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Abstract (147 words) 16 
Topological data analysis is an emerging concept of data analysis for characterizing shapes. A 17 

state-of-the-art tool in topological data analysis is persistent homology, which is expected to 18 

summarize quantified topological and geometric features. Although persistent homology is 19 

useful for revealing the topological and geometric information, it is difficult to interpret the 20 

parameters of persistent homology themselves and difficult to directly relate the parameters to 21 

physical properties. In this study, we focus on connectivity and apertures of flow channels 22 

detected from persistent homology analysis. We propose a method to estimate permeability in 23 

fracture networks from parameters of persistent homology. Synthetic 3D fracture network 24 

patterns and their direct flow simulations are used for the validation. The results suggest that 25 

the persistent homology can estimate fluid flow in fracture network based on the image data. 26 

This method can easily derive the flow phenomena based on the information of the structure.  27 

 28 

Introduction 29 
Fluid flow processes are ubiquitous in the world, and most are governed by the 30 

geometry and nature of the surrounding structures. In particular, recent miniaturization of 31 

artificial devices has led to the need for understanding and controlling flow in finer structures. 32 

It is also attracting attention to understand flow behaviors in complex fracture networks in 33 

developments of natural resources, as in the case of shale gas and geothermal developments.  34 

It has been a long-term scientific challenge to predict flow behavior of porous media 35 

from structural properties. Permeability is a key parameter for examining flow phenomena in 36 

porous media1. Permeability cannot be determined only from structure data, and needs to be 37 

obtained from laboratory experiments or numerical fluid flow simulations. In contrast, porosity 38 

is a parameter that is often used to characterize the structures. The porosity-permeability 39 

correlation has been studied extensively in the literature to estimate permeability using porosity 40 

(so-called Kozeny-Carman equation)2,3. This Kozeny-Carman equation provides a relationship 41 

between structure and flow. The correlation has been studied extensively in the literature to 42 

estimate permeability using porosity. However, no matter how much void there are, if they are 43 

not connected, water cannot flow. Therefore, the Kozeny-Carman equation does not always 44 

work. The correlation has been modified to represent real phenomena by adding parameters 45 

such as fractal dimension, and tortuosity2. These additional parameters can only be determined 46 

by fitting, which is not the best way to go about flow prediction based on structural information. 47 

Let us also consider flow in a channel from an inlet to an outlet. Hagen-Poiseuille 48 

equation is a physical law that describe a steady laminar flow of a viscous, incompressible, and 49 

Newtonian fluid through a circular tube of constant radius, r. This is an exact solution for the 50 
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flow, can be derived from the (Navier-) Stokes equations, and is another way of expressing the 51 

relationship between structure and flow. Using Darcy’s law, a representative permeability, 𝐾HP 52 

[m2], for the capillary can be calculated depending only on the radius: 53 

 54 
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 57 

Similarly, for flow in a fracture bounded by two smooth, parallel walls, the permeability, 𝐾CL 58 

[m2], can be calculated depending only on the aperture, h [m]: 59 

 60 
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 62 

Since the flow rate is proportional to the cube of the fracture aperture, this relationship between 63 

flow and aperture is well-known as the “cubic law” 4–7.  64 

Eqs. (1) and (2) are only ways to obtain simplified analytic solution to describe the 65 

relationship between the flow and structures. This is another way to predict permeability from 66 

structural properties8. In natural rocks, it is not always a single fracture, but multiple fractures 67 

that form a network. Thus, it is necessary to understand not just an individual fracture, but how 68 

channels are connected from an inlet to an outlet in whole networks. There have been many 69 

studies focusing on networks, but most of the parameters used to describe the structure are 70 

probabilistic variables that capture individual fractures, and no suitable parameters have been 71 

found yet to evaluate the flow of the entire networks9. 72 

Topology, a branch of modern mathematics, is good at roughly investigating the 73 

connectivity of shapes. Topology focuses on the properties (called topological properties or 74 

topological invariants) that are preserved when some form (shape or space) is continuously 75 

deformed (stretched or bent, but not cut or pasted). Topology can extract global features that 76 

are difficult to capture with machine learning and convolutional neural networks, so it is 77 

promising as a complementary feature to extract image information that cannot be detected 78 

with other methods. It can be applied to volumetric data as well, so it can pick up information 79 

that has been missed in one-way slice-by-slice analysis common to many forms of data 80 

processing.   81 

Several studies used topological invariants to describe pore-scale structures in porous 82 

materials and fracture networks10,11. The Minkowski functionals can be interpreted as area, 83 

perimeter, or the Euler characteristic, which is a topological constant and were used to link to 84 

hydraulic properties12,13. Scholz et al. (2012)14 showed an empirical expression of permeability 85 

with the Minkowski functionals Liu et al. (2017)15 showed the correlation of relative 86 

permeability to one of the topological invariants called Euler characteristic. Armstrong et  al. 87 

(2019)16 reviewed the theoretical basis of the Minkowski functionals and its application to 88 

characterize porous media. Counting the number of holes using topological invariants like they 89 

did is a clue to the shape of the object, and the "essential information" can be extracted well. 90 

On the other hand, topology too narrowly focuses on the essential information, it also discards 91 

a lot of information, such as size of pore space. The size information, such as radii of tube or 92 

apertures of fractures in Eqs. (1) and (2), must be detected to determine permeability derived 93 

analytically. Therefore, previous studies had to add the size information in other ways. 94 

Homology is a standard technique for identifying a topological space. In particular, the 95 

concept of homology has traditionally played a role in feature extraction focusing on the 96 

existence of “holes”. Here, the “hole” structure can be regarded as a connected flow channels 97 

from an inlet to an outlet. It is expected that topology can be used to detect such connected 98 

flow channels.  99 
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By tracking the sequence of topological spaces, namely, by recording how long 100 

homological features persist, we can add information about the size and length of the holes. 101 

This can give us a quantitative indication of the size of the holes and the amount of space 102 

available, which is called persistent homology. Persistent homology is one of the most 103 

important tools in topological data analysis and is expected to compute geometric and 104 

topological features of various shapes with ease of computation17–20. Thus, this has been 105 

applied in several research fields21–25, and is also beginning to be used in the analysis of porous 106 

materials26–31.  107 

At this point, in contrast to topological invariants, persistent homology can provide a 108 

lot of information that we might need, but it is difficult to interpret the parameters of persistent 109 

homology themselves27–30. Ushizima et al. (2012)26 estimates permeability of porous rocks by 110 

using Reeb graphs to represent the pore networks. They use persistent homology to distinguish 111 

between significant and “noisy” pore spaces, and to supplement the Reeb graphs. Their paper 112 

did not go into quantitative evaluation, but focused on qualitative evaluation and visualization. 113 

As mentioned before, the “hole” structure that is characterized by topology, can be regarded as 114 

connected flow channels from an inlet to an outlet. The aim of our study is to detect the flow 115 

channels by persistent homology. Suzuki et al. (2020)31 proposes a method to detect flow 116 

channels in 2D images from persistent homology through image processing. By using their 117 

image processing procedure, persistent homology is expected to detect such connected flow 118 

channels in complex fracture networks and would also provide their size information such as 119 

apertures to predict the permeability. 120 

In this study, we applied persistent homology to estimate permeability in fracture 121 

networks based on image data. Persistent homology was used to detect the number of flow 122 

channels and their apertures in the networks. Synthetic fracture networks were generated, and 123 

direct flow simulation was conducted. Permeability derived from persistent homology and 124 

simulation results were compared. We applied the proposed method to several published image 125 

data and discussed the applicability of permeability estimation based on persistent homology.  126 

 127 

Results 128 

Detection of flow channels from persistent homology analysis 129 

An example of a fractured rock model with a flow channel connecting an inlet to an 130 

outlet is shown in Figure 1a. The yellow area is a solid skeleton, while the white area is 131 

fractures forming void spaces. The connecting fractures from the top (inlet) to the bottom 132 

(outlet) can be a flow channel. In persistent homology analysis, such structure is recognized as 133 

“hole” and quantified as a 1-dimensional hole. Additionally, a discrete island (i.e., connected 134 

component) is quantified as a 0-dimensional hole, and a ball (i.e., enclosed solid voids) is 135 

quantified as a 2-dimensional hole. The numbers of k-dimensional holes (the dimension of the 136 

kth homology vector space) are known to the kth Betti number (β0, β1, and β2). This study 137 

focuses on “hole” structures penetrating from an inlet to an outlet, which can be flow channels 138 

hence we only analyze 1-dimensional holes in this study. 139 

One aspect of persistent homology analysis is that independent fractures are recognized 140 

as 2-dimensional holes, as shown in Figure 1b. These independent fractures would not 141 

contribute to the fluid flow. Therefore, we can distinguish fractures that act as flow channels 142 

and independent fractures by 1-dimensional holes and 2-dimensional holes. 143 

 144 
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 145 
Figure 1 | Persistent homology analysis for fracture networks by HomCloud32. a 146 

3D view and b cross-sectional image of fracture network with a flow channel (light blue 147 

arrow) and an isolated pore (mentioned as green). c Schematic of filtration process. 148 

Image at t = -1 is the original image. White grids express void spaces. Blue grids are 149 

the grids that were removed during the thinning process. Red grids are the grids that 150 

were added during the thickening process. 151 

 152 
Much research has explored various applications of persistent homology in statistical 153 

data analysis of point cloud data22,33,34. Since the purpose of this study is to analyze the 154 

information of structures based on the image data (e.g., micro-CT images), binarized digital 155 

images were used for analysis. Jiang et al. (2018)29 applied persistent homology to analyzed 156 

rock pore geometries obtained from micro-CT images. The  rock pore geometries were first 157 

represented as sphere cloud data using a pore-network extraction method, then analyzed 158 

by calculating the Vietoris-Rips complex topology of the input sphere cloud data. We used an 159 

open software HomCloud (https://homcloud.dev/) to analyze binarized 3D images, which can 160 

obtain the information of persistent homology by calculating the Euclidian distance of 2D or 161 

3D black and white images32. 162 

 Figure 1c shows an example of data process in our persistent homology analysis,  163 

called filtration17. In filtration, the solid skeletons (yellow parts) are made thinner or thicker, 164 

voxel-by-voxel. The original image is set to -1. The process of thinning yellow voxels adjacent 165 

to white voxels is regarded as -1, while the process of thickening yellow voxels adjacent to 166 

white voxels is regarded as +1. When we reduce the time, the space eventually becomes empty. 167 

The nested sequence of the topological spaces from the empty space to the filled space is 168 

recorded. The times when the hole appears or disappears are called “birth time” or “death time”, 169 

expressed as “b”.  or “d”, respectively.  170 

 In filtration (Figure 1c), a point of the flow channel is closed at t = 1. This closed point 171 

is the narrowest aperture in the flow channel. Taking advantage of this, the length of narrowest 172 

aperture can be obtained as death time d multiplied by two and its resolution δ. (narrowest 173 
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aperture = 2 × d × δ  = 2 × 1 × 5 = 10). It has been known that the narrowest width in flow 174 

channels, which is called critical pore radius, correlates with permeability better than other pore 175 

radii35–37. Detecting narrowest aperture by persistent homology can therefore be useful to 176 

estimate the permeability.  177 

The set of pairs (bi, di) for k-dimensional holes is called k th persistence diagram, PDk. 178 

If pairs of negative b and positive d (b < 0 < d) are detected in PD1, the pairs suggest “hole” 179 

structures (i.e., flow channel) presenting in the original image. If there are multiple hole 180 

structures, multiple birth-death pairs are obtained in the b < 0 < d domain of PD1. Each value 181 

of d indicates each narrowest aperture of multiple fracture channels. The ability to link between 182 

the numbers of flow channels and its narrowest apertures is one of the strengths of persistent 183 

homology analysis.  184 

Here is something to keep in mind. A 1-dimensional hole detected by persistent 185 

homology is a flow channel penetrating from an inlet to an outlet. At the same time, a ring-186 

shaped, internal void-structures is also detected as a 1-dimensional hole. Figure 2a shows an 187 

example of a ring-shaped internal void structure. This structure does not connect to the outside 188 

(i.e., no flow channel). However, during filtration, the internal void space is closed at t = 1 (d 189 

= 1). If images include such hole structures, it would overestimate the number of flow channels. 190 

Now, let us prepare an inverted image that the yellow and white are reversed as shown in Figure 191 

2b. In filtration, a ring appears at t -1, and the ring width is detected by the value of b (b = -1). 192 

Therefore, we can expect to detect only the hole fractures that act as flow channels by 193 

subtracting the holes recognized in the inverted image from the holes recognized in the original 194 

image. We set the number of 1-dimensional holes (i.e., Betti number) obtained from the 195 

original and inverted figures to β1 and �̅�1, respectively. The number of flow channels can be 196 

derived as  𝛽! − 𝛽!&&& = 1 − 1 = 0 as shown in Figure 2a and 2b. 197 

Another example is shown in Figure 2c. This is a ring-shaped internal void structure 198 

with two channels that are connected to the outside. In this case, there are two 1-dimensional 199 

holes (β1 = 2) with d = 1 and d = 2. Figure 2d is the inverted image of Figure 2c. There are a 200 

1-dimensional holes (β1 = 1) with d = 1. By subtracting the holes recognized in the inverted 201 

image from the holes recognized in the original image, the number of flow channels can be 202 

calculated as 𝛽! − 𝛽!&&& = 2 − 1 = 1. At the same time, persistent homology analysis provides 203 

the narrowest aperture of the flow channel by d = 2. From these analyses, we estimate the 204 

number of channels and their narrowest aperture by using the inverted image in this study. 205 

 206 
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.  207 

Figure 2 | Detecting flow channels using inverted images a ring-shaped, internal 208 

void-structure that is not connected to the outside, and b its inverted image. c ring-209 

shaped, internal void-structure with two channels that is connected to the outside and 210 

forms a flow channel. d its inverted image. The left column shows 3D view of images. 211 

The center column describes processes of filtration. The right column lists Betti 212 

numbers 𝛽!. 213 

 214 



 7 

Synthetic fracture network 215 
Synthetic fracture networks were generated by using OpenSCAD 216 

(https://www.openscad.org/). We distributed multiple penny-shaped fractures by controlling 217 

the apertures, radii, numbers, and orientations of fractures to generate a fracture network38. By 218 

hollowing out the generated fracture network from a rectangular block, a fractured model 219 

where the void spaces were composed of the fracture network was created. This study 220 

characterizes one-dimensional flow. The top surface was an inlet, and the bottom surface was 221 

an outlet. The fractures were connected from the top to the bottom surfaces. The side 222 

boundaries were closed, and water did not flow out from the side.  223 

The fractured model is shown in Figure 3. Figure 3a and 3b are the outside and the 224 

inside of the model. The fracture orientation was either orthogonal or random. The orthogonal 225 

models distributed perpendicular or horizontal fractures to the flow direction (Figure 3c), while 226 

the random models distributed fractures by random numbers (Figure 3d).  We prepared nine 227 

orthogonal models and seven random models. The model parameters for each model are listed 228 

in Table 1. 229 

 230 
Figure 3 | Fractured models. a outside and b inside of model. c Orthogonal 231 

distribution and d random distribution of fracture networks. 232 

 233 
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Table 1 | Fracture network parameters and results of permeability. 234 

 235 
 Fracture network parameters  

Model 
Diameter 

(mm) 
Aperture 

(mm) 

Fracture 

density 
parameter 

Number 

of 
fractures 

Simulation 
result 

PH 
estimation 

Orthogonal      

O1 10 0.2 3000 77 1.04 × 10-10 2.47 × 10-10 
O2 10 0.6 3000  77 3.03 × 10-9 3.43 × 10-9 
O3 10 1.0 3000 77 1.31 × 10-8 1.55 × 10-8 

O4 5 0.2-1 6100 234 1.58 × 10-10 2.68 × 10-10 
O5 10 0.2-1 1720 66 4.00 × 10-10 7.18 × 10-10 
O6 5 0.2-1 2020 251 3.50 × 10-10 2.70 × 10-10 

O7 5 0.2-1 13000 230 1.12 × 10-10 2.16 × 10-10 
O8 5-25 0.2-1 895 73 3.15 × 10-9 2.20 × 10-9 

Random      

R1 10 0.2 2000 77 1.01 × 10-10 2.36 × 10-10 
R2 10 0.6 2000 77 2.90 × 10-9 3.46 × 10-9 
R3 10 1.0 2000 77 1.28 × 10-8 1.39 × 10-8 

R4 10 0.2 1000 38 3.42 × 10-11 1.12 × 10-10 
R5 10 0.2 3000 115 1.75 × 10-10 3.70 × 10-10 
R6 25 1.0 280 11 5.21 × 10-9 4.03 × 10-9 

R7 5 0.2 11950 459 1.30 × 10-10 1.36 × 10-10 

 236 

Estimation of fracture numbers and apertures by persistent homology  237 
3D image data of each fractured model (36 mm × 36 mm × 50 mm with a voxel 238 

resolution δ of 0.1 mm) were binarized and analyzed by persistent homology using 239 

HomCloud32. The image size was 360 × 360 × 500 voxels. 240 

The estimated narrowest fracture apertures based on the persistent homology analysis 241 

are shown in Figure 4. Fracture networks (O1-O3, R1-R3) distributes a single value of fracture 242 

aperture of 0.2 mm, 0.6 mm, and 1.0 mm, respectively. Figures 4a and Figure 4b shows the 243 

results for the orthogonal and the random fracture networks, respectively. As mentioned before, 244 

the narrowest apertures in each flow channel were calculated as 2di δ in persistent homology 245 

analysis. The values given in each network (0.2 mm, 0.6 mm, 1.0 mm) are compared with the 246 

estimated narrowest apertures (2di δ). The sizes of the circles represent the number of birth-247 

death pairs with di. As shown in Figure 4, the estimated narrowest apertures are equal or 248 

relatively larger than the actual values given in the network. Most of results are between one 249 

or two times larger than the actual values. Persistent homology analysis detects not fractures 250 

themselves but flow channels.  251 

 252 
Figure 4 I Estimation of fracture apertures by persistent homology (PH) analysis. 253 

a orthogonal fracture networks and b random fracture networks.  254 
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 255 

Derivation of permeability 256 

We use Eq. (2) to derive permeability, which can be originally calculated by comparing 257 

the Stokes equation with the Darcy’s law. If Assuming that a fracture is a smooth and parallel 258 

plate with the aperture of h and that there is a uniform pressure gradient in one direction within 259 

the plane of the fracture, the total volumetric flowrate in the fracture can be written as 260 

 261 

 𝑄" = −
#$!

!%&

'(

'"
      (3) 262 

 263 

where w is the width of the fracture, perpendicular to the flow direction. h is the aperture, and 264 

μ is the water viscosity, dP/dx is the pressure gradient. Darcy's law describes one-dimensional 265 

fluid flow through porous media as 266 

 267 
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 269 

where A is the cross-sectional area. Comparison of Eqs. (3) and (4) shows that the permeability 270 

of the fracture can be identified as  271 

 272 

𝐾 = −
#$!

!%*
      (5) 273 

 274 

If the cross-sectional areas of the inlet and outlet are assumed to be wh, Eq. (5) becomes Eq. 275 

(2).  If we consider the case of parallel multiple channels, the permeability can be derived in 276 

the following equation 277 

 278 

𝐾 = ∑
#"$"

!

!%*

+
,-!        (6) 279 

 280 

where A is the surface area of the cross section of the medium, and N is the number of flow 281 

channels. wi is the depth of flow channel, and hi is the aperture of the flow channel i, i =1,.., N. 282 

There is an unknown parameter wi in Eq. (6). The 3D voxel data can be regarded as a series of 283 

2D cross-sectional images. The 2D cross-sectional image data provides total area of pore space, 284 

Ap in each layer.  If we introduce effective depth 𝑤.  that is the same for all flow channels, 𝑤.  285 

can be derived by  𝑤. =
./0	(*#)

∑ $"
$
"%&

 where  min	(𝐴5) is the minimum of total area of pore space 286 

for all layers. The number of flow channels N was estimated from the number of birth-death 287 

pairs, and the aperture hi was estimated as 2di δ in persistent homology analysis. Thus, Eq. (6) 288 

can be written as follows  289 

𝐾 =
#6

!%*
∑ (2𝑑,𝛿)

7+
,-!       (7) 290 

 291 

Estimation of permeability from persistent homology analysis 292 

Before applying complex fracture networks, we validated Eq. (7) and our simulation 293 

with simple fracture models.  Simple models with one or two fractures penetrating from an 294 

inlet to an outlet were used (see Figure 5a). Apertures and number of fractures in each model 295 

are listed in Table 2. Direct flow simulation with the same fracture network was conducted in 296 

OpenFOAM (https://www.openfoam.com/). We could obtain volumetric flow rate and 297 

pressure gradient between the inlet and the outlet to calculate equivalent permeability based on 298 

Darcy’s law. Comparison of permeability between flow simulation and persistent homology 299 

analysis is shown in Figure 5b, and listed in Table 2.  The persistent homology estimation is in 300 
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very good agreement with the simulation results. The results show that for such a simple system, 301 

persistent homology can estimate the permeability well using Eq. (7). 302 

 303 

Table 2 I Estimation for simple parallel model. 304 

 305 
Model Aperture 

(mm) 
Number of 
fractures 

d 𝜷𝟏 − 𝜷𝟏
#### Simulation 

result 
Estimation from 

PH analysis 

S1 1.0 1 10 1 1.80 × 10-9 1.80 × 10-9 

S2 1.0 and 1.0 2 10 and 10 2 3.66 × 10-9 3.47 × 10-9 
S3 0.5 1 5 1 2.39 × 10-10 2.17 × 10-10 
S4 0.5 and 0.5 2 5 and 5 2 4.79 × 10-10 4.33 × 10-10 

S5 0.1 1 1 1 1.95 × 10-12 1.73 × 10-12 
S6 0.1 and 0.1 2 1 and 1 2 3.89 × 10-12 3.47 × 10-12 
S7 0.5 and 1.0 2 5 and 10 2 2.00 × 10-9 1.95 × 10-9 

 306 
Figure 5 | Validation with simple models. a one or two fracture penetrating the 307 

model. The top and bottom are the inlet and the outlet. b Comparison of permeability 308 

between persistent homology (PH) analysis and direct simulation. The calculated 309 

permeability is listed in Table 2. 310 

Next, we applied Eq. (7) to complex fracture networks listed in Table 1. Comparison of 311 

permeability between flow simulation and persistent homology analysis is shown in Figure 6. 312 

The estimation is in reasonable agreement with the simulation results. 313 
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 314 
Figure 6 | Estimation of permeability by persistent homology (PH) analysis for 315 

orthogonal fracture networks (blue) and random fracture networks (orange). The 316 

calculated permeability is listed in Table 1. 317 

 318 
There is a limitation of Eq. (7). Eq. (7) is based on a parallel plate model, so the flow 319 

is assumed to be straight. If there is tortuosity in a flow channel, the flow length will be longer, 320 

and the estimated permeability may be larger than the true value. Figure 7 shows streamlines 321 

in model O8 colored as green. We can see that the streamlines are winding and flowing. Keep 322 

in mind the fact that tortuosity was not taken into account in Eq. (7).  323 

  324 
Figure 7 | Streamlines (green lines) in fracture network simulated in OpenFOAM. 325 

 326 
We also applied persistent homology analysis to other cases. Mehmani and Mamdi 327 

(2015)39 conducted high-fidelity direct numerical simulation of the two-dimensional 328 

micromodel to develop their pore network models. We used their 2D image data as shown in 329 

Figure 8a and their results from direct numerical simulation. Comparison with persistent 330 

homology analysis is plotted with red dots for regular pore structures and with purple dots for 331 
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Berea sandstone in Figure 8c. These results suggest that the proposed analysis can be used for 332 

two-dimensional flow.  333 

 Andrew et al. (2014)40 used X-ray microtomography to obtain four types of 3D rock 334 

image data, and they conducted flow experiment to measure the permeability. The X-ray 335 

microtomography images of the rocks are shown in Figure 8b. Comparison with the 336 

experimental results is plotted as green dots in Figure 8c. Permeability estimated by persistent 337 

homology is larger than the experimental results. As mentioned before, Eq. (7) does not 338 

consider the effect of tortuosity. Muljadi et al. (2016)41 calculated the tortuosity from the same 339 

Bentheimer sandstone and the Estaillades carbonate images as 1.52 and 1.91, respectively. If 340 

we take the tortuosity into account, the estimates of the permeability will be close to the 341 

experimental values. The calculation of tortuosity in Muljadi et al. (2016)41 used the flow 342 

velocity42,43. In contrast, the goal of this study is to estimate flow properties without flow 343 

simulation, so that we need to obtain tortuosity in a different way based on image analysis. 344 

Correlation between tortuosity and persistent homology parameters would be explored in 345 

future studies. 346 

 347 

 348 
Figure 8 | Estimation of permeability by persistent homology (PH) analysis. a 2D 349 

images from Mehmani and Hamdi (2015)39, b 3D rock images from Andrew et al. 350 

(2014)40, and c comparison with direct simulation and experiment. The values are 351 

listed in Table 3.  352 

 353 

 354 

 355 

 356 

 357 

 358 

 359 

 360 

 361 

 362 

 363 

 364 

 365 
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Table 3 | Information of 2D pore39 and 3D rock images40 and their 366 

permeability.  367 

Model 
Image 
size 

(pixels) 

Domain 
size 

(mm) 

Simulation 

result 

PH 

estimation 

2D pore      
Square 

3000 x 

1500 

20 mm 

× 10 mm 
× 200 μm 

3.13 × 10-10 1.54 × 10-9 

GL-D1 1.92 × 10-10 2.74 × 10-10 

GL-D2 1.70 × 10-10 4.96 × 10-10 

GL-D3 1.47 × 10-10 7.98 × 10-10 

GL-D4 1.44 × 10-10 9.71 × 10-10 

GS-D1 9.77 × 10-10 5.19 × 10-9 

GS-D2 9.75 × 10-10 3.34 × 10-9 

GS-D3 9.60 × 10-10 2.43 × 10-9 

GS-D4 9.18 × 10-10 2.67 × 10-9 

P-D1 3.25 × 10-10 1.75 × 10-9 

P-D4 4.01 × 10-10 1.53 × 10-9 

Berea 
2900 x 

2320 

1.774 mm 
×1.418 mm 

× 24.54 μm 

1.45 × 10-12 5.06 × 10-12 

     

Model 
Image 
size  

(voxels) 

Resolution 
(um/px) 

Experimental 
result 

PH 
estimation 

3D rock     
Doddington 

300 x 300 
x 300 

2.6929 1.04 × 10-12 3.37 × 10-11 

Bentheimer 3.0035 1.88 × 10-12 9.02 × 10-11 

Ketton 3.00006 2.81 × 10-12 6.86 × 10-11 

Estaillades 3.31136   1.49 × 10-13 2.90 × 10-11 

 368 

Discussions 369 

Persistent homology analysis could estimate opening aperture distributions of flow 370 

channels and estimated permeability with the same order of magnitude as the permeability 371 

derived from the simulation. Using this method, flow characteristics can be estimated from the 372 

image data without the need for fluid flow simulation. This could make the analysis of fracture 373 

networks quicker. In this study, the longest direct flow simulation took 72 hours to generate a 374 

sufficiently high-resolution computational mesh then solve the Navier-Stokes equations, using 375 

320 processors with a maximum of 282 GB of memory in a supercomputational system. In 376 

contrast, persistent homology was able to calculate the model in less than 10 minutes with 16 377 

GB of memory using a desktop workstation AMD Ryzen 9 5950X.   378 

Several approaches44–46 based on discrete fracture network represent fractures as 379 

ellipses or rectangles in networks based on Eq. (2).  Focusing on the fractures themselves is 380 

suitable for fractured rock bodies, but it may be difficult to optimize the model because of the 381 

increase in number of parameters when the fractures are finer or when the body is regarded as 382 

a porous medium. In this study, we focus on the flow channels by persistent homology instead 383 

of individual fractures. Therefore, we can apply the method regardless of porous or fractured 384 

rocks. 385 

Recently, some studies have been published to investigate the relationship between 386 

porous structures and flow by persistent homology29,30,47,48. Most of them were machine 387 

learning approaches that put a large number of parameters into a black box. In contrast, since 388 

our approach focuses on flow-channel structures, permeability can be calculated by the simple 389 

and easy principle. We used the synthetic fracture networks as well as natural rocks. Although 390 

the estimation errors were relatively large for 3D rocks, it was shown that a simple model such 391 

as Eq. (7) can provide reasonably close estimates.  392 

Ushizima et al. (2012)26 estimates permeability of porous rocks by using Reeb graphs 393 

to represent the pore networks. They use persistent homology to distinguish between 394 

significant and noisy pore spaces, and to supplement the Reeb graphs. In fact, the Reeb graph 395 
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and persistent homology were used independently and separately. We think that using Reeb 396 

graphs is a good direction to go to the next step.  397 

We have succeeded in modeling physical phenomena from image data based on the 398 

topological data analysis. The method could be applied also to a wide range of porous media 399 

including artificial devices. It is expected to be applicable not only to estimate flow properties, 400 

but also to characterize different transport phenomena, such as mass transfer, electrical and 401 

magnetic flows. 402 

 403 

Method 404 

Persistent homology analysis 405 

STL files of synthetic fracture networks were generated by using OpenSCAD, and the 406 

STL files were converted to the cross-sectional images in 36 mm × 36 mm × 50 mm with a 407 

voxel resolution of 0.1 mm in Autodesk Netfabb. To eliminate some unexpected noises, all the 408 

images were blurred in XnConvert. The png files of the image data were analyzed in 409 

HomCloud63. When there were small differences between birth and death of PH1, the hole 410 

structure may appear during the image analysis. Thus, we neglected the result with di - bi < 2 411 

were eliminated. 412 

 413 

Direct flow simulation 414 
 Flow behaviors in the rock models were simulated in OpenFOAM (ver. 4.1)34, which 415 

performs flow calculations based on the Navier-Stokes equation. The simulation used an STL 416 

file of the network model, in which the upper and lower boundaries were added, as shown in 417 

Figure 9a. Previous study validated the flow model with fracture networks similar to the rock 418 

model in this study by creating test specimens from a 3D printer and conducting flow 419 

experiment49,50.  420 

First, the meshes of the region were prepared (Figure 9b), and flow calculation of the 421 

loaded STL file were performed using a steady-state turbulence solver for incompressible 422 

fluids SIMPLE (Semi-Implicit Method for Pressure Linked Equations) method. In this study, 423 

we set the flow rate to 1.75×10−7 m3/s, fluid viscosity to 9.32×10−4 Pa·s, and fluid density to 424 

997.5 kg/m3. 425 

  426 
Figure 9 | Simulation in OpenFOAM. a fracture network with upper and lower 427 

boundaries. b discretized model.  428 

 429 

Data availability 430 
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The data that support the findings of this study are available in 431 

https://figshare.com/s/cebf663b253d145bf8ac (doi: 10.6084/m9.figshare.14110262, active 432 

when the item is published), https://figshare.com/s/de6df5d1cf76926c7f25 (doi: 433 

10.6084/m9.figshare.14110208), https://figshare.com/s/96f9d83791dc03e28ce0 (doi: 434 

10.6084/m9.figshare.14113439). 435 
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Figures

Figure 1

Persistent homology analysis for fracture networks by HomCloud32 . a 3D view and b cross-sectional
image of fracture network with a �ow channel (light blue arrow) and an isolated pore (mentioned as
green). c Schematic of �ltration process. Image at t = -1 is the original image. White grids express void
spaces. Blue grids are the grids that were removed during the thinning process. Red grids are the grids
that were added during the thickening process.



Figure 2

Detecting �ow channels using inverted images a ring-shaped, internal void-structure that is not connected
to the outside, and b its inverted image. c ring shaped, internal void-structure with two channels that is
connected to the outside and forms a �ow channel. d its inverted image. The left column shows 3D view
of images. The center column describes processes of �ltration. The right column lists Betti numbers β1.



Figure 3

Fractured models. a outside and b inside of model. c Orthogonal distribution and d random distribution of
fracture networks.



Figure 4

Estimation of fracture apertures by persistent homology (PH) analysis. a orthogonal fracture networks
and b random fracture networks.

Figure 5

Validation with simple models. a one or two fracture penetrating the model. The top and bottom are the
inlet and the outlet. b Comparison of permeability between persistent homology (PH) analysis and direct



simulation. The calculated permeability is listed in Table 2.

Figure 6

Estimation of permeability by persistent homology (PH) analysis for orthogonal fracture networks (blue)
and random fracture networks (orange). The calculated permeability is listed in Table 1.

Figure 7



Streamlines (green lines) in fracture network simulated in OpenFOAM

Figure 8

Estimation of permeability by persistent homology (PH) analysis. a 2D images from Mehmani and Hamdi
(2015)39, b 3D rock images from Andrew et al. (2014)40 , and c comparison with direct simulation and
experiment. The values are listed in Table 3.

Figure 9



Simulation in OpenFOAM. a fracture network with upper and lower boundaries. b discretized model.


