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Abstract 47 

 48 

Background  49 

The conventional susceptible-infectious-recovered (SIR) model tends to overestimate the 50 

transmission dynamics of infectious diseases and ends up with total infections and total 51 

immunized population exceeding the threshold required for control and eradication of infectious 52 

diseases. The study aims to overcome the limitation by allowing the transmission rate of 53 

infectious disease to decline along with the reducing risk of contact infection.  54 

 55 

Methods 56 

Two new SIR models were developed to mimic the declining transmission rate of infectious 57 

diseases at different stages of transmission. Model A mimicked the declining transmission rate 58 

along with the reducing risk of transmission following infection, while Model B mimicked the 59 

declining transmission rate following recovery. Then, the conventional SIR model, Model A and 60 

Model B were used to simulate an infectious disease with a basic reproduction number (r0) of 3.0 61 

and a herd immunity threshold (HIT) of 0.667 with and without vaccination. The infectious 62 

disease was expected to be controlled or eradicated when the total immunized population either 63 

through infection or vaccination reached the level predicted by the HIT. Outcomes of simulations 64 

were assessed at the time when the total immunized population reached the level predicted by the 65 

HIT, and at the end of simulations. 66 

 67 

Findings  68 

All three models performed likewise at the beginning of the transmission when sizes of 69 

infectious and recovered were relatively small as compared with the population size. The 70 

infectious disease modelled using the conventional SIR model appeared completely out of 71 

control even when the HIT was achieved in all scenarios with and without vaccination. The 72 

infectious disease modelled using Model A appeared to be controlled at the level predicted by 73 

the HIT in all scenarios with and without vaccination. Model B projected the infectious disease 74 

to be controlled at the level predicted by the HIT only at high vaccination rates. At lower 75 

vaccination rates or without vaccination, the level at which the infectious disease was controlled 76 

cannot be accurately predicted by the HIT.   77 

 78 

Conclusion 79 

Transmission dynamics of infectious diseases with herd immunity can accurately be modelled by 80 

allowing the transmission rate of infectious disease to decline along with the combined risk of 81 

contact infection. Model B provides a more credible framework for modelling infectious diseases 82 

with herd immunity in a randomly mixed population.   83 

 84 
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Introduction 93 

 94 

Herd or population immunity refers to the indirect protection from infectious diseases 95 

among remaining susceptible individuals when most people in a population are immune to 96 

infectious diseases either through vaccination or infection. The concept of herd immunity 97 

became a fixture of epidemiology in 1930s, and took on fresh prominence in 1950s and 1960s as 98 

new vaccines raised crucial questions for public health policy on the proportion of the vaccinated 99 

population for the eradication of infectious diseases1. Herd immunity takes effect when the 100 

transmission rate of infectious diseases starts to decline along with the reducing risk of infection 101 

due to the presence or proximity of immune individuals in a randomly mixed population2. 102 

Although the effect of herd immunity has been observed in many vaccinated populations of 103 

periodical childhood epidemics, such as measles, mumps, rubella, pertussis, chickenpox and 104 

polio, it has not been successfully attained through mathematical modelling.  105 

 106 

Mathematical models such as the susceptible-infectious-recovered (SIR) and its variants 107 

are widely used to simulate the transmission pattern of infectious diseases. Those models use a 108 

flexible compartmental framework with robust assumptions for a wide range of applications3–6. 109 

The compartmental framework of SIR model simplifies the transmission dynamics of infectious 110 

diseases by classifying individuals based on their epidemiological status and ability to host and 111 

transmit a pathogens7. Other than the framework, the SIR model also assumes complete 112 

immunity can be acquired through infection, hence encompassing the epidemiological notion of 113 

herd immunity through infection8,9.  114 

 115 

It is generally believed that infectious diseases can be controlled or eradicated when the 116 

total immunized population reaches a level predicted by the herd immunity threshold (HIT). The 117 

HIT indicates a level of one infected individual generating less than one secondary case on 118 

average10. The transmission of infectious diseases becomes unsustainable in a population beyond 119 

the HIT. The HIT can be calculated from the basic reproduction number (r0) of infectious 120 

diseases to guide the vaccination strategy for controlling an epidemic or pandemic, either 121 

through vaccine or infection2,11. For instance, to control or eradicate the COVID-19 pandemic, 122 

vaccination should cover 50.0% to 66.7% of the world population based on the r0 of 2.0 to 3.0 123 

for the novel coronavirus12–15.  124 

 125 

The conventional SIR model often overestimates the transmission dynamics of infectious 126 

diseases. For instance, an infectious disease with r0 of 3.0 would eventually infect up to 94.0% of 127 

a population, a level way beyond the expected HIT, even with the presence of herd immunity if 128 

modelled using the conventional SIR model. This problem is of great concern especially for time 129 

being as many models have been developed based on the conventional SIR framework to guide 130 

public health planning and preparedness against the COVID-19 pandemic16–19. This study aims 131 

to investigate and overcome the aforesaid limitation of using the SIR model in modelling 132 

infectious diseases with herd immunity in a randomly mixed population. We proposed a key 133 

modification to the conventional SIR model that allows the transmission rate of infectious 134 

disease to decline along with the reducing risk of contact infection, which is more in line with the 135 

principle of herd immunity. 136 

 137 

 138 



4 

 

Methods 139 

 140 

Conventional SIR model 141 

 142 

 143 

 144 

Kermack & McKendrick postulated the first SIR model for infectious diseases in 1927 145 

before vaccines became popular in 1950s for control and eradication of infectious diseases9. 146 

Then, the SIR model became the fundamental of most infectious disease models developed. The 147 

conventional SIR model divides a homogenous population, N into three basic compartments: 148 

susceptible denoted by S(t), infectious denoted by I(t), and recovered or removed denoted by 149 

R(t), and assumes infectious diseases spread from affected to unaffected through contact 150 

infection (Fig.1). Susceptible are individuals who have an equal risk of being infected. Infectious 151 

are individuals who have developed infectivity and can transmit pathogen to those who remain 152 

susceptible. Recovered or removed are individuals who have recovered from infection and 153 

immune to reinfection. In brief, the conventional SIR model describes the transmission of 154 

infectious disease with herd immunity through infection. The SIR model can be described 155 

mathematically by a set of ordinary differential equations (ODEs) as shown in Fig. 1.  156 

 157 

According to model equations (Fig. 1), the rate of individuals moving from compartment 158 

S(t) to I(t) due to contact infection is determined by S(t) and the force of infection, F, which 159 

consists of the product of a constant contact rate (β) and the proportion of infectious individuals, 160 I(t)N . And, the rate of individuals moving from compartment I(t) and R(t) following recovery is 161 

determined by I(t) and the reciprocal of infection duration, denoted by σ. Therefore, the 162 

conventional SIR model often simulates the I(t) to increase at the beginning of transmission and 163 

subsequently diminishes due to the exhausting stock of S(t). 164 

 165 

Without vital dynamics, the population size is constant and can be given by: 166 

 167 

N = S(t) + I(t) + R(t)       (1) 168 

 169 

Equation (1) can be converted into prevalence or proportion by dividing each notation with the 170 

population size, N: 171 

 172 

 173 

1 =
S(t)N +

I(t)N +
R(t)N .        (2) 174 

 175 

Figure 1: The compartmental 

structure and model equations of 

Kermack & Mckendrick’s SIR 

model.  
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According to Equation (2), I(t) and R(t) are often very small as compared with N at the 176 

beginning of the transmission, therefore, 
I(t)N ≈ 0, 

R(t)N ≈ 0, and 
S(t)N ≈ 1. At the end of 177 

transmission, the I(t) would become very small again, therefore, 1 − R(t)N ≈ S(t)N . To model 178 

infectious diseases with herd immunity, 
S(t)N  or 1 − R(t)N  can be incorporated into the force of 179 

infection to mimic the reducing risk of contact infection at different stages of infection.  180 

 181 

By incorporating 
S(t)N  into the F, we assume herd immunity takes effect to reduce the 182 

transmission rate of infectious diseases along with the reducing risk of contact infection 183 

following infection. By incorporating 1 − R(t)N  into the F, we assume herd immunity takes effect 184 

to reduce the transmission rate of infectious diseases along with the reducing risk of contact 185 

infection following recovery.  186 

 187 

New SIR models 188 

 189 

In chemistry, the Law of Mass Action is used to describe the rate of chemical reactions 190 

being proportional to the concentration of reactants.20 Based on the above principle, a contact can 191 

be regarded as an interactive event between susceptible individuals and infectious individuals in 192 

a randomly mixed environment, with its rate being proportional to 
S(t)N  and 

I(t)N . The product of 193 S(t)N  and 
I(t)N  denotes the combined risk of contact infection. Two new models were developed 194 

based on the above principle as below: 195 

 196 

Model A: The total transmission rate of infectious diseases in a randomly mixed population 197 

depends on the S(t) and a new force of infection, FA, which consists of the product of β, 
I(t)N  and 198 S(t)N  as follow:  199 

   200 

  FA = β I(t)S(t)N2  .       (3) 201 

 202 

In Model A, the risk of contact infection is determined by both 
S(t)N  and 

I(t)N . Therefore, the 203 

transmission rate would decline along with the reducing risk of contact infection when 204 

individuals move from compartment S(t) to I(t) due to infection. The compartmental structure 205 

and model equations of Model A can be found in Fig. 2.  206 

 207 

Model B: The total transmission rate of infectious diseases in a randomly mixed population 208 

depends on the S(t) and a new force of infection, FB, which consists of the product of β, 
I(t)N  and 209 

1 − R(t)N  as follow:  210 

  211 

FB = β I(t)[N−R(t)]N2  .      (4) 212 

 213 
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In Model B, the risk of contact infection is determined by both 1 − R(t)N  or 
N−R(t)N  and 

I(t)N . 214 

Therefore, the transmission rate would decline along with the reducing risk of contact infection 215 

when individuals move from compartment I(t) to R(t) after recovery. The 1 − R(t)N  denotes the 216 

inverse of proportion of recovered individuals and is used to mimic the reducing risk of contact 217 

infection following recovery. The compartmental structure and model equations of Model B can 218 

be found in Fig. 2.   219 

 220 

 221 

 222 

Both Model A and Model B retain the basic SIR compartmental structure, except for the 223 

force of infection (Fig. 2). With the modification, both models can be used to simulate the 224 

transmission dynamics of infectious diseases with herd immunity through infection in a 225 

randomly mixed population.  226 

 227 

The basic reproduction number, r0 228 

 229 

The equation of I(t) from the conventional SIR model, Model A and Model B can be 230 

rearranged as follows: 231 

 232 

 
dI(t)dt = �β S(t)N − σ� I(t) .     (5)   233 

 234 

 
dI(t)dt = �𝛽𝛽 �S(t)N �2 − 𝜎𝜎� I(t) .     (6) 235 

 236 

 
dI(t)dt = �β �S(t)[N−R(t)]N2 � − σ� I(t) .    (7) 237 

 238 

At the beginning of the transmission, when  
S(t)N ≈ 1 and 

R(t)N ≈ 0, we would obtain the 239 

exact equation for all three models as follow:  240 

 241 dI(t)dt = (β − σ)I(t).      (8)  242 

 243 

The integral of Equation (8) is an exponential function as follow: 244 

 245 

Figure 2: The 

compartmental structure 

and model equations of the 

newly developed Model A 

and Model B.  
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               I(t) = I0e(β−σ)t.      (9)  246 

 247 

Equation (9) shows a crucial condition that determines the widespread of infectious 248 

diseases in a population. The transmission of infectious diseases can be sustained if β > σ or 
𝛽𝛽𝜎𝜎 >249 

1. The ratio between β and σ denotes the basic reproduction number (r0) of infectious diseases. 250 

The r0 can also be defined as the number of secondary cases caused by a single primary case in a 251 

wholly susceptible population21,22. The r0 can be used to derive the herd immunity threshold 252 

(HIT) according to a simple theorem proposed by Dietz (1975)23.  253 

 254 

          HIT = 1 − 1r0 .                                               (10) 255 

 256 

The HIT can also be defined as the level that the transmission of infectious diseases 257 

becomes unsustainable when one infected person generates less than one secondary case on 258 

average in a population10. Often, the HIT can be used to predict total infections achieved at the 259 

end of transmission without vaccination. If vaccination is used to control infectious diseases, the 260 

HIT indicates the share of a population that needs to be vaccinated for control of infectious 261 

diseases.   262 

 263 

Vaccine models 264 

 265 

  266 

 267 

Unlike immunity through infection, vaccination introduces immunity into individuals 268 

without developing infectivity, therefore protecting a population from infectious diseases without 269 

generating more infections. A simple vaccine model can be created using the conventional SIR 270 

model, Model A and Model B by allowing individuals vaccinated to move from compartment 271 

S(t) straight to R(t) at a constant vaccination rate denoted by ν (Fig. 3). The magnitude of ν 272 

depends on factors such as the availability of vaccines and resources allocated for vaccinating 273 

people, not the size of S(t). Here, we assume individuals who have been vaccinated would 274 

develop complete immunity as those developing immunity through infection. Therefore, the 275 

compartment R(t) would consist of the total immunized population either through infection or 276 

vaccination. Herd immunity was considered achieved when the total immunized population 277 

reached the level predicted by the HIT.  278 

 279 

Table 1 shows the breakdown of transmission rate and recovery rate of the conventional 280 

SIR model, Model A and Model B. Model A and Model B only differ from the conventional SIR 281 

Figure 3: The 

compartmental structure 

and model equations of 

vaccine models modified 

using the conventional SIR 

model, Model A and Model 

B. 
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model in the risk of contact infection. By assigning the same value to β, σ and ν, all three models 282 

can be used to simulate the transmission dynamics of the same infectious disease with herd 283 

immunity either through infection or vaccination in a randomly mixed population.  284 

 285 

Table 1: Breakdown of transmission rate and recovery rate of the conventional SIR model, 286 

Model A and Model B.  287 

Models 

Components of transmission rate 
Total 

transmission 

rate from S(t) 

to I(t) 

Components of  

recovery rate Total 

recovery 

rate from 

I(t) to R(t) 

Vaccination 

rate 

Force of infection, F 

Number of 

Susceptible Contact 

rate 

Risk of 

contact 

infection 

Recovery 

coefficient 

Number of 

Infectious 

Conventional 

SIR model 
β 

I(t)N   S(t) β I(t)S(t)N   σ I(t) σI(t) ν 

Model A β 
I(t)S(t)N2   S(t) β I(t)[S(t)]2N2   σ I(t) σI(t) ν 

Model B β 
I(t)[N−R(t)]N2   S(t) β I(t)S(t)[N−R(t)]N2   σ I(t) σI(t) ν 

 288 

Simulations and sensitivity analyses 289 

 290 

Model ODEs of all three models can be solved by using numerical integration. First, we 291 

simulated all three models under the exact and arbitrary conditions with parameter values as 292 

presented in Table 2. These parameter values allowed all three models to project the transmission 293 

dynamics of the same infectious disease in a homogenous population. We assumed complete 294 

immunity can be acquired either through infection or vaccination, therefore, herd immunity can 295 

be developed either through infection or vaccination. Herd immunity was considered achieved 296 

when the total immunized population reached the level predicted by the HIT.  297 

  298 

Transmission dynamics of the infectious disease with herd immunity through infection 299 

only were simulated using models as presented in Fig. 1 and Fig. 2. We expected the infectious 300 

disease to subside when the total immunized population or R(t) reached the level predicted by 301 

the HIT. We evaluated the size of each compartment at the time when the HIT was reached, and 302 

at the end of simulation (t=200). 303 

 304 

Transmission dynamics of the infectious disease with herd immunity through vaccination 305 

and infection were simulated using models as presented in Fig. 3. The total immunized 306 

population would consist of those who had developed immunity through infection or 307 

vaccination. At high vaccination rates, the total immunized population was largely contributed 308 

by those acquiring immunity through vaccination. At low vaccination rates, the total immunized 309 

population was largely contributed by those acquiring immunity through infection. We simulated 310 

all vaccine models at three vaccination rates, as stated in Table 2. At all vaccination rates, we 311 

evaluated the size of each compartment at the time when the HIT was reached, and at the end of 312 

simulations (t=500 for ν=1.0%, t=300 for ν=0.5%, and t=200 for ν=0.1%). The vaccination rate 313 

was set to zero after the HIT was reached until the end of simulations.  314 

 315 
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In sensitivity analyses, we evaluated total infections generated by all three models at the 316 

end of simulation across r0 from 1.1 to 4.0 without vaccination. Numerical integrations and 317 

simulations were performed in R version 3.6.3 by using “deSolve” package. Graphics were 318 

generated by using Microsoft Excel 2019.  319 

 320 

Table 2: Parameter values used in simulations and sensitivity analyses 321 

 322 

Parameters Values 

Contact rate, β 0.3 

0.11 to 0.4 (Sensitivity analysis) 

Recovery coefficient, σ 0.1 

Infection duration 10 

Basic reproduction number, r0 3.0 

1.1 to 4.0 (Sensitivity analysis) 

Herd immunity threshold, HIT 0.667 (66.7%) 

Vaccination rate, ν 1.0% population per unit t 

0.5% population per unit t 

0.1% population per unit t 

Population size, N 1000000 

Initial value for I(t) 1 

Initial value for S(t) N-I(t) 

Initial value for R(t) 0 

Initial value for Total infections 1 

 323 

Results: 324 

 325 

Transmission dynamics of infectious diseases with herd immunity through infection 326 

 327 

 328 

 329 Figure 4: Transmission dynamics of infectious diseases with herd immunity through infection 

Part A, B and C presents transmission dynamics of infectious diseases with herd immunity through infection simulated 

by the conventional SIR model, Model A and Model B. Part D and E presents proportion differences between the 

conventional SIR model and Model A and between the conventional SIR mode and Model B. Part F presents total 

infections generated by the conventional SIR model, Model A and Model B with varying r0. 
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 330 

Without vaccination, all three models described the transmission dynamics of infectious 331 

diseases with herd immunity through infection as individuals who had been infected were 332 

assumed to recover with complete immunity. Figure 4 presents the transmission dynamics of 333 

infectious disease with r0 of 3.0 simulated using the conventional SIR model, Model A and 334 

Model B. Our simulations showed that all three models performed likewise at the beginning of 335 

the transmission when both I(t) and R(t) were relatively small as compared with the population 336 

size, N. 337 

 338 

According to the conventional SIR model, the total R(t) or immunized population 339 

through infection would reach the level predicted by the HIT at t=134, with total infections 340 

reaching 86.9%, I(t) reaching 19.2% and S(t) reaching 13.1%. After that, the infectious disease 341 

would continue to infect more people, and ended up with up to 94.0% of population being 342 

infected, leaving only 6.0% of population remaining susceptible (Fig. 4A and Table 3). Model A 343 

projected the infectious disease to be controlled and eradicated at the level accurately predicted 344 

by the HIT at t=195 until the end of simulation (Fig. 4B and Table 3). Model B projected the 345 

infectious disease to subside at a level higher than the HIT, with total infections reaching 75.6%, 346 

leaving 24.4% of population to remain susceptible in the population (Fig. 4C and Table 3).  347 

 348 

According to our simulations, the transmission of infectious disease started to be 349 

controlled and suppressed after t=50 in both Model A and Model B as compared with the 350 

conventional SIR model (Fig. 4D and 4E). Our sensitivity analysis shows that total infections 351 

generated by the conventional SIR model at the end of simulation were completely way above 352 

the level predicted by the HIT across all r0 values. Total infections generated by Model A at the 353 

end of simulation were accurately predicted by the HIT across all r0 values, while total infections 354 

generated by Model B at the end of simulation were predicted the HIT when r0 was small and 355 

deviated away from the HIT at higher r0 values in Model B (Fig. 4F).  356 

 357 

By allowing the transmission rate to decline along with the reducing risk of contact 358 

infection, Model A simulated the infectious disease to subside at a level predicted by the r0 and 359 

HIT accurately. However, it might be too ideal to assume that the risk of contact infection and 360 

transmission rate can be reduced by herd immunity immediately following infection, unless in 361 

the context of high vaccination rates. Model B was more in line with the fundamental of herd 362 

immunity. It was more realistic to allow the transmission rate to decline along with the reducing 363 

risk of contact infection following recovery. 364 

 365 

Transmission dynamics of infectious diseases with herd immunity through vaccination 366 

 367 

With modification as shown in Fig.3, all three models can be used to describe the 368 

transmission dynamics of infectious diseases with herd immunity through vaccination. At a very 369 

high vaccination rate (ν=1.0% population per unit t), our simulations showed that total infections 370 

would continue to increase at a lower rate even after the HIT was achieved in the conventional 371 

SIR model (Fig. 5A). The conventional SIR model failed to demonstrate either control or 372 

eradication of infectious diseases even at a high vaccination rate after the HIT was achieved, let 373 

alone lower vaccination rates. On the other hand, both Model A and Model B projected the 374 

infectious disease to be controlled and eradicated when the total immunized population reached 375 
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the level predicted by the HIT. At a very high vaccination rate, both Model A and Model B 376 

performed likewise and generated the same outcome with total infections controlled at 0.02% 377 

after the HIT was achieved at t=67 until the end of the simulation (Fig. 5B and 5C, Table 3).  378 

 379 

At a lower vaccination rate (ν=0.5% population per unit t), total infections continued to 380 

increase at a higher rate even after the HIT was achieved at t=100 in the conventional SIR model 381 

(Fig. 5D, Table 3). At t=100, the total immunized population reached 67.58% of population, 382 

consisting of 18.08% of population immunized through infection and 49.50% of population 383 

immunized through vaccination. The infectious disease appeared completely out of control and 384 

continued to infect more people in the population, causing total infections to increase by another 385 

8.06% and reached 34.37% at the end of simulation (t=500). Both Model A and Model B 386 

continued to project the infectious disease to be controlled even at a lower vaccination rate. At 387 ν=0.5% population per unit t, the total immunized population would reach the level predicted by 388 

the HIT at t=131 in both models, and total infections were controlled at 1.22% to 1.24% in 389 

Model A and 1.24% to 1.26% in Model B, respectively (Fig. 5E and 5F, Table 3). 390 

 391 

At the lowest vaccination rate (ν=0.1% population per unit t), the herd immunity was 392 

largely contributed by those immunized through infection. The total immunized population 393 

would reach the level predicted by the HIT at t=87, with total infections of 76.33% in the 394 

conventional SIR model. Subsequently, total infections continued to increase by 8.09% to reach 395 

84.42% at the end of simulation (Fig. 5G, Table 3). As for Model A, the total immunized 396 

population would reach the level predicted by the HIT at t=134, with total infections of 54.08%. 397 

At the end of simulation, total infections only increased by another 0.36% to 54.44% in Model A 398 

(Fig. 5H, Table 3). In model B, the HIT was reached at t=107, with total infections of 60.68%. 399 

At the end of simulation, total infections continued to increase only by another 1.44% in Model 400 

B (Fig. 5I, Table 3). 401 

 402 

   403 

 404 
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 405 

 406 

 407 

 408 

  409 

 410 

 411 

 412 

 413 

 414 

 415 

 416 

 417 

 418 

Figure 5: Transmission dynamics of infectious diseases with herd immunity through vaccination 

Part A, B and C present transmission dynamics of infectious diseases at vaccination rate, ν=1.0% population per unit t 

projected by the conventional SIR model, Model A and Model B. The HIT was reached at t=67 in all three models. Part D, 

E and F present transmission dynamics of infectious diseases at ν=0.5% population per unit t projected by the conventional 

SIR model, Model A and Model B. The HIT was reached at t=100 in the conventional SIR model, and at t=131 in both 

Model A and Model B. Part G, H and I present transmission dynamics of infectious disease at ν=0.1% population per unit t 

projected by the conventional SIR model, Model A and Model B. The HIT was reached at t=87 in the conventional SIR 

model, at t=134 in Model A, and t=107 in Model B. Times to reach the HIT was marked by vertical lines.  
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Table 3: Outputs of simulations using the conventional SIR model, Model A and Model B. 419 

 420 

Outputs 
Conventional SIR 

model 

Model A Model B 

Herd immunity through infection     

HIT was achieved at: t=134 t=195 t=97 

- S(t) 13.1 33.3 26.2 

- I(t) 19.2 0 6.5 

- Total infections 86.9 66.7 73.8 

- R(t) 67.7 66.7 67.3 

At the end of simulation (t=200)    

- S(t) 6.0 33.3 24.4 

- Total infections 94.0 66.7 75.6 

- R(t) 94.0 66.7 75.6 

Herd immunity through vaccination    

A) ν = 1.0 % population per unit t    

  HIT was achieved at: t=67 t=67 t=67 

  - S(t) 32.74 32.98 32.98 

  - I(t) 0.08 0 0 

  - Total infections 0.26 0.02 0.02 

  - Total immunized 67.18 67.02 67.02 

  - Through infection 0.18 0.02 0.02 

  - Through vaccination 67.00 67.00 67.00 

  At the end of simulation (t=500)    

  - S(t) 31.17 32.98 32.98 

  - Total infections 1.83 0.02 0.02 

  - Total immunized 68.82 67.02 67.02 

  - Through infection 1.82 0.02 0.02 

  - Through vaccination 67.00 67.00 67.00 

B) ν = 0.5 % population per unit t    

  HIT was achieved at: t=100 t=131 t=131 

  - S(t) 26.31 33.28 33.26 

  - I(t) 6.12 0.04 0.04 

  - Total infections 24.19 1.22 1.24 

  - Total immunized 67.58 66.69 66.70 

  - Through infection 18.08 1.19 1.20 

  - Through vaccination 49.50 65.50 65.50 

  At the end of simulation (t=300)    

  - S(t) 16.14 33.26 33.24 

  - Total infections 34.37 1.24 1.26 

  - Total immunized 83.86 66.74 66.76 

  - Through infection 34.24 1.24 1.26 

  - Through vaccination 49.50 65.50 65.50 

C) ν = 0.1 % population per unit t    

  HIT was achieved at: t=87 t=134 t=107 

  - S(t) 14.97 32.52 28.62 

  - I(t) 17.82 0.79 4.29 

  - Total infections 76.33 54.08 60.68 

  - Total immunized 67.21 66.70 67.09 

  - Through infection 58.51 53.30 56.39 

  - Through vaccination 8.70 13.40 10.70 

  At the end of simulation (t=200)    

  - S(t) 6.90 32.16 27.18 

  - Total infections 84.42 54.44 62.12 

  - Total immunized 93.12 67.84 72.82 

  - Through infection 84.42 54.44 62.12 

  - Through vaccination 8.70 13.40 10.70 

 421 
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Discussion 422 

 423 

Our simulations show that the key to model the transmission dynamics of infectious 424 

disease is to allow the transmission rate to decline along with the reducing combined risk of 425 

contact infection following recovery. And, this would not alter the early dynamics and basic 426 

reproduction number of infectious diseases. However, such modification would lead to very 427 

different endings for the same infection as presented in the result section. Infectious diseases 428 

modelled by the conventional SIR model appeared to be overly aggressive, and completely 429 

impossible to demonstrate control or eradication through herd immunity. This raises a critical 430 

concern of using the conventional SIR model or its variants to simulate the ending of the 431 

COVID-19 pandemic through herd immunity.  432 

 433 

Although Model A successfully demonstrated control and eradication of infectious 434 

disease at the level predicted by the HIT, it was not realistic to assume that the transmission rate 435 

would decline following infection. Model B provides the framework with a more realistic 436 

assumption in modelling the transmission dynamics of infectious diseases with and without 437 

vaccination. According to our simulations, the HIT calculated based on the r0 of infectious 438 

diseases is only accurate if we allow the transmission rate to unrealistically decline following 439 

infection with or without vaccination. At lower vaccination rates, the total immunized population 440 

contributing to herd immunity may consist of largely individuals immunized through infection, 441 

which cannot be predicted using the simple threshold theorem anymore. Therefore, further 442 

studies are required to investigate and establish the right threshold for estimating the level of 443 

herd immunity.  444 

 445 

 Importantly, our simulations showed that the transmission rate may decline rapidly after 446 

a particular time, depending on the population size, contact rate, β and duration of infection. This 447 

might help explain the immediate fall of COVID-19 cases in some countries like the United 448 

States, United Kingdom and Indonesia, shortly after the rollout of mass and rapid vaccination 449 

against the COVID-19 pandemic. Moreover, the newly developed model may provide a better 450 

framework for the steady fall of COVID-19 cases in India even without vaccination since 451 

September 202024. Many researchers attributed the fall of COVID-19 cases without vaccination 452 

in India to herd immunity and younger population demographic. A national serological survey 453 

conducted by the Indian Council of Medical Research (ICMR) revealed that up to 21% or 290 454 

million of the adult population in India had developed immunity against the COVID-19 virus25.  455 

 456 

As of this writing, more than 100 million individuals have been infected by the novel 457 

coronavirus with a death toll surpassing 2·5 million24. At the same time, many countries have 458 

started mass and rapid vaccination with the hope to end the COVID-19 pandemic with herd 459 

immunity through vaccination. Therefore, the use of the right modelling frameworks for herd 460 

immunity becomes critically important and relevant to support post-vaccination public health 461 

planning and preparedness against the pandemic.  462 

 463 

Conclusion 464 

 465 

The key to simulating the transmission dynamics of infectious disease with herd immunity is 466 

to allow the transmission rate of infectious disease to decline along with the reducing combined 467 
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risk of contact infection following recovery. This can be attained by incorporating the inverse of 468 

proportion of recovered individuals into the force of infection of a compartmental model. Further 469 

studies are required to establish the right threshold for herd immunity in a randomly mixed 470 

population.   471 

 472 

 473 
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Figures

Figure 1

The compartmental structure and model equations of Kermack & Mckendrick’s SIR model.

Figure 2

The compartmental structure and model equations of the newly developed Model A and Model B.



Figure 3

The compartmental structure and model equations of vaccine models modi�ed using the conventional
SIR model, Model A and Model B.



Figure 4

Transmission dynamics of infectious diseases with herd immunity through infection Part A, B and C
presents transmission dynamics of infectious diseases with herd immunity through infection simulated
by the conventional SIR model, Model A and Model B. Part D and E presents proportion differences
between the conventional SIR model and Model A and between the conventional SIR mode and Model B.
Part F presents total infections generated by the conventional SIR model, Model A and Model B with
varying r0.



Figure 5

Transmission dynamics of infectious diseases with herd immunity through vaccination Part A, B and C
present transmission dynamics of infectious diseases at vaccination rate, ν=1.0% population per unit t
projected by the conventional SIR model, Model A and Model B. The HIT was reached at t=67 in all three
models. Part D, E and F present transmission dynamics of infectious diseases at ν=0.5% population per
unit t projected by the conventional SIR model, Model A and Model B. The HIT was reached at t=100 in
the conventional SIR model, and at t=131 in both Model A and Model B. Part G, H and I present
transmission dynamics of infectious disease at ν=0.1% population per unit t projected by the
conventional SIR model, Model A and Model B. The HIT was reached at t=87 in the conventional SIR
model, at t=134 in Model A, and t=107 in Model B. Times to reach the HIT was marked by vertical lines.


