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Abstract 35 

Objective: The Delta-Notch signaling pathway induces the differentiation of initially 36 

homogeneous progenitor cells in many biological contexts. A mathematical modeling of 37 

this signaling pathway on Drosophila wing vein differentiation suggested the importance 38 

of synthesis rate of components of this signaling pathway. The epithelial differentiation 39 

of bile ducts in the developing liver is unique in that portal vein smooth muscle cells 40 

express extremely high amount of Delta ligands and act as a disturbance. In the present 41 

study, the importance of synthesis rate of Delta ligands and Notch receptors is 42 

mathematically examined using the model for Drosophila wing vein differentiation.  43 

Results: The epithelial differentiation was dependent on the synthesis rate of Delta ligands 44 

and Notch receptors as far as examined. This result supports the importance of synthesis 45 

rate in Delta-Notch signaling pathway components in a disturbance-dependent context as 46 

well.  47 

 48 

Keywords:  49 

Disturbance, lateral inhibition with mutual inactivation model, synthesis rate 50 
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Introduction 52 

Coordinated positioning of cells is one of the fundamental features of organs. The liver is 53 

one of the conserved organs in vertebrates, consisting of bile-producing hepatocytes and 54 

bile-transporting cholangiocytes (epithelial cells of the intrahepatic bile duct; IHBD). The 55 

IHBD runs parallel to the portal vein [1] and its development starts from the 56 

differentiation of cholangiocytes between embryonic days 12.5 and 18.5 in mice [2]. 57 

During this period, portal vein smooth muscle cells induce cholangiocyte differentiation 58 

of progenitor cells (hepatoblasts) through the Delta-Notch signaling pathway [3].  59 

The Delta-Notch signaling pathway consists of two transmembrane components: Delta 60 

ligands and Notch receptors. On one hand, upon binding of these two components at the 61 

opposing cell surfaces (trans-interaction), the Notch intracellular domain (NICD) is 62 

cleaved and translocated to the nucleus, contributing to cholangiocyte differentiation in 63 

the liver [4]. In addition, trans-interaction has been proposed to induce transcriptional 64 

suppression of Delta synthesis, which is called lateral inhibition. On the other hand, Delta 65 

ligands and Notch receptors bind and inactivate each other on the same cell surface (cis-66 

interaction) to bias the effect of lateral inhibition [5] (Figure 1). A mathematical model 67 

on trans- and cis-interaction for studying Drosophila wing vein formation suggests the 68 

pattern formation is dependent on synthesis rates of Delta ligands and Notch receptors 69 

[6]. 70 
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Pattern formation from uniform, undifferentiated cells via the action the Delta-Notch 71 

signaling pathway, as seen in Drosophila wing vein, has been extensively documented. 72 

In contrast, cholangiocyte differentiation, triggered by extremely high Jagged1 73 

expression (one of the mammalian homolog of Delta ligands) in portal vein cells, is 74 

confined around the portal vein cells [4] [7]. Therefore, portal vein cells could disturb the 75 

signal intensity distribution in the developing liver. It is unclear whether the synthesis rate 76 

of Delta ligands and Notch receptors also affects the patten in this disturbance-driven 77 

context. Here, the influence of the synthesis rates of Delta ligands and Notch receptors 78 

on cholangiocyte differentiation was mathematically examined using the established 79 

model [6].  80 

 81 

Main text 82 

Methods 83 

Lateral inhibition with mutual inactivation (LIMI) model 84 

A 20 × 20 two-dimensional field with square cells was created, mimicking a planar cross-85 

section of the liver perpendicular to the intrahepatic part of the portal veins. For 86 

computational purposes, periodic (toroidal) boundary conditions were imposed on the 20 87 

× 20 field. Moreover, when applicable, portal vein cells were indicated with a cross. Each 88 
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cell had three parameters: D(t) for Delta ligands, N(t) for Notch receptors, and R(t) for 89 

reporter target genes. The initial value for these parameters was set to zero. The LIMI 90 

model was adopted from [6] with the following quantities: 91 

“𝛽𝑁, 𝛽𝐷 , 𝛽𝑅: production rates of Notch, Delta, and reporter target genes, respectively. 92 

𝑘𝑐−1, 𝑘𝑡−1: strength of the cis- and trans-interactions, respectively. 93 

𝛾, 𝛾𝑅: degradation rate of Notch and Delta or reporter target gene. 94 

𝑘𝑅𝑆, 𝑛: affinity and Hill coefficient, respectively, of reporter induction by Notch signaling. 95 

〈𝐷𝑗〉𝑖 : average concentration of Delta in all cells, indexed by j, that are in the von 96 

Neumann neighborhood to the ith cell. 97 

〈𝑁𝑗〉𝑖 : average concentration of Notch in all cells, indexed by j, that are in the von 98 

Neumann neighborhood to the ith cell.” 99 

N(t) was assumed to be constantly produced and proportionately degraded at rates of 𝛽𝑁 100 

and 𝛾, respectively. In addition, N(t) was also assumed to be degraded in proportion to 101 

trans- and cis-interactions. Therefore, a differential equation for N(t) is: 102 𝑑𝑁𝑖𝑑𝑡 = 𝛽𝑁 − 𝛾𝑁𝑖 − 𝑁𝑖〈𝐷𝑗〉𝑖𝑘𝑡 − 𝑁𝑖𝐷𝑖𝑘𝑐 . (Eq. 1) 103 

R(t) was assumed to be an increasing function of a trans-interaction and proportionately 104 

degraded at the rate of 𝛾𝑅. Therefore, a differential equation for R(t) is: 105 

𝑑𝑅𝑖𝑑𝑡 = 𝛽𝑅 (𝑁𝑖〈𝐷𝑗〉𝑖)𝑛𝑘𝑅𝑆 + (𝑁𝑖〈𝐷𝑗〉𝑖)𝑛 − 𝛾𝑅𝑅𝑖 . (Eq. 2) 106 
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Owing to lateral inhibition, D(t) should be a decreasing function of R(t). By modifying 107 

the production term in Eq. 1, a differential equation for D(t) is: 108 𝑑𝐷𝑖𝑑𝑡 = 𝛽𝐷 11 + 𝑅𝑖𝑚 − 𝛾𝐷𝑖 − 𝐷𝑖〈𝑁𝑗〉𝑖𝑘𝑡 −𝑁𝑖𝐷𝑖𝑘𝑐 . (Eq. 3) 109 

The numbers were set following [6]: 𝛽𝑅 = 1,000,000, 𝑘𝑡 = 1, 𝑘𝑐 = 0.1, 𝛾 = 1, 𝛾𝑅 =110 

1, 𝑘𝑅𝑆 = 300,000 and 𝑛 = 3. Varying numbers were used for synthesis rates, 𝛽𝑁 and 111 

𝛽𝐷, and the feedback strength, m. For D(t) in portal vein (PV) cells, 𝐷(𝑡) = 1,000 were 112 

used irrespective of Eq. 3. To secure the stability of the calculation, the left terms in Eqs. 113 

1–3 were multiplied by 𝑑𝑡 = 0.0001 and used in a step-wise fashion in the iteration. The 114 

iteration was carried out until all the left terms in Eqs. 1–3 for every cell excluding the 115 

PV cells reached below 0.001. The final states after the iterations were defined as the 116 

equilibrium states. The values for D(t), N(t), and R(t) at the equilibrium are indicated in a 117 

color gradient except for the portal vein cells. At the equilibrium state, the cells with R(t) 118 

values of more than two standard deviations (SD) among the cells in the field were 119 

considered to be cholangiocytes. 120 

To obtain an analytical solution for the LIMI model, an optimize.root solver (Levenberg-121 

Marquardt method) in scipy was used in JupitarLab 0.35.4 on a Windows 10 ×64-based 122 

system. 123 

 124 
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 125 

Results 126 

A Case with PV cell-induced cholangiocyte differentiation 127 

To examine the basal distribution of Delta ligands, Notch receptors and reporter target 128 

genes, a simulation was carried out with 𝛽𝑁 = 100, 𝛽𝐷 = 10 and 𝑚 = 1 without PV 129 

cells, whose parameters followed a condition used in the original paper for LIMI model 130 

[6]. This condition resulted in homogeneous distribution: 𝐷(𝑡) = 0.01, 𝑁(𝑡) = 93.77 131 

and 𝑅(𝑡) = 0.60 (Figure 2A). Because the distribution patterns for D(t) and N(t) were 132 

homogeneous, 〈𝐷𝑗〉𝑖 = 𝐷𝑖  and 〈𝑁𝑗〉𝑖 = 𝑁𝑖  could be assumed. Therefore, analytical 133 

solution for this condition ( 𝐷(𝑡) = 0.006 , 𝑁(𝑡) = 93.77  and 𝑅(𝑡) = 0.60 ) was 134 

obtained by solving 𝑑𝐷 𝑑𝑡⁄ = 0, 𝑑𝑁 𝑑𝑡⁄ = 0 and 𝑑𝑅 𝑑𝑡⁄ = 0. This result supported the 135 

validity of the C++ code for the simulation.  136 

To examine the effect of single PV cell in cholangiocyte differentiation, single PV cell 137 

was then put in the simulation field. Because PV cells express extremely high amount of 138 

Delta ligands, 𝐷(𝑡) = 1,000 > 0.01  was used for this single PV cell (Figure 2B). 139 

Owing to large 〈𝐷〉 in Eq.1, N(t) in the adjacent cells was small compared to other cells. 140 

Importantly, R(t) in the adjacent cells was exceptionally high (SD = 9.94), suggesting 141 

cholangiocyte differentiation under 𝛽𝑁 = 100, 𝛽𝐷 = 10. 142 
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 143 

A case without PV cell-induced cholangiocyte differentiation 144 

As the original paper for LIMI model [6] carried out, the synthesis rate for Delta ligands 145 

and Notch receptors was reversed, and another simulation was then carried out with 𝛽𝑁 =146 

10, 𝛽𝐷 = 100 and 𝑚 = 1. Although the magnitude of each variable was significantly 147 

different from that in the simulation with 𝛽𝑁 = 100 and 𝛽𝐷 = 10 shown in Figure 2A, 148 

the distribution pattern was homogenous without a PV cell (Figure 2C). Given that D(t) 149 

was approximately 80 in this condition, 𝐷(𝑡) = 1000 > 80 was used for the single PV 150 

cell in the next simulation (Figure 2D). Importantly, SD for R(t) in an adjacent cell was 151 

1.06, suggesting a failure in cholangiocyte differentiation. The discovery of such a case 152 

implies potential importance of the synthesis rates of Delta ligands and Notch receptors. 153 

 154 

Systematic examination of synthesis rates and feedback strength 155 

To examine the effects of the synthesis rates and feedback strength on cholangiocyte 156 

differentiation, SDs for R(t) were examined for various synthesis rates and feedback 157 

strength. Although D(t) values greatly differed according to the synthesis rates, 𝐷(𝑡) =158 

1,000 was used for a single PV cell in each simulation because D(t) levels without the 159 

PV cell were less than 100. As shown in Table 1, the synthesis rates biased the occurrence 160 
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of cholangiocyte differentiation whereas the feedback strength, m, did not in the 161 

conditions presented here. 162 

 163 

Discussion 164 

The differentiation of cholangiocytes around portal vein is unique in that it has Delta-rich 165 

PV cells. The present study supported a potential importance of the synthesis rates of 166 

Delta ligands and Notch receptors in this disturbance-driven context as well as Drosophila 167 

wing vein development. 168 

Although the present study showed a case without cholangiocyte differentiation, this does 169 

not exclude a possibility of such conditions in the physical developing liver because some 170 

factors other than Delta-Notch signaling pathway may modify the signaling. For example, 171 

epidermal growth factor (EGF) signaling spatially narrows the effects of Notch signaling 172 

in Drosophila male embryonic gonads by antagonizing the Delta-Notch signaling 173 

pathway [8]. Although the contribution of EGF signaling in the liver remains unclear, the 174 

antagonists, if any, may adjust the signaling intensity to achieve cholangiocyte 175 

differentiation around PV cells. 176 

The notion that the PV cell is important for cholangiocyte differentiation is also supported 177 

clinically. For example, mutations in genes of this signaling pathway, such as Jagged1 178 
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(one of the Delta ligands in mammals) [9] [10] and Notch2 [11] have been proposed as 179 

the cause of defects in IHBD development in patients with Alagille syndrome. In addition, 180 

the number of intrahepatic bile ducts decreases in patients with loss of the intrahepatic 181 

part of the portal vein, owing to the shunt between the portal vein and inferior vena cava 182 

(Abernethy malformation) [12]. In the same literature, several cases of concomitant 183 

biliary atresia and Abernethy malformation have been reported, suggesting a relationship 184 

between PV cells and cholangiocyte differentiation.  185 

 186 

Conclusion 187 

The synthesis rates in Delta-Notch signaling pathway is potentially important even in the 188 

disturbance-driven cholangiocyte differentiation. 189 

 190 

Limitations 191 

First, cell arrangement was much simpler than that in the physical liver. Different types 192 

of cells, such as sinusoidal endothelial and hematopoietic cells, may interfere with 193 

hepatoblast cell contact. Second, cell proliferation and death were not considered as 194 

variables in the present study. However, these aspects may be acceptable for the 195 

simulation of cholangiocyte differentiation, which occurs in direct contact with portal 196 
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vein cells. Third, intracellular adjusting mechanisms of Delta-Notch signaling pathway, 197 

such as Cdk8-mediated NICD degradation [13], have not been considered because that 198 

aspect is beyond the scope. 199 
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 282 

Legends 283 

Figure 1 Schematic representation of the Delta-Notch signaling pathway. 284 

The Delta-Notch signaling pathway consists of two transmembrane components: Delta 285 

ligands and Notch receptors. When these two components on the opposing cell membrane 286 
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interact (trans-interaction), the reporter target gene is expressed. Another type of 287 

interaction called cis-interaction involves Delta ligands inhibiting signal transduction 288 

from Notch receptors on the same cell membrane. 289 

 290 

Figure 2 PV cell induced cholangiocyte differentiation in a special condition. 291 

(A) A case with 𝛽𝑁 = 100 and 𝛽𝐷 = 10 without PV cells. (B) A case with 𝛽𝑁 = 100 292 

and 𝛽𝐷 = 10 with a PV cell. Note that the adjacent cells showed high R(t), suggesting 293 

cholangiocyte differentiation. (C) A case with 𝛽𝑁 = 10  and 𝛽𝐷 = 100  without PV 294 

cells. (D) A case with 𝛽𝑁 = 10 and 𝛽𝐷 = 100 with a PV cell. Note that this condition 295 

lacked cholangiocyte differentiation. 296 

 297 

Table 1 Cholangiocyte differentiation was dependent on the synthesis rates. 298 

SD values for R(t) were shown for conditions indicated in the first row and column. Note 299 

that results with 𝛽𝑁 = 10 and 𝛽𝐷 = 100 lacked cholangiocyte differentiation whereas 300 

the feedback strength, m, alone did not change these trends in the conditions presented 301 

here. 302 

 303 



Figures

Figure 1

Schematic representation of the Delta-Notch signaling pathway. The Delta-Notch signaling pathway
consists of two transmembrane components: Delta ligands and Notch receptors. When these two
components on the opposing cell membrane interact (trans-interaction), the reporter target gene is



expressed. Another type of interaction called cis-interaction involves Delta ligands inhibiting signal
transduction from Notch receptors on the same cell membrane.

Figure 2
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