟2𝑏+𝑐+𝑑𝑟5 = 𝑑𝑟1+(𝑏+𝑐)𝑟2𝑏+𝑐+𝑑                                                           

                 (15) 
where 𝑟1, 𝑟2, 𝑟3, 𝑟4 and 𝑟5 are the radial displacements of the generator rotor, 
turbine runner, the upper guide bearing, the lower guide bearing and the turbine 
guide bearing, respectively; 𝐴1 = (𝑎 + 𝑏)(𝑏 + 𝑐 + 𝑑) , 𝐴2 = ab , 𝐵 =b(b + c + d). 
   The potential energy of CSFS in both lateral directions can be represented as 𝑈𝑥 = 12𝑘1(𝑟3𝑐𝑜𝑠𝛼 − 𝑥𝑏1)2 + 12𝑘2(𝑟4𝑐𝑜𝑠𝛼 − 𝑥𝑏2)2 + 12𝑘3(𝑟5𝑐𝑜𝑠𝛼 − 𝑥𝑏3)2 +12𝑘𝑏𝑥1(𝑥𝑏1 − 𝑥𝑏2)2 + 12 𝑘𝑏𝑥2(𝑥𝑏2 − 𝑥𝑏3)2 + 12𝑘𝑏𝑥3𝑥𝑏32                     

(16-1) 𝑈𝑦 = 12𝑘1(𝑟3𝑠𝑖𝑛𝛼 − 𝑦𝑏1)2 + 12𝑘2(𝑟4𝑠𝑖𝑛𝛼 − 𝑦𝑏2)2 + 12𝑘3(𝑟5𝑠𝑖𝑛𝛼 − 𝑦𝑏3)2 +12𝑘𝑏𝑦1(𝑦𝑏1 − 𝑦𝑏2)2 + 12 𝑘𝑏𝑦2(𝑦𝑏2 − 𝑦𝑏3)2 + 12 𝑘𝑏𝑦3𝑦𝑏32                     

(16-2) 
    The total potential energy of CSFS can be given by U = 𝑈𝑥 + 𝑈𝑦 = [𝐴12𝐵2 𝑘1 + (𝑐+𝑑)2(𝑏+𝑐+𝑑)2 𝑘2 + 𝑑2(𝑏+𝑐+𝑑)2 𝑘3] 𝑥12+𝑦122 + [𝐴22𝐵2 𝑘1 +𝑏2(𝑏+𝑐+𝑑)2 𝑘2 + (𝑏+𝑐)2(𝑏+𝑐+𝑑)2 𝑘3] 𝑥22+𝑦222 + [− 𝐴1𝐴2𝐵2 𝑘1 + 𝑏(𝑐+𝑑)(𝑏+𝑐+𝑑)2 𝑘2 +
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𝑑(𝑏+𝑐)(𝑏+𝑐+𝑑)2 𝑘3]√𝑥12 + 𝑦12√𝑥22 + 𝑦22 + (− 𝐴1𝐵 𝑘1) (𝑥1𝑥𝑏1 + 𝑦1𝑦𝑏1) +(− 𝑐+𝑑𝑏+𝑐+𝑑 𝑘2) (𝑥1𝑥𝑏2 + 𝑦1𝑦𝑏2) + (− 𝑑𝑏+𝑐+𝑑 𝑘3) (𝑥1𝑥𝑏3 + 𝑦1𝑦𝑏3) +(𝐴2𝐵 𝑘1) (𝑥2𝑥𝑏1 + 𝑦2𝑦𝑏1) + (− 𝑏𝑏+𝑐+𝑑 𝑘2) (𝑥2𝑥𝑏2 + 𝑦2𝑦𝑏2) +(− 𝑏+𝑐𝑏+𝑐+𝑑 𝑘3) (𝑥2𝑥𝑏3 + 𝑦2𝑦𝑏3) + 12 (𝑘1 + 𝑘𝑏𝑥1)𝑥𝑏12 + 12 (𝑘2 + 𝑘𝑏𝑥1 + 𝑘𝑏𝑥2)𝑥𝑏22 +12 (𝑘3 + 𝑘𝑏𝑥2 + 𝑘𝑏𝑥3)𝑥𝑏32 + 12 (𝑘1 + 𝑘𝑏𝑦1)𝑦𝑏12 + 12 (𝑘2 + 𝑘𝑏𝑦1 + 𝑘𝑏𝑦2)𝑦𝑏22 +12 (𝑘3 + 𝑘𝑏𝑦2 + 𝑘𝑏𝑦3)𝑦𝑏32 − 𝑘𝑏𝑥1𝑥𝑏1𝑥𝑏2 − 𝑘𝑏𝑥2𝑥𝑏2𝑥𝑏3 − 𝑘𝑏𝑦1𝑦𝑏1𝑦𝑏2 −𝑘𝑏𝑦2𝑦𝑏2𝑦𝑏3                                                         

(17) 
Based on the Lagrange equation, the dynamic equations of CSFS in the x-

direction can be written as Eqs. (18-1)~(18-5). The difference between the x-direction 
and the y-direction is only the rotational phase, i.e., the “cosϕ” in the x-direction 
should be replaced with “sinϕ” in the y-direction. The equations in y-direction are 
omitted for clarity. 𝑚1�̈�1 + 𝑐1�̇�1 + [𝐴12𝐵2 𝑘1 + (𝑐+𝑑)2(𝑏+𝑐+𝑑)2 𝑘2 + 𝑑2(𝑏+𝑐+𝑑)2 𝑘3] 𝑥1 + [− 𝐴1𝐴2𝐵2 𝑘1 + 𝑏(𝑐+𝑑)(𝑏+𝑐+𝑑)2 𝑘2 +𝑑(𝑏+𝑐)(𝑏+𝑐+𝑑)2 𝑘3] √𝑥22+𝑦22√𝑥12+𝑦12 𝑥1 − 𝐴1𝐵 𝑘1𝑥𝑏1 − 𝑐+𝑑𝑏+𝑐+𝑑 𝑘2𝑥𝑏2 − 𝑑𝑏+𝑐+𝑑 𝑘3𝑥𝑏3 = 𝑚1𝑒1𝜔2𝑐𝑜𝑠𝜙 +𝐹𝑥_𝑢𝑚𝑝 + 𝐹𝑥_𝑦𝑚                                                         

(18-1) 𝑚2�̈�2 + 𝑐2�̇�2 + [𝐴22𝐵2 𝑘1 + 𝑏2(𝑏+𝑐+𝑑)2 𝑘2 + (𝑏+𝑐)2(𝑏+𝑐+𝑑)2 𝑘3] 𝑥2 + [− 𝐴1𝐴2𝐵2 𝑘1 + 𝑏(𝑐+𝑑)(𝑏+𝑐+𝑑)2 𝑘2 +𝑑(𝑏+𝑐)(𝑏+𝑐+𝑑)2 𝑘3] √𝑥12+𝑦12√𝑥22+𝑦22 𝑥2 + 𝐴2𝐵 𝑘1𝑥𝑏1 − 𝑏𝑏+𝑐+𝑑 𝑘2𝑥𝑏2 − 𝑏+𝑐𝑏+𝑐+𝑑 𝑘3𝑥𝑏3 = 𝑚2𝑒2𝜔2𝑐𝑜𝑠𝜙 +𝐹𝑥_𝑠𝑒𝑎𝑙 + 𝑓𝑥(𝑡)                                                             

(18-2) 𝑚𝑥1�̈�𝑏1 + 𝑐𝑏𝑥1�̇�𝑏1 + (𝑘1 + 𝑘𝑏𝑥1)𝑥𝑏1 − 𝐴1𝐵 𝑘1𝑥1 + 𝐴2𝐵 𝑘1𝑥2 − 𝑐𝑏𝑥1�̇�𝑏2 − 𝑘𝑏𝑥1𝑥𝑏2 = 0  

(18-3) 𝑚𝑥2�̈�𝑏2 + (𝑐𝑏𝑥1 + 𝑐𝑏𝑥2)�̇�𝑏2 + (𝑘2 + 𝑘𝑏𝑥1 + 𝑘𝑏𝑥2)𝑥𝑏2 − 𝑐+𝑑𝑏+𝑐+𝑑 𝑘2𝑥1 + 𝑏𝑏+𝑐+𝑑 𝑘2𝑥2 −𝑐𝑏𝑥1�̇�𝑏1 − 𝑘𝑏𝑥1𝑥𝑏1 − 𝑐𝑏𝑥2�̇�𝑏3 − 𝑘𝑏𝑥2𝑥𝑏3 = 0                           (18-4) 𝑚𝑥3�̈�𝑏3 + (𝑐𝑏𝑥2 + 𝑐𝑏𝑥3)�̇�𝑏3 + (𝑘3 + 𝑘𝑏𝑥2 + 𝑘𝑏𝑥3)𝑥𝑏3 − 𝑑𝑏+𝑐+𝑑 𝑘3𝑥1 + 𝑏+𝑐𝑏+𝑐+𝑑 𝑘3𝑥2 −𝑐𝑏𝑥2�̇�𝑏2 − 𝑘𝑏𝑥2𝑥𝑏2 = 0                                              

(18-5) 

3.3 Deducing space state equations  

   The length ratio of shaft system size is given by 𝑎: 𝑏: 𝑐: 𝑑 = 3: 4: 6: 3. The 
essential state variables (𝑧1, 𝑧2, ⋯ , 𝑧20) are specified in the solving procedure and 
listed in Eq. (19). Then, the higher-order dynamic equations stated above can be 
converted into first-order state equations (Eqs. (20-1)~(20-10)).  

 {  
  𝑧1 = 𝑥1, 𝑧2 = �̇�1,   𝑧3 = 𝑦1, 𝑧4 = �̇�1,                   𝑧5 = 𝑥2, 𝑧6 = �̇�2,   𝑧7 = 𝑦2, 𝑧8 = �̇�2,                   𝑧9 = 𝑥𝑏1, 𝑧10 = �̇�𝑏1,   𝑧11 = 𝑦𝑏1, 𝑧12 = �̇�𝑏1,      𝑧13 = 𝑥𝑏2, 𝑧14 = �̇�𝑏2,   𝑧15 = 𝑦𝑏2, 𝑧16 = �̇�𝑏2,    𝑧17 = 𝑥𝑏3, 𝑧18 = �̇�𝑏3,   𝑧19 = 𝑦𝑏3, 𝑧20 = �̇�𝑏3,                                      

(19) 
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�̇�1 = 𝑧2 ; �̇�2 = − 1𝑚1 [𝑐1𝑧2 + (4916 𝑘1 + 81169 𝑘2 + 9169 𝑘3) 𝑧1 + (− 2152 𝑘1 + 36169 𝑘2 + 30169 𝑘3) √𝑧52+𝑧72√𝑧12+𝑧32 𝑧1 − 74𝑘1𝑧9 −
913 𝑘2𝑧13 − 313 𝑘3𝑧17] + 𝑒1𝜔2𝑐𝑜𝑠𝜙 + 𝐹𝑥_𝑢𝑚𝑝+𝐹𝑥_𝑦𝑚𝑚1                                                    

(20-1) �̇�3 = 𝑧4 ; �̇�4 = − 1𝑚1 [𝑐1𝑧4 + (4916 𝑘1 + 81169 𝑘2 + 9169 𝑘3) 𝑧3 + (2152 𝑘1 + 36169 𝑘2 + 30169 𝑘3) √𝑧52+𝑧72√𝑧12+𝑧32 𝑧3 − 74 𝑘1𝑧11 −
913 𝑘2𝑧15 − 313 𝑘3𝑧19] + 𝑒1𝜔2𝑠𝑖𝑛𝜙 + 𝐹𝑦_𝑢𝑚𝑝+𝐹𝑦_𝑦𝑚𝑚1                                                              

(20-2) �̇�5 = 𝑧6 ; �̇�6 = − 1𝑚2+𝑚𝑓 [(𝑐2 + 𝐷)𝑧6 + ( 9169 𝑘1 + 16169 𝑘2 + 100169 𝑘3) 𝑧5 + (− 2152 𝑘1 + 36169 𝑘2 + 30169 𝑘3) √𝑧12+𝑧32√𝑧52+𝑧72 𝑧5 +(𝑘 −𝑚𝑓𝜏𝑓2𝜔2)𝑧5 + 𝜏𝑓𝜔𝐷𝑧7 + 2𝜏𝑓𝑚𝑓𝜔𝑧8 + 313 𝑘1𝑧9 − 413 𝑘2𝑧13 − 1013 𝑘3𝑧17 +𝑚2𝑒2𝜔2𝑐𝑜𝑠𝜙 +𝑓𝑥(𝑡)]                          

(20-3) �̇�7 = 𝑧8 ; �̇�8 = − 1𝑚2+𝑚𝑓 [(𝑐2 + 𝐷)𝑧8 + ( 9169 𝑘1 + 16169 𝑘2 + 100169 𝑘3) 𝑧7 + (− 2152 𝑘1 + 36169 𝑘2 + 30169 𝑘3) √𝑧12+𝑧32√𝑧52+𝑧72 𝑧7 +(𝑘 −𝑚𝑓𝜏𝑓2𝜔2)𝑧7 − 𝜏𝑓𝜔𝐷𝑧5 − 2𝜏𝑓𝑚𝑓𝜔𝑧6 + 313 𝑘1𝑧11 − 413 𝑘2𝑧15 − 1013 𝑘3𝑧19 −𝑚2𝑒2𝜔2𝑠𝑖𝑛𝜙 + 𝑓𝑥(𝑡)]                

(20-4) �̇�9 = 𝑧10; �̇�10 = − 1𝑚𝑥1 [𝑐𝑏𝑥1𝑧10 + (𝑘1 + 𝑘𝑏𝑥1)𝑧9 − 74 𝑘1𝑧1 + 313 𝑘1𝑧5 − 𝑐𝑏𝑥1𝑧14 − 𝑘𝑏𝑥1𝑧13]              (20-5) �̇�11 = 𝑧12; �̇�12 = − 1𝑚𝑦1 [𝑐𝑏𝑦1𝑧12 + (𝑘1 + 𝑘𝑏𝑦1)𝑧11 − 74 𝑘1𝑧3 + 313 𝑘1𝑧7 − 𝑐𝑏𝑦1𝑧16 − 𝑘𝑏𝑦1𝑧15]            (20-6) �̇�13 = 𝑧14 ; �̇�14 = − 1𝑚𝑥2 [(𝑐𝑏𝑥1 + 𝑐𝑏𝑥2)𝑧14 + (𝑘2 + 𝑘𝑏𝑥1 + 𝑘𝑏𝑥2)𝑧13 − 913 𝑘2𝑧1 − 413 𝑘2𝑧5 − 𝑐𝑏𝑥1𝑧10 − 𝑘𝑏𝑥1𝑧9 −𝑐𝑏𝑥2𝑧18 − 𝑘𝑏𝑥2𝑧17]                                                                            

(20-7) �̇�15 = 𝑧16 ; �̇�16 = − 1𝑚𝑦2 [(𝑐𝑏𝑦1 + 𝑐𝑏𝑦2)𝑧16 + (𝑘2 + 𝑘𝑏𝑦1 + 𝑘𝑏𝑦2)𝑧15 − 913 𝑘2𝑧3 − 413 𝑘2𝑧7 − 𝑐𝑏𝑦1𝑧12 − 𝑘𝑏𝑦1𝑧11 −𝑐𝑏𝑦2𝑧20 − 𝑘𝑏𝑦2𝑧19]                                                                            

(20-8) �̇�17 = 𝑧18; �̇�18 = − 1𝑚𝑥3 [(𝑐𝑏𝑥2 + 𝑐𝑏𝑥3)𝑧18 + (𝑘3 + 𝑘𝑏𝑥2 + 𝑘𝑏𝑥3)𝑧17 − 313 𝑘3𝑧1 − 1013 𝑘3𝑧5 − 𝑐𝑏𝑥2𝑧14 − 𝑘𝑏𝑥2𝑧13]   

(20-9) �̇�19 = 𝑧20 ; �̇�20 = − 1𝑚𝑦3 [(𝑐𝑏𝑦2 + 𝑐𝑏𝑦3)𝑧20 + (𝑘3 + 𝑘𝑏𝑦2 + 𝑘𝑏𝑦3)𝑧19 − 313 𝑘3𝑧3 − 1013 𝑘3𝑧7 − 𝑐𝑏𝑦2𝑧16 −𝑘𝑏𝑦2𝑧15]             (20-10) 

4 Dynamic simulation of CSFS and validation 

On the basis of the energy-equivalent nonlinear vibration model developed 
for CSFS, the prototype mechanical behavior of hydropower station located in 
southwest of China is simulated and discussed here. The coupled nonlinear 
vibration model is developed and analyzed using adaptive step size fourth-fifth 
order Runge-Kutta method of the MATLAB software. Meanwhile, the results of 
the corresponding field tests are used to validate the equivalent simplified model 
of CSFS in this paper. The main relevant parameters of the CSFS are as follows: 

The hydropower house has five Francis hydro generator units installed, each 
with 350 MW and of semi-umbrella vertical shaft type. The concrete material of 
the units foundation is C25. The spacing between units is 34.3 m. The length sizes 
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of shafting are |𝐴𝑂1| = 𝑎 = 3.75𝑚 , |𝑂1𝐵| = 𝑏 = 5𝑚 , |𝐵𝐶| = 𝑐 = 7.5𝑚 , |𝐶𝑂2| = 𝑑 = 3.75𝑚. The masses of the generator rotor and water turbine runner 
are m1=2.2×106 kg and m2=2.21×106 kg. The damping coefficients of the generator 
rotor and hydraulic turbine runner are c1=3.0×104N·s/m, c2=4.0×104N·s/m. The 
upper guide bearing stiffness is k1=2.5×109N/m; the lower guide bearing stiffness 
is k2=0.9×109N/m; the turbine guide bearing stiffness is k3=0.8×109N/m. The mass 
eccentricities of the generator rotor and turbine runner are e1=5.0×10-4m and 
e2=3.0×10-4m. The radius and length of generator rotor are Rr=9m and Lr=4m. The 
uniform air gap is δ0=2.9×10-2m. The air permeability is μ0=4π×10-7H/m. The air 
gap flux potential is kj=5.1. The generator excitation current is Ij=700A. n, b and 
τ0 are used to describe the specific seal: n=2.5、b=0.2、τ0=0.5. n0 and m0 are the 
empirical coefficients determined by the experiment and seal structures: n0=0.079、
m0=-0.250. The local loss coefficient is ξ=1.5. Seal radius and seal length are 
Rs=3.0m、Ls=0.5m. The axial velocity is v=3.0m/s. Hydrodynamic viscosity 
coefficient is γ=1.3×10-3Pa·s. The sealing pressure drop is ΔP=5.0×105Pa. The 
seal clearance is c=2.0×10-3m. Lubricating oil viscosity is μ=2.4×10-2 H/m. 
Bearing radius clearance is cz=4.0×10-4m. Radius of bearing is Rb=0.3m. Bearing 
length is Lb=0.5m. Rated unit speed is ω=7.85rad/s. Runaway speed of the turbine 
is 15.7rad/s. 

4.1 Brief description of field experimental tests 

    Song and Ma [26] made a detailed study on the prototype coupled-vibration tests 
of generator set and power-house. The measuring sensors are distributed in four areas 
including block concrete structure (i.e., the supporting foundation subsystem), the 
floor structure, water turbine generator set structure and the water pressure fluctuation 
measuring area in the draft tube and spiral case. The detailed testing point 
arrangement is shown in Fig. 8.  

   

(a) Foundation subsystem    (b) Shaft subsystem    (c) Generator floor 
Fig. 8 Sketch of testing point arrangement [26] 

    The amplitudes of measured shaft swing during the load increasing phase are 
shown in Table. 2. The trend analysis indicates that the shaft swing decreases 
rapidly with the increase of the unit load. At rated load, the turbine bearing 
amplitude in lateral-river vibration is 267.7μm. 
Table 2 Amplitudes of measured shaft swing (μm) [26] 

Direction Testing point 50MW 87.5MW 175MW 262.5MW 350MW 

Lateral-river Turbine 
bearing  

/ / 527.4 286.8 267.7 

Lateral-river Upper bearing 223.9 188.5 183.3 141.8 142.0 

Longitude-river Upper bearing 234.3 366.2 202.0 158.5 141.4 

For the foundation subsystem testing, the maximum effective amplitudes of lower 
bracket foundation in longitude-river direction and in vertical direction are 28μm and 
56μm, respectively. The dynamic response curves of foundation as the unit load 
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increases are detailed in Fig. 9. Fig. 9 shows the vibration law of each part of the 
foundation is similar to that of the unit. The larger vibration of foundation subsystem 
occurs in the lower load area. When the unit output is 87.5MW, the vibration of each 
part is the most intense, and the vibration gradually decreases with increasing load. 
Additional details on the test site, test method and analysis results can be found in the 
work by Song et al. [26]. These field tested results will be utilized to compare to the 
following simulated results and to validate the developed energy-equivalent model of 
CSFS 

4.2 Result discussion and model validation 

   Compared to the traditional water turbine generator set shaft system model, the 
major advantage of the developed energy-equivalent model of CSFS in this paper is 
reflecting the effects of the supporting foundation on the unit vibration and the 
dynamic coupled relationship between the supporting foundation and the shafting 
system. To verify the energy-equivalent model of CSFS, the corresponding theoretical 
simulations using the established coupled dynamics model need be performed under 
the same pulsating water pressure conditions as the experimental tests. Hence, the 
primary steps in performing the verifying analysis are summarized in the following 
steps. 

(1) Read the measured vibration data of shaft subsystem in the field experiments 
under different load cases.  

(2) To obtain the equivalent mathematical model of CSFS, the equivalent pulsating 
water pressures acting on turbine runner corresponding to different load cases are 
identified using the data in step 1.  

(3) The simulated vibration responses of the foundation subsystem in the 
equivalent simplified model of CSFS are extracted and compared to the field 
experimental tested results of foundation for model validation.  

   Comparisons between the tested and the simulated vibration acceleration results 
are made in Fig. 9. It is obviously observed that the acceleration root mean square 
values of calculated results have basically the similar variation law as field tested 
results under different unit loads. The values of the computed results obtained by the 
established model are also very close to the tested data in Song et al. [25]. Only 
relatively minor differences are observed on the acceleration results, which may be 
induced by the model itself simplification and the position deviations of the actual 
measuring points. Hence, the accuracy of optimal equivalent model for evaluating the 
foundation responses are deemed accurate enough for capturing the dynamic coupling 
relationship between the shafting subsystem and the foundation subsystem.    

 

Fig. 9 Comparison of acceleration root mean square of foundation longitude-river vibration 
calculated by proposed CSFS model with field tested results in Song et al. [26].  

    In addition, some typical computed results are shown in Fig. 10 and Fig. 11, 
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including the phrase diagram of the axis coordinates and foundation time-domain 
responses. It can be seen that the chaotic running state of the shafting system occurs in 
the different load cases, and the phrase diagrams of the axis coordinate under low-load 
condition are more unstable and have larger amplitudes than those under rated-load 
condition. In fact, the unit running state, i.e., it is chaos or quasi-periodic motion, 
mainly depends on excitation intensity and frequency band features of the constructed 
pulsating water pressure acting on turbine runner.  

   
(a)                         (b)                         (c) 

Fig. 10 Calculated vibration results of the CSFS in the case of 87.5MW load. (a) Phrase 
diagram of the axis coordinates for generator rotor; (b) Phrase diagram of the axis coordinates 

for turbine runner; (c) Aceleration-time history of lower bearing foundation. 

   
(a)                         (b)                         (c) 

Fig. 11 Calculated vibration results of the CSFS in the case of 350MW load. (a) Phrase 
diagram of the axis coordinates for generator rotor; (b) Phrase diagram of the axis coordinates 

for turbine runner; (c) Aceleration-time history of lower bearing foundation. 

5 Effect of foundation in the nonlinear vibration of 

shaft system 

Previously published water turbine generator set shaft dynamics model with 
rigid supports did not consider the dynamic effects from the elastically supporting 
foundations and the mutually foundations coupling. Thus, the vibrations caused 
by excitations from the foundation subsystem cannot be revealed by using the 
traditional shaft dynamics model. In order to investigate the dynamic influence of 
the foundation subsystem, this section compares the nonlinear vibration 
characteristics from the established optimal equivalent model of CSFS and the 
individual hydro-generator shaft model without coupling foundations in the same 
rotational speed range from 0 to 20rad/s. Due to the abovementioned pulsating 
water pressure in the simplified model being an equivalent load, it is different and 
uncertain for different models at various rotational speeds. Hence, the complicated 
pulsating water pressure is neglected in this comparison.  

The shaft lateral vibration results calculated by the two dynamics models are 
presented in Fig. 12~Fig. 14. Fig.12(a) and (b) show plots of vibrational 
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bifurcation diagrams of the generator rotor and turbine runner for CSFS and 
individual shaft system. It is seen that as the rotational speed and thus also the 
radial amplitude of shaft system is increased. The amplitudes of CSFS are also 
generally higher than those of individual shaft system. The first peak of the 
critical speed of CSFS appears slightly earlier than that of individual shaft system, 
which is induced by the reduced support stiffness when considering foundation 
subsystem. In the whole operating speed range, there are always complex quasi 
periodic motions in the generator rotor of individual shaft system, in contrast to 
the stable periodic motions occurred in CSFS. The corresponding axial trajectory 
diagrams are depicted in Fig.13. The axial trajectories of rotor and runner in CSFS 
always appear as very regular circles at different rotational speeds, but the axial 
trajectories of rotor in individual shaft system appear as complex symmetrical 
rings. It is evident that the dynamic behavior of CSFS is completely different from 
that of the individual shaft system at lower rotating speeds. 

The vibrational differences between the two structures are also reflected in 
the spectrum diagrams, as shown in Fig.14, which also reveal the inner reasons for 
these differences. Actually, the foundation subsystem is also used to provide 
additional damping to the shaft system besides elastic supporting. The effect of 
damping is to absorb vibration energy and to cause an obvious decrease in high-

frequency motion of the shaft system. Meanwhile, due to the effect of low-

frequency vibrational behavior of the coupling foundation subsystem, the shaft 
subsystem in CSFS has also produced the obvious low-frequency amplification. 
These similar variations for frequency response characteristic can be found in 
other coupling dynamic system, such as the coupled vehicle-track system [27], etc.  

In general, the nonlinear vibration of water turbine generator set should be 

analyzed as a whole coupling system, taking into account the foundation 

subsystem impact. The effect of foundation involves the amplitude characteristics, 

frequency characteristics and stability.  

   

(a) Coupled shaft-foundation system     (b) Individual shaft system 

Fig. 12(a) Bifurcation diagrams of generator rotor axis coordinate at different rotational 
speeds 

      

(a) Coupled shaft-foundation system     (b) Individual shaft system 

Fig. 12(b) Bifurcation diagrams of turbine runner axis coordinate at different rotational speeds 
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(a) ω=3.5rad/s           (b) ω=7.85rad/s             (c) ω=15.7rad/s 

Fig. 13(a) Phrase diagrams of the axis coordinates for generator rotor at different rotational 
speeds 

   

(a) ω=3.5rad/s           (b) ω=7.85rad/s             (c) ω=15.7rad/s 

Fig. 13(b) Phrase diagrams of the axis coordinates for turbine runner at different rotational 
speeds 

    

(a) Coupled shaft-foundation system      (b) Individual shaft system 

Fig. 14(a) Amplitude-frequency figures of generator rotor lateral vibration (ω=3.5rad/s) 

    

(a) Coupled shaft-foundation system      (b) Individual shaft system 

Fig. 14(b) Amplitude-frequency figures of generator rotor lateral vibration (ω=7.85rad/s) 

6 Conclusions  

In this article, a new energy-equivalent simplified model for lateral nonlinear 
vibrations of CSFS was established. The calculation of nonlinear dynamic 
responses of the CSFS was carried out using Runge-Kutta method in MATLAB. 
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The mutual coupling responses of the shaft system and the foundation system 
were analyzed. This energy-equivalent simplified dynamics model enables the 
simulated dynamic responses of the CSFS close to the actual situation, which is 
also verified by comparing the calculated results with the tested data. Besides, due 
to fewer degrees of freedom, simpler modeling process and faster solving 
capability on the nonlinear dynamic performance of the CSFS are major 
advantages of the proposed coupled dynamics model. It can thus be further 
applied for analyzing the deeper dynamic performances of CSFS in the future 
work, such as sensitivity analyses and comparison of a large number of similar 
schemes, etc.  
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Figures

Figure 1

(a) Whole �nite element model and (b) equivalent simpli�ed model of a coupled water turbine generator
set shaft-foundation system



Figure 2

Procedure for establishing an optimal energy-equivalent model for foundation subsystem



Figure 3

Model comparison for foundation subsystem in frequency-domain (In the subtitle “1, 2, 3” denote upper
guide bearing foundation, lower guide bearing foundation and turbine guide bearing foundation,
respectively. The symbol “1-2” means "the dynamic responses of the lower guide bearing foundation
when upper guide bearing foundation is subjected to harmonic loadings.")



Figure 4

The �rst time-varying excitation constructed by white noise. (a) time-history curve of this excitation; (b)
spectrum characteristic of this excitation

Figure 5

The second time-varying excitation constructed by bounded noise. (a) time-history curve of this
excitation; (b) spectrum characteristic of this excitation



Figure 6

Acceleration root-mean-square values of time-history responses for different models (See Fig. 3 for
description of the X-axis markers)

Figure 7

Typical pressure �uctuation of the turbine runner tested on prototype machine [22]



Figure 8

Sketch of testing point arrangement [26]

Figure 9

Comparison of acceleration root mean square of foundation longitude-river vibration calculated by
proposed CSFS model with �eld tested results in Song et al. [26].



Figure 10

Calculated vibration results of the CSFS in the case of 87.5MW load. (a) Phrase diagram of the axis
coordinates for generator rotor; (b) Phrase diagram of the axis coordinates for turbine runner; (c)
Aceleration-time history of lower bearing foundation.

Figure 11

Calculated vibration results of the CSFS in the case of 350MW load. (a) Phrase diagram of the axis
coordinates for generator rotor; (b) Phrase diagram of the axis coordinates for turbine runner; (c)
Aceleration-time history of lower bearing foundation.



Figure 12

12(a) Bifurcation diagrams of generator rotor axis coordinate at different rotational speeds 12(b)
Bifurcation diagrams of turbine runner axis coordinate at different rotational speeds



Figure 13

13(a) Phrase diagrams of the axis coordinates for generator rotor at different rotational speeds 13(b)
Phrase diagrams of the axis coordinates for turbine runner at different rotational speeds



Figure 14

14(a) Amplitude-frequency �gures of generator rotor lateral vibration (ω=3.5rad/s) 14(b) Amplitude-
frequency �gures of generator rotor lateral vibration (ω=7.85rad/s)


