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Abstract: To conceptualize the uncertainties regarding the mechanisms of extratropical cyclones 

(EC), a study of their energy cycle can provide key information of their fundamental structure. 

This study applies a set of equations built from earlier works for a limited-area energy decomposed 

into temporal mean and deviations. It compares the results obtained with a reference frame that 

tracks an EC through its eddy kinetic energy with those obtained with a larger but fixed frame. A 

specific storm that occurred throughout the period of December 10-18th 2004 and simulated by the 

Canadian Regional Climate Model (CRCM – version 5) was studied. Results support the notion 

that the moving reference results in larger amplitudes for all temporal deviation components of the 

cycle than for the fixed reference. A time tendency analysis of the energetic reservoirs reveals 

noteworthy phases in the storm’s energy, with an increase and decrease occurring during the 

periods of 10-14 December and 14-18 December, respectively. The energy budget is overall fairly 

well balanced, with the exception of a lateral boundary term, 
TVk

h , with considerable negative 
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values; this term exhibits a spatially larger scale than the other contributions in the EC. An 

evaluation of the sensibility of the tracking scheme related to its size and positioning was also 

performed to determine its influence on the boundary term 
TVk

h .  
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1. Introduction 1 

An important role of the atmosphere is that of a thermal machine redistributing energy to 2 

compensate the meridional gradient of incoming energy caused by the inclination of the incident 3 

solar radiation across latitudes (Lorenz 1967). Amongst the atmospheric processes that contribute 4 

to the meridional redistribution of energy, extratropical cyclones (EC) are considered as playing a 5 

pivotal role (Starr and White 1951; Starr 1953 and 1954; Fjortoft 1951). It has been noted, both 6 

numerically and through observations, that EC undergo a lifecycle that can best be understood in 7 

terms of an atmospheric energy cycle (Ulbrich and Speth 1991). The benefits of using atmospheric 8 

energy cycles are twofold. First, it allows a better understanding of how EC redistribute the energy, 9 

by depicting the cyclones energy conversions. Second, it allows improvements in weather 10 

predictions and climate simulations as the various weaknesses of weather and climate models can 11 

become manifest when studying their energetics (Boer and Lambert 2008).  12 

Numerous atmospheric energetic studies have been carried out, starting with Margules (1905; see 13 

also Tamura 1905) who notably introduced the notion of total potential energy (TPE) and its 14 

subsequent conversion to kinetic energy (KE). This approach served as basis for Lorenz’s own 15 

derivation (Lorenz 1955, 1967) for a global atmospheric energy cycle that is considered as the 16 

foundation for the many formulations that exist today. Lorenz identified the dynamically active 17 

component of Margules’ TPE as being the available potential energy (APE), its magnitude being 18 

proportional to the difference between a notional barotropic reference state and the state of the 19 

atmosphere at any given time. He then separated APE and KE into zonal mean and deviations to 20 

adequately distinguish zonally symmetric circulations phenomena such as the Hadley cell from 21 

travelling disturbances such as extratropical cyclones.  22 

The atmospheric general circulation is mostly driven by differential diabatic heating that generates 23 

zonal available potential energy (ZAPE) and its conversion to its eddy component (EAPE) through 24 

disturbances in the westerlies that accomplish meridional transport of sensible heat. Rising/sinking 25 

of warm/cold air within a latitude belt accompanies meridional transport of heat, which converts 26 

EAPE into eddy kinetic energy (EKE). This EKE is then either dissipated or transformed into zonal 27 
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kinetic energy (ZKE) by barotropic processes occurring mainly in the stage of cyclolysis (Kuo 28 

1951; Starr and White 1951; van Mieghem 1952). Oort (1964) was the first to quantify Lorenz’s 29 

cycle for annual-mean conditions over the northern hemisphere.  30 

Following Lorenz’s seminal work, numerous studies have been carried out to examine the energy 31 

of the atmosphere (van Mieghem 1955; Wiin-Nielsen 1967; Peixoto and Oort 1974; Michaelides 32 

1987, Yeon and Maeng 2013; to name just a few). By using Lorenz’s theory, Oort (1964) and 33 

Dutton and Johnson (1967) have shown the importance of baroclinic conversion in the 34 

development of storms, which curtailed an earlier hypothesized importance of barotropic 35 

conversion (Smith 1969).  36 

In today’s climate research, atmospheric energy budgets have proven themselves to be pertinent 37 

tools (O’Gorman and Schneider 2008) especially when attempting to target EC (Muench 1965; 38 

Smith 1969; Johnson 1970; Marquet 2003). Most notably, they have the potential to reveal the 39 

specific processes that occur during the lifetime of EC (Chang et al. 2002); such studies, however, 40 

require the use of limited-area energy budgets, which differ considerably from their global 41 

counterparts. 42 

In limited-area energy budgets emerge additional boundary flux terms that represent energy 43 

transferred between the regional and global systems. New perspectives into the study of regional 44 

atmospheric energetics have emerged from the work of Orlanski et al. (1991,1993a, 1993b, 1995) 45 

who underlined the role of ageostrophic geopotential fluxes in the development of baroclinic 46 

waves. Such fluxes cancel out in global energy budgets and hence could not have been identified 47 

otherwise.  48 

Since its inception, the derivation of limited-domain energetics has proven itself to be quite 49 

challenging. Hence, several studies have rather used a global scheme and defined the energy of a 50 

storm as the local contribution to the global budget (Smith 1969; Johnson 1970; Michaelides 1987). 51 

This is problematic mainly since such an approach is based on a global reference state (Marquet 52 

1996), but the utilization of a localized budget is considered a sensitive issue (Plumb 1986) “due 53 
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to the non-uniqueness of the boundary flux and conversion terms [that must be] interpreted with 54 

care” (Chang et al. 2002). 55 

Many difficulties related to the regional application of Lorenz’s approach are solved by redefining 56 

an available energy in terms of enthalpy and entropy (Pearce 1978; Marquet 1990). By dividing 57 

the available energy into an isobaric temperature-dependent component and a static stability 58 

component that accounts for the lapse rate, Marquet (1990) developed an exact local formulation 59 

following a classical thermodynamic approach with an energy cycle based on available enthalpy 60 

(AE) (Norman 1946), quite similar to that of Pearce’s APE. Marquet also redefined the reference 61 

state as a spatial and temporal average over large scales. Marquet’s derivation then followed 62 

closely that of Pearce but for a limited area, therefore requiring additional boundary flux terms for 63 

each energy reservoir in order to be complete.  64 

Nikiéma and Laprise (2013, hereby NL13) followed a similar approach to that of Marquet in the 65 

interest of developing an approximate regional cycle for inter-member (internal) variability (IV) 66 

in the study of an ensemble of regional climate model (RCM) simulations. They most notably kept 67 

the concept of reference state and the decomposition of AE, but unlike Marquet (1990, 1996, 2003) 68 

they considered latent heat release in the generation of AE rather than adding the latent energy of 69 

water vapour as part of AE. Clément et al. (2016, hereby CNL16) expanded upon NL13’s work 70 

by considering time mean and variability for the study of the energetics of a specific extratropical 71 

cyclone event.  72 

This study aims at furthering the understanding of extratropical cyclone energetics. This work will 73 

use the approach of CNL16, but unlike CNL16 who studied the energetics in a fixed, Eulerian 74 

reference frame, this work will experiment with a Lagrangian framework following a storm’s 75 

motion. The objective will be to compare the resulting energetics evaluated in Lagrangian 76 

reference framework with their Eulerian counterpart for a specific synoptic-scale EC 77 

The Lagrangian approach is in principle optimal as it allows energy diagnostics that exclude 78 

regions not related to the storm itself (Michaelides et al. 1999; Pinto and Rocha 2011). Many 79 
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algorithms already exist to identify storm tracks such as band-pass filters and feature tracking, but 80 

few have ever considered using EKE and AE through a Lagrangian framework (Wing 2009). 81 

Vincent and Chang (1975) were amongst the first to attempt a Lagrangian approach: they used 82 

contour lines of pressure to evaluate KE located within it. Michaelides et al. (1999) used what they 83 

called a “semi-Lagrangian approach” by considering a volume bounded by the 1000 and 100 hPa 84 

pressure levels and moving horizontally with the cyclone track. Recently Papritz and Schemm 85 

(2013) followed the movements of an idealized baroclinic wave by defining a squared-perimeter 86 

around the 100 Jm-2 contour lines of KE. The authors of these studies concurred that the magnitude 87 

and the role of the different energy conversions are most evidenced using a Lagrangian reference 88 

system.  89 

The paper is organized as follows. Sect. 2 will present the methodology of the procedure, including 90 

the data used as well as the energetic equations and the Lagrangian computational procedure. 91 

Results will be analysed in Sect. 3 by comparing the results of Lagrangian and Eulerian references, 92 

as well as evaluating the sensibility of energetic contributions to the size and position of the 93 

diagnostic domain. Lastly, Sect. 4 will present the summary and conclusions of the study. 94 

2. Materials and methods 95 

2.1 Mathematical procedure 96 

As mentioned previously, the energetics on a limited-area domain are computed by a series of 97 

equations initially developed by NL13 and then modified by CNL16 who developed the cycle 98 

based on a temporal decomposition. Following CNL16, atmospheric variables t  are decomposed 99 

in their time-mean state 
1

1
tt



 
    and deviations t      (also referred to as 100 

transient eddies), so that: 101 

     t, , p,t , , p , , p,t                (1.1) 102 
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Where  and , , p t   represent latitude, longitude, pressure and time, respectively.  103 

The instantaneous values of transient-eddy available enthalpy and kinetic energy are obtained as 104 

2
TV

a T  and 
2

TV
k V ,

uur
while the climatology of transient eddies is obtained by 105 

2
TV TVA a T    and 

2

TV TVK k V  
uur

as the variance of atmospheric variable t : 106 

   2 2

1

1

t

, ,k ,t , ,k ,t


   
 

            (1.2) 107 

The use of the lower case and upper case serve to differentiate between instantaneous and 108 

climatological values, the former being of most interest in this study.  109 

The current study will focus on the transient-eddy energetics and each energy reservoir and 110 

conversion terms will have the subscript ‘TV’ for time variability as depicted by Fig. 1.  111 

For the study of an individual storm, the evolution of two energy reservoirs is described by the 112 

following equations: 113 

1 2TV TV

TV
TV TV A A A a a

a
g c c f h j j

t


      

        (1.3) 114 

TV TV

TV
TV K TV K K k

k
c c d f h j

t


     

         (1.4) 115 

where 116 

2'
2

p

TV

r

C
a T

T


       117 
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corresponds to the available enthalpy due to the time variations of temperature, calculated from 118 

the instantaneous deviation from the monthly mean. It is divided by rT  that corresponds to the 119 

reference state (Marquet 1990); for the current study, the reference temperature has been 120 

approximated to 262 K.  121 

Also 122 

1

2TVk V V
     

 
g

          123 

is the kinetic energy associated with time variations of the horizontal wind.  124 

The terms on the RHS of (1.3) are evaluated as: 125 

A Ah Avc c c   126 

p

Ah

r

C
c V T T

T
   

uur ur

 127 

p

Av

r

C T
c T

T p



  

  128 
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  ¸ 129 
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 130 
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 131 



9 

 

2
2

2TV

p

a

r

C T
h V T

T p

        

ur uur

 132 

1
p p

a

r r

c T c T T
j V T

T T p

    
    


g

 133 

2a
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   134 

The terms on the RHS of (1.4) are evaluated as:   135 

TVc   
  136 

𝑐𝐾 = 𝑐𝐾ℎ + 𝑐𝐾𝑣  137 

 Kh
C V V V    
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 138 
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1k

V
j V V V V

p



            


g

 143 

The transient-eddy available enthalpy TVa  receives energy from the mean state by the conversion 144 

term Ac  which represents the transport of sensible heat by synoptic-scale disturbances. Its intensity 145 

is defined by the relationship between the perturbation temperature flux and the perturbation wind 146 

against along the mean temperature gradient. The conversion term Ac , when positive, acts as a 147 

conversion of time-mean energy for TVa  by reducing the mean temperature gradient through shifts 148 

in air masses, transporting cold (warm) air equatorward (poleward). The term Ac  can also be 149 

divided into its horizontal ( Ahc ) and vertical ( Avc ) components, which will be useful later on the 150 

study. The term TVg  is a generation source for TVa  associated with diabatic generation of AE by 151 

heating mechanisms such as differential radiative heating, the release of latent heat energy, thermal 152 

diffusion and convection. The baroclinic conversion term, TVc , when positive, transfers the energy 153 

of TVa  to TVk , which occurs when warm (cold) air masses ascend (descend) when displaced by 154 

baroclinic disturbances. This can be understood as lowering the centre of gravity, and the 155 

difference between the initial and final state is the amount of kinetic energy that is produced. The 156 

barotropic conversion term, Kc acts against the gradient of momentum by transporting momentum 157 

horizontally and vertically. The term TVd  acts as a sink for TVk  and it represents the dissipation of 158 

kinetic energy by friction near the surface and by vertical diffusion (CNL16). The boundary terms, 159 

TVa
f and 

TVk
f , contribute when energy enters or leaves the regional domain. The third-order term,160 

TVa
h ,  corresponds to the non-geostrophic fluxes of temperature, which is generally negligible. The 161 

term 
TVk

h  defines ageostrophic geopotential and kinetic fluxes of TVk in a storm. CNL16 also 162 

obtained third-order terms (
1a

j ,
2a

j , kj ) connected to both reservoirs but only kj  is considered to 163 

have a non-negligible impact.  164 
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2.2 Lagrangian procedure 165 

Within a Eulerian reference, the storm’s energetics are computed within a diagnostic domain that 166 

remains fixed in time, while a Lagrangian reference is chosen to move with the storm; hence this 167 

displacement requires additional considerations for the set of previously described equations in 168 

which the time variations of TVa  and TVk  were expressed as local time derivatives. For a 169 

Lagrangian reference, total derivatives need to be used and the equations take the following form: 170 

TV TV
frame TV

TV TV
frame TV

da a
V a

dt t

dk k
V k

dt t


  




  


ur uuuuur
g

ur uuuuur
g

  171 

where frameV
ur

 is the horizontal speed at which the diagnostic domain moves while following the 172 

system of interest. The Lagrangian time tendencies EL dE dt  of both reservoirs  TV TVE a ,k  173 

as well as the reference scheme frameV
ur

 are computed by using a centred finite-difference method 174 

over 6-hourly intervals. In this work the shape and area of the diagnostic domain over which the 175 

local time derivatives are computed are kept constant. 176 

During the lifetime of a specific storm, the time tendencies initially grow and then decay; hence 177 

integrated over sufficient time intervals and spatial domain, they should vanish. In practice, 178 

however, the presence of computational errors, physical approximations, interpolations and the 179 

inevitable finite spatial and temporal computational limits prevent obtaining exactly vanishing 180 

values, as well as an exact correspondence between the left-hand side tendencies L and the sum of 181 

the right-hand side contributions (R). A comparison between L and R remains nonetheless a useful 182 

method to evaluate the accuracy of the computed energetics. Spatial derivatives are approximated 183 

as centred finite differences and vertical integrals are computed using the trapezoidal rule after 184 

eliminating contributions below the surface, as in CNL16.  185 
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A Lagrangian diagnostic domain was defined as a rectangle within the CRCM5 computational 186 

grid, tracking the selected storm’s path. A rectangle was employed to facilitate programming and 187 

to preserve a nearly constant surface area during the tracking process, which also eases the 188 

interpretation of boundary fluxes. The tracking process was divided into several steps that may be 189 

summarized as follows. The tracking rectangle shape and size was selected such that vertically 190 

integrated TVa  and TVk  fields would remain essentially confined within the tracking rectangle. It 191 

was noted that simply using TVk was sufficient to shape the reference as it encompassed both TVa  192 

and TVk . The motion of the shape was determined as to track the high-energy values of TVk only, 193 

and the process was repeated on every diagnostic time. Lagrangian results are then compared to 194 

those obtained with a Eulerian framework over a domain size encompassing the region swept by 195 

the moving Lagrangian figure. 196 

2.3 Model configuration 197 

Atmospheric variables used to compute the energy cycle originate from a segment of a 35-year-198 

long simulation performed by the 5th generation of the Canadian Regional Climate Model 199 

(CRCM5; Martynov et al. 2012; Hernández-Diáz et al. 2012). CRCM5 derives from a limited-area 200 

configuration of the global GEM (version 3) used at the Canadian Meteorological Centre (CMC) 201 

for the Global Deterministic Prediction System (GPDS) (Côté et al. 1998).  202 

The CRCM5 simulation begins January 1st 1979 at 00 UTC, driven by ERA-Interim (Dee et al. 203 

2011) reanalyses available on a 0.75o grid. The reanalyses serve to prescribe sea surface 204 

temperatures (SST) and sea-ice coverage (SIC), as well as the atmospheric lateral boundary 205 

conditions (LBC) for each time step after the data has been interpolated in time and space on the 206 

RCM grid. In CRCM5 the land-surface conditions are calculated with the Canadian LAnd Surface 207 

Scheme (CLASS) v3.5 (Verseghy 2000, 2009) and an interactive column lake module is also 208 

included (Martynov et al. 2012). The CRCM5 simulation is configured for a 0.44o rotated latitude 209 

and longitude grid mesh, with a free domain of 260 by 160 grid points in the horizontal, covering 210 

Canada, USA, Greenland, the north of Mexico, and neighbouring oceans (Fig. 2). The simulation 211 
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uses 56 terrain-following hybrid levels in the vertical, up to 10 hPa, and the timestep is 12 minutes. 212 

Output data is archived at three hourly intervals, interpolated on 19 pressure levels, but energy 213 

diagnostics will only be evaluated from 1000 to 150 hPa.  214 

The CRCM5-simulated fields rather than the reanalyses fields will be used for the energetic 215 

calculations for 2 main reasons: the simulation provides superior time and spatial resolutions, and 216 

several fields required by the energy budget are not routinely available in the reanalyses.  217 

2.4 Storm selection and synoptic overview 218 

In order to facilitate testing the proposed procedure for carrying energy budget calculations in a 219 

Lagrangian framework, it was deemed preferable to select a rather mainstream extratropical storm 220 

that did not merge or split during its lifetime. A rectangular area was selected that would allow 221 

resolving the storm at the various stages of its life cycle within the confinement of the 222 

computational domain, which would minimize artefact due to limits imposed by it, as would occur, 223 

for instance, if part of the storm were to leave the domain while being tracked. The selected storm 224 

has been documented as a significant winter storm due to its heavy precipitation, freezing rain and 225 

flooding across the northeastern USA and eastern Canada (NWS 2010). Weather charts for daily 226 

values of sea-level pressure, 850 hPa temperature and 500 hPa geopotential height are shown in 227 

Fig. 2, from December 09, 00 UTC to December 16, 00 UTC of 2010 (the storm continued until 228 

December 18, but the data is not shown). The early stage of the storm can be noted from the 9th of 229 

December to 12th of December, with a strong zonal flow across western North America as a result 230 

of the Aleutian low pressure south of Alaska and a stationary North Pacific anticyclone. A 231 

weakening of the Aleutian low allowed the North Pacific high pressure to shift northward, as seen 232 

by an upper level ridge visible from 10-11 December, resulting in the upper level jet acquiring an 233 

anticyclonic circulation on the western side of the continent. The equatorward motion of cold air 234 

along the upper level trough led to a discernable cyclogenesis by 12th of December. A good 235 

indicator of the baroclinic system strengthening is the vertically tilted through, with the axis of the 236 

surface pressure center located east of the upper level through. The system reached high intensity 237 

by 13th of December when it began to draw moisture from the Gulf Stream and to receive support 238 
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from the advection of warm air on the eastern side of the low pressure. It moved northeastward 239 

along the East Coast, reaching peak intensity on the 14th of December. The vertical tilt then began 240 

decreasing and the storm weakened. The occluded phase becomes evident when the upper level 241 

trough closed around December 16, 00 UTC, hence shutting off the upper level support. The 242 

system’s only remaining support arose from the warm air advection to the north of its centre. After 243 

16th December, the system moved slightly westward and the warm front eventually detached itself 244 

from the remnants of the storm, which quickly dissipated afterwards. The study of the storm halts 245 

at December 18, 00 UTC because most of the storm’s energy reached negligible values. 246 

Fig. 3 shows a time series of minimum sea level pressure during the month of December 2010, 247 

along with spatial mean and vertically integrated values of TVa  and TVk on the entire domain. The 248 

strength of the storm and duration of the EC is well illustrated as the lowest values of sea level 249 

pressure simultaneous occur at the same time of a peak in TVk between December 10-18th as shown 250 

in Fig. 3. It is noteworthy, however, that TVa exhibits little time variation; the choice of the 251 

diagnostic domain can affect the results, as will also be evaluated later.  252 

2.5 Analytical tools 253 

From the CRCM5 model outputs, the energetic equations were computed using a set of utilities 254 

(r.diag, graciously maintained by Dr. Bernard Dugas) through Linux Shell scripting. Once each 255 

energetic term has been computed, the application of the Lagrangian framework on the terms was 256 

designed and executed using the MATLAB software (version 2017b, MATLAB 2017); this 257 

software was also employed to plot results.   258 

 259 

 260 

 261 
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3. Results and discussion 262 

3.1  Comparison of eddy energy reservoirs 263 

3.1.1 Time series and vertical profiles 264 

The interest of employing a Lagrangian reference framework for computing energetics becomes 265 

apparent in Fig. 4 and 5 that compare the energetics using Lagrangian and Eulerian frameworks. 266 

Fig. 4a shows time series of domain-integrated values of transient-eddy kinetic energy ( TVk ) and 267 

available enthalpy ( aTV ) reservoirs, for the Lagrangian and Eulerian frameworks. The storm 268 

increased in intensity from 10th to the 14th of December and decreased during the following four 269 

days. There is a considerable difference in the calculated storm intensity between the results 270 

obtained with the two frameworks, the strongest values being obtained with the Lagrangian one. 271 

This is consistent with previously cited atmospheric energetics studies using a similar 272 

methodology (Vincent and Chang 1975; Michealides et al. 1999; Papritz and Schemm 2013). Fig. 273 

4b shows a time series of energy tendencies. The TVk  tendency computed with the Lagrangian 274 

framework clearly depicts the periods at which the system grows and decays, while this is far less 275 

obvious with the Eulerian one. The amplitude is larger and provides a higher realistic 276 

understanding of how the storm evolves through time. When comparing the time-mean tendencies, 277 

the Lagrangian framework gives 20 46  
TVaL . J m

  and 20 52  
TVkL . J m

  , while the Eulerian 278 

framework gives 20 20  
TVaL . J m

  and 20 28  
TVkL . J m

 . These values are fairly small compared 279 

to the instantaneous values of tendencies, hence indicating a fairly closed system.  280 

Fig. 5 shows a vertical profile of time-averaged energetics between 13-15 December, 281 

corresponding to the peak intensity period. The figure compares horizontally and vertically 282 

integrated aTV and TVk for the Lagrangian and Eulerian intensity. It can be seen that TVk  is 283 

strongest in the upper troposphere near the location of the jet stream. The vertical profile of aTV284 

shows nearly uniform values below 400 hPa, where maximum temperature advection occurs. In 285 

both cases, the Lagrangian intensity energetics are systematically stronger. 286 
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3.1.2 Map of energy reservoirs 287 

Fig. 6 shows maps of the spatial structure of the vertically integrated values of aTV  and TVk  during 288 

the evolution of the weather system. As is to be expected, peak values of aTV  are located in areas 289 

where there are significant temperature anomalies (panel in Fig. 6a). These anomalies can be more 290 

easily understood when comparing the panels Fig 6 with the 850 hPa temperature maps of the 291 

panels in Fig 2. There are noticeable alignments between the areas of intense aTV  around the low-292 

pressure center (panel Fig. 6a) with the areas consisting of cold and warm air advection. Near 14, 293 

00 UTC, two peaks of aTV  are noticeable, associated with the warm and cold sectors of the storm. 294 

Later the warm air advection dominates as the storm occludes and moves northwestward. The 295 

spatial pattern of TVk  shown in Fig. 6b closely reflects the jet stream (not shown) and it is initially 296 

strongest to the west of the trough. The initial peak of TVk is located west of the developing low-297 

pressure centre, and it later shifts towards its centre by 13, 00 UTC. Up until the dissipation phase, 298 

the energy east of the trough is included within the storm’s energy, but as the trough expands near 299 

the end of the storm’s life, the energy located over it no longer becomes relevant.  300 

3.2  Comparison of energetic contributions 301 

3.2.1 Time series and vertical profiles 302 

Fig. 7 displays the times series for the various contributions to the domain-averaged aTV  (Fig 7a) 303 

and TVk  (Fig 7b) tendencies, and Fig. 8 presents the vertical profiles of these contributions. Results 304 

indicate stronger magnitude for the energy evaluated under the Lagrangian framework than the 305 

Eulerian one for every contribution. When looking at each contribution individually, the Eulerian 306 

results are similar to that of CNL16 and Nikiéma et al. (2017). For example, the approximate 307 

duality in magnitude and pattern between TVc  and Ac  is noteworthy in Fig. 7a. As seen in Fig. 8a, 308 

there is also an important contribution of TVg  that peaks in the mid-troposphere, where clouds and 309 

precipitation form in extratropical cyclones, reflecting the release of latent heat energy. This would 310 

hence corroborate the findings of previous work that noted that latent heat release is a strong 311 
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component of transient-eddy energy generation for mid-latitude cyclones (Danard 1966; Bullock 312 

and Johnson 1971; Michaelides 1987). A negative product between Q  and T  can lead to negative 313 

values of TVg which occur near the surface (Fig. 8a). This is due to boundary-layer heat flux that 314 

is frequently occurs during winter (Nikiéma et al. 2017). During the second period, the contribution 315 

of TVg  slightly extends downwards to 800 hPa and has greater negative magnitude near the surface.  316 

There are also notable differences when comparing the baroclinic conversion terms. In both 317 

periods, there are asymmetrical distributions of TVc  and Ac , with TVc  being larger at higher levels 318 

in both instances; this may be expected as Ac  represents the horizontal distribution of air masses, 319 

while TVc  is their corresponding rising and sinking motions. The distribution shifts towards the 320 

lower levels in decaying phase with Ac  reaching peak values between 700-800 hPa and TVc  321 

between 500-700 hPa.  322 

The energetic contributions to TVk  are shown in Fig. 7b and Fig. 8b. High values of energy 323 

dissipation TVd  are directly associated with the intensity of the wind perturbations, which explains 324 

why it is strongest when the storm reaches full maturity near December 14, 00 UTC. It is also 325 

strongest near the surface, as indicated by the vertical profiles due to surface friction, and its 326 

magnitude decreases with height. The barotropic contribution Kc  becomes negative and with 327 

greater magnitude in the decaying phase of the storm, as shown within Fig. 7b, indicating a 328 

conversion of kinetic energy from the storm to the mean flow. This occurs when the storm occludes 329 

and enters a barotropic state. Fig. 8b also reveals that Kc  is largest near the tropopause where the 330 

jet stream is located.  331 

The term 
TVk

h  acts as the main energy sink throughout the entire storm, except between 10-12 332 

December when it acts as a source. This positive maximum of 
TVk

h  precedes the baroclinic 333 

conversion and could consequently represent the ageostrophic convergence of energy, which 334 

might act as an initial amplifier for the disturbance, as noted by Orlanski and Sheldon (1995). Their 335 
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study showed ageostrophic geopotential flux convergence of downstream development that occurs 336 

in the upper troposphere and is intrinsically linked with energy transfers between consecutive 337 

cyclones, the study of which however is beyond the scope of this work. Most importantly, one 338 

must note that these early positive values of 
TVk

h  are not seen with the Eulerian framework. The 339 

vertical distribution of 
TVk

h  in Fig. 8b shows negative values within the boundary layer that acts as 340 

a source. It physically represents the Ekman pumping that counterbalances the frictional loss TVd  341 

(Nikiema and Laprise 2015; Nikiéma et al. 2017). It is a source of energy for the storm because of 342 

low-level convergence induced by non-geostrophic winds, whose intensity is related to surface 343 

friction. There is also a significant increase in 
TVk

h  throughout the middle and higher levels in the 344 

last four days of the storm. These values are problematic since it leads to a net negative energetic 345 

budget. Additional insight on this behaviour can be obtained by looking at its spatial distribution. 346 

Another component of 
TVk

h  has been noted in a study done by Rivière and Arbogast (2015) who 347 

noted a downward redistribution of eddy kinetic energy by vertical ageostrophic flux during the 348 

later stages of large-scale cyclones. Such redistribution, however, has not been observed in this 349 

EC (not shown).  350 

Lastly, values of 
TVa

h  are negligible, and likewise for 
TVa

f  and 
TVk

f . These last two terms only 351 

acquire non-negligible values when high values of energy develop within the domain. The 352 

advection of aTV  is negligible throughout the period, while the advection of TVk  is significant in 353 

the later phase. Its pattern, illustrated in Fig. 6b, resembles closely to that of 
TVk

h . It is also strongest 354 

in the higher levels as shown by Fig. 8b. This behaviour can somewhat be explained when looking 355 

at the mathematical expression of frame TV
V kg  and 

TVk
h , where both terms contain the horizontal 356 

gradient of TVk .  357 

 358 

 359 
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3.2.2 Maps of contributions to the energy tendencies 360 

Fig. 9 shows the most important contributions to both energy reservoirs. Conversion term Ac  361 

characterizes the energy associated with horizontal and vertical transport of temperature along the 362 

mean horizontal and vertical gradients of temperature. Near the surface, positive values 𝑣′𝑇′ > 0 363 

are initially seen west of the storm, where there is southward advection of cold air, followed later 364 

by a northward advection of warm air east of the storm. It is however the vertical component of 365 

Ac  that dominates, as illustrated in Fig. 10, and its shape closely resembles that of TVc . In the case 366 

of TVc , interpreted as a sinking (ω’ >  0) of colder air (𝑇’ < 0) or a rising (𝜔’ < 0) of warmer air 367 

(𝑇’ > 0), both leading to negative conversion values (𝜔’𝑇’ < 0) making it act as a sink for aTV , 368 

while the vertical component of Ac  acts as a source, hence the noted near duality.  369 

When evaluating Kc , slight dipoles are noticeable near the low-pressure centre during the early 370 

stages of the storm, but with positive values dominating, leading to a source for TVk . It only begins 371 

acting as a sink on 14, 00 UTC. Fig. 11 shows that the rate of conversion for the sink is amplified 372 

by the positive product of 𝑢’ and 𝑣’, and strong positive values of u   (note the negative sign 373 

of the equation in section 2.1) representing the wind shear induced by the jet stream. In all 374 

occurrences, the horizontal transfer is stronger than the vertical one, supporting the results of van 375 

Mieghem (1955). This explains why this conversion term is known as barotropic, because even in 376 

the absence of baroclinicity, Kc  remains strong.  377 

The term 
TVk

h is shown (Fig. 8d) to have the strongest and most chaotic values of all the terms. It 378 

is noteworthy to add at this point that the interval scale is logarithmic, consequently making the 379 

spatial distribution of 
TVk

h  towering over all the others. Numerous dipoles are noticeable around 380 

the storm and within the diagnostic rectangular, with negative values over the low-pressure centre 381 

from 13, 00 UTC to 15, 00 UTC, and positive values surrounding it. Near the end of the cycle, the 382 

dipole remains present, but the positive component is left out of the Lagrangian domain, leaving 383 
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consequently a widespread amount of negative values within it. This could indicate that, unlike 384 

every other components of the cycle, the boundary term 
TVk

h  related the storm are not as clearly 385 

defined and possibly more widespread, thus making it difficult to evaluate adequately. 386 

3.3 Comparison of energy cycle and budget equilibrium 387 

Fig. 12 shows the space-time mean of the components to the transient-eddy energy budget of the 388 

studied storm from December 10, 0000 UTC to December 18, 0000 UTC. The sum of the terms 389 

contributing to transient-eddy available enthalpy aTV  is fairly small, -20 17 W m
TVaR Lag .   and 390 

-20 29 W m
TVaR Eul .   , indicating a fairly closed aTV  budget considering that the individual 391 

contributions to the tendencies are of the order of 1 to 10 W m-2, and that the time-mean tendencies 392 

are -20 46 W m
TVaL .  and -20 20 W m

TVaL .  for the Lagrangian and Eulerian frameworks, 393 

respectively. Some significant discrepancy however occurs for the transient-eddy kinetic energy 394 

TVk  budget, with -211 66 W m
TVkR Lag .    for the Lagrangian framework and 395 

-24 27 W m
TVkR Eul .    for the Eulerian one, with the time-mean tendencies -20 52 W m

TVkL .  396 

for the Lagrangian framework and -20 28 W m
TVkL .  for the Eulerian one. Thus, the large values 397 

for the TVR k , notably for the Lagrangian framework, requires consideration.  398 

The impact of the size of the Lagrangian diagnostic domain on the energy budget was tested, as 399 

shown in Fig. 13. The horizontal axis shows the number of grid points removed or added to the 400 

previously used rectangle, while the four lines correspond to the four cardinal directions. There 401 

are modest changes in variations for aTV , the largest ones occurring in the +X and +Y directions 402 

where magnitude of the departure increases when the size of the diagnostic domain is reduced in 403 

the +Y or increased in the +X directions. In the case of TVk , however, significant changes in values 404 

occur linearly in the +X and -X directions, with shrinking large values. The changes in budget 405 

values in the + and –Y directions are minor. Such sensitivity study gives a sense of the stability of 406 
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the overall budget values. Although not shown, the shifts in location revealed similar results to 407 

that of modifications in the size. 408 

It is then relevant to determine how individual components of the budget change as a function of 409 

the Lagrangian diagnostic domain size. As noted previously, the large negative values of 
TVk

h  410 

contribute to the overall negative tendency in the last three days of the storm (Fig. 9d). The effect 411 

of increasing the Lagrangian diagnostic domain size in the four horizontal directions is shown in 412 

Fig. 14 and Fig. 15 for each individual component, during 17 December 00 UTC. Fig. 14 only 413 

shows the modifications for 
TVk

h  with the horizontal axis showing the number of grid points added, 414 

while the four lines correspond to the four cardinal directions. Each line stops when the diagnostic 415 

domain reaches the CRCM5 computational domain boundary or when it extended by 60 grid points. 416 

It is apparent that smaller values of 
TVk

h  are obtained when the domain is extended in the -X and -417 

Y directions; minimum values are reached when the -X direction is extended by 25-30 grid points 418 

and more than 60 grid points for the -Y direction. Fig. 15 displays changes in the various 419 

contributions when the diagnostic domain is changed in either the -X or the -Y directions. In all 420 

figures, most terms show little variations in the energetic values. There are some noticeable 421 

variations in Ac  and TVc , in both directions, but proportionally less than that of
TVk

h . These results 422 

lead to conclude that the current shape and position of the diagnostic Lagrangian domain is close 423 

to being optimal given that extending in +X and +Y would rapidly increase the contribution values, 424 

while going in -X or -Y would take a significant number of grid points to produce significant 425 

decreases; the configuration would no longer follow closely the storm of interest. Likewise, 426 

applying minor changes in size or position of the reference during the storm’s life span would not 427 

have a significant impact on the overall budget.  428 

It appears that the large negative values of 
TVk

h  exist because there are no compensating positive 429 

values within the retained diagnostic domain. Indeed, when inspecting other moments in the 430 

storm’s life and the results obtained by CNL16 and Nikiéma et al. (2017), there is always a 431 

noticeable duality between negative and positive values for
TVk

h . Even when evaluating the 432 
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Eulerian budget (Fig. 12), 
TVk

R Eul  is fairly high due to high values of 
TVk

h  near the end of the 433 

cyclone’s life. In this case, it is most likely because a portion of positive 
TVk

h  energy is out of the 434 

Lagrangian diagnostic domain at the northeastern boundary (Fig. 9d). 435 

4. Summary and conclusion  436 

The purpose of this work was to compare regional atmospheric energy budget for an EC occurring 437 

over North America under two different perspectives: a Eulerian framework where budget 438 

diagnostics are computed over a wide and fixed domain, and a Lagrangian framework where these 439 

computations are performed over a smaller but mobile domain that tracks the system through its 440 

eddy kinetic energy. A hypothesis was put forward that the latter method is the optimal approach 441 

to adequately interpret an EC because the analysis would most notably reveal stronger energetics 442 

as well as otherwise concealed properties as would be the case under a Eulerian framework. 443 

The energy budget was established by decomposing atmospheric variables in their time-mean state 444 

and time variability. For the study of individual systems, the time variability is the only relevant 445 

component. With a simulation performed by the CRCM5 over a 0.44o grid mesh and driven by 446 

ERA-Interim reanalyses, an extratropical cyclone occurring between December 10-18th 2010 was 447 

chosen to test the methodology. As this is a recently developed approach, the EC was chosen so 448 

that it did not display any behaviour that differs substantially from a typical textbook cyclone while 449 

also remaining within the confinement of the lateral boundary domain in order to accurately 450 

interpret the entire cycle.   451 

The employed tracking method defined a rectangular shape frame over a specified threshold of 452 

vertically integrated eddy kinetic energy at a specific time in the cyclone’s life. Previous and 453 

subsequent time steps of the cyclone then received the formerly defined shape based on which 454 

high levels of eddy kinetic had the closest resemblance to the eddy kinetic energy of the 455 

neighbouring time step. This allowed for a smooth connection between each step all while making 456 

use of a simple but effective method.  457 
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Previously shown results reveal that when performing a time series of the spatial and vertical mean 458 

of each energetic component, the Lagrangian framework confirms the hypothesis as each 459 

component demonstrates stronger amplitude compared to the fixed framework. Most importantly, 460 

evaluating the time series of the temporal tendencies under the moving domain remarkably reveals 461 

a clear distinction between the increasing and decreasing phases of energetic strength of the EC 462 

while this is difficult to adequately distinguish within the fixed domain. This clear distinction 463 

enables a separation between these two periods with the increasing stage occurring between 464 

December 10-14th and the decreasing phase occurring between December 14-18th. Subsequently, 465 

a vertical interpretation of each component separated in these two periods exposed noticeable 466 

differences, most particularly with the baroclinic conversion terms Ac , TVc  and the boundary term 467 

TVk
h . It can be noted that the amplitudes of Ac  and TVc  vertically shift from the upper troposphere 468 

to the mid-level and that 
TVk

h  becomes considerably negative between the mid and upper 469 

troposphere. This consequently leads to an overall negative 
TVk

R  and this negative value is far 470 

larger for the Lagrangian framework than the Eulerian one. The values of 
TVa

R  and the temporal 471 

tendencies for TVa  and TVk  all tend to vanish and the differences between both methods are small. 472 

This leads to conclude that the spatial extent at which 
TVk

h  has an influence on the EC goes beyond 473 

to that of the other components of the cycle. A larger diagnostic domain would be required to 474 

encompass this term in its entirety. However, it is also possible that positive values which should 475 

counter-balance the observed negative dominance extend beyond the model boundaries. Lastly, 476 

the sensitivity of the diagnostic domain to its size and positioning was also evaluated and the results 477 

indicate that only 
TVk

h  is susceptible to large changes in its computed values.   478 

Ultimately, the Lagrangian framework fulfils its purpose by providing a realistic and accurate 479 

depiction of the extratropical cyclone. Through an energy budget, the multiple aspects of a storm 480 

are reduced to a common denominator and their aspects are more effectively understood. Many 481 

studies have limited themselves with using a fixed and large domain to evaluate its energetic 482 

behaviour. Although useful enough to understand the underlying principles of how a storm evolves, 483 
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this type of reference lacks the precision that a Lagrangian framework can provide, as was 484 

illustrated in this study. As this is a seldom-used method in the study of atmospheric energetics, 485 

its potential and the amount of information that can be exploited from it are considerable. Even 486 

though this study focused on a synoptic-scale system, this kind of framework can prove itself to 487 

be particularly useful for tropical cyclones or mesoscale convective systems. Further use of this 488 

method could be found as an automatic storm-tracking algorithm. With the increasing interest in 489 

machine learning, a supervised machine-learning algorithm could be devised to distinguish and 490 

connect the areas with high TVa  and TVk  over multiple time steps and devise a tracking system 491 

from these formed connections. Another useful way of exploiting this method is through the 492 

tracking of a large ensemble of storms and computing various statistical parameters from their 493 

compiled energetic values. This type of study could then be extended into a comparison between 494 

the energy cycle of storms in the current climate versus that of a changed climate under different 495 

emission scenarios. However, and like all storm-tracking methods, this method has limitations in 496 

the sense that certain parameters are subjectively based. The prime example of this would be the 497 

imposed threshold that distinguishes areas of high energetic values to the low ones. It would be 498 

possible for certain systems to exist without ever going pass this threshold value, making them 499 

unnoticeable to the algorithm. This problematic would be but one among many others that would 500 

need to be considered if such a scientific endeavour were to ever occur. 501 

 502 

 503 

 504 

 505 
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List of figure legends 

Fig. 1 Limited-area energy cycle for transient eddies, following the methodology developed by 
NL13 and applied for temporal disturbances by CNL16. 

Fig. 2 Instantaneous maps of 850-hPa temperature (in colour), with 500-hPa geopotential height (in 
red contours) and mean sea level pressure (in black contours), from 09 to 16 December 2010, 
all at 00 UTC. Units: temperature (oC), sea level pressure (hPa), geopotential height (dam). 
Images are rotated -90 degrees. 

Fig. 3 Time series through the month of December 2010 of vertically integrated (1000-150 hPa) and 

spatial averaged transient-eddy available enthalpy ( TVa , red line) and kinetic energy ( TVk , 

blue line), as well as minimum mean sea level pressure (black line) over the entire domain. 
The shaded area covers the period of December 10-18th, when the storm occurred. 

Fig. 4 Time evolution between December 10-18 of vertically integrated (1000-150 hPa) and spatial 

averaged transient-eddy reservoirs ( TVk and TVa ) for Lagrangian (full lines) and Eulerian 

(dotted lines) reference frames. 

Fig. 5 Vertical profile of spatially and temporally averaged over the period of December 13 to 15th 

of transient-eddy reservoirs ( TVa  and TVk ), for Lagrangian (full lines) and Eulerian (dotted 

lines) reference frames. 

Fig. 6 Maps of vertically integrated transient-eddy energy reservoirs tva  (a) and tvk  (b) in colour 

(105 J m-2), for the period from 12 to 17 December 2010. The black rectangle shows the 
location of the Lagrangian diagnostic domain, while the red rectangle shows the Eulerian 
diagnostic domain. Black contours show mean sea level pressure (hPa). 

Fig. 7 Time series of the contributions to the tendency of transient-eddy available enthalpy tva  (a) 

and kinetic energy tvk  (b). The sign of each contribution reflects whether it is a sink (<0) or 

a source (>0) to its corresponding reservoir 

Fig. 8 Vertical profiles of the contributions to the tendency of TVa  (a) and TVk  (b) in the Lagrangian 

(full lines) and Eulerian (dotted lines) reference frames, averaged between December 10-14th 
(the growing period; left-hand side) and December 14-18th (the decaying period; right-hand 
side). 

Fig. 9 Maps of vertically integrated contributions to energy tendencies: Ac  (a), TVc  (b), Kc  (c), 

TVk
h  (d). The black rectangle shows the location of the Lagrangian diagnostic domain, while 

the red rectangle shows the Eulerian diagnostic domain. 



31 

 

Fig. 10 Time sequence of vertically integrated and spatially averaged value of the conversion term 

Ac  in the Lagrangian reference frame, and its decomposition in its vertical ( Avc ) and 

horizontal components ( Ahc ). The horizontal component is further divided into longitude-

oriented ( 1Ahc ) and latitude-oriented ( 2Ahc ) parts such that 1 2Ah Ah Ahc c c   . The sign of each 

contribution reflects whether it is a sink (<0) or a source (>0) to the tva  reservoir. 

Fig. 11 Time sequence of vertically integrated and spatially averaged value of the conversion term 

Kc  in the Lagrangian reference frame, and its decomposition in its vertical ( Kvc ) and 

horizontal components ( Khc ). The horizontal component is further divided into a variance of 

zonal and meridional wind of longitude-oriented ( 1Khc ) and latitude-oriented ( 2Khc ), as well 

as a covariance of the pair in a longitude-oriented ( 3Khc ) and a latitude-oriented ( 4Khc ) parts. 

As for the vertical component, it is further divided into the longitude-oriented ( 1Kvc ) and 

latitude-oriented ( 2Kvc ) parts. The sign of each contribution reflects whether it acts as a sink 

(<0) or a source (>0) to the TVk  reservoir. 

Fig. 12 Transient-eddy energy cycle obtained with the Lagrangian reference frame (values in green, 
above) and the Eulerian reference frame (values in brown, below). Values for the energy 
contributions and reservoirs have been vertically integrated (1000 – 150 hPa), spatially 
average over their corresponding Lagrangian or Eulerian diagnostic domains and temporarily 
averaged between December 10 at 0000 UTC to December 18 at 0000 UTC. Note that the 
Eulerian reference does not have any advective contribution. Units for the energy 
contributions and reservoirs are in Wm-2 and Jm-2, respectively. 

Fig. 13 Energy budget for TVa  (a) and TVk  (b) when extending or decreasing the Lagrangian 

diagnostic domain size. 

Fig. 14 Variation of the vertically integrated contribution
TVk

h when extending or decreasing the 

Lagrangian diagnostic domain size in the four cardinal directions. 

Fig. 15 Variation of the vertically integrated contributions to TVa  (a and b) and TVk (c and d) when 

decreasing the Lagrangian diagnostic domain size in -X (a and c) and -Y (b and d) directions.  
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