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Abstract 

 This Paper is included fuzzy concepts of Mellin transform along with its operational 

properties. Mellin transform method is applicable in fuzzy context. The study involved the 

proposed techniques for solving initial and boundary value fuzzy differential equations under 

strongly generalized differentiability concepts. 

Keywords: Fuzzy valued function, Fuzzy Mellin transform, fuzzy derivatives, Fuzzy differential 

equation, initial and boundary value conditions. 

Introduction 

Various integral transforms are applicable in the field of engineering and mathematics. Mellin 

integral transform is undoubtedly one of them, which is used as a tool to explore new techniques 

of research in pure and applied mathematics. Differential equations extracted from many physical 

problems can also be solved by Mellin integral transform techniques. Any dynamical systems can 

be modeled under uncertainty and imprecision in a proper way by using Fuzzy differential 

equations [1]. Mellin integral equations can also be established as Fuzzy Mellin transform which 

is helpful in solving various physical problems. Under some strong differential conditions, Fuzzy 

Mellin transform is applicable for the solution of  fuzzy differential equations [2].  

Zadeh and Chang had initially gave the concept of fuzzy derivatives [3]. Later, extension principle 

were added to fuzzy derivatives theorem by Prade and Dubois [4]. Differentiability of fuzzy valued 

function discussed by several methods such as fuzzy-valuedness as a generalization of the 

Hukuhara derivatives and concept of  Hukuhara difference of sets in fuzzy derivatives was 

introduced by Puri and Ralescu [5]. Bede extended the generalized differentiability in fuzzy valued 

function and also applied in fuzzy differential equations [6] [7]. Mosleh et al.  approximated the 

system of fuzzy linear differential equations under generalized differentiability [8]. Furthermore, 

Chalco Cano et al. expressed the techniques and formulation  to solve fuzzy differential equations 
by a differential inclusion with the help of many examples showing the corrected and incorrect 

procedure for solving differential equations [9]. Fuzzy differential equations can also be solved by 

using suitable numerical methods under generalized differentiability  [10]. Various integral 

transforms also helpful for the solution of FDEs, in which fuzzy Laplace integral transform, Fuzzy 

Sumudu transform, Fuzzy Fourier transform and Fuzzy Mellin transform etc are included. The 

concept of fuzzy Laplace transform was given by Salahshour et al. in [11], moreover he solved 

FDEs by using this integral technique in [12]. In 2015, Khodadadi had attempt to solve fractional 

order fuzzy partial differential equations by fuzzy Fourier and fuzzy Laplace transforms [13]. 

Jafari and Sina in 2018 solved FDEs belonging to uncertain nonlinear system by using fuzzy 

Sumudu transform method [14].  

Present research paper is comprises some basic concepts of fuzzy numbers, sets and fuzzy valued 

function which further used in defining fuzzy derivatives and integration, methodology is 

described by defining fuzzy Mellin transform and its some important properties. Method for the 

solution of  fuzzy differential equations by applying fuzzy Mellin transform also proposed both 

for initial and boundary value fuzzy differential equations. Fuzzy Mellin transform and its operator 

properties are convenient to establish new results for solving FDEs. 



1. Basic concepts 

 This section will briefly present the basic concept of  fuzzy numbers, it is denoted by a    mapping 𝑢: 𝑅 → [0,1], where 𝑅 is a set of all real numbers with the following properties: [15] , [16]  

(a) u is upper semi-continuous, 

(b) u is fuzzy convex, i.e., 𝑢(𝛼𝑥 + (1 − 𝛼)𝑦) ≥ 𝑚𝑖𝑛 [𝑢(𝑥), 𝑢(𝑦)] ∀𝑥, 𝑦 ∈ 𝑅 𝑎𝑛𝑑 𝑢 ∈ [0,1], 
(c) u is normal, i.e., ∃ 𝑥0 ∈ 𝑅 for which 𝑢(𝑥0), 

(d) supp 𝑢 = {𝑥 ∈ 𝑅 ∣  𝑢(𝑥) > 0}, its closure cl(supp u) is compact. 

Let 𝐵 be the set of all fuzzy number on 𝑅. The a-level set of a fuzzy number 𝑢  ∈ 𝐵, 0 ≤ 𝑎 ≤ 1,   
denoted by [𝑢]𝑎, is defined as [𝑢]𝑎 = {              {𝑥 ∈ 𝑅 ∣  𝑢(𝑥) > 𝑎}       𝑖𝑓  0 ≤ 𝑎 ≤ 1         cl(supp u)                         if a = 0                                  (2.1) 

Clearly the a-level set of a fuzzy number is a closed and have bounded interval [𝑢(𝑎), 𝑢 ̅(𝑎)] also 

each 𝑦 ϵ 𝑅  can be considered as a fuzzy numbers �̂� defined by �̂�(𝑏) = { 1                     𝑖𝑓 𝑏 = 𝑦0                   𝑖𝑓  𝑏 ≠  𝑦                                                                 (2.2) 

Parametric form of Fuzzy number 𝑢 is in pair of function; 𝑢(𝑟) 𝑎𝑛𝑑 𝑢 ̅(𝑟) where 0 ≤ 𝑟 ≤ 1, 

following conditions are satisfied under definition in which a functions  𝑢(𝑟)  is bounded non-

decreasing left continuous function in (0,1], and right continuous at 0 and  𝑢 ̅(𝑟) is bounded non-

increasing left continuous function in (0,1], and right continuous at 0, such that 𝑢(𝑟)  ≤  𝑢 ̅(𝑟) 

where 0 ≤ 𝑟 ≤ 1. Under the same assumption  fuzzy numbers also satisfy basic arithmetic 

operations of addition 𝑢 ⊕ 𝑣, subtraction 𝑢 ⊖ 𝑣, multiplication 𝑢⨀𝑣 and scalar multiplications 

by 𝑘 i.e., 𝑘 ⊙ 𝑢. More precisely, according to Zadeh’s extension principle (𝑢1 + 𝑢2)(𝑥0) = 𝑠𝑢𝑝 𝑦∈𝑅𝑚𝑖𝑛{𝑢1(𝑦), 𝑢2(𝑥0– 𝑦)}, 𝑥 ∈ 𝑅 (𝑘𝑢)(𝑥0) = 𝑢(𝑥0/𝑘), 𝑘 > 0, 𝑎𝑛𝑑 (𝑘𝑢)(𝑥0) = 0̃ ∈ 𝐵, 𝑘 = 0.                    (2.3) 

Now The Hausdroff distance between two fuzzy numbers 𝑢 1and 𝑢 2 where 𝑢 1, 𝑢 2 ∈  𝐵 is defined 
by  [17] 𝐷: 𝐵 × 𝐵 → 𝑅+ ⋃ 0, where 𝐷 is metric in 𝐵  𝐷(𝑢, 𝑣) = 𝑠𝑢𝑝𝑟∈[0,1]𝑚𝑎𝑥|𝑢(𝑟) − 𝑣(𝑟)|, |𝑢(𝑟) − 𝑣(𝑟)|,                               (2.4) 

Here 𝑢 =  (𝑢(𝑟), �̅�(𝑟)), 𝑣 =  (𝑣(𝑟), �̅�(𝑟))  ⊂  𝑅   which satisfy all the properties of a complete 

metric space 𝐵. 

Since we know that 𝐵 is the set of all fuzzy number on 𝑅 then 𝑓 is a fuzzy valued function defined 

by  𝑓 ∶  𝑅 →  𝐵 

Differentiability of fuzzy mapping is defined in a sense of Hukuhara derivatives and is known as 

H-derivative based on H-difference of sets. It follows that  Let 𝑥, 𝑦 ∈  𝐵. If there exists 𝑧 ∈  𝐵 



such that 𝑥 =  𝑦 ⊕ 𝑧,  then z is called the H-difference of 𝑥 and 𝑦, and it is denoted by 𝑥 − ℏ𝑦. 

Here we denote H-difference by the notation − ℏ. 
Furthermore, Bede and Gal  in 2005 defined  the fuzzy differentials with four main conditions as  

Let   𝑓 ∶  (𝑎, 𝑏)  →  𝐵 and 𝑥0 ∈ (𝑎, 𝑏), since f is strongly generalized differential at 𝑥0 if ∃ an 

element 𝑓∕(𝑥0) ∈ 𝐵 such that [7] 

1.  ∀  sufficiently small ℎ, ∃ 𝑓(𝑥0 + ℎ)− ℏ 𝑓(𝑥0), ∃ 𝑓(𝑥0)− ℏ 𝑓(𝑥0 − ℎ) and having limits 

defined in metric D limℎ↘0  𝑓(𝑥0 + ℎ)− ℏ 𝑓(𝑥0),ℎ = limℎ↘0 𝑓(𝑥0)− ℏ 𝑓(𝑥0 − ℎ) ℎ = 𝑓∕(𝑥0)  
2. ∀  sufficiently small ℎ, ∃ 𝑓(𝑥0)− ℏ 𝑓(𝑥0 + ℎ), ∃ 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) and having limits 

defined in metric D limℎ↘0  𝑓(𝑥0)− ℏ 𝑓(𝑥0 + ℎ),−ℎ = limℎ↘0 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) −ℎ = 𝑓∕(𝑥0)  
3. ∀  sufficiently small ℎ, ∃ 𝑓(𝑥0 + ℎ)− ℏ 𝑓(𝑥0), ∃ 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) and having limits 

defined in metric D limℎ↘0  𝑓(𝑥0 + ℎ)− ℏ 𝑓(𝑥0),ℎ = limℎ↘0 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) −ℎ = 𝑓∕(𝑥0)  
4. ∀  sufficiently small ℎ, ∃ 𝑓(𝑥0)− ℏ 𝑓(𝑥0 + ℎ), ∃ 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) and having limits 

defined in metric D limℎ↘0  𝑓(𝑥0)− ℏ 𝑓(𝑥0 + ℎ),−ℎ = limℎ↘0 𝑓(𝑥0 − ℎ)− ℏ 𝑓(𝑥0) ℎ = 𝑓∕(𝑥0)  
Another definition by Chalco-Cano and Roman-Flores in 2006 for differential functions [18] 

Let  𝐹 ∶  𝑅 → 𝐵  be a fuzzy valued function and denote 𝐹(𝑡)  = [𝑓𝛼(𝑡)𝑔𝛼(𝑡)], for each 𝛼 ∈ {0,1} 

then 

1. If  f is (i)- differentiable, then 𝑓𝛼(𝑡) 𝑎𝑛𝑑 𝑔𝛼(𝑡) are differentiable functions which are the 

lower and the upper functions of fuzzy-valued function f in the parametric form and 𝐹/(𝑡)  = [𝑓/𝛼(𝑡)𝑔/𝛼(𝑡)] 
2. If  f is (ii)- differentiable, then 𝑓𝛼(𝑡) 𝑎𝑛𝑑 𝑔𝛼(𝑡) are differentiable functions and 𝐹/(𝑡)  =[𝑔/𝛼(𝑡)𝑓/𝛼(𝑡)] 

Fuzzy Riemann integrable function was introduced by Stefanini and Bede, according to them let 𝑢(𝑥, 𝑡)  =  (𝑢(𝑥, 𝑡), �̅�(𝑥, 𝑡)) be a fuzzy valued function on [𝑎, ∞], for every 𝑏 ≥ 𝑎 there exist two 

positive numbers; 𝑀(𝑡) and �̅�(𝑡) such that ∫ |𝑢(𝑥, 𝑡)|𝑑𝑥 ≤ 𝑀(𝑡)𝑏𝑎  and ∫ |�̅�(𝑥, 𝑡)|𝑑𝑥 ≤ �̅�(𝑡)𝑏𝑎 , 

then 𝑢(𝑥) is improper fuzzy Riemann-integrable on [𝑎, ∞] [19] 

 and the improper integral for this is expressed as  



𝐼𝑢 = ∫ 𝑢(𝑥, 𝑡)𝑑𝑥∞𝑎 = [∫ 𝑢(𝑥, 𝑡)𝑑𝑥∞𝑎 , ∫ �̅�(𝑥, 𝑡)𝑑𝑥∞𝑎                                  (2.5) 

According to Tamir et al. fuzzy complex valued function has a membership function defined by 

an expression 𝑧(𝑡) = 𝑧1(𝑡) + 𝑖𝑧2(𝑡),  where 𝑧1, 𝑧2 ∈ 𝑅 → [0,1] and 𝑡 ∈ 𝑅 and it can satisfy all the 

basic properties of fuzzy set that is 𝑧 is normal, semi-continuous and its 𝛼-level set  is always 

convex, compact. [20]  

3. Material and Methods. 

The concept of Fuzzy set theory and fuzzy numbers considered as an important tool for better 

understanding of some real situations in uncertain context.  

3.1. Fuzzy Differential equations. 

Fuzzy differential equation mainly used to provide information about uncertain dynamical system 

and give more flexible and realistic model. Involvement of fuzzy number make it different from 

ordinary differential equations. 

Consider fuzzy differential equation with the Hukuhara fuzzy derivative and initial conditions i.e., �̇� = 𝑓(𝑡, 𝑢(𝑡)),    𝑢(0) = 𝑢0,                                                              (3.1) 

Where 𝑓: [0, 𝑇] × 𝐵 → 𝐵  is a fuzzy mapping, 𝑢0, ∈ 𝐵 also a mapping defined  𝑢: [0, 𝑇] → 𝐵  is 

called solution of fuzzy differential equation if it is absolutely continuous and satisfies it 

everywhere on [0, 𝑇] by means of integral equation 𝑢(𝑡) = 𝑢0 + ∫ 𝑓(𝑠, 𝑢(𝑠)𝑑𝑠,                    𝑡 ∈ [0, 𝑇]𝑡𝑡0                                (3.2) 

also if u(t) satisfies the above integral equation then 𝑑𝑖𝑎[𝑢(𝑡)𝛼] ≥ 𝑑𝑖𝑎[𝑢0]𝛼 ,               𝛼 ∈ [0,1]   where dia means diameter of the set involved. 

When 𝑢 = 𝑢(𝑡) is a fuzzy number, then according to Zadeh principle, it can be defined as (𝑓(𝑡, 𝑢(𝑡)(𝑠) =  𝑠𝑢𝑝{𝑢(𝜏): 𝑠 =  𝑓(𝑡, 𝜏)},           𝑠 ∈ 𝑅                             (3.3) 

It follows that [𝑓(𝑡, 𝑢(𝑡)]𝛼 = [𝑓1𝛼(𝑡, 𝑢(𝑡)), 𝑓2𝛼(𝑡, 𝑢(𝑡))],     𝛼 ∈ [0,1]                           (3.4) 

Where       𝑓1𝛼(𝑡, 𝑢(𝑡)) = 𝑚𝑖𝑛{f(t,w): w∈ [𝑢1𝛼(𝑡), 𝑢2𝛼(𝑡)]},    0 < 𝛼 < 1   and 𝑓2𝛼(𝑡, 𝑢(𝑡)) = 𝑚𝑎𝑥{f(t,w): w∈ [𝑢1𝛼(𝑡), 𝑢2𝛼(𝑡)]},    0 < 𝛼 < 1              (3.5) 

Moreover Bede & Gal given the existence of solutions of a fuzzy initial-value problem under 

generalized differentiability [7] 

Fuzzy differential equations (FDE) can be solved by various integral transforms mainly Fourier, 

Laplace and Sumudu transforms. Salahshour in 2013 proposed two types of absolute values of 



fuzzy-valued functions also investigate the solutions of fuzzy initial value problems (FIVPs) and 

the solutions in state-space description of fuzzy linear continuous-time systems under generalized 

H-differentiability. [12]. Fuzzy boundary value problems under generalized differentiability 

solved by using Laplace transform proposed in [21] [12].  According to Xian Sun  provided the 

solution of FDE under strongly generalized differentiability condition by using fuzzy Mellin 

transform. [2]. 

3.2. Fuzzy Mellin Integral Transform. 

When we define the classical Mellin transform in fuzzy environment then it is called fuzzy Mellin 

Transform which can fulfilled all the requirement and conditions of complex fuzzy valued 

function. 

      ℳ𝑓{𝑢(𝑥), 𝑡}  =  𝑢(𝑡)  =  ∫ 𝑥𝑡−1  ⊙ 𝑢(𝑥)𝑑𝑥∞0            𝑤ℎ𝑒𝑟𝑒 𝑡 ∈ 𝐶                     (3.6) 

Here 𝑢(𝑥) = 𝑢𝑓(𝑥), 𝑣𝑓(𝑥) is a continuous complex fuzzy-valued function.  

Suppose 𝑥𝑡−1 ⊙ 𝑢𝑓(𝑥)  is improper fuzzy Riemann integrable on (0, ∞) 

Then above becomes  

      ℳ𝑓{𝑢(𝑥), 𝑡} = (∫ 𝑥𝑡−1 ⊙ 𝑢𝑓(𝑥)𝑑𝑥∞0 , ∫ 𝑥𝑡−1 ⊙ 𝑣𝑓(𝑥)𝑑𝑥∞0 ) 

                              =ℳ𝑓{𝑢𝑓(𝑥)}, ℳ𝑓{𝑣𝑓(𝑡)}                                                              (3.7) 

The fuzzy Mellin transform converges absolutely and uniformly in the vertical strip  𝛿−  < 𝑅𝑒(𝑡) < 𝛿+,  
Where     𝛿– ∶= 𝑖𝑛𝑓{𝛿| |𝑢(𝑥)| = 𝑂(𝑥−𝛿), 𝑥 → 0+},  
               𝛿– ∶= 𝑠𝑢𝑝{𝛿| |𝑢(𝑥)| = 𝑂(𝑥−𝛿), 𝑥 → ∞},                                                   (3.8) 

and for 𝛼 < 𝑅𝑒(𝑡) < 𝛽, Mellin inverse transform defined as  ℳ𝑓−1{𝑢(𝑡)}  =  𝑓(𝑥)  =  12𝜋𝑖 ∫ ℳ𝑓[𝑢(𝑥), 𝑡]𝑥−𝑡𝑏+𝑖∞𝑏−𝑖∞ 𝑑𝑡,    𝑤ℎ𝑒𝑟𝑒  𝛿−  <  𝑏 < 𝛿+,    (3.9) 

4. Result and Discussion: 

Since Mellin transform describes operational methods to reduce the algebraic manipulations 

on transforms and is applied in area of mathematics and engineering, Now we are going to 

establish different properties of Mellin transform in a sense of fuzzy Mellin transform. 

4.1. Properties of Fuzzy Mellin Transform 

i. Scaling Property: 

Let ℳ𝑓{𝑢(𝑥), 𝑡}  =  𝑢(𝑡),   for  𝛼 < 𝑅𝑒(𝑡) < 𝛽 

       ℳ𝑓{𝑢(𝑎𝑥)} = 𝑎−𝑡  ⊙ 𝑢(𝑡),          𝑎 > 0 & 𝑥 > 0                                            (4.1) 

Since ℳ𝑓 is a linear operator in the domain of the strips of convergence 𝛼 < 𝑅𝑒(𝑡) < 𝛽 



ii. Shifting property: 

From above definition of FMT, we have the results 

  

a) ℳ𝑓{ 𝑢 (𝑥𝑎  ⊙ 𝑢 (𝑥) }  =  𝑢 (𝑡 ⊕  𝑎 )                                          (4.2) 

b) ℳ𝑓{𝑢(𝑥𝑎)} = 1𝑎 ⊙ 𝑢 (𝑡𝑎)                                                               (4.3) 

       By using these results we have following propositions with proof for the fuzzy Mellin 

transform 

 

  Proposition 1.                  ℳ𝑓{1𝑥 ⊙ 𝑢 (1𝑥)} = 𝑢(1 ⊖ 𝑡)                                             (4.4)         

Proof:   Since  from definition, ℳ𝑓{𝑢(𝑥), 𝑡}  = ∫ 𝑥𝑡−1  ⊙ 𝑢(𝑥)𝑑𝑥∞0 ,  for  𝛼 < 𝑅𝑒(𝑡) < 𝛽 

           Consider   𝑢( 1𝑥 ) then  ℳ𝑓{𝑢( 1𝑥 ) , 𝑡}  = ∫ 𝑥𝑡−1  ⊙ 𝑢( 1𝑥 ) 𝑑𝑥∞
0  

Multiply by  1𝑥 on both sides we get, ℳ𝑓{ 1𝑥 𝑢( 1𝑥 ) , 𝑡}  = ∫  1𝑥 𝑥𝑡−1  ⊙ 𝑢( 1𝑥 ) 𝑑𝑥∞
0  

ℳ𝑓{ 1𝑥 𝑢( 1𝑥 ) , 𝑡}  = ∫  𝑥𝑡−2  ⊙ 𝑢( 1𝑥 ) 𝑑𝑥∞
0  

Put 
1𝑥 = 𝑝 ⟹  𝑥 = 1𝑝 

and 𝑑𝑥 = − 1𝑝2 𝑑𝑝 

= ∫  ( 1𝑝 )𝑡−2  ⊙ 𝑢( 𝑝 )  − 1𝑝2 𝑑𝑝∞
0  

= ∫  𝑝−𝑡  ⊙ 𝑢(𝑝 ) 𝑑𝑝∞
0  

= ∫  𝑝−𝑡+1−1  ⊙ 𝑢(𝑝 ) 𝑑𝑝∞
0  

 = 𝑢(1 − 𝑡),               proved 

Proposition 2.       ℳ𝑓 {( 𝑙𝑜𝑔𝑥)𝑛 ⊙ 𝑢(𝑥 )}  =  𝑑𝑛𝑑𝑡𝑛  ℳ𝑓{𝑢(𝑥), 𝑡},     𝑛 =  1,2,3, ….       (4.5) 

Proof:   By definition, ℳ𝑓{𝑢(𝑥), 𝑡}  = ∫ 𝑥𝑡−1  ⊙ 𝑢(𝑥)𝑑𝑥∞0 =  𝑢(𝑡),   for  𝛼 < 𝑅𝑒(𝑡) < 𝛽 



ℳ𝑓{𝑙𝑜𝑔𝑥 ⨀ 𝑢(𝑥), 𝑡}  = ∫ 𝑥𝑡−1  ⊙ 𝑙𝑜𝑔𝑥 ⨀ 𝑢(𝑥)𝑑𝑥∞
0  

By using the result, we have 

   𝑑𝑑𝑡 (𝑥𝑡−1) = 𝑥𝑡−1⨀𝑙𝑜𝑔𝑥 

                                ℳ𝑓{𝑙𝑜𝑔𝑥 ⨀ 𝑢(𝑥), 𝑡}  = ∫ 𝑑𝑑𝑡 (𝑥𝑡−1) ⨀ 𝑢(𝑥)𝑑𝑥∞0  = 𝑑𝑑𝑡 ∫(𝑥𝑡−1) ⨀ 𝑢(𝑥)𝑑𝑥∞
0   = 𝑑𝑑𝑡  𝑢(𝑡) = 𝑑𝑑𝑡 ℳ𝑓{𝑢(𝑥), 𝑡} , 

 where 𝑅𝑒(𝑡)  ∈ (𝛼, 𝛽) and 𝑛 ∈ 𝑁 

above is the case for 𝑛 = 1,  
For 𝑛 = 2, we have ℳ𝑓{(𝑙𝑜𝑔𝑥)2 ⨀ 𝑢(𝑥), 𝑡} = 𝑑2𝑑𝑡2 ∫(𝑥𝑡−1) ⨀ 𝑢(𝑥)𝑑𝑥∞

0  

= 𝑑2𝑑𝑡2 𝑢(𝑡) = 𝑑2𝑑𝑡2 ℳ𝑓{𝑢(𝑥), 𝑡} 

Similarly for generalized case we can write ℳ𝑓 {( 𝑙𝑜𝑔𝑥)𝑛 ⊙ 𝑢(𝑥 )}  =  𝑑𝑛𝑑𝑡𝑛  ℳ𝑓{𝑢(𝑥), 𝑡},     𝑛 =  1,2,3, …. 
 

iii. Fuzzy Mellin transform of derivatives: 

         ℳ𝑓 {𝑢 /(𝑥)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)                        (4.6)                                         

 

Provided {𝑥𝑡−1u(x)} vanishes at x → 0, 𝑎𝑛𝑑 𝑥 → ∞   also 

 ℳ𝑓{𝑢 //(𝑥)} = −(𝑡 − 1)⨀(𝑡 − 2)⨀𝑢(𝑡 − 2)                 (4.7)                                  

 

Generally we have                                             

                    ℳ𝑓{ 𝑢 𝑛 (𝑥) }  =   (−1)𝑛⨀ 𝛤(𝑡)𝛤(𝑡−𝑛) ⨀𝑢(𝑡 − 𝑛)                 (4.8)    

Provided  that   

vanishes at 𝑥 → 0, for 𝑛 =  0,1,2, … , (𝑛 − 1) 

 

iv. Fuzzy Mellin transform of differential operators: 



If  ℳ𝑓{ 𝑢(𝑥) }  = 𝑢(𝑡), then 

 ℳ𝑓 [(𝑥 𝑑𝑑𝑥)2 ⨀𝑢(𝑥)] = ℳ𝑓[𝑥2⨀𝑢//(𝑥) + 𝑥⨀𝑢/(𝑥)] = (−1)2⨀𝑡2⨀𝑢(𝑡)                      

(4.9) 

 

and in general,  

 ℳ𝑓 [(𝑥 𝑑𝑑𝑥)𝑛 ⨀𝑢(𝑥)] = (−1)𝑛𝑡𝑛⨀𝑢(𝑡)                       (4.10 

                                      

v. Fuzzy Mellin transform of integrals ℳ𝑓{∫ 𝑢(𝑝)𝑥0 𝑑𝑝}  =  − 1𝑡 ⨀𝑢(𝑡 + 1)                                      (4.11) 

 

More generally, 

 

         ℳ𝑓{ 𝐼𝑛⨀𝑢(x)}= ℳ𝑓 { ∫ 𝐼𝑛−1⨀𝑢(𝑝)𝑥0 𝑑𝑝}= (-1 )n 𝛤(𝑡)𝛤(𝑡−𝑛) ⨀u(t+n)  (4.12)                            

where  𝐼𝑛f(x) is the nth repeated integral of f(x) defined by  

 

                   𝐼𝑛⨀u(x) =      ∫ 𝐼𝑛−1⨀𝑢(𝑝)𝑥0 𝑑𝑝                (4.13)                                              

   

 

vi. Convolution type theorems. 

           Let consider two Fuzzy Mellin transforms, 

           If ℳ𝑓{ f(x) } = f(t), and If ℳ𝑓{ g(x) } = g(t), then 

                The fuzzy Mellin convolution product, denoted by 𝑓 ∗ 𝑔, of a real-valued function f(x)  

and a fuzzy-valued function 𝑔(𝑥), both function are defined on positive real axis such 

that 𝛼 < 𝑅𝑒(𝑡) < 𝛽  then convolution theorem for fuzzy Mellin transform is defined 
by following expressions. 

 ℳ𝑓 [ f(x)∗ g(x)]= ℳ𝑓 [∫ 𝑓(𝜉)∞0 𝑔(𝑥𝜉) 𝑑𝜉𝜉 ] =  𝑓(𝑡)⨀𝑔(𝑡)                              (4.14) 

and also                                          

 

 ℳ𝑓 [ f(x) o g(x)]= ℳ𝑓 [∫ 𝑓(𝑥𝜉)∞0 𝑔(𝜉)𝑑𝜉] = 𝑓(𝑡) ⊙ 𝑔(1 − 𝑡)               (4.15)                            

              for 𝛼 < 𝑅𝑒(𝑡) < 𝛽      

        4.2.  Construction of Solution of Fuzzy initial value problem FIVP by Fuzzy Mellin 

transform. 

Consider the fuzzy initial value problem 



�̇� = 𝑓(𝑥, 𝑢(𝑥)), 𝑢(0) = [𝑢(0, 𝛼), 𝑢(0, 𝛼)],      0 < 𝛼 < 1                                          (4.16) 

Where 𝑓 ∶  𝑅+ × 𝐵 → 𝐵 is a continuous fuzzy mapping. From fuzzy Mellin method we have :  ℳ𝑓{�̇�(𝑥)} = ℳ𝑓{𝑓(𝑥, 𝑢(𝑥))}                                                           (4.17) 

Then we have following possibilities for solving above FIVP 

Case I: If we take �̇�(𝑥) is (i) differentiable then, from above we have �̇�(𝑥) = �̇�(𝑥, 𝛼), �̇�(𝑥, 𝛼) 𝑎𝑛𝑑 ℳ𝑓{�̇�(𝑥)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)                                              (4.18) 

i.e., the 1st derivative of Mellin transform 

It can be written as follows, 

{𝑚{𝑓(𝑥, 𝑢(𝑥), 𝛼)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)𝑚{𝑓(𝑥, 𝑢(𝑥), 𝛼)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)                                (4.19) 

 

Where 𝑓(𝑥, 𝑢(𝑥), 𝛼) = 𝑚𝑖𝑛{𝑓(𝑥, 𝑤)|𝑤 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)} and 𝑓(𝑥, 𝑢(𝑥), 𝛼) = 𝑚𝑎𝑥{𝑓(𝑥, 𝑤)|𝑤 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)}                                      (4.20) 

 

We can assume for the sake of simplicity to solve the linear system: 

 𝑚{𝑓(𝑥, 𝛼)} = 𝐾1(𝑡, 𝛼)                                                                      (4.21) 𝑚{𝑓(𝑥, 𝛼)} = 𝐻1(𝑡, 𝛼) 

 

Where 𝐾1(𝑡, 𝛼) and𝐻1(𝑡, 𝛼) are the solution of the system (5.4). Now 𝑢(𝑥, 𝛼) 𝑎𝑛𝑑 𝑢(𝑥, 𝛼) 

can be  computed by using inverse Mellin transform as follows: 𝑓(𝑥, 𝛼) = 𝑚−1(𝐾1(𝑡, 𝛼))                                             (4.22) 𝑓(𝑥, 𝛼) = 𝑚−1(𝐻1(𝑡, 𝛼)) 

 

Case II: If we take �̇�(𝑥) is (ii) differentiable then, from above we have �̇�(𝑥) =𝑢(̇𝑥, 𝛼), �̇�((𝑥, 𝛼) 𝑎𝑛𝑑 ℳ𝑓{�̇�(𝑥)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)                                              (4.23) 

i.e., the 1st derivative of Mellin transform 

It can be written as follows, 



{𝑚{𝑓(𝑥, 𝑢(𝑥), 𝛼)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)𝑚{𝑓(𝑥, 𝑢(𝑥), 𝛼)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1)                                (4.24) 

Where𝑓(𝑥, 𝑢(𝑥), 𝛼) = 𝑚𝑖𝑛{𝑓(𝑥, 𝑤)|𝑤 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)} and 

 𝑓(𝑥, 𝑢(𝑥), 𝛼) = 𝑚𝑎𝑥{𝑓(𝑥, 𝑤)|𝑤 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)}                                      (4.25) 

 

By  assuming  solution of the linear system, we have 

 𝑚{𝑓(𝑥, 𝛼)} = 𝐾2(𝑡, 𝛼)                                                                      (4.26) 𝑚{𝑓(𝑥, 𝛼)} = 𝐻2(𝑡, 𝛼) 

 

Where 𝐾2(𝑡, 𝛼) and 𝐻2(𝑡, 𝛼) are the solution of the system (5.9).  𝑢(𝑥, 𝛼) 𝑎𝑛𝑑 𝑢(𝑥, 𝛼) 

can be  computed by using inverse Mellin transform as follows: 𝑓(𝑥, 𝛼) = 𝑚−1(𝐾2(𝑡, 𝛼))                                             (4.27) 𝑓(𝑥, 𝛼) = 𝑚−1(𝐻2(𝑡, 𝛼)) 

 

We can follow the same assumptions for 2nd order fuzzy differential equations. 𝑦′′  + 𝑎𝑦′ + 𝑏𝑦 = 𝛼(𝑡);  𝑦(𝑡0) = 𝑘0 𝑎𝑛𝑑 𝑦′ (𝑡0) = 𝑘1            (4.28) 

Where 𝑎 & 𝑏 are constants. 

Here some differential equations are solved by using fuzzy Mellin transforms. 

 

4.2. Application.  

Example 1. Consider fuzzy Euler’s nonhomogeneous differential equation. {𝑥2⨀ 𝐷2 + 2 ⨀ 𝑥 ⨀ 𝐷 − 2}𝑌(𝑥) = 𝑢 ⨀(𝑥−3 𝐻(𝑎 − 𝑥))            𝑎 > 0, 𝑢 ∈ 𝐵  
            Where 𝐻(𝑎 − 𝑥) is Heaviside step function.  

  Solution:  Applying Fuzzy Mellin transform on both sides of above equation, we get ℳ𝑓{𝑥2⨀ 𝐷2 + 2 ⨀ 𝑥 ⨀ 𝐷 − 2}𝑌(𝑥) = ℳ𝑓{𝑢 ⨀(𝑥−3 𝐻(𝑎 − 𝑥))}    (4.29) 

(𝑡2 − 𝑡 − 2)𝑌(𝑡) =  𝑢 ⨀ 𝑎𝑡−3(𝑡 − 3)          𝑎 > 0,   𝑅𝑒(𝑡 − 3) > 0 

𝑌(𝑡) =  𝑢 ⨀ 𝑎𝑡−3(𝑡 + 1)(𝑡 − 2)(𝑡 − 3)  =  𝑢 ⨀ 𝑎𝑡−34(𝑡 − 3) − 𝑎𝑡−23𝑎(𝑡 − 2) + 𝑎𝑡+112𝑎4(𝑡 + 1)  
Now inverse Mellin transform for 𝑅𝑒(𝑡) > 3, we have 

 𝑌(𝑥) = 𝑢 ⨀ 𝐻(𝑎 − 𝑥) ⨀ ( 14𝑥3  −  13𝑎𝑥2 + 𝑥12𝑎4 ) 



 

Example 2: Consider the initial value problem equation, 

 𝑥2 𝑑2𝑦𝑑𝑥2 + 4𝑦 = 𝜎 ⨀ 𝑒−𝑎𝑥;     𝑦′ (0) = 0 𝑎𝑛𝑑 𝑦(0) = 𝜌 

Where  𝜎 =  (3.2 + 0.8𝛼, 5 − 𝛼) and 𝜌 = (0.8 + 0.2𝛼, 1.5 − 0.5𝛼)  where  0 < 𝛼 < 1 

Solution:  By using fuzzy Mellin transform method we have ℳ𝑓{𝑥2 𝑑2𝑦𝑑𝑥2 + 4𝑦} = ℳ𝑓{𝜎 ⨀ 𝑒−𝑎𝑥} 

In (ii) differentiable ,  we obtain (−1)𝑛𝑡2𝑓(𝑡) (−1)2⨀ 𝑡2 ⨀ 𝑦(𝑡 , 𝛼) + 4 𝑦(𝑡 , 𝛼) = ℳ𝑓{5 − 𝛼 ⨀𝑒−𝑎𝑥 } (−1)2⨀ 𝑡2 ⨀𝑦(𝑡 , 𝛼) + 4 𝑦(𝑡 , 𝛼) = ℳ𝑓{3.2 + 0.8𝛼 ⨀ 𝑒−𝑎𝑥} 

Hence the solution is obtained by solving equation 𝑦(𝑡 , 𝛼) = 5 −  𝛼 ⨀ Γ(𝑡)𝑎𝑡(𝑡2 + 4) 

And 𝑦(𝑡 , 𝛼) = 3.2 + 0.8𝛼 ⨀ Γ(𝑡)𝑎𝑡(𝑡2 + 4) 

Example 3: Consider the fuzzy partial differential equation with non-constant coefficient 𝑥2 ⊙ 𝜕2𝑢𝜕𝑥2 − 2𝑥𝑦 ⊙ 𝜕2𝑢𝜕𝑥𝜕𝑦 + 𝑦2 ⊙ 𝜕2𝑢𝜕𝑦2 = 𝑐 ⊙ 𝑒−(𝑥+𝑦)      𝑤ℎ𝑒𝑟𝑒 𝑐 ∈  𝐵 

Solution: 

Above equation can be solved by applying fuzzy multiple Mellin transform defined as  

ℳ𝑥𝑦[𝑢(𝑥, 𝑦); 𝑝, 𝑞]  =  𝑈(𝑝, 𝑞)  = ∫ ∫ 𝑢(𝑥, 𝑦)𝑥𝑝−1∞
0 𝑦𝑞−1𝑑𝑥𝑑𝑦∞

0  

where p and q are complex numbers, the notation ℳ𝑥𝑦[𝑢(𝑥, 𝑦); 𝑝, 𝑞] is used in order to show 

multiple Mellin transform with respect to x and y.  

So that by applying double fuzzy Mellin transform on both sides of equation, we get ℳ𝑥𝑦[ 𝑥2 ⊙ 𝜕2𝑢𝜕𝑥2 − 2𝑥𝑦 ⊙ 𝜕2𝑢𝜕𝑥𝜕𝑦 + 𝑦2 ⊙ 𝜕2𝑢𝜕𝑦2] = 𝑐 ⊙ ℳ𝑥𝑦[ 𝑒−(𝑥+𝑦)] 
Where 𝑐 is a fuzzy number and 𝑐 ∈  𝐵. 



From  we have ℳ𝑥𝑦{ 𝑥2 𝜕2𝑢(𝑥, 𝑦)𝜕𝑥2 ; 𝑝, 𝑞} =  (−𝑝)2 ⊙ 𝑈(𝑝 , 𝑞) 

Where 𝜎1  <  𝑅𝑒𝑞 <  𝜎2 , 𝛼1  <  𝑅𝑒𝑝 <  𝛼2  ℳ𝑥𝑦{ 𝜕2𝑢(𝑥, 𝑦)𝜕𝑦2 ; 𝑝, 𝑞} =  (−𝑞)2  ⊙ 𝑈(𝑝, 𝑞 ) 

ℳ𝑥𝑦{𝑥𝑦 𝜕2𝑢(𝑥, 𝑦)𝜕𝑥𝜕𝑦 ; 𝑝, 𝑞} = 𝑝𝑞 ⊙ 𝑈(𝑝, 𝑞) 

Put in above, we obtain (𝑝)2 ⊙ 𝑈(𝑝 , 𝑞) − 2 𝑝𝑞 ⊙ 𝑈(𝑝, 𝑞) + (𝑞)2  ⊙ 𝑈(𝑝, 𝑞 ) =  𝑐 ⊙ Γ(p)Γ(q) 

And 𝑈(𝑝 , 𝑞) = 𝑐 ⊙ Γ(p)Γ(q)(𝑝 −  𝑞)2  

Inverse Mellin transform of the above function for (𝑥, 𝑦) ranging from−∞ 𝑡𝑜 ∞. 𝑈(𝑥, 𝑦) = 𝑐 ⊙ 14𝜋2 ∫ ∫ 𝛤(𝑝)𝛤(𝑞)(𝑝 −  𝑞)2 𝑥−𝑝𝑦−𝑞𝑑𝑝𝑑𝑞                     𝑤ℎ𝑒𝑟𝑒 𝑝 ≠ 𝑞∞
−∞

∞
−∞  

5. Construction of Solution of Fuzzy Boundary value problem (FBVP) by Fuzzy Mellin  

transform 

Consider  the boundary value  condition for 2nd order fuzzy differential equation u ′′(x)  =  𝑓(x , u(x), u′ (x)),                                      (5.1) 

subject to two-point boundary conditions u(0) = (u(0; α), u(0; α)),                                    u(𝑐)  =  (u(𝑐 ;  α), u(𝑐; α))             0 < 𝛼 < 1 

Where 𝑓 ∶  𝑅+ × 𝐵 → 𝐵 is a continuous fuzzy mapping. From fuzzy Mellin method we have : ℳ𝑓{u ′′(x)} = ℳ𝑓{ 𝑓(x , u(x), u′ (x))}              (5.2)  
Which can be written as ℳ𝑓{u ′′(x)} = −(𝑡 − 1)⨀(𝑡 − 2)⨀𝑢(𝑡 − 2)         (5.3)i.e; the 2nd derivative of Mellin 

transform 

 Then the classical form of fuzzy Mellin transform, 𝑚𝑓(x, u(x), u′(x), 𝛼) = −(𝑡 − 1)⨀𝑢(𝑡 − 1, 𝛼)               (5.4) 



𝑚{𝑓(x , u(x), u′ (x), 𝛼)} = −(𝑡 − 1)⨀(𝑡 − 2)⨀ 𝑢(𝑡 − 1, 𝛼)         (5.5) 

Then the classical form of fuzzy Mellin transform 

Where    𝑓(x , u(x), u′ (x), 𝛼) = 𝑚𝑖𝑛{𝑓(𝑥, 𝑝)|𝑝 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)} and 𝑓  (x , u(x), u′ (x), 𝛼) = 𝑚𝑎𝑥{𝑓(𝑥, 𝑝)|𝑝 ∈ (𝑢(𝑥, 𝛼), 𝑢(𝑥, 𝛼)}                              (5.6)            

we assume that 𝐴(𝑝;  𝛼) and 𝐵(𝑝;  𝛼) are the solutions of  equations (6.4) and (6.5) ,then the above 

system becomes          𝑚{𝑓(𝑥, 𝛼)} = 𝐴(𝑝;  𝛼)                                                          (5.7)     𝑚{𝑓(𝑥, 𝛼)} = 𝐵(𝑝;  𝛼)                                                                      (5.8) 

We get the upper and lower solution for given problem by using inverse Mellin transform as 𝑓(𝑥, 𝛼) = 𝑚−1(𝐴(𝑝; 𝛼))                                                                 (5.9) 𝑓(𝑥, 𝛼) = 𝑚−1(𝐵(𝑝;  𝛼) )                                                       (5.10) 

 

Example 5.1. 

Consider the following fuzzy homogenous boundary value problem u ′′(x)  −  3u′ (x)  +  2u(x)  =  0,                                   (5.11) 

subject to the following boundary conditions u(0) = (0.5α − 0.5,1 − α), 
                             u(1)  =  (α −  1, 1 −  α).              0 < 𝛼 < 1 

Solution:    By applying fuzzy Mellin transform on equation (6.11), we have ℳ𝑓{u′′(x)  −  3u′ (x)  +  2u(x)}  =  0, 
                         ℳ𝑓{ u ′′(x)} = 3ℳ𝑓{u′ (x)} − 2ℳ𝑓{𝑢(𝑥)}                       (5.12) 

Since we know that ℳ𝑓{u ′′(x)} = −(𝑡 − 1)⨀(𝑡 − 2)⨀𝑢(𝑡 − 2) and ℳ𝑓{u ′(x)} = −(𝑡 − 1)⨀𝑢(𝑡 − 1) 

Put in equation (6.12) we get, −(𝑡 − 1)⨀(𝑡 − 2)⨀𝑢(𝑡 − 2) = −3(𝑡 − 1)⨀𝑢(𝑡 − 1) − 2𝑢(𝑡)           (5.13) 

Which is the difference equation ,whose solution is  



𝑢(𝑡) = 1[(1 − 𝑡)(𝑡 − 2)𝑥2  + 3(𝑡 − 1)𝑥 + 2]    (5.14) 

 

Now applying boundary conditions  using the generalized differentiability case I, we have 𝑢(0) = 0.5𝛼 − 0.5 = 12 , and  𝑢(1) = 𝛼 − 1 = 1(1 − 𝑡)(𝑡 − 2) + 3(𝑡 − 1) + 2 

                                                                                                                  (5.15) 

  

 

now for using the generalized differentiability case II, we get 𝑢(0) = 1 − 𝛼 = 12 

𝑢(1) = 1 − 𝛼 = 1(1 − 𝑡)(𝑡 − 2) + 3(𝑡 − 1) + 2 

                                                                                                                 (5.16) 

The inverse Mellin transform of equation (6.14) can be find by using theory of residue on strips of 

convergence.  

6. Conclusion 

In this paper fuzzy Mellin transform along with its properties was interpreted to solve fuzzy 

differential equations by taking the concept of Hukuhara derivatives. Structure of finding initial 

and boundary value fuzzy differential equation by using Mellin transform is established. The 

method was illustrated by some examples and found to be accurate. 
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