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Abstract Fractional calculus is closer to reality and

has the same memory characteristics as memristor. There-

fore, a fractional-order multistable locally active mem-

ristor is proposed for the first time in this paper, which

has infinitely many coexisting pinched hysteresis loops

under different initial states and wide locally active

regions. Through the theoretical and numerical anal-

ysis, it is found that the fractional-order memristor has

stronger locally active and memory characteristics and

wider nonvolatile ranges than the integer-order mem-

ristor. Furthermore, this fractional-order memristor is

applied in a chaotic system. It is found that oscilla-

tions occur only within the locally active regions. This

chaotic system not only has complex and rich nonlinear

dynamics such as infinitely many discrete equilibrium

points, multistability, anti-monotonicity but also pro-
duces two new phenomena that have not been found
in other chaotic systems after neglecting some initial

transients. The first one is transient transition: the be-

havior of transient chaotic and transient period tran-
sition alternately occurring. The second is state jump:
the behavior of period-4 oscillation or chaotic oscillation

jumping to period-2 oscillation. Finally, the circuit sim-

ulation of the fractional-order multistable locally active

memristive chaotic system using PSIM is carried out to

verify the validity of the numerical simulation results.
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1 Introduction

Fractional calculus is an extension of integral calcu-

lus. Owing to the objects are usually fractional-order,

in real life [1], it is more accurate to describe objects

using fractional-order than integer-order. In addition,

fractional calculus has the memory characteristic with

respect to time. Memristor is the fourth fundamental

circuit element [2] which is widely used in chaotic neural

networks [3-6], circuit design [7-9], secure communica-

tions [10-12], bio-simulation circuit [13] and logic circuit
[14]. Memristor has the same memory characteristic as

fractional calculus, so memristor can be extended to

fractional-order. Coopmans et al. proposed the concept

of fractional-order memristive systems and investigated

the mathematical relationship between the dynamics of

memristive systems and the fractional calculus [15]. Pe-
tras proposed a fractional-order flux-controlled memris-
tor for the first time and applied it in Chua’s circuit. By

fractional-order differential, they got a chaotic system

in which total order less than three [16]. Cafagna and

Grassi proposed the simplest fractional-order memris-

tive chaotic system and proved the existence of chaotic

attractors by numerical simulation. They also used 0-1

test to further confirm the existence of chaos [17]. A

fractional-order quartic polynomial memristive Chua’s

circuit can generate a four-scroll attractor and the ef-

fect of initial value and fractional-order on dynamics

was studied [18]. Si et al. proposed a fractional-order

charge-controlled memristor and found triple-loop I-V

curves for the first time whose area decreased with the

https://orcid.org/0000-0001-6522-9795
https://orcid.org/0000-0003-3506-9780


2 Wenli Xie et al.

decrease of fractional-order [19]. Yang and Xu proposed

a fractional-order flux-controlled memristor and gave
the computational formulas of areas of pinched hys-
teresis loops. Besides, the effect of fractional-order on

the memristor was studied [20]. Yu and Wang investi-

gated the fractional-order HPTiO-2 memristor model

and discussed the voltage-ampere characteristics of the

circuit in which the memristor was in series with capac-
itance or inductance [21]. In Ref. [22], the fractional-or-

der Chua’s circuit model with a fractional-order mem-

ristor was proposed and the intermittent chaos caused
by bifurcation was studied.

The locally active was defined by Chua [23], it is

the origin of complexity [24], because it provided an

effective method to study complex nonlinear dynam-
ics. Locally active devices are necessary for oscillating

systems [25]. Oscillations occur only in locally active

regions [26]. Refs. [27, 28] stated that the nonlinear

dynamics of locally active memristors are richer with
the increase of the number of stable equilibrium points.
However, a lot of published locally active memristors

have only one to three stable pinched hysteresis loops

and limited locally active regions. For example, Chua

proposed a corsage memristor with one pinched hystere-

sis loop and limited locally active ranges [29]. Mannan

et al. analyzed Chua’s corsage memristor from the bi-

furcation chart and complex frequency domain. The os-

cillation was analyzed from the theory of locally active

and the edge of chaos [30]. Jin et al. proposed a voltage-

controlled locally active memristors with two pinched

hysteresis loops and limited locally active ranges and

applied the memristor in a simple circuit which can

generate chaotic attractor [31]. Chang et al. proposed a

bi-stable locally active memristor with twin symmetri-

cal locally activity ranges and applied it in an oscillator
system to analyze the dynamics of memristor [32]. Man-
nan et al. proposed a 4-lobe Chua’s corsage memristor
with three pinched hysteresis loops and limited locally

active ranges, they analyzed the phenomenon of the

edge of chaos [33]. Wang et al. proposed a locally active

memristor with two pinched hysteresis loops and four

locally active regions. The effect of locally active mem-
ristors on the complexity of systems was discussed [34].
Tang and Wang proposed a locally active memristor
with two pinched hysteresis loops and wide locally ac-

tive regions, and found that firing behaviors occur only

within the locally active regions [35]. Lin et al. proposed

a tri-stable locally active memristor with five locally ac-

tive regions by which constructed 2D HR neurons could

generate multiple firing patterns [36]. Ref. [37] proposed

a locally active memristor with three pinched hystere-

sis loops and wide locally-active regions by introducing

polynomial functions into the equation of state.

In previous studies, the locally active memristor has

only one to three stable pinched hysteresis loops. Only

Ref. [38] proposed a multistable locally active memris-

tor by which constructed neural networks could gener-

ate controllable multi-stable behavior.

However, it is worth noting that the fractional-order

multistable locally active memristor has not been stud-
ied. Motivated by these considerations, a fractional-

order multistable locally active memristor is proposed
for the first time in this paper, and it has infinitely
many coexisting pinched hysteresis loops and wide lo-

cally active regions. The effects of parameters on the

nonvolatile and multistable characteristics of the mem-

ristor are investigated. Through analysis, we find that

the fractional-order memristor has stronger locally ac-

tive and memory characteristics and wider nonvolatile

ranges than the integer-order memristor. Furthermore,

this fractional-order multistable locally active memris-

tor is applied in a simple chaotic system. It is found

that oscillations occur only within the locally active re-

gions. Through the theoretical and numerical analysis,

It is found that the fractional-order system not only
has complex dynamics but also presents two phenom-
ena which have not been found in other chaotic sys-
tems, these phenomena are called transient transition

and state jump.

The rest of this paper is organized as follows: Sec-

tion 2 introduces the mathematical model of fractional-

order multistable locally active memristor and uses the

power-off plot (POP) and DC v-i Loci to verify the non-
volatile, multistable and locally active characteristics of
this memristor. In section 3, a fractional-order chaotic

system based on this fractional-order multistable lo-

cally active memristor is established and the nonlin-

ear dynamics of this system are numerically revealed

using bifurcation diagrams, Lyapunov exponent spec-

trum, and phase portraits. In section 4, the circuit sim-
ulation is carried out by PSIM to verify the validity of
the numerical simulation results. Section 5 summarizes

this paper.

2 Fractional-order multistable locally active

memristor

2.1 The fractional-order multistable locally active

memristor model

Fractional calculus generalizes traditional calculus to

non-integer integrals and differentials [39]. In this pa-

per, we consider using Caputo’s definition to obtain

fractional derivatives [40]. So the fractional-order deriva-
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tive of f(t) defines:

rD
α
t f(t)=

1

Γ (n− α)

∫ t

r

f (n)(τ)

(t− τ)α−n+1
dτ,(n− 1<α≤n) (1)

where α (αǫ(0, 1]) is the fundamental operator of frac-

tional calculus or called α-order, Γ (.) is Gamma func-
tion.

Memristor can be regarded as a resistor whose resis-

tance varies with the charge or the magnetic flux. Ac-

cording to the definition of memristor [38], a fractional-

order multistable locally active memristor is proposed

as follows:
{

rDα
t x = −v + sin(mx)

i = nxv
(2)

where i and v are the input current and input volt-

age, x is the state variable of the memristor, nx is the

memductance, m and n are parameters.

To explore the effect of α-order on the characteris-
tics of memristor, we can set parameters m=1, n=1 and

consider that the memristor is driven by a sinusoidal
signal source with amplitude A=1V and frequency f=3.14Hz.
The larger the area of the hysteresis loop, the better
the memory characteristics [20]. From the pinched hys-

teresis loops under different α-order shown in Fig. 1,

it is found that with the increase of α-order, the area
of pinched hysteresis loops decreases. So the fractional-

order multistable memristor has stronger memory char-
acteristics than the integer-order multistable memristor
[38]. In addition, the memductance can be expressed as
the slope of pinched hysteresis loop [31]. From Fig. 1,

it is found that the smaller the α-order, the greater the

negative slope at the origin. Owing to the memristor is

active when the memductance is less than 0, the frac-

tional-order multistable memristor has stronger locally

active characteristics than the integer-order multistable

memristor [38].

To explore the effect of frequency on the memris-
tor, we can set parameters m=1, n=1 and α=0.9. The

memristor is driven by a sinusoidal signal source with

amplitude A = 1V at different frequencies. From Fig.2,

it is found that with the increase of frequencies, the

area of pinched hysteresis loops decreases and gradu-

ally approaches a single-valued function.

2.2 Nonvolatile and multistable

Nonvolatile allows memristor to retain memory when

powered off and it can be proved by POP curve [29].

If the POP curve intersects the x-axis at two or more

points with a negative slope, the fractional-order mem-

ristor is nonvolatile. When the memristor is powered off,
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Fig. 1 Pinched hysteresis loop for different α-orders, when
parameters m=1 and n=1
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Fig. 2 Pinched hysteresis loop for different frequencies, when
parameters m=1, n=1 and α=0.9

the dynamical trajectory of the memristor must tend to

the corresponding stable equilibrium point which means
the multistability of memristor [38]. When the memris-
tor is powered off, the input voltage v=0. From Eq. (2),

the state variable of the memristor becomes:

rD
α
t x = sin(mx) (3)

From Eq. (3), we know rD
α
t x intersects the x-axis at

these points xe = kπ/m, where kǫz. And when k=2i+1,

where iǫz, the slopes at xe are negative, so xe are stable

equilibrium points. And when k=2i+2, xe are unstable

equilibrium points. Therefore, the attraction domains of
xstable=(2i+1)π/m are (2iπ/m, (2i+2)π/m). Assuming

that the nonvolatile ranges of xstable are the length of
attraction domains, the expression of nonvolatile ranges
is described as follows:

Lpop = (2i+ 2)π/m− 2iπ/m = 2π/m (4)

From Eqs. (3, 4), we know parameter m determines

the location and the nonvolatile ranges of xstable. The
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Fig. 3 POP curve of the memristore, when parameters
m=0.5, n=1 and α=0.9

smaller the parameter m, the wider the nonvolatile ranges.

When parameter m<1, the fractional-order memristor

has wider nonvolatile ranges than the integer-order mem-

ristor [38].

Setting parameters m=0.5, n=1 and α=0.9, from

Eq.(3), we can draw the POP curve shown in Fig. 3. It

is found that rD
α
t x intersects the x-axis at nine points

in which Q−2(-6π, 0), Q−1(-2π, 0), Q0(2π, 0), Q1(6π,

0) have negative slope, so they are stable, therefore the

memristor is nonvolatile. When vm=sin(6.28πt), Fig.4

shows the coexisting pinched hysteresis loops under dif-
ferent initial states. It is found that when x0=-6π, the

slope at the origin of the light black curve tends to -6π,
which is memductance when the memristor is powered

off [32]. When x0= -2π, the slope at the origin of the

blue curve tends to -2π. When x0=2π, the slope at the

origin of the green curve tends to 2π. When x0=6π, the

slope at the origin of the black curve tends to 6π. The
larger the initial value x0 ranges, the more coexisting

pinched hysteresis, so the fractional-order locally active

memristor is multistable.

2.3 Wide locally active regions

DC voltage-current analysis can judge whether the mem-

ristor is locally active. If the DC v-i Loci has a negative

slope, memristor is locally active [32]. To verify the lo-

cally active characteristic of fractional-order memristor,
set rD

α
t x=0, Eq. (2) can be written as follows:

{

v = sin(mx)
i = nxv

(5)

Setting xǫ(-10, 8], m=1 and n=1. From Eq. (5), we

can draw the DC v-i Loci shown in Fig. 5. It is found

that the slope of the four curves of dark, purple, green

−1 −0.5 0 0.5 1

−20

−15

−10

−5

0

5

10

15

20

v/V

i/
A

x
0
=0

x
0
= −2π

x
0
=2π

x
0
= −4π

x
0
=4π

x
0
= −6π

x
0
=6π

m=0.5, n=1, α=0.9

Fig. 4 Coexisting Pinched hysteresis loops, , when parame-
ters m=0.5, n=1 and α=0.9
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Fig. 5 Locally active ranges when x0ǫ(-10, 8], parameters
m=0.5 and n=1

and part of red are negative, so the memristor is locally

active. Extending the range of x, we can draw Fig. 6

which shows these purple curves drawn in x0<0 have

negative slopes. So the whole part of x0<0 is active. In

conclusion, the fractional-order multistable memristor

has wide locally active regions.

Through the above discussion, it is found that the

fractional-order multistable locally active memristor not

only has infinitely many coexisting pinched hystere-

sis loops and wide locally active regions but also has

stronger locally active and memory characteristics and

wider nonvolatile ranges than the integer-order mem-

ristor [38].
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Fig. 6 Locally active ranges when x0ǫ[-50, 50], when param-
eters m=1, n=1 and α=0.9

3 Fractional-order multistable locally active

memristive chaotic system

3.1 A 4D fractional-order multistable locally active

memristive chaotic system model

From Poincare-Bendixson theory, if an autonomous sys-

tem generates chaos, its equations satisfy at least three

variables and one nonlinear term. J.Kengne et al. pro-

posed a 3D simple autonomous jerk chaotic system with

a cubic term which is described as follows [41]:






dx
dt

= y
dy
dt

= az
dz
dt

= x− by − z − x3

(6)

The fractional-order memristor described in Eq. (2)
can be applied in system (6). After doing fractional cal-

culus, a new 4D fractional-order memristive chaotic sys-

tem is established as follows:














Dα
t x = y

Dα
t y = az

Dα
t = 2x− by − z + nyu− x3

Dα
t u = −y + sin(mu)

(7)

where u denotes the state variable of memristor, a, b,

m and n are the parameters. And αǫ(0,1], when α=1,

system (7) becomes an integer-order chaotic system.

Setting the left-hand-side of Eq. (7) to 0, it is found

that whatever parameters a, b and n are, system (7)

has three types of equilibrium points which are (0, 0, 0,

kπ/m), (
√
2, 0, 0, kπ/m) and (-

√
2, 0, 0, kπ/m), where

kǫz.

3.2 Stability analysis of equilibrium points

For simplicity, these three type equilibrium points are

described as Ex0
=(x0, 0, 0, kπ/m). When x0=0, we can

obtain the first type of equilibrium point Ex0=E1k

=(0, 0, 0, kπ/m), when x0 =
√
2, we can obtain the

second type of equilibrium point Ex0
=E2k=(

√
2, 0, 0,

kπ/m), when x0 = −
√
2, we can obtain the third type

of equilibrium point Ex0=E3k=(-
√
2, 0, 0, kπ/m).

The Jacobian matrix of system (7) at Ex0
is ob-

tained as follows:

JΣ =









0 1 0 0
0 0 a 0

2− 3x2
0 −b+ nkπ/m −1 0

0 −1 0 m cos(kπ)









(8)

The characteristic polynomial of the Jacobian ma-

trix (8) is described as follows:

(mcos(kπ)−λ)
[

λ3+λ2+(ab−ankπ/m)λ+
(

3ax2
0−2a

)]

=0 (9)

Lemma1 [42]: The fractional-order nonlinear system

Dα
t X = f(X), 0 < α ≤ 1 (10)

is asymptotically stable at the equilibrium E (x0, y0, z0,

u0), if all eigenvalues λ of Jacobian matrix JE satisfy

the condition:

| arg(λ)| > απ

2
(11)

where X=(x, y, z, u)T , f(X)=[f1(x), f2(x), f3(x), f4(x)]
T ,

fi(X) = fi(x, y, z, u)(i = 1, 2, 3, 4), and arg(λ) is the

principal argument of eigenvalue λ.

Whatever parameters a, b and n are, Eq. (9) have

a fixed solution λ1=cos(kπ)=±1/m. Take roots λ1 out

of Eq.(9), the rest part of characteristic polynomial can
be described as follows:

λ3 + λ2 + (ab− ankπ/m)λ+
(

3ax2
0 − 2a

)

= 0 (12)

Assuming that the roots of Eq. (12) are λ2, λ3 and

λ4. To obtain the stability of equilibrium points, the

characteristic roots of Eq. (12) are discussed as follows:

(i)According to the criterion of Routh-Hurwitz, λ2,

λ3 and λ4 all have negative real parts, when the follow-

ing inequalities are true.

a1 > 0, a1a2 − a3 > 0, a3 (a1a2 − a3) > 0 (13)

where a1, a2, a3 denote the coefficients of λ2, λ and con-
stant term in Eq. (12), so we can obtain a1=1, a2=ab-

ankπ/m and a3=3ax2
0-2a, and expression (13) can be

simplified as follows:

{

b− nkπ/m+ 2− 3x2
0 > 0

(

3x2
0 − 2

) (

b− nkπ/m+ 2− 3x2
0

)

> 0
(14)

If expression (14) is true, λ2, λ3 and λ4 all have

negative real parts.
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Table 1 The eigenvalues and stabilities of equilibrium points

Number b λ2(E1k) λ3,4(E1k)
Stability
of equilibrium

λ2(E2k,3k) λ3,4(E2k,3k)
Stability
of equilibrium

I b>nkπ/m+4 >0 -p±qi Unstable -p±qi -p±qi Stable
II b<nkπ/m+4 >0 -p±qi Unstable <0 p±qi α-related

Table 2 The numerical simulation results of equilibrium point stability

k λ2(E1k) λ3,4(E1k) Stability of equilibrium λ2(E2k,3k) λ3,4(E2k,3k) Stability of equilibrium

k= -1 1 -1±2.449i Unstable -2 0.5±2.597i
When α<0.878, stable.
α>0.878, saddle-focus
points of index 2

k= -5 0.482 -0.741±3.736i Unstable -1.013 0.689±3.716i
When α<0.83, stable.
α>0.83, saddle-focus
points of index 2

k= -6 0.421 -0.711±4.011i Unstable -0.881 -0.594±3.985i Stable
k= -7 0.374 -0.687±4.270i Unstable -0.776 -0.111±4.243i Stable

(ii)When Ex0=E1k=(0, 0, 0, kπ/m), substituting
x0=0 into expression (14), expression (15) is obtained.

{

b− nkπ/m+ 2 > 0

−2(b− nkπ/m+ 2) > 0
(15)

If expression (15) is true, λ2, λ3 and λ4 all have

negative real parts, and E1k is stable. However, the

first inequality of expression (15) is contradictory to
the second inequality, so whatever a, b, m and n are,
λ2, λ3 and λ4 have at least one positive real part. Ac-

cording to the Vieta theorem of cubic equation, we
know λ2λ3λ4= -a3=2a>0, λ2+λ3+λ4=-a1= -1<0, so

the roots of Eq.(12) at E1k are a positive real root and

a pair of conjugated complex roots whose real parts are
negative, so E1k is the saddle-focus point of index 1.

(iii)When Ex0
=E2k,3k=(±

√
2, 0, 0, kπ/m), substi-

tuting x0=±
√
2 into expression (14), expression (16) is

obtained.

{

b− nkπ/m− 4 > 0

4(b− nkπ − 4) > 0
(16)

When b>nkπ/m+4, expression (16) is true, so what-

ever a is, λ2, λ3 and λ4 all have negative real part, and

E2k,3k are stable equilibrium points. When b<nkπ/m+4,

expression (16) is not true, so whatever a is, λ2, λ3 and

λ4 have at least one positive real part. According to the

Vieta theorem of cubic equation, we know λ2λ3λ4= -
a3= -4a<0, λ2+λ3+λ4= -a1= -1<0, so the roots of Eq.

(12) at E2k,3k are a negative real root and a pair of

conjugated complex roots whose real parts are posi-

tive. By Lemma 1, the stability of E2k,3k is related to

α-order. When |arg(λ)|>απ/2, we can know E2k,3k are

asymptotically stable, otherwise, unstable. The above

discussion can be concluded in Table 1.

3.3 Numerical illustrations

To better prove the correctness of the above discus-

sion, we make numerical illustrations. Setting parame-

ters a=3.5, b=0.8, m=1 and n=0.2. From expression

(16), we can divide k into two cases. Case 1: when

0.2kπ+4<0.8, we can obtain k<-5.093, expression (16)
is true. This case corresponds to Number I of Table 1.

Case 2: When 0.2kπ+4>0.8, we can obtain k>-5.093,
expression (16) is not true. This case corresponds to

Number II of Table 1. The roots of Eq. (12) are shown

in Table 2 which are consistent with the results in Ta-

ble 1, so the above discussion is correct. When k= -5,

1, the stability of E2k,3k is related to α. By Lemma 1,
the results are proved as follows:

When | Im(λ3,4)
Re(λ3,4)

|>tan(απ2 ), E2k,3k are asymptotically

stable. When | Im(λ3,4)
Re(λ3,4)

|=tan(απ2 ), Hopf bifurcation is

generated [43]. When | Im(λ3,4)
Re(λ3,4)

|<tan(απ2 ), E2k,3k are

unstable. The above discussion can be concluded in Ta-

ble 2.

3.4 Complex nonlinear dynamic analysis

Bifurcation analysis, phase diagrams, and Lyapunov ex-

ponents are used to explore the nonlinear dynamics of

system (7).

3.4.1 Oscillation only in locally active regions

Based on Sec. 2.3, when the initial states of the mem-

ristor less than 0, the fractional-order multistable mem-

ristor is locally active. In Eq. (7), u denotes the state

variable of the memristor, u0 denotes the initial states

of the memristor. The bifurcation diagram about u0 is



A fractional-order multistable locally-active memristor and its chaotic system with transient transition, state jump 7

−6 −4 −2 0 2 4 6

1

1.5

2

u
0

x

(0.1,0.1,−0.1,u
0
)

(a)

0 2 4 6 8
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

a

u

(0.1, 0.1, −0.1, 0.3)

(0.1, 0.1, −0.1, −0.3)

(b)

Fig. 7 (a) Bifurcation diagram for u0. (b) Bifurcation diagram for parameter a with initial value (0.1, 0.1, -0.1, -0.3) (blue
curve) and (0.1, 0.1, -0.1, 0.3) (red curve)

plotted in Fig. 7(a) with the fixed parameters a=3.5,

b=0.8, n=0.2, m=1 and α=0.96. System (7) exhibits
completely different oscillation behaviors on either side

of u0 =0. When u0<0, the memristor is active and the
system is chaotic, when u0>0, the memristor is negative

and the system cannot oscillate.

The bifurcation diagram about parameter a is plot-

ted in Fig. 7(b) with the fixed parameters b=0.8, n=0.2,

m=1 and α=0.96. The blue curve corresponds to the

initial value (0.1, 0.1, -0.1, -0.3), where system (7) ex-

hibits complex oscillation behaviors. The red curve cor-

responds to the initial value (0.1, 0.1, -0.1, 0.3) where

system (7) exhibits static behavior. These simulation

results suggest that oscillations only occur in the lo-

cally active regions.

3.4.2 Asymptotically periodic solution

Theorem 1 [44]: The autonomous fractional-order dif-

ferential equations

Dαxi(t) = fi (x1(t), x2(t), . . . xn(t)) , i = 1, 2, . . . , n (17)

with 0<α<1, and fi being some nonlinear function,

which cannot have any non-constant exact smooth pe-

riodic solution. The same is true for non-autonomous

fractional systems [45].

However, the fractional-order system has stable pe-

riodic solutions when the lower limit of the Caputo

derivative changes to -∞, see Appendix C for the proof

process [46]. If the system variables are impulsed peri-

odically, the fractional-order system has periodic tra-

jectories [47]. Besides, it is found that the fractional
Brusselator model has limited cycles [48].

Strictly speaking, factional-order systems have not
exact periodic solution, that is global period, but have

local period, which means that the solution can be pe-

riodic over a certain period of time. From the numerical

simulation results, the fraction-order system in Ref. [47]

sometimes has stable cycle, which isn’t an exact peri-

odic solution, and it was called numerical period [46,

47]. Because the exact periodic solution must satisfy

the following condition: For any time t, in particular,

the initial time t0, the solution x(t)=x(t+T), and the

constant T is the period of the solution. And the nu-

merical period is only approximations of exact periodic

oscillations, always including some aperiodic parts. The

periodic solution of the Caputo fractional-order system

over a long time is discussed in Ref. [49], it was found

that if the observation time is set to a far time, the pe-

riodic solution can be obtained, even though it is not

periodic over the whole time, the solution after a cer-

tain long time is periodic. As a result, there is no global

period, but there can be local period.

According to the definition of asymptotically pe-

riodic solution [46]: The fractional-order system have

asymptotically T-periodic solutions for which lim
t→+∞

x(t+T)-

x(t)=0 for a certain T>0. It is found that although the

system (7) has not exact periodic solution, but it has

the asymptotically periodic solution. The proof process

is shown as follows:

For the system (7), the predictor-corrector Adams-

Bashforth-Moulton in Ref. [50] is used to solve the frac-

tional order differential equation. Set parameters a=3.5,

b=0.8, n=0.2, m=1, α is 0.9, 0.95 respectively, initial
value (0.1, 0.1, -0.1, 0) and the step length of simula-
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Fig. 8 (a) the timing diagrams of the system (7) when α is 0.9. (b) the phase diagrams of system (7) when α is 0.9. (c) the
timing diagrams of the system (7) when α is 0.95. (d) the phase diagrams of system (7) when α is 0.95.

tion is 0.02, Fig. 8 can be obtained. Fig. 8(a), (c) are

the timing diagrams of the system (7) when α is 0.9,

0.95 respectively, which represent the solution of sys-

tem (7) when t∈(0, 100s). Fig. 8(b), (d) are the phase

diagrams of system (7). From these figures, we can see

system (7) is always partially aperiodic (as shown in

the blue curve), that is, system (7) has transient ape-

riodic solution. However, after a relatively short aperi-

odic period, system (7) has ”stable periodic solution”

(as shown in the red curve). For Fig. 8(a), we know

that lim
t→tn

x(t+T)-x(t)=0, and for Fig. 8(c), it is ob-

tained that lim
t→tm

x(t+2T)-x(t)=0, where tn and tm are

the end time of transient aperiodic solution.

In conclusion, system (7) has not exact periodic so-

lution, but it has the asymptotically periodic solution

(Fig. 8(b) shows the asymptotically periodic-1 limit cy-
cle, Fig. 8(d) shows the asymptotically periodic-2 limit

cycle). For the convenience of writing, the word ”Asymp-

totically periodic” is simplified as ”A-period”.

3.4.3 Lyapunov exponents and bifurcation analysis

Lyapunov exponents are used to exploring whether a

system is in a chaotic state and bifurcation analysis can

study the characteristics of a nonlinear system [35]. The

method of Ref. [51] is used to solve the Lyapunov ex-

ponents. Setting parameters a=3.5, b=0.8, n=0.2 and

m=1. Fig. 9 shows the bifurcation diagram and the
Lyapunov exponent spectrum for α-order. From the

blue curve shown in Fig.9 (a), it is found that when

α∈(0, 0.878), system (7) is stable. When α=0.878, sys-

tem (7) experiences Hopf bifurcation. When α∈(0.878,
0.943), A-period-1 bifurcation occurs. When α∈(0.943,
0.954), A-period-2 bifurcation occurs. When α∈(0.954,
1), chaos occurs.



A fractional-order multistable locally-active memristor and its chaotic system with transient transition, state jump 9

0.9 0.95 1
−2

−1

0

1

2

3

α

x

(0.1, 0.1, −0.1, −7)

(0.1, 0.1, −0.1, 0)

(0.1, −0.1, −0.1, −0.1)

(a)

0.86 0.88 0.9 0.92 0.94 0.96 0.98 1
−1.5

−1

−0.5

0

0.5

α

L
E

s

LE1

LE2

(b)
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Fig. 10 (a) Bifurcation diagram for parameter a with initial values (0.1, 0.1, -0.1, 0). (b) Lyapunov exponent spectrum for
parameter a with initial values (0.1, 0.1, -0.1, 0)

Similarly, setting parameters α=0.96, b=0.8, n=0.2

and m=1. Fig. 10 shows the bifurcation diagram and

the Lyapunov exponent spectrum for parameter a. From

Fig. 10, it is found that when parameter a∈(0.5, 1.5),
A-period-1 bifurcation occurs. When parameter a∈(1.5,
1.8), A-period-2 bifurcation occurs. When parameter
a∈(1.8, 4), chaos occurs. When parameter a∈(4, 6.3), A-

period-2 bifurcation occurs. And when parameter a>6.3,

A-period-1 bifurcation occurs.

3.4.4 Multistability analysis

If a nonlinear system displays three or more coexisting

attractors under different initial values, the system is

multistable [52, 53]. Multistability reflects the sensitiv-

ity of the system to initial value. Setting parameters

a=3.5, b=0.8, n=0.2 and m=1, after neglecting some

initial transients, we can draw Fig. 11. Fig. 11(a) shows

Table 3 The coexisting attractors under different α-order

α-order Steady states

k= (0,0.875) Three stable points

k= (0.875,0.88)
Two stable points and
A-period-1 cycle

k= (0.88,0.943)
Two A-period-1 cycles and
one stable point

k= (0.943,0.945)
One A-period-1 cycle,
A-period-2 cycle
and one stable point

k= (0.945,0.955)
Two A-period-2 cycles
and one stable point

k= (0.955,0.96)
Chaotic attractor,
A-period-2 cycle
and one stable point

k= (0.96,1)
Two chaotic attractors
and A-period-1 cycle
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Fig. 11 Phase portraits for different α with initial values ((0.1, 0.1, -0.1, 0) (blue curve), ((0.1, -0.1, -0.1, -0.1) (red curve)
and ((0.1, 0.1, -0.1, -7) (green curve)) (a) α=0.9 (b) α=0.9448 (c) α=0.975 (d) α=0.99

the coexistence of two A-period-1 cycles and one stable

point in the system when α=0.9. Fig. 11(b) shows the

coexistence of one A-period-1 cycle and A-period-2 cy-

cle and one stable point in the system when α=0.9448.

Fig. 11(c) shows the coexistence of two single scrolls

and A-period-1 cycle in the system when α=0.975. Fig.

11(d) shows the coexistence of two double-scrolls and
A-period-1 cycle in the system when α=0.99. From

Fig.9(a), we also can see the multistability of system
(7) . See Table 3 for details.

3.4.5 Transient transition

Because of the appearance of a non-attractive saddle

point in the phase space, in earlier times, the orbit be-

haves as chaos, and then non-chaos which is the defini-

tion of transient chaos, on the contrary, the definition

of transient period [56]. These two transient behaviors

are often found in many chaotic systems [56-58].

However, setting parameters a=3.5, b=0.8, n=0.2,

m=1, α=0.987, initial value (0.1, 0.1, -0.1, 0), the step
length of simulation is 0.05, and the simulation time

is (0, 15000s) (these conditions must be strictly met).

system (7) can appear the phenomenon of transient

chaos and transient period transition alternately oc-

curring. This phenomenon has not been found in any

other integer-order or fractional-order chaotic system.

From Fig. 12, it is found that the fractional-order sys-

tem has not exact periodic solutions(global period), but

has transient periodic solutions which are local periodic.

From Fig.12, system (7) produces periodic oscil-

lation, when t∈(50s, 2000s). The periodic oscillation

transfers to chaotic oscillation, when t∈(2000s, 2828s).
The chaotic oscillation transfers to periodic oscillation,

when t∈(2828s, 2980s). After that, chaotic and periodic

oscillation transition alternately appears. Fig. 13 shows

the transient chaos, when t∈(1100s, 1400s), system(7)

generates double-scroll. Fig. 14 shows the transient pe-
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Fig. 13 (a) Time-domain plot of tǫ(1100s, 1400s). (b) Phase portraits of x-y axis tǫ(1100s, 1400s).
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Fig. 16 After neglecting initial transients, when t∈(20s, 400s) chaos jump to period-2 cycle (a) Time-domain plot. (b) Phase
portraits of x-y axis. (c) Phase portraits of x-y-u axis.

riod, when t∈(1800s, 2200s), It should be noted that

system(7) generates period-2 cycle which is transient

period(local period), not exact period(global period).

3.4.6 State jump

Setting parameters a=1, b=0.8, n=0.2, m=1, α=0.96,

the step length of simulation is 0.02, from Eq. (12),

we can obtain the roots of E1 are λ1=0.7378, λ2,3= -
0.8689±1.3984i, so E1 is the saddle-focus point of index

1. The roots of E2,3 are λ1= -1.629, λ2,3= 0.3148±0.3148i.
From Lemma 1, when α<0.8712, we know E2,3 are sta-

ble. When α>0.8712, we know E2,3 are saddle-focus

points of index 2. In brief, when α=0.96, E1 is the

saddle-focus point of index 1, E2,3 are saddle-focus points

of index 2. In Refs. [52, 54], the saddle-focus points of

index 2 are important for generating chaos. Usually,

scrolls are generated around the saddle focus points of
index 2, and the saddle-focus points of index 1 are re-
sponsible only for connecting the scrolls.

However, from Fig. 15, it is found that the result

is different from the viewpoint in Refs. [54, 55]. after
neglecting some initial transients, Fig. 15(a) shows sys-

tem (7) produces a new oscillation, period-4 oscillation

jumps to period-2 oscillation alternatel when t∈(20s,
200s). The periodic oscillation here is asymptotic period

(local period) rather than exact period. Figs. 15(b)-(c)

show that period-4 cycle and period-2 cycle are coupled

together, and the period-4 cycle is produced by E2, the

period-2 cycle is produced by E3, and E1 generates the

spool to connect them. This phenomenon has not been

found in other fractional-order or integer-order chaotic

systems, we call it state jump.

Similarly, setting parameters a=1, b=0.8, n=0.2,

m=1 and α=0.97, we can draw Fig. 16. Fig. 16(a) shows

that chaotic oscillation jumps to period-2 oscillation al-

ternately when t∈(20s, 400s). It is worth noting that

the periodic oscillation here is transient period (local

period) rather than exact period. Figs. 16(b)-(c) show

that the chaotic attractor and period-2 cycle are cou-

pled together t∈(20s, 400s). The chaotic attractor is

produced by E2, numerical period-2 cycle is produced
by E3, and E1 generates the spool to connect them.
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Fig. 17 Bifurcation diagrams of remerging Feigenbaum trees (a) A-period-2 bubble when b=1.1. (b) A-period-4 bubble when
b=0.95. (c) A-period-6 bubble when b= 0.935. (d) Feigenbaum tree when b=0.88.

Table 4 The comparison with other memristive chaotic systems

References Memristor Equilibrium Multistability Hyperchaotic Transient
State
jump

Anti-monotonicity

Ref. [51] Active Line Multistable No No No No
Ref. [47] Locally active Three Bi-stable No No No No

This paper
Multistable
locally active

Infinite Multistable No Alternately Yes Yes

3.4.7 Anti-monotonicity

Interestingly, system (7) displays a full Feigenbaum tree.

In other words, system (7) is anti-monotonicity. To prove

this phenomenon, we can set parameters n=0.2, m=1,

α=0.96 and initial value (0.1, 0.1, -0.1, 0). Parameter b

is given as 1.1, 0.95, 0.935, 0.88, and a is control parame-
ter. The corresponding bifurcation diagrams are shown
in Figs. 17(a)-(d). System (7) generates the primary

A-period-2 bubble, when b=1.1. System (7) generates

the primary A-period-4 bubble, when b=0.95. System

(7) generates the primary A-period-6 bubble, when b

=0.935. System (7) generates a full Feigenbaum tree,

when b=0.88.

3.4.8 Comparison with other memristive chaotic

systems

Many integer-order or fractional-order chaotic systems

have been studied. To clarify the characteristics of the

fractional-order multistable locally active memristive

chaotic systems, we compare them with the ones in

other papers. Table 4 shows the comparison results.

From Table 4, the fractional-order system proposed in

this paper not only has complex dynamics such as in-

finitely many discrete equilibrium points, multistabil-

ity, anti-monotonicity but also presents two phenomena

which have not been found in other chaotic systems:

transient transition and state jump.
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Table 5 Fractional-order capacitance Cq

q R1(Ω) R2(Ω) R3(Ω) C(x,y,z,u)1(µ) C(x,y,z,u)2(µ) C(x,y,z,u)3(µ)

0.9 68.84M 250k 2.5 1.232 1.835 1.1
0.97 87.0129M 85 - 1.0197 3.8042 -
0.98 91.187M 190.933 - 0.97582 3.68059 -
0.987 94.062M 397.646 - 0.9458 3.59924 -

Fig. 18 Circuit configuration of the memristor

4 Circuit implementation

Fractional-order capacitance is the key to implement
the fractional-order memristor and fractional-order chaotic

circuit. In Refs. [60, 61], the fractional-order capaci-
tance Cq can be realized by the paralleled capacitance

and resistance. See Table 5 for details.

We can implement the memristor circuit and mem-

ristive chaotic circuit by capacitors, resistors, opera-

tional amplifiers TL082CP, analog multipliers AD633JN,

and trigonometric function converters AD639AD.

Different initial values can be obtained by constantly

switching the supply voltage of the hardware circuit [7,

56]. However, in this paper, these special initial val-

ues are difficult to obtain precisely in hardware circuits

by this method. To perfectly and accurately reveal the

multistable characteristic and complex transient behav-

ior depending on the initial conditions, PSIM Version

9.0.03 software is employed for circuit simulation.

4.1 Fractional-order multistable locally active
memristor circuit implementation

From Eq. (2), the memristor circuit can be implemented.

Fig. 18 shows this memristor circuit schematic diagram.

According to Kirchhoff’s law, the circuital equations of

the memristor can be described as follows:
{

cq
dqvu
dtq

= −v
R

+ sin(vu)
R

i = vuv
(18)

where q is the fractional-order, vu is memristor state, v

and i are the input voltage and input current.

When v=sin(6.28πt), the pinched hysteresis loops

shown in Fig. 19 can be obtained from the memristor

circuit in PSIM simulation when q is fixed as 0.9, 0.98.

Fig. 19 Pinched hysteresis loops obtained from the memris-
tor circuit in PSIM simulation when q=0.98 (blue curve) and
q=0.9 (red curve).

Fig. 20 Coexisting pinched hysteresis loops obtained from
the memristor circuit in PSIM simulation under different ini-
tial capacitor voltages ±6π, ±4π ,±2π, 0.

We can see Fig. 19 is consistent with Fig.1. The initial

value of the circuit is determined by the initial volt-

age of the integrating capacitor [35, 38]. According to

the voltage division formula of parallel capacitors, we

know that the initial voltage of the fractional-order in-

tegrating capacitor Cq in Fig. 18 is equal to the sum

of the initial voltages of the capacitors C1, C2 and C3.

Therefore, the initial voltage of capacitors C2 and C3

are always fixed at 0V, the initial voltages of the frac-

tional-order capacitor Cq is set by assigning the initial
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Fig. 21 Circuit configuration of the fractional-order multistable locally active memristive chaotic system

(a) (b) (c)

Fig. 22 Coexisting attractors obtained from the fractional-order chaotic system circuit in PSIM simulation for different initial
values and q=0.9. (a) Initial values (0.1, -0.1, -0.1, -0.1). (b) Initial values (0.1, 0.1, -0.1, 0). (c) Initial values (0.1, 0.1, -0.1,-7).

voltage to capacitor C1, thus the initial value of the

circuit shown in Fig.18 is set.

Setting the initial voltages of fractional-order capac-

itor C1 as -6πV, -4πV, -2πV, 0V, 2πV, 4πV and 6πV,
the coexisting pinched hysteresis loops can be seen in

Fig. 20, which are consistent with Fig.4. So the simula-
tion results are correct.

4.2 Fractional-order multistable locally active

memristive chaotic system circuit implementation

From Eq. (7), the fractional-order memristive chaotic

system circuit can be implemented. Fig. 21 shows the
fractional-order chaotic system circuit schematic dia-

gram. According to Kirchhoff’s law, the circuital equa-
tions can be described as follows:



















cq
d9vx

dtq
=

vy
R

cq
dqvy

dtq
= vz

Ra

cq
dqvz

dtq
= − v3

x

R
+ R0vx

R
− vy

Rb
+ RGvzvu

R
− vz

R

cq
dqvu

dtq
= − vy

R
+ sin(vu)

R

(19)

Assuming that vx(0), vy(0), vz(0), and vu(0) are the

initial voltages of Cx1, Cy1, Cz1, Cu1 shown in Fig. 21,

other capacitors are always fixed at 0V. the initial volt-

ages of the fractional-order capacitor is set by assigning

the initial voltage to capacitor Cx1, Cy1, Cz1, Cu1, thus
the initial value of the circuit shown in Fig.21 is set.
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Fig. 23 The behavior of transient transition obtained from
the fractional-order chaotic system circuit in PSIM simulation

Fig. 24 The behavior of state jump obtained from the
fractional-order chaotic system circuit in PSIM simulation
when q=0.97.

Setting Ra=2.858kΩ, Rb=125kΩ, RG=2kΩ, and

q=0.9, coexistieng attractors can be obtained from the

fractional-order chaotic system circuit in PSIM simu-

lation. Fig. 22(a) shows A-period-1 cycle, when (vx(0),

vy(0), vz(0) , vu(0))=(0.1, -0.1, -0.1, -0.1). Fig 22(b)

shows A-period-1 cycle, when (vx(0), vy(0), vz(0), vu(0))=(0.1,

0.1, -0.1, 0). Fig 22(c) shows a stable point, when (vx(0),
vy(0), vz(0) , vu(0))=(0.1, 0.1, -0.1, -7). Fig. 22(a)-(c)

are consistent with Fig. 11(a), so the simulation results

are correct.

SettingRa=2.858kΩ,Rb=125kΩ,RG=2kΩ, q=0.987

and (vx(0), vy(0), vz(0), vu(0))=(0.1, 0.1, -0.1, 0), the

behavior of transient transition can be obtained from

the fractional-order chaotic system circuit in PSIM sim-

ulation. From Fig. 23, we can see the behavior of tran-
sient chaotic and transient period transition alternately
occurring and Fig. 23 is consistent with Fig.12, so the
simulation results are correct.

Setting Ra=10kΩ, Rb=125kΩ, RG=2kΩ, q=0.97

and (vx(0), vy(0), vz(0), vu(0))=(0.1, 0.1, -0.1, 0), the

behavior of state jump can be obtained from the fractional-
order chaotic system circuit in PSIM simulation. And

Fig. 24 is consistent with Fig.16(b), so the simulation

results are correct.

5 Conclusion

In this paper, a fractional-order multistable locally ac-
tive memristor is proposed for the first time, which has
infinitely many coexisting pinched hysteresis loops un-

der different initial states and wide locally active re-

gions. It is found that this fractional-order memristor

has stronger locally active and memory characteristics

and larger nonvolatile ranges than integer-order mem-

ristor. The fractional-order chaotic system based on the
fractional-order multistable locally active memristor is
explored. The stability of equilibrium points and the

effect of α-order on equilibrium points are analyzed.

It is found that oscillations occur only within the lo-
cally active region. By bifurcation analysis and Lya-

punov exponent spectrum analysis, it is found that the
system has extremely rich dynamics such as infinitely
many discrete equilibrium points, multistability, anti-
monotonicity. Interestingly, the system presents two phe-

nomena that have not been found in other chaotic sys-

tems, which are state jump and transient transition. Fi-

nally, the circuit simulation of the fractional-order mul-

tistable locally active memristive chaotic system using
PSIM is carried out to verify the validity of the numer-
ical simulation results.
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Figures

Figure 1

Pinched hysteresis loop for different a-orders, when parameters m=1 and n=1



Figure 2

Pinched hysteresis loop for different frequencies, when parameters m=1, n=1 and a=0.9



Figure 3

POP curve of the memristore, when parameters m=0.5, n=1 and a=0.9



Figure 4

Coexisting Pinched hysteresis loops, , when parame- ters m=0.5, n=1 and a=0.9



Figure 5

Locally active ranges when x0e(-10, 8], parameters m=0.5 and n=1



Figure 6

Locally active ranges when x0e[-50, 50], when param- eters m=1, n=1 and a=0.9

Figure 7



(a) Bifurcation diagram for u0. (b) Bifurcation diagram for parameter a with initial value (0.1, 0.1, -0.1,
-0.3) (blue curve) and (0.1, 0.1, -0.1, 0.3) (red curve)

Figure 8

(a) the timing diagrams of the system (7) when a is 0.9. (b) the phase diagrams of system (7) when a is
0.9. (c) the timing diagrams of the system (7) when a is 0.95. (d) the phase diagrams of system (7) when
a is 0.95.



Figure 9

(a) Bifurcation diagram for a with initial values ((0.1, 0.1, -0.1, 0) (blue curve), (0.1, -0.1, -0.1, -0.1) (red
curve) and (0.1, 0.1, -0.1, -7) (green curve). (b) Lyapunov exponent spectrum for initial values (0.1, 0.1,
-0.1, 0).

Figure 10

(a) Bifurcation diagram for parameter a with initial values (0.1, 0.1, -0.1, 0). (b) Lyapunov exponent
spectrum for parameter a with initial values (0.1, 0.1, -0.1, 0)



Figure 11

Phase portraits for different a with initial values ((0.1, 0.1, -0.1, 0) (blue curve), ((0.1, -0.1, -0.1, -0.1) (red
curve) and ((0.1, 0.1, -0.1, -7) (green curve)) (a) a=0.9 (b) a=0.9448 (c) a=0.975 (d) a=0.99



Figure 12

Time-domain plot of te(0, 15000s), when a=3.5, b=0.8, n=0.2, m=1, a=0.987, initial value (0.1, 0.1, -0.1, 0)

Figure 13



(a) Time-domain plot of te(1100s, 1400s). (b) Phase portraits of x-y axis te(1100s, 1400s).

Figure 14

(a) Time-domain plot of te(1800s, 2200s). (b) Phase portraits of x-y axis te(1800s, 2200s).

Figure 15

After neglecting initial transients, when t2(20s, 200s) period-4 cycle jumps to period-2 cycle (a) Time-
domain plot. (b) Phase portraits of x-y axis. (c) Phase portraits of x-y-u axis



Figure 16

After neglecting initial transients, when t2(20s, 400s) chaos jump to period-2 cycle (a) Time-domain plot.
(b) Phase portraits of x-y axis. (c) Phase portraits of x-y-u axis.

Figure 17

Bifurcation diagrams of remerging Feigenbaum trees (a) A-period-2 bubble when b=1.1. (b) A-period-4
bubble when b=0.95. (c) A-period-6 bubble when b= 0.935. (d) Feigenbaum tree when b=0.88.



Figure 18

Circuit con guration of the memristor

Figure 19

Pinched hysteresis loops obtained from the memris- tor circuit in PSIM simulation when q=0.98 (blue
curve) and q=0.9 (red curve).



Figure 20

Coexisting pinched hysteresis loops obtained from the memristor circuit in PSIM simulation under
different ini- tial capacitor voltages +6n, +4n ,+2n, 0.

Figure 21



Circuit con guration of the fractional-order multistable locally active memristive chaotic system

Figure 22

Coexisting attractors obtained from the fractional-order chaotic system circuit in PSIM simulation for
different initial values and q=0.9. (a) Initial values (0.1, -0.1, -0.1, -0.1). (b) Initial values (0.1, 0.1, -0.1, 0).
(c) Initial values (0.1, 0.1, -0.1,-7).

Figure 23

The behavior of transient transition obtained from the fractional-order chaotic system circuit in PSIM
simulation



Figure 24

The behavior of state jump obtained from the fractional-order chaotic system circuit in PSIM simulation
when q=0.97.
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