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Abstract: The chief objective of the article is to learn the spatial characteristics of stress
distribution around a shallow buried cylinder karst cave in limestone strata. Firstly,
taking into account the geometry of limestone formations, and the characteristics of karst
geomorphology in China, a spatial axial-symmetrical hollow model was established.
Concurrently, combing available work and the concept of elasticity, the boundary
conditions are determined. Subsquently, Love displacement method was introduced, in
addition to the expressions of stress components were gained. The diagram
characteristics of each stress component are summarized, which are affected by various
influencing factors. Finally, in order to prove the rationality of the general solution, a
numerical simulation was carried out on the basis of practical engineering, and the
maximum error is less than 5%. Thus, the analytical solution could represent the spatial
characteristics of stress distribution around a shallow buried cylinder karst cave in
limestone strata.

Keywords: Cylinder karst cave; Shallow buried; Spatial stress distribution of
surrounding rock; Love displacement function; Three-dimensional explicit finite
difference

Ⅰ. INTRODUCTION
Karst geomorphology exists widely in the world, and karst cave is one of the typical representatives.

Up to now, various patterns of Karst cave has been found, including columnar, alter shaped, spherical,
funnel shaped and so on1,2. China is one of the countries, where karstification is widely developed. It
is found that carbonate rocks cover a part of approximately 3.25 million km2 in China, different from
abroad3. Within this area, buried rock accounts for about 2/33. In recent years, owing to the quick
urban development as well as growing occupation of terrestrial, the extents as well as the speed of
engineering construction have been greatly accelerated4. Ground collapse is a common engineering
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problem in mantled Karst region, and brings great loss to people's life and property. According to
incomplete statistics, the annual economic loss caused by karst ground collapse in 24 provinces (cities
and districts) in China amounts to more than 120 million yuan. The losses are related to agricultural
engineering, highway engineering, railway engineering, mining engineering, industrial and civil
construction engineering, etc5-8. Therefore, the prevention and control of ground collapse is an
important requirement for national security and economic development.
Commonly, carbonate rocks are softened by faintly acidic waters9-11. Then, a series of buried karst

caves formed near subsurface. Karst caves may provide transport channel or storage space for
overlying rock and soil mass, and cause the change of spatial stress distribution. Furthermore, affected
by natural and human factors, ground collapse may happen. In order to investigate the effect on spatial
stress distribution ,caused by buried Karst caves, a lot of research work was performed. Goodier12

presented that there is a concentration around void or defect. In order to achieve quantitative
expression of stress distribution, Howland et al.13 simplified the problem into a thin plate containing
circular holes, and inverse method was used to solved the problem. Taking into account the variety of
Karst caves and the complexity of loading conditions, Rao et al.14 analysed the stresses of surrounding
rock containing a tubular filled elliptical karst cave, and the analytic general formula for the
component of stresse were solved. Li et al.15 established the plane mechanical models with different
stress boundary conditions in each direction, and the exact general solution was obtained. Shi et al.16

summarized the stress distribution around rectangular cavity. Considering the spatial geometric
characteristics of Karst caves, Liao et al.17 provided the extreme value of critical point on the wall of
an elliptical spherical cavity under triaxial stress.
To sum up, A large number of studies on the stress distribution characteristics of surrounding rock

containing shallow buried Karst caves has been made. However, complex function theory was mainly
used, and the method is relatively single. In addition, spatial geometry of strata is neglected. Therefore,
this paper is to study the spatial stress distribution characteristics around a shallow buried cylinder
karst cave in limestone strata. Firstly, taking into account the geometry of limestone formations, a
spatial axial-symmetrical model was established. Concurrently, on the basis of the theory of elasticity,
the expressions of stress components were obtained. Finally, a numerical simulation was carried out to
prove the rationality of the general solution.

Ⅱ. MECHANICAL MODEL
According to the characteristic of karst geomorphology in China, karst caves are usually shallow

buried, and affected by external load and stress field in the Earths crust (Fig. 1). The mechanical
model can be simplified into a spatial axial-symmetrical model in this study (h<2.5D, the hidden
depth of the karst cave is h, the span of the karst cave is D), and the cylindrical coordinates (r, θ, z) is
chosen as the coordinate system (Fig. 2). The parameters are γ (unit weight), μ (poisson’s ratio) and E
(elastic modulus) respectively. The effect generated by external loads and the gravity of overlying
limestone are simplified into vertical uniform distributed loads. In addition, stress field in the Earths
crust will cause vertical stress on the bottom and horizontal stress surrounding the karst cave (the side
force coefficient k0=μ/(1-μ)).
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FIG. 1. Sketch of limestone strata in a mantled Karst region, containing shallow buried cylinder
Karst cave

FIG. 2. Mechanical model

The parameters in Fig. 1 and Fig. 2 are
p1——the overburden load, p1= pz+h;
p2——horizontal stress stress caused by field in the Earths crust, p2= k0[p1+(h+z)];
p1——vertical stress on the bottom of the buried cylinder karst cave, p3= pz+(h+H);
—— the unit weight of limestone strata;
h——the depth of the overburden limestone strata;
r——the radius of the buried cylinder karst cave;
R1——the radius of the buried cylinder karst cave;
H——the depth of the buried cylinder karst cave;
k0——the side force coefficient , k0=μ/(1-μ).
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Combining available work and the concept of elasticity, the boundary conditions are as follows:

(1) 0z ， hp zz   ；

(2) Hz  ， )( Hhp zz   ；

(3) r ， )1/()]([(   zhpzr ；

(4) 1Rr  ， 0r ；

(5) 1Rr  ， 0rz ；

Ⅲ. THEORETICAL ANALYSIS
A. The basic theory18

Taking into account the influence of gravity, the equilibrium differential equations are expressed as

0

0

rr zr

z zr zr

r z r

z r r

  

   

      
     
  

(1)

Love displacement method is an effective way, the stress components are as follows
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Where 2 is Laplace operator

B. The general solution
In this study, cylindrical coordinate system was selected as the coordinate system. Love

displacement function (Equation (2)) was established, which meets Equation (1)18-20.

4 4 3 2 2 2 2 2
1 2 3 4 5 6 7 8ln ln lnA z A r A z A z r A zr A z r A z r A r r         (3)

where, Ai(i=1...8) are the undetermined coefficients

Substituting Equation (3) into Equation (2) yields

1 4 3 5 6 72 2
14[6 (2 1) ] 2[3 (2 1) ] 2r

zA A z A A A A
r r

            (4)
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1 4 3 5 6 72 2
14[6 (2 1) ] 2[3 (2 1) ] 2 zA A z A A A A

r r            (5)

1 4 3 58[3(1 ) (2 ) ] 2[3(1 ) 2(2 ) ]z A A z A A            (6)

r
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Equation (4)-(7) are proved to satisfy Equation (1), so

)1(8
283 421 



AAA (8)

Substituting boundary condition (1) into Equation (6)

hpAA z   53 )2(4)1(6 (9)

Substituting boundary condition (2) into Equation (6) yields

1 4 3 58[3(1 ) (2 ) ] 2[3(1 ) 2(2 ) ] ( )zA A H A A p h H              (10)

Substituting boundary condition (3) into Equation (4), as follows.

1 4 3 54[6 (2 1) ] 2[3 (2 1) ] [( ) ]
1 zA A z A A p h z     
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Matching the equivalent coefficients of both sides of Equation (11) leads to
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Substituting boundary conditions (4) and (5) into Equation (4) and (7) respectively
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Combining Equation (8)-(10) and Equation (12)-(16), the undetermined coefficients are solved
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Substituting the expressions of the undetermined coefficients into Equation (4)-(7) yields
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Ⅳ. DISTRIBUTION CHARACTERISTICS AND VALIDATION OF THE PROPOSED
ANALYTICAL SOLUTION
A. Distribution characteristics of stress component

In order to display the distribution characteristics of each stress component, the data are
substituted into the expressions of each stress component, and the diagram of each stress component
are drawn using MATLAB software.

For radial pressure and tangential pressure, there are two influencing factors，one is the radius (r),
another is the depth (z). The figures of circumferential stress and radial stress are comparable to a
paraboloid (Fig. 3). Nevertheless, the tendency of value alteration is the opposed.

FIG. 3. The distribution of radial stress and circumferential stress .

Furthermore, to discuss the effect of the depth (z) as well as the radius (r), the variation curves
under the influence of single factor are drawn when depth (z=3m) and radius (r=1m) are constant
respectively (Fig. 4). Fig. 4(a) shows that the circumferential stress and radial stress has a reverse
trend with the increase of radius value, but the change ratio is consistent. In the meanwhile, with the
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increase of depth, the values of the circumferential stress and radial stress increase commonly. and for
the change ratio, the circumferential stress is more obvious (Fig. 4(b)).

（a）

(b)
FIG. 4. The distribution of radial stress and circumferential stress effected by single influencing factor
(a) depth is constant (z=3m), radius varies from 0.5m to 5.5m (b) radius is constant (r=1m), the depth
varies from 0m to 6m

Fig. 5 and Fig. 6 are the diagrams of vertical stress and shear stress respectively. For vertical
stress, depth (z) is the influencing factor, in addition to the curve of vertical stress is linear (Fig. 5). For
shear stress, radius (r) is the influencing factor, in addition to the curve of shear stress is nonlinear (Fig.
6).
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FIG. 5. The distribution of vertical stress

FIG. 6. The distribution of shear stress

B. Validation test of general solution
So as to confirm the justification of general solution, a mathematical model was conducted, and

rectangular coordinate system was employed. According to ground penetrating radar survey and
laboratory analysis of rock in Chongqing, The parameters of buried karst cave and thick limestone are
shown in Table 1.The dimension and mesh of numerical model are shown in Fig. 7. Through
mathematical model, constraints were applied to the bottom of the model in the upright and horizontal
direction, and the excavation of void is used to simulate the formation of natural karst cave. Horizontal
stress surrounding the karst cave is p2=8.833.5z (z is vertical coordinate value), which is caused by
stress field in the Earths crust (Fig. 8). The facts on the line L1 were recycled to monitor the horizontal
as well as vertical stress (Fig. 9), in addition to the monitoring results are revealed in Table 2-4.
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TABLE 1. Parameters of buried karst cave and thick limestone

Parameters

Materials
Natural unit

weight (kN/m3)

Elastic

modulus

(GPa)

Poisson’s

ratio

Radius of

cylinder karst

cave (m)

External load

(KPa)

Buried depth of

cylinder karst

cave (m)

Karst cave / Limestone 26500 35 0.25 0.5 0 2

2
6

15

15.5 5.5

11

Unit:(m)

Fig. 7. Sketch of model for numerical simulation

p 2 p 2

p2

p2 p2

p2

(a) vertical cross-section (b) horizontal cross-section

Fig. 8. Sketch of constrained condition and boundary condition for numerical simulation model
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2.0

3.0

18.0

Unit/m

L1

FIG. 9. The layout of monitored area

TABLE 2. The monitoring facts of normal stress σx

r (m)/[z=3.0m] 0.6 0.8 1.0 1.2 1.4
σx (MPa) 6.00 24.25 30.56 36.21 37.21

r(m)/[z=3.0m] 1.6 1.8 2.0 2,2 2.4
σx (MPa) 40.38 40.39 41.40 41.63 41.62

r(m)/[z=3.0m] 2.6 2.8 3.0 3.2 3.4
σx (MPa) 42.27 42.30 42.30 42.74 42.23

r(m)/[z=3.0m] 3.6 3.8 4.0 4.2 4.4
σx (MPa) 43.05 43.06 43.06 43.32 43.32

r(m)/[z=3.0m] 4.6 4.8 5.0 5.2 5.4
σx (MPa) 43.52 43.52 43.67 43.67 43.66

TABLE 3. The monitoring facts of normal stress σy

r (m)/[z=3.0m] 0.6 0.8 1.0 1.2 1.4
σy (KPa) 80.14 68.75 54.79 51.17 51.09

r(m)/[z=3.0m] 1.6 1.8 2.0 2,2 2.4
σy (KPa) 47.66 47.66 46.89 46.27 46.26

r(m)/[z=3.0m] 2.6 2.8 3.0 3.2 3.4
σy (KPa) 45.57 45.57 45.57 45.2 45.2

r(m)/[z=3.0m] 3.6 3.8 4.0 4.2 4.4
σy (KPa) 44.98 44.98 44.97 44.84 44.85

r(m)/[z=3.0m] 4.6 4.8 5.0 5.2 5.4
σy (KPa) 44.78 44.77 44.74 44.74 44.74



11

TABLE 4. The monitoring facts of normal stress σz

r (m)/[z=3.0m] 0.6 0.8 1.0 1.2 1.4
σz (KPa) 132.48 132.47 132.51 132.49 132.50

r(m)/[z=3.0m] 1.6 1.8 2.0 2,2 2.4
σz (KPa) 132.50 132.50 132.50 132.50 132.50

r(m)/[z=3.0m] 2.6 2.8 3.0 3.2 3.4
σz (KPa) 132.50 132.50 132.50 132.50 132.50

r(m)/[z=3.0m] 3.6 3.8 4.0 4.2 4.4
σz (KPa) 132.50 132.50 132.50 132.50 132.50

r(m)/[z=3.0m] 4.6 4.8 5.0 5.2 5.4
σz (KPa) 132.50 132.50 132.50 132.50 132.50

Owing to theoretical analysis and numerical simulation were carried in different coordinate system,
the monitoring statistics was converted into the standards in cylindrical coordinates using Equations
(21)-(23). Fig. 10 presents the monitoring data and calculation value of stress component together. For
vertical stress, the theoretical calculation value is consistent with monitoring facts. For radial stress as
well as tangential stress, the extreme fault is not more than 5.0%, which meets the proposal standard
necessity in practice.

 cossin2sincos 22
xyyxr  (21)

 cossin2cossin 22
xyyx  (22)

zz   (23)

FIG. 10. Comparisons of stress component between analytical solution and numerical simulation.
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Ⅴ. DISCUSSION
In summary, the expressions of stress components are composed of power function, which are

beneficial to the application in practice. Nevertheless, there is a fault (the maximum fault is not more
than 5.0%) for radial stress as well as tangential stress, it’s necessary to optimize the analytic solution
in the future. On the one hand, increase the type of Love displacement function component may be an
effective way. On the other hand, various method could be introduced.

Ⅵ. CONCLUSION
Taking into account the geometry of limestone formations, and the characteristics of karst

geomorphology in China, a spatial axial-symmetrical hollow model was generated. A general solution
of stress components was gained using Love displacement method .

For radial stress and tangential stress, there are two influencing factors，one is the radius (r)，
another is the depth (z). The diagrams of the radial stress as well as tangential stress are comparable to
a paraboloid, in addition to the values tend to a common constant. Nevertheless, the tendency of value
variation is the contradictory. When the value of depth (z) is consistent, the radial stress and
circumferential stress has a reverse trend with the increase of radius value, but the change ratio is
consistent. In the meanwhile, when the value of radius (r) is consistent, the values of the
circumferential pressure and radial pressure growth commonly with the increase of depth. For the
change ratio, the circumferential stress is more obvious. The depth (z) as well as the radius (r) are
influencing factor for vertical stress and shear stress respectively. The curve of the vertical stress is
linear, in addition to the diagram of shear stress is nonlinear.

Based on ground penetrating radar survey and laboratory analysis of rock in Chongqing, a
mathematical model was conducted, and the judgement in the middle of monitoring data and
calculation value of stress component was carried out. For vertical stress, the calculation value using
general solution is consistent with the monitoring data. For radial stress as well as tangential stress, the
maximum fault is not more than 5.0%, which meets the proposal standard necessity in practice. As a
result, the analytical solution could represent the spatial characteristics of stress distribution around a
shallow buried cylinder karst cave in limestone strata.
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Figures

Figure 1

Sketch of limestone strata in a mantled Karst region, containing shallow buried cylinder Karst cave



Figure 2

Mechanical model

Figure 3



The distribution of radial stress and circumferential stress

Figure 4

The distribution of radial stress and circumferential stress effected by single in�uencing factor (a) depth
is constant (z=3m), radius varies from 0.5m to 5.5m (b) radius is constant (r=1m), the depth varies from
0m to 6m



Figure 5

The distribution of vertical stress

Figure 6



The distribution of shear stress

Figure 7

Sketch of model for numerical simulation

Figure 8

Sketch of constrained condition and boundary condition for numerical simulation model



Figure 9

The layout of monitored area

Figure 10

Comparisons of stress component between analytical solution and numerical simulation.


