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Abstract Bimodality is a typical behavior of bistable
nonlinear stochastic differential equations. In this work,

we find an exact result for calculating the dynamical
and stationary probability distribution function in a
simple linear system driven by an asymmetric Marko-

vian dichotomous noise. The results show that asym-

metric dichotomous noise leads to a unimodal-bimodal

distribution transition, exhibiting eight different non-

Maxwellian stationary probability distribution profiles

in the parameter space. The noise-induced transitions
depend on the correlation time, which characterizes the
asymmetric dichotomous noise. The calculations are per-

formed using a linear configuration; but applications to

other systems governed by nonlinear equations such as

single species population growth models are discussed.

In the proper limits, the symmetric case, including the

Gaussian white noise limit, is recovered. Numerical sim-

ulations show good agreement with analytical results.

Finally, a possible experimental setup is proposed.
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1 Introduction

Linear and nonlinear stochastic differential equations

have played a crucial and productive role in the theory
of out-of-equilibrium phenomena and they have shown
that an adequate control of noise can induce interest-

ing phenomena such as stochastic resonance [1,2] and

noise-induced transitions [3,4,5]. Several other effects

of noise have been studied in [6,7]. Most models are
Langevin-type equations, i.e., differential equations of

first order with either additive or multiplicative noise
terms with respect to the system output. Such noise
terms account for fluctuating environment or for con-

trolled noise generated in the laboratory, so statistical

properties can be studied.

Usually, in the study of stochastic differential equa-
tions (SDE), it is considered a Gaussian white noise,

denoted by Γ (t). Its correlation function is given by
〈Γ (t)Γ (t′)〉 = 2Dδ(t−t′) where D is the noise strength.

However, this is not always realistic. To describe more

physical situations, it is necessary to consider a noise

with a finite correlation function, e.g., the Ornstein-

Uhlenbeck (OU) process or the dichotomous noise. Both

processes have a correlation function of decreasing ex-

ponential type 〈ξ(t)ξ(t′)〉 = D/τc exp(− |t− t′| /τc), where
τc is the correlation time and ξ(t) denotes a colored

noise. Unlike the OU process, the dichotomous noise

is not Gaussian [8,9]. It belongs to a general family

characterized by taking a finite number of random val-

ues with a correlation time τc 6= 0 [10,11]. In addi-
tion, SDEs driven by a dichotomous noise present non-

Maxwellian probability distribution, i.e., distributions

with a tail that deviates from the Maxwellian one [12].

Non-Maxwellian distributions appear in many areas of

science and engineering, for instance, voltage-noise-induced

transitions [13], physics of dust-plasma interactions [14],
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anomalous velocity distribution [15], the noisy voter

model [16], and network models [17].

In general, exact analytical solutions of SDEs for

the dynamical and stationary probability distribution

are scarce. However, exact solutions have been found in

linear stochastic models driven by a symmetric dichoto-

mous noise [15,18]. Symmetric dichotomous noise can

also lead, in linear SDEs, transitions from a unimodal
to a bimodal symmetric probability distribution [19].

This phenomenon was known to be limited to nonlin-

ear SDEs [3]. Therefore, the kind of noise is relevant to

get new phenomena in linear SDEs. However, an asym-

metric probability distribution of noise has not been

explored yet.

This work study analytically and numerically the
transition from a unimodal to a bimodal stationary

probability distribution function (PDF) in a linear sys-

tem driven by an asymmetric dichotomous noise. An

exact analytical solution is found for the dynamical and

stationary probability distribution as a function of time

and the output variable. Noting noise-induced transi-

tions, the study is focused on the stationary PDF, show-

ing that asymmetric dichotomous noise induces eight

new solutions. In contrast with symmetric dichotomous

noise, which exhibits only two different solutions of the

probability distribution. In the proper limits, our re-

sults are capable of reproducing the symmetric case in-

cluding the Gaussian white noise (GWN) case.

Our results can be applied in linear and non-linear

systems. For linear systems the analogy is immediate

and addresses problems such as neural dynamics [20],

the Brownian motion with viscosity [21], and in simple

electronic circuits [22,23,24]. In non-linear systems, our

results are applied in growth models used to describe

the statistical properties of the population dynamics of

a single species [25]. Some examples are the growth and

decline of the human population in central cities, the
spread of epidemics and insects, pollution of the atmo-
sphere, rivers, lakes and seas due to various human ac-

tivities or also natural disasters. These, and many other

phenomena, are typical illustrations of growth phenom-

ena found in many physical and biological areas.

This work is organized in the following way. In sec-

tion 2, we introduced the linear model driven by an
asymmetric dichotomous noise and a constant force.

The main statistical properties of asymmetric dichoto-
mous noise and its numerical generation are discussed.
In section 3, we calculate analytically the PDF as a

function of the output process z and time t. In section 4,

transition phenomenon from a unimodal to a bimodal

distribution is studied. In the appropriate limits, the

symmetric case, including the Gaussian white noise, is

recovered. In section 5, applications in growth models

are discussed. In particular, we focus our attention on

the Gompertz model. The generality of our results is
stressed by study some properties of the aforementioned
models graphically. In section 6, we check our analytic

results numerically and present a possible experimental

setup. Finally, conclusions and final remarks are shown

in section 7.

2 The stochastic model

Our starting point is defined by a stochastic variable
z(t) whose realizations follow a linear Langevin evolu-

tion, written as,

d

dt
z(t) = −γz(t) + V + σξD(t) (1)

where z(t) denotes the output variable, γ is the damp-

ing parameter, V is a constant average input, and ξD(t)

is the asymmetric Markovian dichotomous noise with

an intensity σ. The dichotomous process ξD(t) is also

known as random telegraph signal and its state space x
consists only of two levels (a,−b). The temporal evolu-

tion of the conditional probability P (x, t|ξ0, t0) for the
process ξD(t) is given by the following master equation

[3,26]

(

Ṗ (a, t|ξ0, t0)
Ṗ (−b, t|ξ0, t0)

)

=

(

−νa νb
νa −νb

)(

P (a, t|ξ0, t0)
P (−b, t|ξ0, t0)

)

,

(2)

where ξ0 = ξD(t0), νa and νb are the probabilities by
unit time of switching between states a → −b and−b →
a, respectively. In addition, τj = 1/νj are the mean res-
idence time in these states. The conditional probabil-

ities P (a, t|ξ0, t0) and P (−b, t|ξ0, t0) can be obtained

by solving the system of equations (2) subject to the

initial condition P (x, t|x0, t0) = δx,x0 , the conservation

of total probability P (a, t|ξ0, t0) + P (−b, t|ξ0, t0) = 1
and the stationary probabilities

P (a,∞|x, t0) = Ps(a) =
νb

νa + νb
, (3a)

P (−b,∞|x, t0) = Ps(b) =
νa

(νa + νb)
. (3b)

where δx,x0
is the Kronecker delta. These are given by

P (a, t|ξ0, t0) = τcνb + τc (νaδa,ξ0 − νbδb,ξ0) e
−

(t−t0)
τc

(4a)

P (−b, t|ξ0, t0) = τcνa − τc (νaδa,ξ0 − νbδb,ξ0) e
−

(t−t0)
τc

(4b)

with the correlation time τc = 1/ (νa + νb).

The asymmetric dichotomic process is completely

determined by Eqs. (4a)-(4b), thus the mean value of
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the process ξD(t) in the steady state and the correlation

function can be calculated as

〈ξD(t)〉 =
∑

x=−b,a

xPst(x)

= τc(νba− νab) (5)

and

〈ξD(t)ξD(t′)〉 =
∑

x,x′

xx′P (x, t|x′, t′)Pst(x
′)

= 〈ξD(t)〉2 + νaνb (a+ b)
2

(νa + νb)
2 e−

|t−t
′|

τc , (6)

respectively.

For simplicity, we set the mean value zero 〈ξD(t)〉 =
0. Then, νb = (b/a) νa. If b/a > 1, νb > νa, on the

contrary, if b/a < 1, νb < νa. Under these conditions,

the correlation time becomes τc = C/νa with C =

1/
(

1 + b
a

)

. If states a and b are fixed, the parameter

νa controls the correlation time as τc ∼ 1/νa (see Fig.

2). In addition, we introduce the parameter ∆0 that
measures the degree of asymmetry of the dichotomous

noise, ∆0 ≡ a − b. The symmetric case is recover by
setting a = b and νb = νa = ν. Accordingly, the asym-

metric dichotomous Markov process is characterized by

three independent parameters a, b and νa.

The dichotomic noise converges to Gaussian white

noise through an appropriate limit procedure [8,9]. Ap-

plications and experimental evidence can been found in

the literature [3,27,28].

2.1 Statistical properties of the output process z(t)

Formally integrating the Eq. (1) and setting the initial

condition z(t0 = 0) = z0, we get

z(t) = z0e
−γt +

∫ t

0

ds(σξ(s) + V )e−γ(t−s). (7)

From this equation and using the statistical properties

of process ξD(t) in (5)-(6), it is possible to calculate
the mean value and correlation function of the output

stochastic process z(t). First, we take the mean value
over all realizations of the process ξD(t) on the Eq. (7).

Then, we have in the steady state (t → ∞),

〈z(t)〉s =
V

γ
. (8)

Next, putting for simplicity z0 = 0 and considering (5),

the correlation function is given by

〈z(t)z(t′)〉 =
(

V

γ

)2
(

1− e−γt
)

(

1− e−γt′
)

+σ2

∫ t

0

ds

∫ t′

0

ds′e−γ(t−s)e−γ(t′−s′) 〈ξD(s)ξD(s′)〉 , (9)

using property (6) and centering on the stationary state

t → ∞ and t′ → ∞ with |t− t′| finite, we obtain

〈z(t)z(t′)〉 =
(

V

γ

)2

− abσ2µc

γ (γ2 − µ2
c)
e−γ|t−t′|

+
abσ2

(γ2 − µ2
c)
e−µc|t−t′|. (10)

here µc = 1/τc. The realizations of the variable z(t) can

be found by numerically integrating Eq. (1). We used

the Euler-Maruyama scheme with a time step ∆t =
0.01(s). Fig. 1 shows z(t) for three values of the νa =

6, 80 and 100 with their corresponding stationary his-
tograms (see right panel). The Figs. 1(a) and 1(b) show

the asymmetric case with parameters a = 3 and b = 1.

In Fig.1(a), it is shown that the realization z(t) has a

bimodal stationary PDF, while in Fig.1(b) has a uni-

modal distribution. These latter are known as non-Maxwellian
distribution [12,15,22]. Figure 1(c) shows numerically

the transition from non-Maxwellian to Maxwellian dis-

tribution in the limit to GWN with parameters νa =

100 and a = b = 5. Returning to Figs. 1(a)-(b), it is
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Fig. 1: (Color online) Realizations of the output process

z(t) with their corresponding histograms (right panels).

The black dashed line is the mean value 〈z(t)〉s = 1. a)

An asymmetric bimodal distribution with parameters

a = 3, b = 1, and νa = 6. b) An asymmetric unimodal

distribution with parameters a = 3, b = 1, and νa = 80.

c) The symmetric case with parameters a = b = 5 and

νa = 100.

observed that a transition from a bimodal to a uni-

modal stationary PDF occurs. This transition is con-

trolled by the parameter that characterizes noise νa. In

the following sections, analytical and numerical analy-

sis of the phenomenon of transition from a unimodal
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to a bimodal non-Maxwellian stationary distribution is

shown.

2.2 Generation of asymmetry dichotomous noise

This subsection is devoted to the generation of asym-

metric dichotomous noise. This noise is a random sta-

tionary Markovian process that consists of jumps be-

tween two states a and −b. The jumps follow in time

a Poisson process and the conditional probabilities be-

tween the two states can be obtained from (4a)-(4b) as

follows

Paa = τc

(

νb + νbe
−(t−t0)/τc

)

, (11a)

Pab = τcνb

(

1− e−(t−t0)/τc
)

, (11b)

Pbb = τc

(

νa + νbe
−(t−t0)/τc

)

, (11c)

Pba = τcνb

(

1− e−(t−t0)/τc
)

. (11d)

We follow the numerical algorithm for the dichotomous

sequence ξD(t) introduced in Refs. [29,30]. Figures 2(a)

and 2(b) show two realizations of the asymmetric case

considering the values of a = 3 and b = 1. In Fig. 2(a)

the inverse of the correlation time is given by νa = 1
(νb = (b/a) νa = 1/3) and its respective mean residence

time is τa = 1/νa = 1 (τb = 1/νb = 3). In Fig. 2(b)
the inverse of the correlation time is given by νa = 6

(νb = (b/a) νa = 2) and its respective mean residence

time is τa = 1/νa = 1/6 (τb = 1/νb = 1/2). Comparing

figures 2(a) and 2(b), we can clearly observe that the

mean residence time in each state decreases from τa = 1
to τa = 1/6 and from τb = 3 to τb = 1/2 when the

inverse of the correlation time νa (∼ 1/τc) increases.
In other words, noise is increasingly uncorrelated, in

agreement with the theory (Eqs. (4)-(6)). The Fig. 2(c)

shows a realization of the symmetric case considering

the values a = b = 1 and νa = νb = ν = 1. The degree

of asymmetry is given by the parameter ∆0 = 2 and

∆0 = 0, respectively.

3 The exact probability distribution

In this section, it is obtained analytically the probabil-

ity distribution function P (z, t) of the process z(t) de-

fined by Eq. (1). Starting with the displacement z(t) =

y(t) + V/γ in the Eq. (1) such as,

ẏ(t) = −γy + σξD(t). (12)

0 5 10 15 20

-1

0

3

(a) The asymmetric case considering
the values a = 3, b = 1, νa = 1, and
νb = 1/3.

0 5 10 15 20

-1

0

3

(b) The asymmetric case considering
the values a = 3, b = 1, νa = 6, and
νb = 2.

0 5 10 15 20

-1

0

1

(c) The symmetric case considering
the values a = b = 1 and νa = νb =
ν = 1.

Fig. 2: (Color online) Realizations of the dichotomous

noise ξD(t) as a function of time t.

The stochastic Liouville equation for the density func-

tion ρ(y, t; ξD) of Eq. (12) [31] is

∂

∂t
ρ(y, t; ξD) = γρ(y, t; ξD) + γy

∂

∂y
ρ(y, t; ξD)

− σ
∂

∂y
ξD(t)ρ(y, t; ξD), (13)

taking the mean value over all the realizations of process

ξD(t) and using the Van Kampen’s lemma, the following

expression is obtained,

∂P

∂t
= γP + γy

∂P

∂y
− σ

∂P1

∂y
, (14)

where P ≡ P (y, t) ≡ 〈ρ(y, t; ξD)〉 and P1 ≡ P1(y, t) =

〈ξD(t)ρ(y, t; ξD)〉. Now, using the well-know Shapiro-
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Loginov formula for differentiation of exponentially cor-

related stochastic functions [32], the partial differential
equation for the function P1(y, t) takes the form,

∂P1

∂t
= (γ −N)P1 + γy

∂P1

∂y
− σ

∂

∂y

〈

ξ2D(t)ρ(y, t; ξD)
〉

(15)

where N = νa + νb. Using the property of dichotomous

noise ξ2D(t) = ∆2+∆0ξD(t), where ∆2 = ab and ∆0 =

a− b [9], Eq. (15) is transformed in

∂P1

∂t
= (γ −N)P1 + (γy − σ∆0)

∂P1

∂y
− σ∆2 ∂P

∂y
. (16)

The system of Eqs. (14) and (16) allows us to find an

exact equation for the probability distribution P (z, t)

of the stochastic model (1). In general, it is difficult

to obtain a closed equation for P (z, t). Differentiating
with respect to time Eq. (14)

∂2P

∂t2
= γ

∂P

∂t
+ γy

∂P

∂y∂t
− σ

∂P1

∂y∂t
. (17)

and taking the derivative with respect to y on Eq. (16),

we get

∂P1

∂y∂t
= (2γ −N)

∂P1

∂y
+ (γy − σ∆0)

∂2P1

∂y2
− σ∆2 ∂

2P

∂y2
.

(18)

Combining equations (17) and (18), we finally obtain

the equation of evolution for P (z, t)

∂2P

∂t2
− 2γ

(

y − σ∆0

2γ

)

∂2P

∂y∂t
+ γ2

[

(

y − σ∆0

2γ

)2

−
(

σ∆

γ

)2

−
(

σ∆0

2γ

)2
]

∂2P

∂y2
− (3γ −N)

∂P

∂t

+γ [(4γ −N) y − 2σ∆0]
∂P

∂y
+ (2γ −N) γP = 0. (19)

Additionally, two initial conditions are required for the

evolution of Eq. (19). The first initial condition is given

by P (y, 0) = δ(y), whereas the second initial condi-
tion can be obtained from a hypothesis of the Shapiro-

Loginov formula, which indicates the statistical inde-
pendence between ξD(t) and ρ(y, t; ξD) at the initial

time t = 0. Therefore, 〈ξD(t)ρ(y, t; ξD)〉 |t=0 = 0. Con-

sequently the initial conditions are

P (y, t) |t=0 = δ (y) ,

(

∂

∂t
− γy

∂

∂y
− γ

)

P (y, t) |t=0 = 0.

(20)

The following change of variables,

y = x+ κ, t =
τ

γ
, (21)

with κ = ∆0 σ/2γ, further simplifies Eq. (19) and re-

membering the relations for ∆ and ∆0 then the equa-
tion for the probability density can be written as

∂2P

∂τ2
− 2x

∂2P

∂τ∂x
+
(

x2 − λ2
) ∂2P

∂x2
− (1 + µ)

∂P

∂τ

+ ((2 + µ)x− (2− µ)κ)
∂P

∂x
+ µP = 0 (22)

here λ = σ (a+ b) /2γ, µ = 2 − N/γ, and their initial
conditions are given by

P (x, τ) |τ=0 = δ (x+ κ) , (23a)
(

∂

∂τ
− (x+ κ)

∂

∂x
− 1

)

P (x, τ) |τ=0 = 0,

∂P

∂τ
|τ=0 = (x+ κ) δ′ (x+ κ) + δ (x+ κ) . (23b)

This is a Cauchy problem. The standard approach to

find the solution of system (22)-(23), begins with its

reduction to the canonical form. First, we introduce the

following in Eq. (22)

P (x, τ) = U (x, τ) eµτ , (24)

such as

∂2U

∂τ2
− 2x

∂2U

∂x∂τ
+
(

x2 − λ2
) ∂2U

∂x2
+ (µ− 1)

∂U

∂τ

−(µ− 2) (x− κ)
∂U

∂x
= 0. (25)

Transforming Eq. (25) by using the new variables φ and

θ, defined by the following nonlinear transformation

x = λ
θ + φ

θ − φ
, τ = ln

(

1

2λ
(θ − φ)

)

, (26)

we get

∂2U

∂φ∂θ
+

1

(θ − φ)

[

α2
∂U

∂φ
− α1

∂U

∂θ

]

= 0 (27)

where

α1 = 1− Na

γ (a+ b)
, α2 = 1− Nb

γ (a+ b)
. (28)

This equation is the Euler-Darboux equation and its

solution is widely studied in Refs. [33,34]. The final

step is to solve the Cauchy problem associated with
Eq. (27) and initial conditions Eq. (23). For this, we
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used the Riemann method described in the Ref. [33].

We thus find the following solution

P (x, τ) =
1

2
e(α1−1)τδ

(

x− Λ−
a

)

+
1

2
e(α2−1)τδ

(

x+ Λ−
b

)

+ Q (x, τ) 2F1 [α1, α2; 1; ǫ]

+ W (x, τ) 2F1 [β1, β2; 2; ǫ] (29)

here Λ±
a = λ± (aσ/γ)e−τ , Λ±

b = λ± (bσ/γ)e−τ , δ(·) is
the Dirac delta function, 2F1 [·; ǫ] is the Gauss hyper-
geometric function, with

Q =
(1− µ)

(2λ)
1−µ

(

Λ+
b − x

)−α1
(

Λ+
a + x

)−α2

×
[

1 +
σ/γe−τ

(1− µ)

(

aα1

(

Λ+
b − x

)

+ bα2

(

Λ+
a + x

))

]

,

(30a)

W = α1α2e
−τ (2λ)

µ+1 (
Λ+
b − x

)−(β1+1) (
Λ+
a + x

)−(β2+1)

×
[

−x2 − 4κe−τx+ (Λ+
a Λ

−
a + Λ+

b Λ
−
b )/2− 2κ2e−2τ

]

,

(30b)

where β1,2 = α1,2 + 1, and

ǫ =
(x− Λ−

a )
(

x+ Λ−
b

)

(

x+ Λ+
a

) (

x− Λ+
b

) . (31)

The solution (29) has a domain given by −Λ+
a ≤ x ≤

Λ+
b , otherwise the probability density is zero P (x, τ) =

0. Finally, with the help of Eq. (21) we can write the

probability density (29) as a function of the original
variables (z, t), as

P (z, t) = P

[

x → z − V

γ
− κ, γt

]

(32)

−λ− (aσ/γ)e−γt ≤ z − V/γ − κ ≤ λ+ (bσ/γ)e−γt.

4 The stationary distribution

From now on, we focus on the stationary probability

distribution function Ps(z) and its properties, in partic-

ular, we characterize the transition from a unimodal to

a bimodal distribution. Taking the limit t → ∞ in Eq.

(32), the terms proportional to the expression e−τ go to

zero, i.e., Λ±
a → λ, Λ±

b → λ, W (x, τ) → 0, ǫ → 1. Thus,
Dirac delta functions can be neglected, being the dom-

inant term Q(x, τ). This leads to the stationary PDF

Ps(z). Conversely, when t → 0, the dominant terms

in (32) are Dirac delta functions travelling in opposite

directions, which is characteristic of a dichotomous pro-

cess ξD(t). The transient effects of P (z, t) will not be
discussed here.

Next, we take the limit t → ∞ and obtain

Ps (z) =
(1− µ)

(2λ)
1−µ

(

aσ

γ
+

(

V

γ
− z

))−α1

×
(

bσ

γ
−
(

V

γ
− z

))−α2

F [α1, α2; 1; ǫ → 1] .(33)

The argument of the hypergeometric function ǫ tends

to one in the stationary state. We use Gauss’ theorem

[35] to rewrite expression (33) in the following form

Ps (z) =
(1− µ)

(2λ)
1−µ

Γ (1− µ)

Γ (1− α1)Γ (1− α2)

×
(

σa

γ
+

(

V

γ
− z

))−α1
(

σb

γ
−
(

V

γ
− z

))−α2

(34)

here Γ (·) is the Gamma function, Ps has a domain given

by (V − σb) /γ ≤ z ≤ (V + σa) /γ. The probability dis-
tribution is zero, Ps(z) = 0, otherwise.

First, we studied the symmetric case a = b and νa =

νb = ν, thus, it is seen that Eq. (34) may be written as

Ps (z) =
(1− µ)

(2λ)
1−µ

Γ (1− µ)

Γ 2 (1− α)

(

(

σa

γ

)2

−
(

V

γ
− z

)2
)−α

(35)

where α = (1− ν/γ) and (V − σa) /γ ≤ z ≤ (V +

σa)/γ. Expression (35) describes the transition from a

unimodal to a bimodal distribution, which is controlled

by the inverse of the correlation time of the symmetric

dichotomous noise ν. The transition occurs when α =

0, at νc = γ. If ν < νc (α > 0) the Eq. (35) has a
minimum in the mean value 〈z(t)〉 = V/γ and its tails

go to infinity (bimodal distribution). While if ν > νc

(α < 0) the Eq. (35) has a maximum in 〈z(t)〉 = V/γ

and its extremes go to zero (unimodal distribution).

Figure (3) displays the stationary probability dis-

tribution in the symmetric case as a function of the z

process with γ = 0.5, V = 1.5, and σ = 0.5. We used

five different values of the inverse of the correlation time

ν, namely, ν = 0.1, 0.3, 0.5, 1.0 and 10. The transition
from a bimodal to a unimodal distribution occur in νc =

γ = 0.5. For the values of ν = 0.1 and 0.3 the distribu-

tion has a minimum since ν < νc, while for the values

ν = 0.5 and 1.0, it has a maximum since ν > νc. Taking

appropriate limits on the parameters ν → ∞, a → ∞
and keeping the ratio finite r = a2/ν, the current distri-
bution (35) goes asymptotically to the Maxwellian dis-

tribution Ps (z) = 1/(
√
2πD)e−(z−V/γ)2/2D2

. This limit

corresponds to the Gaussian white noise, where the ex-

pressionD2 = σ2r/(2γ) must remain constant [21]. The

Fig. (3), with ν = 10 (yellow marker line), shows the

probability distribution in the numerical limit to the

GWN.
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Fig. 3: (Color online) The symmetric stationary proba-

bility distribution Ps(z) as a function of z with param-
eter values a = b = 1 and νa = νb = ν = 0.1 (blue

solid line), 0.3 (orange dashed line), 0.5 (green dotted

line), 1.0 (purple dash-dot line). When ν = 10 (yellow

marker line), we recover the limit to GWN. The other

parameters values are γ = 0.5, V = 1.5, and σ = 0.5

Next, we study the effects produced by an asymmet-
ric dichotomous noise on model (1), for this, we return

to Eq. (34). In this case, the transitions are controlled
by the parameters α1 and α2, where α1 6= α2. Using

the equation νb = (b/a) νa (zero mean condition) and

Eq. (28), we can rewrite α1 and α2 as a function of νa
in the following form

α1(νa) = 1− νa/γ, (36a)

α2(νa) = 1− (b/a) νa/γ. (36b)

Figure 4(a) shows parameters (36) as a function of
νa for ∆0 = a−b > 0. Three regions R:(I)-(III) are sep-

arated by vertical dashed lines. The transition from a

bimodal to a unimodal distribution occurs when α1 = 0

at the transition point νca = γ = 0.5, exactly in the

border of regions R:(I)→(II). For values in the range

νca < νa < (a/b)γ = 1.5, the parameter α1 < 0 and
α2 > 0, such the left tail of Ps(z) remains infinite (see

Fig. 4(b) with νa = 0.5). When α2 = 0 at the point

νa = (a/b)γ = 1.5, exactly in the border of region

R:(II)→(III), the left tail becomes zero.

Figure 4(b) shows the behavior of Ps(z) in each re-
gion of the Fig. 4(a) for four different values of the in-

verse of the correlation time νa, namely, νa = 0.1, 0.5, 1.0

and 2.0. We have a bimodal distribution for νa = 0.1

(R:(I)). For νa = 0.5 (R:(II)), a unimodal distribution

with infinite tail appears. Finally, for νa = 1.0 and 2.0

(R:(III)), we observe a unimodal distribution with fi-

nite tails. In this context, we can observe that when

∆0 > 0, the distribution Ps(z) is asymmetric with re-

spect to the mean value 〈z(t)〉 = V/γ = 3. For values
of νa > νca, the maximum of the probability is on the

left side of the mean value. Table (1) summarizes the

behavior of Ps(z) for different combinations of α1 and

α2.

Figure 5(a) shows parameters α1 and α2 as a func-

tion of νa with the parameter of asymmetry negative

∆0 = a− b < 0. In this case, the slope of α2 is b/a > 1,
allowing that the transition from region R:(I)→(II) be

controlled by the parameter α2 and not by the parame-
ter α1 as in Fig. 4. Then for∆0 < 0, the transition point

is νca = (a/b)γ = 1/6 (α2 = 0). For νca < νa < γ = 0.5,

α1 > 0 and α2 < 0, the right tail of Ps(z) remains in-

finite (see Fig. 5(b) with νa = 0.5). When α1 = 0 at

the point νa = γ (border R:(II)→(III)), the right tail

becomes zero.

Figure 5(b) shows the behavior of Ps(z) for four

values of νa, namely, νa = 0.1, 0.2, 1.0 and 2.0. We ob-

serve a bimodal distribution at νa = 0.1 (R:(I)). For
νa = 0.2 (R:(II)) and νa = 1.0, 2.0 (R:(III)), we ob-

tain a unimodal distributions with infinite and finite

tails, respectively. Table (2) summarizes the behavior

of Ps(z) for different combinations of α1 and α2.

The phase diagram of the stochastic model (1) in

terms of the variables ∆0 and νa is displayed in Fig.

6. The plot was separated into six regions, the regions

R:(I)-(III) for ∆0 > 0, the regions R:(IV)-(VI) for ∆0 <

0 and the symmetric case over the line ∆0 = 0. For

increasing νa, a bimodal to a unimodal transition occurs
i) at νca = γ (α1 = 0) for ∆0 > 0 and ii) for ∆0 < 0,

over the line given by ∆c
0 = −(aγ)/νa + a (α2 = 0).

Conversely, an infinite to finite tail transition occurs, i)

for ∆0 > 0, on the green dashed line ∆0 = (b/γ)νa − b

(α2 = 0) and ii) for ∆0 < 0, at the point νa = γ

(α1 = 0).

5 Application

In this section, we apply the analytical results reported
in Section 4 in linear and nonlinear systems. At first,

the results can be applied directly in first-order linear

systems as a series RL circuit. But, more interestingly,

the results can also be adapted to non-linear systems by

a non-linear change of variable. In the latter, we obtain

the stationary probability distribution and study the

different transitions graphically.

5.1 The resistive-inductive circuit model

The stochastic model (1) can be found in many physical

and engineering systems. In Refs. [22,23], the authors
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Fig. 4: (Color online) (a) Parameters α1 and α2 as a function of the inverse of the correlation time νa. (b) The

asymmetric stationary probability distribution Ps(z) for several values of the inverse of the correlation time,
νa = 0.1 (blue solid line), 0.5 (orange dashed line), 1.0 (green dotted line) and 2.0 (purple dash-dot line). The

other parameters values are a = 3, b = 1, γ = 0.5, V = 1.5, and σ = 0.5.
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Fig. 5: (Color online) (a) Parameters α1 and α2 as a function of νa. (b) The asymmetric stationary probability

distribution Ps(z) for several values of νa = 0.1 (blue solid line), 0.5 (orange dashed line), 1.0 (green dotted line)

and 2.0 (purple dash-dot line). The other parameters values are a = 1, b = 3, γ = 0.5, V = 1.5, and σ = 0.5

Table 1: Different behaviors of Ps(z) for ∆0 > 0.

R:(I) R:(II) R:(III)

Sign of α α1, α2 > 0 α1 < 0, α2 > 0 α1, α2 < 0
Distribution type bimodal/infinite tails unimodal/left tail infinite unimodal/finite tails

Table 2: Different behaviors of Ps(z) for ∆0 < 0.

R:(I) R:(II) R:(III)

Sign of α α1, α2 > 0 α1 > 0, α2 < 0 α1, α2 < 0
Distribution type bimodal/infinite tails unimodal/left tail infinite unimodal/finite tails

used GWN on an RC filter whose output is limited and applied on a second RC filter. They found an iterative
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Fig. 6: (Color online) Phase diagram of the model (1)

as a function of the asymmetry parameter ∆0 and the

inverse of the correlation time νa. The blue solid line
and green dashed line separate six regions R:(I)-(VI).

Regions R:(I)-(III) correspond to ∆0 > 0 and for ∆0 <
0 we have regions R:(IV)-(VI). Inset: different behaviors

of the stationary probability distribution.

scheme to determine the moments of the system and

obtain information about the behavior of the probabil-

ity distribution. The model (1) can also represent the

evolution of a Brownian particle subject to dichotomic

force or other statistical forces as a model of neural dy-

namics called the leaky integrate-and-fire model [20],

the evolution equation for a resistive-capacitive circuit

[24] or an RLC circuit in the overdamped limit driven

by a fluctuating source [26].

Here, our starting point is the resistive-inductive

stochastic electrical circuit

Lİ(t) = −RI(t) + V + V0ξD(t) (37)

where I(t) denotes the electric current intensity, R is

the resistance, L is the inductance, V is the DC in-
put voltage, and ξD(t) is the asymmetric Markovian

dichotomous noise with an intensity V0.

Equation (37) is directly transformed into the ini-

tial model (1) considering the changes γ = R/L and

σ = V0/L. Thus, the series RL circuit driven by an
asymmetric dichotomous noise has access to eight dif-

ferent behaviors of the probability distribution (see Fig.
(6)).

5.2 The nonlinear model

The results can be applied to a set of nonlinear equa-

tions that are reducible to linear equations through a

nonlinear transformation. In particular, the Gompertz

model [25] proposed to describe human adult mortal-

ity tables have a wide range of applicability in growth
population studies as tumors cells in a confined space

[36,37,38] . The model is given by

u̇ = −ru ln
( u

N

)

(38)

where r is the deterministic growth rate and N is the

carrying capacity.

Modifying the parameter N in the form ln(N) −→
ln(N0)+a1ξD(t), being ξD(t) the Markovian asymmet-

ric dichotomic noise studied in Section 2, N0 the mean
value of the carrying capacity, and a1 a constant that

measures the intensity of the stochastic fluctuations

about the mean value, we obtain the following ordinary

SDE

u̇ = −ru ln

[

u

N(N0, ξD(t))

]

. (39)

Using the Stratonovich interpretation of the stochas-

tic differential equation, we can perform the following

change of variable

z(t) =
1

r
ln

(

u(t)

N0

)

, (40)

which formally maps Eq. (39) in Eq. (1)

ż = −rz + a1ξD(t). (41)

with γ = r, σ = a1, and V = 0. Then the probability

distribution function for the Gompertz model is

Ps(u) =
1

ru
p

[

z → 1

r
ln

(

u

N0

)]

(42)

where p(z) is given by Eq. (34). The presence of noise

in growth models can be justified in a real situation.
In general, this is because the environmental factors

that influence population growth are not deterministic,
some of these factors may be the number of resources,
birth and death rates, and the balance between immi-

gration and emigration rates. Hence, random fluctua-

tions in growth models have been considered in many

places in the literature [3,25,31,37]. Figure 7 shows

the stationary probability distribution as a function of

u for two values of the parameter νa = 0.5 and 1.5.
For νa = 0.5, we observe that Ps(u) has two maxima

whereas for νa = 1.5 the distribution has only one max-

imum, that is, the probability distribution function un-

dergoes a noise-induced transition. We can also observe

an asymmetric form of the distribution function which

is inherited from the asymmetry property of dichoto-

mous noise.
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Fig. 7: (Color online) The asymmetric stationary prob-

ability distribution Ps(u) for two values of νa = 0.5
(blue solid line) and 1.5 (red dashed line). Parameter

values are a = 1, b = 3, a1 = 0.5, N0 = 1, and r = 1.1.

Finally, we can consider the following nonlinear stochas-

tic differential equation

du

dt
= g(u) + ah(u)ξD(t) (43)

such that the functions g(u) and h(u) fulfill the relation

h(u)
dg

du
= −kh(u) + g(u)

dh

du
(44)

here k depends on parameters of the system under study,

for example, for Gomperzt model (39) k = rN0. Then,

using the change of variable dz = du/h(u) the previous

equation (43) is reduced to a linear stochastic equation

dz

dt
= −rz + aξD(t) (45)

Hence, in terms of the original variable u, the corre-

sponding stationary probability distribution function is

given by

Ps(u) = Ps [z(u)]
dz

du
. (46)

Another model that can be reduced using a change of

variable is the Hongler model. This model has not found

physical applications, however, it can be approximated

to the genetic model which is widely used in genetics

and chemistry [3].

6 Numerical check and possible experimental

setup

Let us focus on a resistive-inductive circuit (RL circuit)

due to its simplicity and considerable interest from the

fundamental and applied point of view. Passive simple

electronic circuits are truly linear and flexible systems
to promote our theoretical predictions and they provide
real and close motivation for future implementation. RL

circuits can be found at the basic elements of a large

number of useful devices such as DC-DC converter [39],

CMOS logic gate [40,41], electronic filters [42], elec-

tric transmission lines [29], among others. Therefore, a
deeper understanding of an RL stochastic model could

be relevant for the control of instabilities in complex

devices.

To validate the analytical results, we numerically

integrate Eq. (37) using the Euler-Maruyama method
with a time step ∆t = 0.001(s) and parameter values

given by R = 1(Ω), L = 0.05(H), V = 1.0(V ), and

V0 = 0.01(V ). The theoretical and numerical stationary

probability distributions are shown in Fig. 8. Figure

8(a) and 8(b) show the symmetric and asymmetric case,
respectively. Numerical results are in good agreement

with the theory.

Next, we propose a possible experimental setup to

take into account the influence of the asymmetric di-

chotomous noise on the R-L circuit. There are standard

methods available to generate the dichotomous signal

discussed here. For example, a bistable multivibrator

with symmetric output activated with a Geiger-Muller

[24] or through the use of an acoustic-optic modulator

coupled to a signal generator [28].

The experimental proposal is shown in Fig. 9(a). It
consists of a constant potential source in series with a

linear resistance R and an inductor L. Such combina-

tion is connected in series with a source of dichotomic

alternating voltage. The dichotomic source consists of

a selector switch, S(t), of two levels connected to two
sources with different voltage levels (High/Low) (see

Fig. 9(b)). The S(t) switch must be controlled accord-
ing to the Poisson statics.

Some important technical problems can surge in the

physical implementation of the experiment, firstly, the
switch non-ideal behavior must be taken into account.

Secondly, arc effects can occur when the switch is open-
ing or closing. These effects can induce an additional
source of noise, leading to a misinterpretation of the

experimental results. This uncontrolled source of noise

can be considered in the theory as a Gaussian white

noise Γ (t). Thus, the new voltage input could be of the

form Vinput = a1ξD(t) + a2Γ (t). A complete analysis
of the possible configuration for this experiment will be
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Fig. 8: (Color online) Theoretical (black solid lines) and

numerical (red points) stationary probability distribu-

tion Ps as a function of electric current intensity I. (a)

The symmetrical case with a = b = 1 for two parameter

values ν = 1 and ν = 40. (b) The asymmetric case with
parameters a = 3, b = 1, νa = 80, and a = 1, b = 3,

νa = 40.

part of next studies, however, computational simula-

tions can be used to evaluate the different possibilities

of a physical implementation.

The block diagram of the possible experimental setup

is shown in Fig. 10. The dichotomous noise is generated

using the seeds of the computer. This noise is used to

trigger the switch control to the dichotomous source.

The required data, like the instantaneous current in the

circuit I(t), the distribution of the electric current in-

tensity along the experiments, and the stochastic noise

generated by the seeds of the computer can be obtained

with a digital acquisition system (DAQ).

7 Concluding remarks

We have found an exact analytical solution for the prob-

ability distribution function of an simple linear sys-

tem driven by an asymmetric Markovian dichotomous

R

L

DC

Dichotomic 

Source

(a)

L

o

w

H

i

g

h

_____________Dichotomic Source

(b)

Fig. 9: (Color online) (a) Experimental setup. (b)

Source of dichotomic alternating voltage

R-L Circuit Switch
Noise 
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Computer

Data 

Acquisition 

System

Fig. 10: Flow scheme of the proposed experiment.

noise. We studied the conditions under which the non-

Maxwellian stationary probability distribution function

exhibits a transition from a unimodal to a bimodal dis-

tribution. A phenomenon originally considered to be

exclusive of non-linear SDEs.

The results show that the asymmetric dichotomous

noise induces eight different behavior for the asymmet-
ric probability distribution function Ps(z) with respect

to the average value of the variable 〈z(t)〉. This asym-

metric behavior can be controlled by the parameters
that define the dichotomous noise, i.e., a, b, and νa. It

is noteworthy that the symmetric dichotomous noise
only has access to two possible configurations for Ps(z),

which represent particular cases of the most general
model introduced in this work.

Through the phase diagram, we discuss the eight

different behaviors of the stationary probability distri-
bution function and characterize them based on the

asymmetry parameter ∆0 and the inverse of the cor-

relation time νa. When ∆0 > 0, we found three asym-
metric distribution where its maximum is to the left of

the mean value 〈z(t)〉 and on the contrary, if ∆0 < 0 we
found three asymmetrical distribution where its max-

imum is on the right. For ∆ = 0, we recovered the

symmetric case (see phase diagram) and the limit to

Gaussian white noise. Results show a very good agree-
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ment between the analytical equations and numerical

simulations.
We explore possible applications in simple electronic

circuits and in single species population growth models

such as the Gompertz model. Finally, complex systems

leading to bimodal distributions have been reported in

the literature, our analytical results could contribute

to the understanding of different systems, ranging from
instabilities in plasmas, growth models [31] and noise

in solid-state microstructures [41,43].
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