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Abstract Solitons are nonlinear self-sustained wave excita-

tions and probably among the most interesting and exciting

emergent nonlinear phenomenon in the corresponding the-

oretical settings. Bright solitons with sharp peak and dark

solitons with central notch have been well known and ob-

served in various nonlinear systems. The interplay of peri-

odic potentials, like photonic crystals and lattices in optics

and optical lattices in ultracold atoms, with the dispersion

has brought about gap solitons within the finite band gap-

s of the underlying linear Bloch-wave spectrum and, par-

ticularly, the bright gap solitons have been experimentally

observed in these nonlinear periodic systems, while little is

known about the underlying physics of dark gap solitons.

Here, we theoretically and numerically investigate the exis-

tence, property and stability of one-dimensional gap solitons

and soliton clusters in periodic nonlinear media with com-

peting cubic-quintic nonlinearity, the higher-order of which

is self-defocusing and the lower-order (cubic) one is chosen

as self-defocusing or focusing nonlinearities. By means of

the conventional linear-stability analysis and direct numer-

ical calculations with initial perturbations, we identify the

stability and instability areas of the corresponding dark gap

solitons and clusters ones.
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1 Introduction

It is common knowledge in nonlinear science that the propa-

gation of waves (optical waves, plasma waves, matter waves,

etc) presents dispersion or diffraction which makes the waves

cannot keep the waveforms unchanged, while the introduc-

tion of nonlinearity (of the medium) can do that by balanc-

ing the dispersion or diffraction and, accordingly, results in-

to the formation of self-sustained nonlinear waves that what

we called solitons [1]. Solitons are widespread nonlinear ex-

citations of the underlying theoretical model in many sub-

jects ranging from optical waves in nonlinear optics, mat-

ter waves in ultracold atoms (condensed matters), and water

waves in fluids to plasmas waves in plasma, etc [2,3,4]. In

the context of one-dimensional (1D) physical settings, the

cubic (Kerr) nonlinearity could reach a mutual suppression

agreement with dispersion or diffraction, leading to exact

soliton solution of the system [2,3,4]. Particularly, the self-

focusing nonlinearity is responsible for bright soliton hav-

ing the form of hyperbolic secant, and the self-defocusing

nonlinear term is for dark soliton appearing as hyperbol-

ic tangent. The theoretical frameworks of both bright and

dark solitons have been well established [2,3,4,5] and, note-

worthily, the ultracold bosonic atoms condensed as Bose-

Einstein condensates (BECs) provide a clean and unique

platform for their observations [6], manifesting in deliber-

ated experimental results of dark [7,8] and bright matter-

wave solitons [9,10,11,12,13] in various ultracold atoms in

recent years.

High-order nonlinearity like the quintic nonlinear ter-

m [14,15,16,17] also exists in dense media or for high den-

sity wave propagation, the combination of which with cu-

bic nonlinearity forms the cubic-quintic (nonlinearity) medi-

a [18,19,20,21,22,23], where the high-order nonlinear ter-

m takes the self-defocusing, while the cubic term can be

either self-focusing or self-defocusing [24,25,26,27,28]. It
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should be pointed out that, in two- and three-dimensional

models, the competing cubic-quintic nonlinearity of the me-

dia can stabilize more complicated wave structures includ-

ing the multidimensional solitons and their vortical ones (the

solitons with embedded vorticity) [25,29,30], ring-shaped

soliton clusters [31]. In addition, theoretical predictions [32,

33] and experimental confirmations [34,35,36] have demon-

strated that the competing nonlinear terms, arising from mean-

field term (atom-atom collisions) and beyond-mean-field ter-

m (quantum fluctuations) named by Lee-Huang-Yang quan-

tum corrections [37,38,39], in the context of two-component

Bose-Einstein condensates (BECs) could give rise to stable

matter wave states called quantum droplets from one to three

dimensions.

Periodic potentials, such as photonic crystals and lattices

in the context of optics and optical lattices in BECs, have

demonstrated as a versatile toolbox for operating and con-

trolling the dynamics of optical and matter waves [3,4,5,6,

40,41,42,43] . Worthwhile mentioning is the generation of

bright gap solitons [44,45,46,47,48] under the condition

of self-defocusing nonlinearity which, as mentioned above,

admits only the dark solitons and cannot allow the existence

of bright solitons in uniform media [49]. The underlying

nonlinear physics is that the periodic potentials, counterin-

tuitively, can invert the sign of the effective dispersion of

the media, and thus support bright gap solitons [50,51,52].

In last decades, the bright gap solitons have been observed

in soliton experiments in diverse nonlinear periodic physical

systems [53,54,55,56,57,58]. Very recently, the formation

of solitons has also been proposed and proved experimen-

tally in other periodic potential like photonic moiré lattices

that featured by flat-band physics in photorefractive nonlin-

ear media [59,60].

Although the bright gap solitons have been previously

reported in the physical systems of cubic-quintic nonlin-

earity and optical lattices [46,47], their opposite nonlinear

excitations– the dark gap solitons–however, are yet to be ex-

plored in such systems. Furthermore, the dark gap soliton-

s in periodic nonlinear media are currently not being sur-

veyed extensively [61,62,63,64] and, therefore, the under-

lying soliton physics is yet to be disclosed. Our recent two

literatures have respectively examined in detailed the exis-

tence and stability of dark gap solitons in the periodic non-

linear media with either cubic nonlinearity [63] or quintic

one [64], and striking results were obtained. It is necessary

to emphasize that the nonlocal dark solitons have recently

been revealed in optical nonlocal nonlinear media with non-

local cubic-local quintic nonlinearities [65,66], while their

gap counterparts localized in periodic potential are lacking.

This paper is devoted to the theoretical and numerical

investigations of the formation and property of 1D dark gap

solitons in nonlinear periodic media with competing cubic-

quintic nonlinearities, based on the linear-stability analysis

and direct perturbed simulations. In contrast to our recen-

t prediction of dark gap solitons in self-defocusing quin-

tic nonlinearity, where they cannot be stabilized within the

second finite band gap [64], we demonstrate that the self-

defocusing strength in both cubic and quintic nonlinear terms

can liberate such constraint, leading to the formation of ro-

bust dark gap solitons populated in the second gap of the

adopted model. Owning to the fact that the focusing nonlin-

earity is a disastrous factor for constructing dark solitons, as

aforementioned, we conjugate that the focusing-defocusing

cubic-quintic model may allow the existence of dark gap

solitons while their stability regions within the finite band

gaps will reduce quickly; our numerical results verify this

fact. Besides the fundamental dark gap solitons, their clus-

ter ones, dark gap soliton clusters composed of several dark

gap solitons [63,67], are also under detailed investigations.

The cubic-quintic model applies to the description of propa-

gation of light waves in photonic crystals, and the dynamics

of dense BECs trapped onto an optical lattice and under two-

and three-body collisions.

2 The model and its theoretical methods

Our physical model describing the evolution of wave func-

tion (order parameter) of ultracold atomic gases (BECs of

bosonic atoms) having simultaneously the two- and three-

body interactions and trapped on an optical lattice induced

by counterpropagating laser beams is based on the Gross-

Pitaevskii equation (alias nonlinear Schrödinger equation):

i~
dU

dτ
= −

~
2

2m

∂2U

∂x2
+ Vtrap(x)U +

g1
2πa2

⊥

|U |
2
U

+
g2

3π2a4
⊥

|U |
4
U,

here the sign and strength of the cubic and quintic nonlin-

ear terms are defined by coefficients g1 and g2, respectively;

a2
⊥

characterizes the s-wave scattering length of two-body

(atom-atom) collisions and a4
⊥

is for three-body interaction-

s. The linear optical trap Vtrap(x) will be given below. For

the sake of discussion, the above equation can be gener-

alized to a dimensionless version by substituting with the

variables g1 = 4π~2as
/

m, t = ~τ/m, as = gas0, U =

ψ
√

a2
⊥

/

2as0, V (x) = Vtrap(x)m
/

~
2, and γ = mg2

/

12π2
~
2a2s0,

then the dimensionless model for wave function ψ yields:

i
dψ

dt
= −

1

2

∂2ψ

∂x2
+ V (x)ψ + g |ψ|

2
ψ + γ |ψ|

4
ψ, (1)

where the linear periodic potential is taken as an optical lat-

tice having the expression

V (x) = V0sin
2 (x) . (2)
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Fig. 1 (a) Linear Bloch-wave spectrum (denoted by chemical po-

tential µ ) with different modulation depth (V0) of optical lattice

V (x) = V0sin2 (x). (b) Band gap structure at a given modulation

depth V0 = 4. SIG: semi-infinite gap; 1st (2nd) BG: first (second)

band gap. The Bloch bands are shaded in both panels.Typical profiles

of dark gap solitons in the 1D cubic-quintic model with an optical lat-

tice under different cubic nonlinear strength g. (c) g = 1; (d) g = 2;

(e) g = −1. Chemical potential µ = 2 for dash-dotted lines, and

µ = 4 for solid lines.

In the following analysis, the five-order (quintic) nonlinear

strength in Eq. (1) is taken as a defocusing one γ = 1, and

the three-order (cubic) nonlinear coefficient can be chosen

as either focusing (g < 0) or defocusing (g > 0). It should

be noted that, as previously described, besides the BECs

with two- and three-body collisions, the cubic-quintic model

can be applied to other contexts including nonlinear optics

too.

The wave function at definite chemical potential µ can

be rewritten as ψ = φe−iµt, with the substitution of it in Eq.

(1) leads to the stationary equation for the stationary solution

φ:

µφ = −
1

2

d2

dx2
φ+ V φ+ g |φ|

2
φ+ |φ|

4
φ. (3)

To investigate the localized dark gap modes in the fi-

nite gaps of the underlying model Eq. (1) with an optical

lattice V (x) = V0sin
2 (x) [Eq. (2)], the linear Bloch-wave

spectrum should be firstly given, which is implemented by

linearizing the Eq. (1) or Eq. (3) and by using the Floquent-

Bloch theory. The corresponding structures of Bloch band-

s and gaps are portrayed in Fig. 1(a), from which one can

observe the widening feature of first and second finite gaps

with an increase of lattice depth V0; and at a given value of

depth to be considered (V0 = 4), there is a wide first gap, as

shown in Fig. 1(b) [and from a marked dashed line in Fig.

1(a)].

The stability of the soliton solution in [Eq. (3)] is usual-

ly done by means of linear-stability analysis, which can be

executed by analyzing the influence of initial small pertur-

bations to the stationary state. To this aim, the wave function

should be taken as perturbed one

ψ (x, t) = e−iµt
[

φ (x) + u (x) eλt + v∗ (x) eλ
∗t
]

, (4)

with u(x) and v(x) being tiny perturbations at a certain eigen-

value λ. Following from such expression, the linear eigen-

value problem of the solution can be gained through Eq. (1),

which reads as:

iλu = −
1

2

d2u

dx2
+(V −µ)u+gχ3(u, v)φ

2+χ5(u, v)φ
4, (5)

iλv = +
1

2

d2v

dx2
−(V −µ)v−gχ3(v, u)φ

2−χ5(v, u)φ
4. (6)

In the above eigenvalue equations, the parameters in front of

cubic and quintic nonlinear terms yield χ3(m,n) = n+2m

and χ5(m,n) = 2n + 3m. It is then the stability property

of the soliton solution against the initial perturbations is de-

fined by the eigenvalue λ; the criterion is that the soliton is

stable provided that Re(λ) = 0, and is unstable otherwise.

To proceed with the numerical results, we would like

to outline the numerical recipes we used. First, the station-

ary soliton solution is acquired in Eq. (3) using the Newton-

Rapson iteration; then the stability of the dark gap soliton

is judged by linear-stability eigenvalue Eqs. (5) and (6) by

means of the conventional finite-difference method, and is

double-checked in direct simulation of the perturbed soli-

ton in evolutional Eq. (1) with fourth-order Runge-Kutta

method.

3 Numerical results and discussion

3.1 Fundamental dark gap solitons

As has been said above, the defocusing nonlinearity is re-

sponsible for the generation of ordinary dark solitons; in or-

der to comply with this principle, we first consider the defo-

cusing Kerr (cubic) nonlinear strength g > 0 in the cubic-

quintic model proposed here [Eq. (1)], recall that the quintic

term has been set to defocusing throughout.

Typical shapes of fundamental dark gap solitons (fea-

tured by single notch in the center) under defocusing cubic

( g = 1 ) and defocusing quintic nonlinearities and an opti-

cal lattice are shown in Fig. 1(c), where the case of second

finite band gap is also included. From such panel, we can

see that, compared to its counterpart in first finite gap, the

dark gap soliton in higher band gap has a larger amplitude

and nonlinear Bloch wave background on account of larg-

er Bragg reflections existed in the second gap, resembling

those reported in the previous studies in defocusing cubic-

or quintic-only model. For a bigger cubic term, e.g., g = 2,

the soliton’s height decreases, exemplified by their profiles

within both the first and second gaps in Fig. 1(d).
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Fig. 2 Dependency N(µ) denoted as the number of atoms N versus

chemical potential µ for 1D dark gap solitons created in the cubic-

quintic model with an optical lattice. Cubic nonlinear strength: (a) g =
1; (b) g = 2; (c) g = −1. Stable and unstable domains are marked by

blue and red lines, respectively. Profiles and dynamics of the marked

points (A, B) are shown below.

Although the dark gap solitons can only be limited to

the nonlinear periodic media with defocusing nonlinearity,

in the cubic-quintic model considered here, it is natural to

ask whether such localized gap modes can be stable ob-

ject in the system with combined focusing cubic (g < 0
) and defocusing quintic nonlinearities. Our answer is af-

firmative, as demonstrated by their cases at focusing cubic

nonlinear strength (g = −1) in Fig. 1(e). The underlying

soliton physics is natural and understandable, taking into

consideration in such circumstance, the overall nonlinear

term behaves as defocusing, since the focusing cubic non-

linearity is always overwhelmed by the defocusing higher-

order (quintic) nonlinearity. Otherwise, the dark gap solitons

cannot be formed at all, required by the phase transition at

the central notch for the dark gap solitons. On the contrary,

there is no such red tape for their bright counterparts–bright

gap solitons–because not phase transition happens for them,

as previous literatures have proved the existence of stable

bright gap solitons in nonlinear periodic media under the

focusing cubic nonlinearity. For a focusing cubic strength,

the overall defocusing nonlinear effect of combined cubic-

quintic nonlinearities reduces, making the relevant dark gap

solitons have larger amplitudes, comparing the Fig. 1(e) to

Figs. 1(c) and 1(d).

A detailed insight into the relationship between the num-

ber of atoms (norm)N and chemical potentials µ of the dark

gap solitons can be built, which is accumulated in Fig. 2

where, three classes of cubic nonlinear strength (g) given

by two different defocusing cases (g = 1 and g = 2) and

one focusing case are respectively shown in Figs. 2(a), 2(b)

and 2(c). Showings are also for the stability and instability

regions of dark gap solitons, on the basis of linear stability

analysis [Eqs. (5) and (6)] and direct perturbed evolutions

[Eq. (1)] of the soliton solutions; the instability appears only

when µ approaches the edges of the first and second finite

gaps [Figs. 2(a) and 2(b) ], and when the defocusing cu-

bic nonlinear term switches to the focusing one [Fig. 2(c)].

For the two defocusing cases, our cubic-quintic model is a

complete defocusing one, the noteworthy result is the exis-

tence of stable dark gap solitons in the second finite band

gap of the underlying linear Bloch-wave spectrum; oppos-

ing to this, the dark gap solitons can hardly be stabilized in

second gap, as reported very recently in defocusing quintic-

only model. For the model with competing focusing cubic

and defocusing quintic nonlinearities, as conjugated above,

shortens the corresponding stability regions of dark gap soli-

tons within the first gap, and does not allow the formation

of stable dark gap modes in the second gap, as can be ob-

served from Fig. 2(c). One important feature of dark gap

solitons in the various cubic-quintic model deserved to be

pointed out is that, as from the dependencies N(µ) in Fig.

2, the stability criterion for localized gap modes in diverse

nonlinear periodic optical and matter-wave media, the ‘anti-

Vakhitov–Kolokolov’ (anti-VK) criterion, dN/dµ > 0 still

prevails [46,63,64,68,69,70].

Two examples of dark gap solitons in the circumstances

of double defocusing cubic-quintic model and focusing cubic-

quintic (defocusing) model are depicted in Figs. 3(a) and

3(b) respectively. Our linear stability analysis of these two

soliton solutions based on Eqs. (5) and (6) reveals that one in

first band gap is stable and another in second gap is unstable,

verified by their direct perturbed simulations in the bottom

panels of Fig. 3, where shows respectively the good coher-

ence of stable dark gap solitons and the quickly decoherence

of unstable one in the course of their evolutions.

3.2 Higher-order localized modes: dark gap soliton clusters

Next, we proceed to survey the possibility of generating 1D

higher-order localized modes consisting of several dark gap

solitons with equal spacing between each individual, such

higher-order modes are usually named dark gap soliton clus-

ters [63,67], which we are adopted here. As a sample and an

example of such higher-order modes, we take our focus on

five-soliton clusters configured as five identical fundamental
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Fig. 3 Top: Typical profiles of dark gap solitons within the first (a) and

second (b) finite band gaps in the setting with cubic-quintic nonlin-

earities and optical lattice. Centre: the corresponding eigenvalues. Bot-

tom: Perturbed evolution with a small initial perturbation. (a) µ = 2.5,

g = 1 marked point A in Fig. 2(a). (b) µ = 4.2, g = −1 marked point

B in Fig. 2(c).

dark gap solitons in the following, although more fundamen-

tal modes composite can also be envisaged.

As for the fundamental dark gap solitons reported above,

the 1D dark gap soliton clusters formed by five identical fun-

damental modes are also demonstrated under three cases of

cubic nonlinear strength g—two different defocusing condi-

tions (g = 1 and g = 2) and one focusing case (g = −1);

the former two is defocusing-defocusing cubic-quintic mod-

el, while the latter one is the competing defocusing-focusing

cubic-quintic model. Typical profiles of such five-dark-gap-

soliton clusters under these three cubic cases are respective-

ly shown in Figs. 4(a), 4(b) and 4(c); their corresponding

ones at a larger chemical potential are shown in the right

columns, see Figs. 4(d), 4(e) and 4(f). We would like to men-

tion that the spacing between each individuals of the soliton

clusters is the same as the optical lattice’s period which, ap-

parently, is π [Eq. (2)].

We further find that, for defocusing-defocusing cubic-

quintic model, the stability regions of five-dark-gap-soliton

clusters constrain and, particularly, no any stable modes ex-

ist in the second band gap of the underlying linear Bloch-

wave spectrum, according to Figs. 5(a) and 5(b). This prop-

erty is typical for soliton clusters, which is conform with

the previously results, owning to the repulsive and ruinous

Fig. 4 Typical profiles of dark gap soliton clusters consisted of five

dark gap solitons in the 1D cubic-quintic model with an optical lattice

under different cubic nonlinear strength g. (a, d) g = 1; (b, e) g = 2;

(c, f) g = −1. Chemical potential µ = 2 for left column, and µ = 4
for right column.

interactions between each individual (fundamental dark gap

mode). What’s more, as far as the focusing-defocusing cubic-

quintic model is concerned, the dark gap soliton clusters can

hardly be stabilized even in the first band gap, making their

stability regions almost as much as none in Fig. 5(c).

The associated linear stability analysis of these higher-

order localized modes, with one stable case [Fig. 6(a)] and

an unstable one [Fig. 6(b)], are shown in the central lines

of the Fig. 6; an excellent agreement is reached with our

direct perturbed simulations of both modes, demonstrating

that the losing coherence of unstable soliton cluster because

of its destructive interaction between each individual, and

the good coherence of stable cluster in the course of long

time evolution, as can be observed from their evolutions in

the bottom panels of Fig. 6.

4 Conclusion

We have addressed the existence, property and stability of

1D dark gap solitons and soliton clusters in periodic non-

linear media with competing cubic-quintic nonlinearities in

the form of double defocusing nonlinear terms and focusing-
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Fig. 5 Dependency N(µ) denoted as the number of atoms N versus

chemical potential µ within the first and second finite band gap for

1D dark-gap-soliton clusters (five-soliton clusters) in the cubic-quintic

model with an optical lattice. Cubic nonlinear strength: (a) g = 1; (b)

g = 2; (c) g = −1. Stable and unstable domains are marked by blue

and red lines, respectively. Profiles and dynamics of the marked points

(C, D) are shown below.

defocusing nonlinear arrangement. Linear stability analysis

method is used to judge the stability and instability of the

dark gap localized modes against small initial background

perturbations and, particularly, which can be balanced with

the direct perturbed simulations of the localized modes. We

find that the stable fundamental dark gap solitons, produced

in the double defocusing cubic-quintic model, can exist in

the second finite band gap of the underlying linear spec-

trum; on the contrary, our recent theoretical work predict-

ed that they can hardly be stabilized in second gap under

the quintic-only model. In terms of the model with compet-

ing self-focusing cubic and defocusing quintic nonlineari-

ties, the stability regions of dark gap solitons shrink and

are only limited to the first finite band gap. For all cases of

competing cubic-quintic nonlinearities, the dark gap soliton

clusters can be stable physical objects in first gap. The model

may be realized in the context of nonlinear optics with pe-

riodic cubic-quintic nonlinear medium and in BECs trapped

by an optical lattice.

Fig. 6 Top: Typical profiles of five-dark-gap-soliton clusters within the

first (a) and second (b) finite band gaps in the setting with cubic-quintic

nonlinearities and optical lattice. Centre: the corresponding eigenval-

ues. Bottom: Perturbed evolution with a small initial perturbation. (a)

µ = 2.5, g = 1 marked point C in Fig. 5(a). (b) µ = 4.1, g = −1
marked point D in Fig. 5(c).
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fané, T.C.: Stability of Gaussian-type soliton in the cubic-quintic

nonlinear media with fourth-order diffraction and PT -symmetric

potentials. Nonlinear Dyn. 98, 317-326 (2019)

22. Yan, X.-W., Zhang, J.: Coupled cubic-quintic nonlinear

Schrödinger equation: novel bright-dark rogue waves and dy-

namics. Nonlinear Dyn. 100, 3733-3743 (2020)

23. Maddouri,K., Azzouzi, F., Triki, H., Bouguerra A., Korba, S.A.:

Dark-managed solitons in inhomogeneous cubic-quintic-septimal

nonlinear media. Nonlinear Dyn. 103, 2793-2803 (2021)

24. Zeng, J., Malomed, B.A.: Stabilization of one-dimensional soli-

tons against the critical collapse by quintic nonlinear lattices. Phys.

Rev. A 85, 023824 (2012)

25. Gao, X., Zeng, J.: Two-dimensional matter-wave solitons and vor-

tices in competing cubic-quintic nonlinear lattices. Front. Phys. 13,

130501 (2018)
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Figures

Figure 1

(a) Linear Bloch-wave spectrum (denoted by chemical potential µ) with different modulation depth (V0)
of optical lattice V (x) = V0sin2 (x). (b) Band gap structure at a given modulation depth V0 = 4. SIG: semi-
infinite gap; 1st (2nd) BG: first (second) band gap. The Bloch bands are shaded in both panels. Typical
profiles of dark gap solitons in the 1D cubic-quintic model with an optical lattice under different cubic
nonlinear strength g. (c) g = 1; (d) g = 2;(e) g = −1. Chemical potential µ = 2 for dash-dotted lines, and µ =
4 for solid lines.



Figure 2

Dependency N(µ) denoted as the number of atoms N versus chemical potential µ for 1D dark gap solitons
created in the cubic-quintic model with an optical lattice. Cubic nonlinear strength: (a) g = 1; (b) g = 2; (c)
g = −1. Stable and unstable domains are marked by blue and red lines, respectively. Profiles and
dynamics of the marked points (A, B) are shown below.



Figure 3

Top: Typical profiles of dark gap solitons within the first (a) and second (b) finite band gaps in the setting
with cubic-quintic nonlinearities and optical lattice. Centre: the corresponding eigenvalues. Bot-tom:
Perturbed evolution with a small initial perturbation. (a) µ = 2.5, g = 1 marked point A in Fig. 2(a). (b) µ =
4.2, g = −1 marked point B in Fig. 2(c).



Figure 4

Typical profiles of dark gap soliton clusters consisted of five dark gap solitons in the 1D cubic-quintic
model with an optical lattice under different cubic nonlinear strength g. (a, d) g = 1; (b, e) g = 2;(c, f) g =
−1. Chemical potential µ = 2 for left column, and µ = 4 for right column.



Figure 5

Dependency N(µ) denoted as the number of atoms N versus chemical potential µ within the first and
second finite band gap for 1D dark-gap-soliton clusters (five-soliton clusters) in the cubic-quintic model
with an optical lattice. Cubic nonlinear strength: (a) g = 1; (b) g = 2; (c) g = −1. Stable and unstable
domains are marked by blue and red lines, respectively. Profiles and dynamics of the marked points (C, D)
are shown below.



Figure 6

Top: Typical profiles of five-dark-gap-soliton clusters within the first (a) and second (b) finite band gaps in
the setting with cubic-quintic nonlinearities and optical lattice. Centre: the corresponding eigenvalues.
Bottom: Perturbed evolution with a small initial perturbation. (a) µ = 2.5, g = 1 marked point C in Fig. 5(a).
(b) µ = 4.1, g = −1 marked point D in Fig. 5(c).
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