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Abstract

In this paper, two new patchy ecosystem models with commensalism are proposed.
The environmental capacity of one species is enhanced due to commensalism. When the
species has logical growth, commensalism can only increase the density. However, when
the species has strong Allee effect, commensalism has great influence on the dynamic
behavior of the system such as the emergence of the positive equilibrium and saddle-node
bifurcation. Also, once the strong Allee effect is incorporated, the corresponding model
has bistable attractors including a stable boundary equilibrium and a stable positive
equilibrium. Commensalism is beneficial to the persistence of the species.
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1 Introduction

In biology, commensalism is an important and interesting relationship between
two species. One species can get the food from the other species. However, the
other species neither do harm to nor benefit the latter. A typical example is
the relationship between cattle egret and cattle. When cattle is grazing, the
insects are stirred up by cattle and then cattle egret can eat these insects. In
other words, the cattle is not affected by cattle egret while cattle egret can gain
food and benefit from the cattle. In 2003, Sun and Wei [1] firstly proposed the
commensalism model as follows.

d—x—rm 1- = + ax
dt_ 1 kl Y,

dy =Ty (1 - y>.

dt ko
The authors investigated the local stability property of all equilibria. During
the last decades, lots of literatures have paid attention to investigate the com-
mensalism models such as Michaelis-Menten harvesting [2], time delay case [3-5],
the stochastic case [6,7] and the discrete case [8]. We notice that in the above
literatures, the influence of the second species on the first one usually obeys the
functional response such as linear case, monotonic case and non-monotonic case.
Actually, we think that to a certain extent, the second species can improve the

environmental capacity of the first species due to commensalism. In this paper,
we will investigate the following commensalism ecosystem:

d—x—raz 1-— m
dt k+Xy )’

dy
a y(f —ey).

Here the environmental capacity of the first species x is introduced by &+ Ay. In
other words, the species ¥y is conductive to x species. And the species z has no
impact on the population density of species y.

As is well known that the destruction of nature by human activities leads to
the fragmentation of the habitat of many species into patches. To some extent,
migration between different patches is conducive to the survival of the population,
especially, for the conservation of endangered species. Recently, the two-patch
ecosystem is widely investigated, one can see [9-12] for details. Motivated by
the above, in this paper, we will discuss the following two patch commensalism

model:
%—mc 17L + egx9 — €1x
TR kg 22 121,
d
% = —dxg + e1x1 — eax2, (1.1)
dy
a =y(f —ey).

Here the first species  can migrate between two patches. x1 and x5 are the
population densities of x in two patches, respectively.



At the same time, in [13], Allee pointed out that mating between populations
becomes difficult and then the birth rates will decrease when the density of the
species is relatively sparse. In [14], Bazykin proposed the first single species
model with strong Allee effect.

%zrw(l—%)(w—m).

In last decades, there exist a large number of excellent literatures which investi-
gate the ecological models with Allee effect [15-17]. Especially, the commensalism
model with Allee effect is also proposed and investigated [8,18—-21]. Basis on the
model (1.1), we will also investigate the dynamic behaviour of the following two
patch commensalism model and strong Allee effect as follows.

%—m 1-— 1 r—m |+ exrs —erx
FT 1 o+ My 22 171,

d

% = —dza + e1x1 — eax2, (1.2)
dy

a y(f - ey).

In the above, m is the strong Allee constant and 0 < m < k.

Different from the traditional model with commensalism, we have introduced
the capacity of the species as k + Ay and then several observations are presented
in this paper. In detail, for the Allee effect case, when A\ = 0, system (1.2) exists
a boundary equilibrium which is globally asymptotically stable. However, when
A > 0, system (1.2) may have two positive equilibria. System (1.2) will exist
a bistable phenomena and a saddle-node bifurcation. In other words, commen-
salism not only can keep two species from extinction but also give rise to more
complex dynamical behaviours.

The rest of the paper is organized as follows. In Section 2 and Section 3, for the
Logistic growth and strong Allee effect cases, we give the dynamical behavior of
system (1.1) and (1.2), respectively. In Section 4, a brief discussion is presented.

2  Qualitative analysis for system (1.1)

In order to simplify system (1.1), we take the following transformations:

ey
f?

_ _ T2 _
T = ,ajgzz,y: T =rt.

z
k

Let \ = %, €1 =%, e = 2, d= g, f= % Following we still reserve t, z1, o,

y to express T, T1, To, ¥, respectively. Then we can obtain the system as follows.

da:l I
—— =ux|1 + egxs — ey,

dt 1+ My

d

% = —dx2 + €171 — €22, (2.1)
dy

A 1—

o = fvd-y)



System (2.1) has a trivial equilibrium E(0,0,0) and a boundary equilibrium
E1(0,0,1). Moreover, it may has another boundary equilibrium Fso(x10, 220, 0)
and a unique positive equilibrium E,(x7,23,1). We shall present the existence
and stability of the equilibria as follows.

Theorem 2.1 For system (2.1),

(a) FEy(0,0,0) is always unstable;

(b) E1(0,0,1) is stable when e; > 1+ % and unstable when e; < €2
Also, E1(0,0,1) is a saddle-node when e; = df%.

(c) when e; < 1+%, there exists another boundary equilibrium FE2(z19, 720, 0)
which is always unstable;

(d) when e; < 142, there exists a unique positive equilibrium i (z7, 23, 1)
which is always stable.

*

_ de1 * __ de1 _ _€e * __ _e1
Here xlo—l—d+62,x1—(1—|—/\)(1—d+62),x20— T, T10, T3 = g7,

Proof The Jacobian matrix at E(x,y) of system (2.1) is calculated as

2 riz?
1- kf){y - €2 K+)\1y
JE = el —(d + 62) 0
0 0 f=2fy

It is not difficult to obtain that the equilibria Fy(0,0,0) and Fs(z19, z20,0) are
always unstable since the corresponding Jacobian matrix has an eigenvalue which
isA=f>0.

Notice that

1—¢ €9 0
Jp, = e —(d+e) 0O
0 0 _f

Obviously, one of the eigenvalues of Jg, is —f. Let

1-— €1 €9
Ji1 =
€1 —(d+ 62)

We have Det(Ji1) = de; — (d + e2) and Tr(J11) = 1 — (d + e1 + e2). When
e1 <1+ %, ie., Det(Ji1) <0, the equilibrium E1(0,0,1) is unstable. However,
when e; > 1+ %, ie., Det(Ji1) > 0 and Tr(J11) < 0, the equilibrium E1(0,0,1)
is stable. In the next, we will obtain that E;(0,0,1) is a saddle-node when
e1 =1+ %2. We can obtain that the three eigenvalues of Jg, are Aj =0, Aa = —f

and A3 = —(d+e2) — 712 when e; = 1+ %. Make the following transformations:
X1 1
X9 | = 2
Y y—1



and

X, 20 g2 ][ w
XQ = 1 0 1 U2
Y 0 1 0 Vv

Then system (2.1) can be rewritten as

dU; dQ(d—F 62) 9 2des
= — Ui + UV
dt T+ N (2 +des+es) " (T+MN(2+des+e)
+O(|U17U27V|3)7
dUs
E - —fUZ - €U22, (22)
2
ﬂ _ _(d+€2) —|—€1€2V_ 2des UV
dt d+ es (1+ X)(d? + des + e2)

+O(|Uy, Ua, V3),

System (2.2) reduced on the one-dimensional center manifold Us = O(|U;]3),

o d d2(d .
V = O(|U1]) is glven2by % = —%Uﬁ + O(|U1]3). The coefficient
of term U? is —% # 0. Thus E4(0,0,1) is a saddle-node when
e1 =1+ %.
Also,
7 — G2 €2 cx}
Je, = e1 —(d+e) 0
0 0 _f
Define
Ji = 7 5-1|-6622 2
€1 —(d + 62)

one can have Det(J{;) > 0 and Tr(Jy;) < 0. Thus, the positive equilibrium
E,(z7,x5,1) is always stable.

Following we present Theorem 7.1 in [22] on asymptotically autonomous sys-
tem which will be applied when the global asymptotically stability os model (2.1)
is obtained.

Consider the differential systems

dx

&=t (2.3)
and d
- = g(@). (2.4)

with ¢ being the independent variable, t € R, and = € R"™. We say that (2.3) is
asymptotically autonomous with limiting system (2.4) if f(z,t) — g(x) ast — oo,
locally uniformly with respect to x € R™.



Lemma 2.1 Let e be a locally asymptotically stable equilibrium of (2.4) and W
be its basin of attraction. Then every pre-compact orbit of (2.3) whose w-limit
set intersects W converges to e.

Theorem 2.2 When e; > 1+ %, the equilibrium FE1(0,0, 1) is globally asymp-
totically stable.

. . . . d
Proof According to the third equation of system (2.1), ie., 5/ = fy(1 —y),
one can deduce that thin y(t) = 1. Thus the first two equations of system (2.1)
—+00

become an asymptotical autonomous differential equation as follows.

dzy X1 ) A
— =z 1- + ey —e1x1 = f1(t, 71, x32),
" 1< Ty 2xy —e1r1 = fi(t, x1,22) 25)
dxg A
g = —dl‘Q + e1x1 — eaxy = fg(t,l’l,lﬁ)
whose limiting system is
dx x
= :x1<1— ! > + e2wy — €171 égl(ifl»@)a
dt 1+ A (2.6)
dxo A
W = —dx9 + e1x1 — €919 = 92(«T17«T2)~
Denote
fl(taxla:EQ)
f(tuxlva) =
fa(t, 1, x2)
and
g1(z1, x2)
g(xla:EQ) =
g2(x1, x2)

Notice that | £(t, 21, 72) — g(x1, 22)| = S|y —1|. 21(¢) is bounded and _lim y(t) =
t——4o00

1. Thus f(t,x1,x2) converges locally uniformly to g(z1,z2). According to The-

orem 2.2 in [12], it follows that when e; > 1+ %, for the limiting ODE (2.6),

0(0,0) is a globally stable equilibrium. Thus from Lemma 2.1, one can conclude

that the equilibrium FE4(0,0,1) is globally asymptotically stable. O
Similarly, we can have the following result:

Theorem 2.3 When e; < 14+ %, the equilibrium E(z7, 3, 1) is globally asymp-
totically stable.

From Theorem 2.1-2.3, we obtain that commensalism makes no difference to
the existence and stability of equilibria F;(0,0,1) and E,(z},z5,1). The com-
mensalism coefficient A only improves the prey’s survival density. We fix the
coefficients es = 1, d = 3, f = 1, A\ = 1. In Figure 2.1 and 2.2, we choose
e1 = 2 and e; = 1, respectively. It follows that the equilibrium F4(0,0,1) and
E.(x7,2%,1) are globally asymptotically stable, respectively.
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Figure 2.1: The globally asymptotical stability of Fy(0,0,1) when e; = 2.

x1]
x2

X1,x2,and y
o o
o o
<

Figure 2.2: The globally asymptotical stability of E*(z7,x3,1) when e =1



3  Qualitative analysis for system (1.2)

Similar to that in Section 2, we can simplify system (1.2) and obtain the
system as follows.

dxl 1 I +
— =X — r—m €T — 1T
dt 1 1+/\y 242 141,

d

% = —dzs + €171 — €279, (3.1)
dy

A 1—

I fy(1—y),

It is not difficult to conclude that system (3.1) has a trivial equilibrium
Ep(0,0,0) and a boundary equilibrium FE;(0,0,1). For other possible boundary
equilibrium E(x19, 220, 0), it is satisfied with the following equation:

z10(1 — z10) (210 — M) + eawoy — e1210= 0,
—dxo0 + e1x10 — e2x10= 0.

The above can deduce the following equation:

l‘%o — (m + 1)3310 +m+ dc_lféz =0. (3-2)

Let the discriminant of equation (3.2) denoted by A; as follows.

Ap=(1—m)?* -4

When Ay > 0,1.e.,e1 < %(1+%), it has two boundary equilibria E1o(z11, 712, 0),

E20($21,5522,0). When A17: O, i.e., €1 = (1_in)2(1 + %), it only has anoth-
er boundary equilibrium FE3o(x31,232,0). When A; < 0, there exists no other

boundary equilibrium. Here x1; = %*/E? To] = %\/Aﬁ and z3; = mTH
For possible positive equilibrium E*(z1, 22, 1), it must satisfy
2 — (m+1+ Nz + (1+ N (m+ F2) =0. (3.3)

For equation (3.3), notice that the discriminant As is as follows.

Ay =(A+1—m)> —4(A+1)7L.

When e; < %(H—%), system (3.1) has two positive equilibria Ef (23, 735, 1)
(A+1—m)?

and Ej(xh;,x55,1). When e; = 1) (1 + <), system (3.1) has a unique

— 2
positive equilibrium Ej(z%;,z5,,1). When e; > %(1 + %), system (3.1)
has no positive equilibrium. Here zf; = ™HIIEVE2 gr - mAlEdovBe 4ng

x _ m+14+A
T3 =T

The existence and stability of the equilibria can be summarized as follows.



Theorem 3.1 For system (3.1),

(a) the trivial equilibrium Ey(0,0,0) is always unstable;

(b) the boundary equilibrium F;(0,0, 1) is always stable;

(c) whene; < (=m)” ) (14%), there exist two boundary equilibria E1o(z11, 712, 0)
and Fa(z21, 722, 0). When e] = a=m) m) (1 + %), there exists another boundary
equilibrium Fsg(x31, 32, 0). Elo(SUzl,CCm 0)(i =1, 2, 3) are always unstable;

(d) when e; < % (1+%), there exist two positive equilibria B (27, #},, 1)
and E3(z5,,25,,1), Here Ej(x7,,25,1) is stable and E3(z7,x3,1) if unstable.
When e; = M(H—%), there exist a unique positive equilibrium E3(x%;, 235, 1)

1+ 1)
which is a saddle-node.

Proof The Jacobian matrix at E(z1,xa,y) of system (3.1) is calculated as

Az2(z1—m)
(1+y)?

Jg = el —(d+62) 0
0 0 f1-2)

*1 — €1 €2

Here 1 = (1 — 7)) (x1 —m) — £ (w1 —m) + @1 (1 — 7). 1t is easy to obtain

that for both Jg, and Jg, (i = 1, 2, 3) one of their eigenvalues is A = f > 0. Thus

the equilibria Ey(0,0,0) and Fjo(x;1,x2,0)(i = 1, 2, 3) are always unstable.
Notice that

—(m+e1) €2 0
JE1 = el *(d+62) 0
0 0 —f

Notice that for Jz , —f is one of its eigenvalues. Let

—(m +e1) e

€1 —(d+ 62)

jll =

We obtain that Det(J1) = (m+e1)d+mez > 0 and Tr(Ji1) = —(m+d+ei+es) <
0. Then the equilibrium F1(0,0,1) is always stable.

Also,
_ A2 —
% —e1 e 7%(11(?;)2@
Jgr = el —(d + e2) 0
0 0 _f
Here *; = 3del +2m — (1 + 1)z} due to (1 — %)(1::‘1 —m) = d‘féQ. We can

obtain that — f is one of the eigenvalue of Jz«. Define

*; — €1 €2

(&) —(d+62)

Jr—

]



Moreover, one can have Det(.J}) = %(\/Ag —(m+14X)) <0. Thus, the

equilibrium B3 (27,25, 1) is always unstable. Also, Det(J;) = d+612 Y 2 (VA +

(m+14X)) > 0and Tr(J) = 71 [3de1+ (2m—d—e; —ea)(d+ez) — mﬁ;\r)‘(dJr

e2)wfy] < —(d+eg) — ire < 0due to mff;\“\(d + ez)zi; > 2(der + m(d + e2)).

As a result, the equilibrium Ej (2%, 235, 1) is always stable.

A_lso7 when e; = %(1 + ), system (3.1)_has a unique positive equilibri-
um Ej (25, x5, 1). Following we will obtain that E3(z3;, 23, 1) is a saddle-node.
It is easy to obtain that the three eigenvalues of JE3 are A\1 = 0, Ao = —f and

(A1-m)?

A3 = —(d+ez)— 72 when e = W(l +%). Introduce two transformations
Xl Tr1 — 33§1
XQ = To — $§2
Y y—1
and
X dtes (d+-e2)(=f+d+e2) —eo U
1 el f(d?+2dea—df+e1eates—eaf) dte 1
v — _ e1(d+e2) 2
X2 1 f(d?+2des—df +erea+es—eaf) 1 Vs
Y 0 1 0 1%

Then we can change system (3.1) as

dU _ __ _ o
ditl = ag00U7 + a110U1V + agi102V + O(|U1, Uz, V|?),
dUQ — 2
2 0, - SO
dt f 2 f 29
dv d+ +
— = ! €2)” 6’1€2V+C200U1 + 11001V + co11U2V + O(|Uy, Ua, VP).
dt d+ €9
(3.4)
Here asgg = — 8d*(d-te)(14) (1+A+m) # 0. Similar to that in Theorem

(AFr—m)2(dd(d+e2) 1) +ea (A 1—m)?)
2.1, it follows that E3(z%,25,,1) is a saddle-node.

a
Theorem 3.2 When e; > %(14—%), the equilibrium E4 (0,0, 1) is globally
asymptotically stable.
Proof For the first two equations of system (3.1), we can obtain the following
asymptotical autonomous differential equation:

d

71.1 =1 <1 — 1 > <.1‘1 — m> + €99 — €11 é hl(t,ivl,l‘g),
dzo A

E = —de +e1x1 —egxrg = hg(t, X1, (L'Q)

10



whose limiting system is

d
ﬂ:m 1-— 1 1 —m ) +eawy — e1x1 = 1 (21, 12),
dz '
d7t2 = —dzs + e171 — eaxs = (1, 22).
Denote
hi(t,z1,x
h(t,x1,22) = 108, 1, 22)
hg(t,l'l,LUQ)
and
Ii(x1, 22)
I(x1,$2) =
I(x1,22)
m§|z1—m\

It follows that |h(t, 1, z2) — I(x1,x2)| < 032 ly — 1|. As a result, h(t,x1,z2)
converges locally uniformly to I(z1,z2) due to the boundedness of z(t) and
hm y(t) = 1. For the limiting ODE (3.6), it is not difficult to obtain the local

asymptotlcal stability of the unique equilibrium Ey(0,0). Moreover, since system

(3.6) has no other equilibrium, there exists no limit cycle. The above can deduce
that Ey(0,0) is globally asymptotically stable when e; > %(1 +%). From
Lemma 1, the proof is complete. OJ

2
%, system (3.1) has two

(d+e2)(A+1—m)?

From Theorem 3.1, we know that if e; <

positive equilibria, i.e., Ef (231, 231, 1) and Ej(x}y, x5y, 1); if €1 = oA
_ N2
system (3.1) has a unique positive equilibrium E3 (x4, 255,1); ife; > %,

system (3.1) has no positive equilibria. Following we will prove that system (3.1)

SN & (d4-e2)(A+1—m)?2

undergoes the saddle-node bifurcation when e; = ej 10T

Theorem 3.3 When e; = W, system (3.1) undergoes saddle-node

bifurcation.

Proof Here we will use Sotomayor’s theorem in [23] to obtain the occurrence of
saddle-node bifurcation at e; = el . When e; = W, the correspond-
ing Jacobian matrix J Ex has a unique zero eigenvalue, denoted by A;.

For the eigenvalue Ay of the matrices J B and Jgg, we can get the correspond-

ing eigenvectors V and W, respectively. In fact,

d+ 8f(\+1)2
V1 ‘ele ) Wi AOF1+m)2(A+1—m)
velw = 1 welm =] g
Vs 0 W3 1
Moreover, we have
_ mA14A
2
Fu(BfiefV)y = | —miier |, (3.7)
0

11



Figure 3.1: The dynamical behavior of system (1.2) when e; = 0.5, e =1, d =
1, f=1, m=0.5.

_ m414A
1+A
D2F(E};e™M)(V, V) = 0 . (3.8)
0
Here Fy = x1(1 — Hgf—l)\y)(xl —m) + eaxg — e1x1, Fy = —dzg + e1z1 — egwo and

F5 = fy(1 —y). According to (3.7) and (3.8), it follows that

s df (m+14X)
WTE,, (Ej;esN) = St o o,

WTID2F By efV)(V, V)] = —{mibiletal .

The above shows that the saddle-node bifurcation occurs at £ when e; = e7N.

Thus we complete the proof. O

When A = 0, system (1.2) has no positive equilibrium and the boundary
equilibrium F1(0,0,1) is globally asymptotically stable(see Figure 3.1(a)). How-
ever, when A = 1, there exist two positive equilibria E¥(z}, 5, 1)(i = 1,2) and
Ej(x%,2%5,1) is locally asymptotically stable. In other words, commensalism
leads to the bistability of system (1.2) which shows that both the species may be
permanent(see Figure 3.1(b)). In all, commensalism is conductive to the species’

survival.

4 Conclusion

In this paper, we have investigated the dynamic behaviors of two new commen-
salism models. For the Logistic growth case, commensalism has little influence
on the dynamic behavior of the above system such as the existence and stability
of equilibria. However, for the strong Allee case, when commensalism is intro-
duced, the corresponding model may admit at most two positive equilibria and it
may undergo saddle-node bifurcation. Commensalism will lead to bistable phe-
nomenon, that is, a stable boundary equilibrium and a stable positive equilibrium
state. Commensalism is beneficial to the survival of the species.

12
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