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Abstract：As a geometric measuring instrument of machine tool, double ball bar (DBB) instrument 

can effectively identify the geometric error of machine tool. In the existing literature, DBB mostly 
uses the two-dimensional circle as the identification trajectory to identify the geometric error 
continuously, and the most efficient way of single recognition is still in two-dimensional plane. 
Aiming at the low efficiency of DBB spatial geometric error recognition, the recognition range of 
DBB is extended from two-dimensional plane to spatial hemisphere. A method of space recognition 
and decoupling based on NURBS projection curve is proposed in this paper. The error decoupling 
of feed axis and rotation axis is realized in an experiment. The identification method has the 
characteristics of high efficiency, no secondary assembly and avoiding interference. It can decouple 
all the five axes in hemispherical space at one time and get the effective solution. 

Keywords：Multiaxial machine tool, Geometric error, Error modelling, NURBS curve, Error 

decoupling 

1. Introduction 

Multi-axis CNC machine tools are usually used to process spatial surfaces and curved surfaces, 
which have strict requirements on motion accuracy. Due to the spatial error in the synchronous 
interpolation of multi-axis machine tool, the error of each axis can be determined by error 
decoupling, and the compensation scheme of machine tool can be further analysed. 

As the pre-process of error decoupling, the selection of error identification method will directly 
determine the accuracy and efficiency of identification. Many scholars have carried out studies on 
error identification methods. Xiang [1, 2] used the static feature point method and the ball bar 
instrument to identify the errors of PDGEs and PIGEs. Andolfatto used cap-ball system to study the 
geometric error of five axis machine tool [3]. Ibaraki used the “touch trigger probe” method [4] and 
the “chase-the-ball” method [5] for measurement. The “touch trigger probe” method uses a laser 
probe to calibrate the space of the standard gauge block to determine the position between the 
deviation of the reference vector and the deviation of the measurement, it’s simple and easy to use. 
The “chase-the-ball” method needs to install six measuring balls on the circular and use optical 
instruments for measurement, which has high accuracy. There are also many scholars that use the 
ball bar [6-8], a laser interferometer [9-11], or other methods [12-15] to study the errors of the 
machine tools. The accuracy of this method is high, but the existing methods are difficult to decouple. 

From the perspective of multi-body system, the spatial error identification process of multi-
axis CNC machine tools belongs to rooted system identification. Although the use of laser 
interferometer, probe and other instruments for error identification can also be more convenient for 



space measurement, because there is no space closed loop, it is easy to cause the loss of error 
accuracy in Measurement Engineering, resulting in inaccurate error decoupling. The double ball bar 
instrument can overcome this problem, but it generally identifies the interpolation of two axes or 
less [16-18]. Or it needs to be assembled many times to produce assembly error, which needs 
additional identification or compensation [19]. In order to identify and decouple the errors of more 
axes in the same identification process, the spatial NURBS projection curve is used to identify the 
rotation hemispherical surface. NURBS curve can effectively ensure that the spatial identification 
process has good smoothness, so that the double ball bar instrument can effectively identify and 
decouple in the process of spatial motion. 
 In this paper, for more accurate expression, error abbreviations and measurement units are 
shown in Table 1. For the convenience of expression, the identification method is called SDIT, and 
double ball bar instrument is called DBB for abbreviation. 

Table 1. Errors abbreviation and measurement unit. 

Symbol Definition Unit 𝛿𝑥𝑥，/𝛿𝑦𝑦，/𝛿𝑧𝑧，  Actual positioning error of X / Y / Z axis μm 𝛿𝑦𝑥，/𝛿𝑧𝑥，/𝛿𝑏𝑥，/𝛿𝑐𝑥， Actual positioning of Y / Z / B / C-axis on X-axis μm 𝛿𝑥𝑦，/𝛿𝑧𝑦，/𝛿𝑏𝑦，/𝛿𝑐𝑦， Actual positioning of Y / Z / B / C-axis on Y-axis μm 𝛿𝑥𝑧，/𝛿𝑦𝑧，/𝛿𝑏𝑧，/𝛿𝑐𝑧，  Actual positioning of Y / Z / B / C-axis on Z-axis μm 𝜀𝑥𝑥，/𝜀𝑦𝑥，/𝜀𝑧𝑥，/𝜀𝑏𝑥，/𝜀𝑐𝑥，  Pitch, yaw and roll error of X-axis μrad 𝜀𝑥𝑦，/𝜀𝑦𝑦，/𝜀𝑧𝑦，/𝜀𝑏𝑦，/𝜀𝑐𝑦，  Pitch, yaw and roll error of Y-axis μrad 𝜀𝑥𝑧，/𝜀𝑦𝑧，/𝜀𝑧𝑧，/𝜀𝑏𝑧，/𝜀𝑐𝑧，  Pitch, yaw and roll error of Z axis μrad 

2. Identify method 

2.1 Space identification principle 

DBB is an instrument that is commonly used for measuring errors in the two-dimensional space 
plane, which has two high precision spheres for the space measurement benchmark. One sphere is 
fixed, in which the centre is installed on the working platform of the machine tool and it is defined 
as 𝑂1. The other ball is at the moving end, in which the centre is installed on the spindle of the 
machine tool, and it is defined as 𝑂2′ .  

The standard reference space between the fixed end sphere and the moving end sphere is L, 
and the two spheres are connected by a spring rod. The spring rod can catch the position deviation 
of the micro displacement along the radius direction of the track. The ball centre of the sphere at the 
moving end is pulled to the position end by the expansion rod in space 𝑂2 . When performing 
measurements, it draws a two-dimensional circular track with a fixed motion radius in the XY, YZ, 
and ZX planes as the reference trajectory. The centre is 𝑂1, the radius is L=𝐿𝑂1𝑂2, and the motion 
deviation is ∆L. ∆L changes in real time with the change in the two-dimensional circle track, and 
there is a track that is created at a time between 𝑡1 and 𝑡2, as shown in Fig.1(a). 



                            

(a) DBB identify trace in plane XZ            (b) DBB in Cartesian coordinate system 

Fig.1 Double ball bar identify theory 

In order to identify the spatial error, it is extended from two-dimensional identification plane to 
three-dimensional space. As shown in Fig.1(b), the DBB is installed and measured in a three-
dimensional Cartesian coordinate system. The actual coordinate values of the fixed end and floating 
end can be expressed as  𝑂1(𝑥1, 𝑦1, 𝑧1)  and 𝑂2(𝑥2, 𝑦2, 𝑧2) , and the reference system can be 

expressed as 𝑂1，(𝑥1, , 𝑦1, , 𝑧1, ) and 𝑂2，(𝑥2, , 𝑦2, , 𝑧2, ). Since the position of the ball centre at the fixed 

end is fixed without displacement, the actual coordinates coincide with the reference coordinates, 

which is expressed as 𝑂1 = 𝑂1，. Then, the space point distance L between the two spheres of the 

identified trajectory can be expressed as Eq. (1). 𝐿2=|𝑂1𝑂2̅̅ ̅̅ ̅̅ ̅|2 = (𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2                (1) 
In order to identify the deviation effectively, the parameter of the identified deviation value is 

introduced, and the DBB identification process can be described as Eq. (2). (𝐿 + ∆𝐿)2 = (𝑥1, − 𝑥2, )2+(𝑦1, − 𝑦2, )2+(𝑧1, − 𝑧2, )2                   (2) 
Subtracting Eq. (1) from Eq. (2). The relationship between the variation of the DBB radius 

and the error components of each feed axis is shown in Eq. (3). ∆𝐿=[∆𝑥(𝑥2 − 𝑥1) + ∆𝑦(𝑦2 − 𝑦1) + ∆𝑧(𝑧2 − 𝑧1)] 𝐿⁄                (3) 
L is the reference rigid rod length of the DBB. In addition, ∆𝑥, ∆𝑦, and ∆𝑧 represent the 

error value components of the ball bar instrument along the three standard reference axes of X, Y, 
and Z, respectively, in the Cartesian coordinate system at the current time for ∆𝐿. If the 
coordinate value of the fixed end spherical centre 𝑂1 and the ∆𝐿 expansion are known, then the 
floating end coordinate value of 𝑂2 can be calculated as Eq. (3). 
2.2 Identification trajectory of NURBS projection curve 

 When installing the DBB on the working platform, its moving space is half spherical, as shown 
in Figure 2. The space is divided into four layers by five circular tracks as A-E. By taking the fixed 
end ball centre 𝑂1 as the DBB measurement reference and the floating end ball’s centre 𝑂2 space 
calibration under the same space side arc trajectory, the 𝑂2𝐴-𝑂2𝑇𝑂𝑃 total of the six fixed points are 
measured according to the uniform distribution every 18°. From this, 𝑂2𝑇𝑂𝑃  has space 
hemispherical fixed point coordinates. 

Let’s take trajectory A as an example. In track A, the DBB stops six times every 15 ° for 2 s, 
and results in points A-1, A-2, A-3, A-4, A-5, A-6(A-1) respectively, which correspond to 0 °, 60 °, 
120 °, 180 °, 240 °, 300 °, 360 ° (0 °) in track A, respectively. A-1, A-2, B-1, and B-2 are used as 



the four nodes in the test of trajectory B-E, and the space sphere enclosed by them is part of the 
standard sphere. 

 

Fig.2 Identify space and dimension demarcate             Fig.3 Error identification of NURBS curve 

The scope of DBB identification in space is a hemisphere, and the static partition on the 
hemisphere can be projected by multiple concentric circles on the same plane above. It can be seen 
in Fig.2 that the space sphere composed of four points C1-1, C1-2, D1-1 and D1-2 in the leftmost 
area of the layer III is taken as an example, which can be formed by the concentric circle projection 
in the figure. The NURBS curve on the concentric circle will also be projected to the sphere through 
the projection relationship, and the projection curve on the sphere can be used as the identification 
curve of DBB motion decoupling in the space sphere. The identification equation of spherical 
parameters can be described by Eq. (4). {𝑥(𝑡)2 + 𝑦(𝑡)2 + 𝑧(𝑡)2 = 𝑅2𝑧(𝑡) ≥ 0                          (4) 

The trajectory of DBB passing through the space hemispherical surface is an S-like curve, 
which is convenient to generate by using spline curve. Let a k-spline curve with N+1 control vertices P𝑖 be expressed as Eq. (5).  𝐶(𝑢) = ∑ 𝑃𝑖𝐵𝑖,𝑘(𝑢)𝑛𝑖=0                              (5) 𝐵𝑖,0(𝑢) = {1, 𝑢 ∈ [𝑢𝑖 , 𝑢𝑖+1]0, 𝑜𝑡ℎ𝑒𝑟𝑠  

𝐵𝑖,𝑘(𝑢)=(𝑢−𝑡𝑖)𝐵𝑖,𝑘−1(𝑢)𝑡𝑖+𝑘−𝑡𝑖 + (𝑡𝑖+𝑘+1−𝑢)𝐵𝑖+1,𝑘−1(𝑢)𝑡𝑖+𝑘+1−𝑡𝑖+1 , 𝑢 ∈(𝑢𝑘 , 𝑢𝑛+1) 

When the node vector U [𝑢0,𝑢1, …… , 𝑢𝑖+2𝑘+1] is not constant, a NURBS curve is 
generated. Where 𝑃𝑖 is the control vertex, 𝐵𝑖,𝑘 is the harmonic function, and 𝑊𝑖 is the weight 
factor of the control vertex. The standard form is shown in equation (6).  𝐶(𝑢) = ∑ 𝑊𝑖𝑃𝑖𝐵𝑖,𝑘(𝑢)/𝑛𝑖=0 ∑ 𝑊𝑖𝐵𝑖,𝑘(𝑢)𝑛𝑖=0                      (6)  

The error vector 𝛥𝑃𝑖 generated by NURBS curve at any identification point P𝑖 offsets and 
rotates the theoretical trajectory, and the actual position is 𝑃𝑖+1 . The space curve in Cartesian 
coordinate system is shown in Fig.3. The end point coordinates of the theoretical and actual 
trajectory are respectively 𝑃𝑝(𝑥𝑝, 𝑦𝑝, 𝑧𝑝)  and 𝑃𝑞(𝑥𝑞 , 𝑦𝑞 , 𝑧𝑞) , and the radius vector is r𝑝(r𝑝𝑥, r𝑝𝑦 , rpz)𝑇  and r𝑞(r𝑞𝑥 , rqy, rqz)𝑇 , and the base vector is (𝑒1⃗⃗  ⃗ 𝑒2⃗⃗  ⃗ 𝑒3⃗⃗  ⃗) . The error vector 𝛥𝑃𝑖 in space can be expressed by Eq. (7). The angle of the vector can be expressed by the angle 𝛼 
and 𝛽 between two axes in space, and its direction cosine is shown in Eq. (8). 



𝛥𝑃𝑖 = 𝑟𝑞 − 𝑟𝑝 = (𝑟𝑞𝑥𝑟𝑞𝑦𝑟𝑞𝑧) − (𝑟𝑝𝑥𝑟𝑝𝑦𝑟𝑝𝑧) =  (𝑒1𝑞⃗⃗⃗⃗ 𝑒2𝑞⃗⃗⃗⃗ 𝑒3𝑞⃗⃗⃗⃗ ) (𝑎1𝑞𝑎2𝑞𝑎3𝑞) − (𝑒1𝑝⃗⃗⃗⃗ 𝑒2𝑝⃗⃗⃗⃗ 𝑒3𝑝⃗⃗⃗⃗ ) (𝑎1𝑝𝑎2𝑝𝑎3𝑝)   (7) 

{  
  𝑐𝑜𝑠𝛼 = 𝑥𝑝−𝑥𝑞√(𝑥𝑝−𝑥𝑞)2+(𝑦𝑝−𝑦𝑞)2+(𝑧𝑝−𝑧𝑞)2𝑐𝑜𝑠𝛽 = 𝑦𝑝−𝑦𝑞√(𝑥𝑝−𝑥𝑞)2+(𝑦𝑝−𝑦𝑞)2+(𝑧𝑝−𝑧𝑞)2                    (8) 

3. Error modelling 

3.1 Machine tool’s structure 

The modelling object is a three-axis CNC milling machine and a swivel table five-axis CNC 
machine tool. By taking the five-axis machine tool as an example, as shown in Fig.4(a), the machine 
tool is composed of three groups of feed axis motion mechanisms, X, Y, and Z, and two groups of 
spatial rotation axes, B and C. If the machine bed is fixed on the ground, the whole machine tool 
can be regarded as a rooted system in multi-body dynamics. From the root to the end of the motion 
execution, it is divided into two motion branches. One is CA, in which the chain can be expressed 
as MCS—>ZCS—>SCS—>TCS. Another chain is CB, which can be expressed as 
MCS—>XCS—>YCS—>BCS—>CCS—>WCS. The working area between the two branches is 
connected by DBB; thus, the overall error of the rooting system can be detected by it. One end of 
the DBB is installed on the main shaft and the other end is installed on the rotary table. MCS is the 
Cartesian coordinate system that is generated by the origin of the machine tool. XCS, YCS, and 
ZCS are the coordinate systems for the movement of the feed system. BCS and CCS are the 
coordinate systems that are generated in the rotation process of the rotating axis. SCS is the 
coordinate system in the rotation process of the spindle, TCS is the tool coordinate system, and 
WCS is the coordinate system of the workbench. Then, the error between the two chains can be 
expressed as Eq. (9). The three-axis machine tool can be regarded as subtracting the rotation axis B 
and C from the original five-axis structure, as shown in Fig. 4(b). 𝑇𝑊𝑇 = ( 𝐸𝑆𝑇 𝑇𝑆𝑇 )−1( 𝐸 𝑇𝑍𝑆𝑍𝑆 )−1( 𝐸𝑀𝑍 𝑇𝑀𝑍 )−1( 𝐸𝑋𝑀 𝑇)( 𝐸𝑌𝑋 𝑇𝑌𝑋 )( 𝐸𝐵𝑌 𝑇𝐵𝑌𝑋𝑀 )( 𝐸𝐶𝐵 𝑇𝐶𝐵 )( 𝐸𝑊𝐶 𝑇𝑊𝐶 )     (9) 

  
 (a) Five axis machine tool kinematic branching chain   (b) Three axis machine tool kinematic branching chain 

Fig.4 Error superposition in multi-body machine tool system 

3.2 Error modelling of three-axis machine tool 
 DBB is used for the error detection, which is similar to the identification curve in Fig.4(b), as 
demonstrated in Eq. (9). The spatial coordinate system is established with 𝑂1 as the origin of the 
fixed end of the DBB, and the homogeneous coordinate produced by the actual centre 𝑂2 of the 



measuring track in the working coordinate system is 𝑝𝑖′  which can be expressed as [cos 𝛼cos 𝛽𝐿 , sin𝛼cos𝛽𝐿, 𝑠𝑖𝑛 𝛽𝐿 + ℎ, 1]𝑇. The error transfer matrix can be expressed as Eq. (10). 𝑇𝑋−𝑍𝐸 =
[  
  1 −𝜀𝑥𝑧， 𝜀𝑥𝑦， 𝛿𝑥𝑥，𝜀𝑥𝑧， 1 −𝜀𝑥𝑥， 𝛿𝑥𝑦，−𝜀𝑥𝑦， 𝜀𝑥𝑥， 1 𝛿𝑥𝑧，0 0 0 1 ]  

   [  
  1 −𝜀𝑦𝑧， 𝜀𝑦𝑦， 𝛿𝑦𝑥，𝜀𝑦𝑧， 1 −𝜀𝑦𝑥， 𝛿𝑦𝑦，−𝜀𝑦𝑦， 𝜀𝑦𝑥， 1 𝛿𝑦𝑧，0 0 0 1 ]  

  
[  
  1 −𝜀𝑧𝑧， 𝜀𝑧𝑦， 𝛿𝑧𝑥，𝜀𝑧𝑧， 1 −𝜀𝑧𝑥， 𝛿𝑧𝑦，−𝜀𝑧𝑦， 𝜀𝑧𝑥， 1 𝛿𝑧𝑧，0 0 0 1 ]  

  −1(10) 

The coordinate point 𝑝𝑖′ with the actual error can be represented by the error transfer matrix 
and the theoretical coordinate point, as shown in Eq. (11). 

𝑝𝑖′ = 𝑇𝑋−𝑍𝐸 𝑝𝑖 = [𝑎11𝑐𝛼𝑐𝛽𝐿 + 𝑎12s𝛼𝑐𝛽𝐿 + 𝑎13𝑠𝛽𝐿 + ℎ + 𝑎14𝑎21𝑐𝛼𝑐𝛽𝐿 + 𝑎22s𝛼𝑐𝛽𝐿 + 𝑎23𝑠𝛽𝐿 + ℎ + 𝑎24𝑎31𝑐𝛼𝑐𝛽𝐿 + 𝑎32s𝛼𝑐𝛽𝐿 + 𝑎33𝑠𝛽𝐿 + ℎ + 𝑎341 ]            (11) 

 By substituting Eq. (11) into Eq. (3) and simplifying it, Eq. (7) can be obtained in which 
sin is shortened to s and cos is represented by c. ∆𝐿 = (𝑎11𝑐𝛼𝑐𝛽𝐿 + 𝑎12𝑠𝛼𝑐𝛽𝐿 + 𝑎13𝑠𝛽𝐿 + ℎ + 𝑎14)𝐿𝑥/𝐿 + (𝑎21 𝑐𝛼𝑐𝛽𝐿 + 𝑎22𝑠𝛼𝑐𝛽𝐿 +                  𝑎23𝑠𝛽𝐿 + ℎ + 𝑎24) 𝐿𝑦/𝐿 + (𝑎31 𝑐𝛼𝑐𝛽𝐿 + 𝑎32𝑠𝛼𝑐𝛽𝐿 + 𝑎33𝑠𝛽𝐿 + ℎ +𝑎34)𝐿𝑧/𝐿    (12) ∆𝐿 is the expansion and contraction change of the DBB during the test, which needs to be 
stored and recorded during the measurement. The other parameters include L, h, 𝛼 and 𝛽.  L and h 
are the theoretical length and the installation position height of the DBB, and 𝛼 and 𝛽 are 
generated by the spatial spline identification trajectory. This consists of 𝜀𝑥𝑥， , 𝜀𝑥𝑦， , 𝜀𝑥𝑧， , 𝜀𝑦𝑥， , 𝜀𝑦𝑦， , 𝜀𝑦𝑧， , 𝜀𝑧𝑥， , 𝜀𝑧𝑦， , 𝜀𝑧𝑧， , 𝛿𝑥𝑥， , 𝛿𝑥𝑦， , 𝛿𝑥𝑧， , 𝛿𝑦𝑥， , 𝛿𝑦𝑦， , 𝛿𝑦𝑧， , 𝛿𝑧𝑥， , 𝛿𝑧𝑦， ,
and 𝛿𝑧𝑧， which is a total of 18 parameters that need to be identified to form a nonlinear 
polynomial. These correspond to six error elements of the XCS, YCS, and ZCS coordinate systems, 
respectively. In order to identify a section of a curved surface space, it is necessary to collect 18 non 
coincident points in the space. Then error factors can be identified by solving the nonlinear equations 
and the iterative method. 
3.3 Error effectiveness of the five-axis machine tools 

Based on the three-axis, the five-axis adds the rotation axes B and C. This is the coordinate 
systems CB-3 (BCS) and CB-4 (CCS) in Fig. 4(a). If the error axis of the rotation axis is O, then 
the error of axes B and C is presented in Eq. (13) and Eq. (14). The system error factors of the lower 
branch chain of machine tool composed of them can be characterized by Eq. (15). 

𝑇𝐵𝑂𝐵 = [  
  1 𝜀𝑏𝑦， 𝜀𝑏𝑦，𝑐𝑜𝑠 (𝑏 + 𝜀𝑏𝑥，) + 𝜀𝑏𝑧，𝑠𝑖𝑛 (𝑏 + 𝜀𝑏𝑥，) 𝛿𝑏𝑥，𝜀𝑏𝑧， 𝑐𝑜𝑠 (𝑏 + 𝜀𝑏𝑥，) −𝑠𝑖𝑛 (𝑏 + 𝜀𝑏𝑥，) 𝛿𝑏𝑦，−𝜀𝑏𝑦， 𝑠𝑖𝑛 (𝑏 + 𝜀𝑏𝑥，) 𝑐𝑜𝑠 (𝑏 + 𝜀𝑏𝑥，) 𝛿𝑏𝑧，0 0 0 1 ]  

          (13) 

𝑇𝐶𝑂𝐶 =
[  
   cos (𝑐 + 𝜀𝑐𝑥，) −𝑠𝑖𝑛 (𝑐 + 𝜀𝑐𝑧，) 𝜀𝑐𝑦， 𝛿𝑐𝑥，sin (𝑐 + 𝜀𝑐𝑥，) 𝑐𝑜𝑠 (𝑐 + 𝜀𝑐𝑧，) −𝜀𝑐𝑥， 𝛿𝑐𝑦，𝜀𝑐𝑥𝑠𝑖𝑛 (𝑐 + 𝜀𝑐𝑧，) − 𝜀𝑐𝑦，𝑐𝑜𝑠(𝑐 + 𝜀𝑐𝑧，) 𝜀𝑐𝑥𝑐𝑜𝑠 (𝑐 + 𝜀𝑐𝑧，) + 𝜀𝑐𝑦，𝑠𝑖𝑛(𝑐 + 𝜀𝑐𝑧，) 1 𝛿𝑐𝑧，0 0 0 1 ]  

     (14) 

There are 30 error factors need to be identified in the five-axis error model, and the polynomial 



is more complex, and the form is similar to Eq. (12). Due to the limitation of space, this paper does 
not list them one by one. Based on the error compensation of the tool and spindle, the error transfer 
matrix is used to describe the error model of the five-axis machine tool, as shown in Eq. (15).  𝑇𝑊𝑇 = ( 𝐸𝑀𝑍 𝑇𝑀𝑍 )−1( 𝐸𝑋𝑀 𝑇)( 𝐸𝑌𝑋 𝑇𝑌𝑋 )( 𝐸𝐵𝑌 𝑇𝐵𝑌𝑋𝑀 )( 𝐸𝐶𝐵 𝑇𝐶𝐵 )( 𝐸𝑊𝐶 𝑇𝑊𝐶 )            (15) 

4. Experiment and result 
4.1 Overall principle of experiment 

    

             (a) Calibration of instrument                     (b) Corrected dimensions of ballbar 

Fig.5 Calibration of Double Ball Bar 

 In order to avoid the influence of DBB's axial error on measurement and decoupling, it should 
be corrected before measurement. The calibration process shown as Fig.5 (a), and the result shown 
as Fig.5 (b). It can be seen from Fig.5 (b) that after corrected, the accuracy of DBB reached 0.1μm, 
which can be used for μ-precision measurement. In order to verify the correctness of the space 
formula of constant temperature and humidity experiment, the pre-experiment was carried out after 
the heat engine was preheated 6 hours in advance and the thermal error entered the steady state. 

 
Fig.6 Three-axis& five-axis SDIT experiment 

The SDIT method is used for error identification and decoupling on the five-axis machine tool 
in Fig.6. The experiment is divided into two parts: three-axis experiment and five-axis experiment. 
The three-axis experiment is used to verify the feasibility of SDIT method, and the five-axis 
experiment is used to reveal the phenomena and problems of multi-axis machine tool decoupling. 
4.2 Experimental result and analysis of SDIT-3 

In the pre-selected identification track, the three-axis experiment adopts the semi closed-loop 
control mode for the linkage, the BC axis is locked, rotation does not occur, and it applies the three-
axis for linkage interpolation. 

As shown in Fig.7 (a), the dark line of the identification curve for the experiment method B is 



the front track, and the light grey line is the back track. In order to maintain consistency of the results, 
identification track symmetry must be set, and the spatial surface range of A-I ~A-II in layer A needs 
to be studied. In the identification curve, 18 effective nodes P1~P18 are selected, which can be 
randomly selected except for the larger curvature change. In the three-axis experiment, 18 points 
are selected for sampling. Fig.7 (b) is the result of the simulation before testing on the SINUMERIK 
840Dsl CNC system. By performing a comparison, it was determined that the simulation result of 
the identification curve is basically the same as the standard curve, which can effectively measure 
the error in the coordinate system during multi-axis linkage movement of the machine tool. The 
identification results of the static calibration nodes are shown in Table 2. 

   

(a) Trace of reference                       (b) Trace simulation on sinumerik 840Dsl 

Fig.7 Identify trajectory for three-axis      

Table 2. The three-axis identification of the A-I error factors. （Unit：𝜺:μrad 𝜹: 𝛍𝐦） 𝜺𝒙𝒙，  𝜺𝒙𝒚，  𝜺𝒙𝒛， 𝜹𝒙𝒙， 𝜹𝒙𝒚， 𝜹𝒙𝒛，  𝜺𝒚𝒙，  𝜺𝒚𝒚， 𝜺𝒚𝒛， 

-29.1  -118.8  -18.3 54.9  70.8  121.6 -115.8 100.3  58.2 𝜹𝒚𝒙，  𝜹𝒚𝒚， 𝜹𝒚𝒛， 𝜺𝒛𝒙，  𝜺𝒛𝒚， 𝜺𝒛𝒛，  𝜹𝒛𝒙，  𝜹𝒛𝒚， 𝜹𝒛𝒛， 

-33.4  -117.9  -89.4  -32.00 37.3  119.4 -52.2 -27.7 -50.4  

Based on the above method, the SDIT overall space error identification is carried out for the 
machine tool. The semi-circle identification space is spatially divided by the space division method. 
The volume of the third layer and the fourth layer is relatively small, which is not convenient for 
the development of the NURBS curve. In this experiment, the first layer and the second layer of the 
identification curve can be divided into three spaces respectively. According to the method discussed 
in Section 2, the first layer error factors for XCS, YCS, and ZCS can be obtained, as shown in Fig. 
8. 



 

 
Fig.8 Three-axis test: XCS/YCS/ZCS’s error factors of first layer 

In Fig. 8, the label of y-axis represents the numeric of dynamic error and x-axis represents the 
static calibration point. The red area represents that the error exceeds the standard value, the yellow 
area indicates that the local area exceeds the standard value, and the green area indicates that the 
standard is met. The red line represents the curve of the numerical fitting for each error factor that 
is calculated under the condition of the known static calibration point. Meanwhile, the blue curve 
represents the curve that is formed by the dynamic acquisition and interpolation. It can be observed 
from the figure that the displacement error factors in XCS, YCS, and ZCS have a relatively 

consistent identification. The displacement error factors 𝜀𝑥𝑥， , 𝜀𝑥𝑦， , 𝜀𝑥𝑧， , 𝜀𝑦𝑥， , 𝜀𝑦𝑦， , 𝜀𝑦𝑧， , 

𝜀𝑧𝑥， , 𝜀𝑧𝑦， , and 𝜀𝑧𝑧，  basically have the same results for the static calibration and dynamic 

identification except the points which numeral change too fast. Especially when the starting point 
velocity is 0 and the acceleration is large, there will be an obvious error phase angle between static 
identification and dynamic identification. 
4.3 Experimental result and analysis of SDIT-5 



   
Fig.9 Identify trajectory for five-axis           Fig.10 Identify trajectory re-planing in Layer D3 

In order to make the identification curve have better decoupling accuracy in spatial error 
identification, the space is divided into six A-E layers, and each layer is divided into 18 segments 
of sphere for identification and interpolation. The identification trajectory is shown in Fig.9.  

The curves on the sphere can be identified and effective dynamic identification results can be 
obtained. Take the identification results in Fig.10 and Fig.11 as examples. The identification results 
are the CCS identification errors of layer A and the YCS identification errors of layer C. 

 
Fig.10 Five-axis test: CCS’s error factors of layer A 

 



Fig.11 Five-axis test: YCS’s error factors of layer C 

It is also found that some curves on the space sphere have large errors. After decoupling the 
identification curve of BCS in A3 segment of D layer, it is found that 𝜀𝑏𝑥， in A1-A3 segment 

seriously exceeds the allowable error, 𝛿𝑏𝑥，is seriously out of tolerance in A5 section, and 𝛿𝑏𝑦， 

and 𝛿𝑏𝑧，are also out of tolerance. The BCS identification error results of layer D are shown in Fig. 
12, and the specific values of error factors exceeding ISO standard is shown in the “original 
trajectory” of Table 3. The blank space indicates that the error is within the tolerance range, which 
is not indicated in the table. It can be seen from the table that some decoupling results are too large.  

 
Fig.12 Five-axis test: BCS’s error factors of layer D with original identification trajectory (pink curve) 

Table 3. The five-axis identification of different trajectories. （Unit：𝜺:μrad 𝜹: 𝛍𝐦） 

  D1-1 D1-3 D2-1 D2-3 D3-2 D3-3 D4-2 D5-1 D5-3 D6-1 

Original 

trajectory 

𝜺𝒃𝒙，  615.1990  106.2971    1002.2035 -64.5275    258.7497 𝜹𝒃𝒙，         461.4241 111.3550  𝜹𝒃𝒚，      37.3623  63.1191 49.7551   𝜹𝒃𝒛，         75.5083   

Modified 

trajectory 

𝜺𝒃𝒙，  -159.4615  70.1774        𝜺𝒃𝒛，    210.7189       𝜹𝒃𝒙，   59.9866  109.2024     -113.3572  𝜹𝒃𝒛，        165.6486    

The decoupling result is too large, which may be caused by the following aspects. 
1) The feed speed of identification curve is too fast in this section 

2) There is a big error in this section of surface 

3) Unreasonable path planning on curve 

In order to improve the identification result, the author re-measured the BCS of layer D by 
reducing the feed speed of identification trajectory and changing the identification trajectory. When 
the feed rate of the curve is reduced from F600 to F200, it is found that there is little difference 
between the two decoupling results. After the identification trajectory planning is carried out again, 
the decoupling results are obviously different, decoupling result data as shown in “Modified 
trajectory” of Table 3. As shown in Fig.10, the pink curve is the identification trajectory before the 



change, and the green curve is the after one. The decoupling result after changing the identification 
trajectory is shown in Fig.13. 

 

Fig.13 BCS’s error factors of layer D with after modified identification trajectory (green curve) 

By comparing data and figures, the result shows that: 
1) By adjusting the feed rate, the author does not find that the SDIT method is directly related 

to the feed rate, but it is related to the hemispherical position of the identification curve. 
2) The result of decoupling is one-to-one corresponding to the motion process of each axis, so 

changing the motion of each axis will get different decoupling results. 
3) When decoupling, even a small error will lead to a large difference in decoupling results. 

Therefore, in order to accurately decouple the error, the higher the accuracy of error identification, 
the better. It is concluded that the more precise the curve is, more accurate the result is. 

However, how to divide the curve and how to get the optimal solution on the surface quickly 
and effectively are not in the scope of this paper. 

5. Conclusions  

This paper discusses the experimental principle, measurement method, identification curve 
selection, error decoupling and experiment of SDIT. This method adopts the static calibration 
method first followed by dynamic identification. Because the instrument that is used in the 
identification tool is a double headed ball bar, its rigidity is sufficient and the reliability of the 
obtained data is good. The experimental results show that it can effectively and quickly test and 
decouple the error of the three-axis machine tools, and a space NURBS curve can identify 18 error 
factors. Using the same method, 30 spatial error factors of five-axis machine tool can be identified 
and decoupled. The experimental results show that the displacement error factors of static 
calibration and dynamic identification are approximate in the identification space, and the angle 
error factors of static calibration and dynamic identification have obvious phase difference at the 
position where the acceleration changes too fast. It can be considered to remove the starting point 
in the experiment, so that the identification of dynamic characteristics and error interpolation will 
be greatly improved. 

At the same time, it should be noted that the error value of partial decoupling in Table 3 is far 
beyond the allowable range of machine tool error in ISO. The author has repeated several tests on 
the same machine tool, and the approximate results are still obtained. In the test, ∆𝐿 values of these 



areas are large. According to the measuring theory of this paper, this is also the correct result, but 
limited by the experimental environment, it is unable to further verify these out of tolerance data. It 
should be notes that, due to the spatial constraints and DBB recognition range, this method has some 
points for attention. 

1) Although the length of DBB can be changed by lengthening the rod, the rod length of DBB 
is fixed in each measurement. Therefore, in a single measurement, the spatial range of SDIT 
identification method is difficult to break through the fixed 𝐿 of spatial hemisphere. 

2) It should also be noted that the trajectory of identification curve cannot cover all the spheres 
of the region, so the maximum error in this range may be missed. In order to ensure the effectiveness 
of the method in error identification and decoupling, the identification trajectory should be the same 
as the CNC program trajectory. 

3) In the five-axis identification experiment, 18 curves are used for identification. It is found 
that the more curves are divided, the finer the decoupling results are. However, it is beyond the 
scope of this paper to what extent the division should be. 
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Error identi�cation of NURBS curve
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Error superposition in multi-body machine tool system
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Three-axis test: XCS/YCS/ZCS’s error factors of �rst layer
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Identify trajectory re-planing in Layer D3
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Five-axis test: CCS’s error factors of layer A Five-axis test: YCS’s error factors of layer C



Figure 12

Five-axis test: BCS’s error factors of layer D with original identi�cation trajectory (pink curve)

Figure 13

BCS’s error factors of layer D with after modi�ed identi�cation trajectory (green curve)


