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Abstract 12 

The study of the steady and unsteady flow through porous media and the interactions between 13 

fluids and particles is of utmost importance. In the present study, binomial and trinomial 14 

equations to calculate the changes in hydraulic gradient (i) in terms of flow velocity (V) were 15 

studied in the steady and unsteady flow conditions, respectively. According to previous 16 

studies, the calculation of drag coefficient (Cd) and consequently, drag force (Fd) is a function 17 

of coefficient of friction (f). Using Darcy-Weisbach equations in pipes, the hydraulic gradient 18 

equations in terms of flow velocity in the steady and unsteady flow conditions, and the 19 

analytical equations proposed by Ahmed and Sunada in calculation of the coefficients a and b 20 

of the binomial equation and the friction coefficient (f) equation in terms of the Reynolds 21 

number (Re) in the porous media, equations were presented for calculation of the friction 22 

coefficient in terms of the Reynolds number in the steady and unsteady flow conditions in 1D 23 
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(one-dimensional) confined porous media. Comparison of experimental results with the 24 

results of the proposed equation in estimation of the drag coefficient in the present study 25 

confirmed the high accuracy and efficiency of the equations. The mean relative error (MRE) 26 

between the computational (using the proposed equations in the present study) and 27 

observational (direct use of experimental data) friction coefficient for small, medium and 28 

large grading in the steady flow conditions was equal to 1.913, 3.614 and 3.322%, 29 

respectively. In the unsteady flow condition, the corresponding values of 7.806, 14.106 and 30 

10.506 % were obtained, respectively. 31 

Keywords: Drag Coefficient, Friction Coefficient, Hydraulic Gradient, Porous Media, 32 

Steady and Unsteady Flow. 33 

1 Introduction 34 

Coarse-grained gravels (rockfill materials) have numerous applications in engineering 35 

including filtration, construction of gabions, lining of channels, stilling basins, ponds, and 36 

cobble stone dams as well as flood control. 37 

In the fine-grained media, there is laminar flow with a linear relation between the hydraulic 38 

gradient and the flow velocity and flow follows Darcy's law (Eq. 1) (McWhorter et al. 1977). 39 

However, in the coarse-grained media, due to the presence of voids, the velocity of the flow 40 

is high with the flow tendency to turbulence (Hansen et al. 1995), with a nonlinear relation 41 

between the hydraulic gradient and flow velocity and low follows non-Darcy law. The 42 

equations for the calculation of hydraulic gradient in the non-Darcy media in the steady flow 43 

condition are classified into two groups of power and binomial equations, according to Eqs. 2 44 

and 3 (Forchheimer, 1901; Leps, 1973; Stephenson, 1979). 45 

1
i V

k

 =  
 

                                                                                                                                               (1)                                    46 
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nmVi =                                                                                                                                    (2)                                                            47 

2bVaVi +=                                                                                                                                        (3)                                  48 

The binomial equation was proved by dimensional analysis by Ward (1964) and by the 49 

Navier-Stokes equations by Ahmed and Sunada (1969) and has a higher accuracy and 50 

efficiency in comparison to the exponential equation (Stephenson 1979, Leps 1973). 51 

Ergun (1952) studied the coefficients of the binomial equation of the hydraulic gradient by 52 

passing nitrogen gas through a cylinder with an area of 7.24 cm2 that was filled with 53 

aggregate and presented Eq. (4) to calculate the coefficients a, b. 54 
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Ward (1964) presented Eq. (5), which can be proved using dimensional analysis, to calculate 56 

the coefficients a and b in the free surface porous media. 57 
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Kovacs (1980) studied a set of data with a Reynolds number range of 10 to 100 (according to 59 

his definition of the Reynolds number) and presented an equation similar to that of Ergun 60 

(Eq. (6)). 61 
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Ahmed and Sunada (1969) presented Eq. (7) to calculate the coefficients a and b using the 63 

Navier-Stokes equations. 64 
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Ergun-Reichelt presented an equation for calculation of the coefficients a, b (Eq. (8)) (Fand 66 

and Thinakaran, 1990). 67 
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Equations (4) to (8) and several equations including those proposed by (Muskrat 1937; 69 

Engelund 1953; Irmay 1958; Stephenson 1979; Jent 1991; Kadlec and Knight 1996; 70 

Sidiropoulou et al. 2007; Sedghi and Rahimi 2011) were presented to calculate the 71 

coefficients of the binomial equation (a, b) in steady flow conditions. A semi-analytical 72 

solution of the nonlinear differential equations constructing a fully saturated porous medium 73 

is presented by (Abbas et al. 2021). 74 

A comprehensive equation with respect to the effects of unsteady flow conditions was 75 

proposed by Polubarinova-Kochino (1952) (Eq. (9)) (Hannoura and McCorcoudale, 1985). 76 







++=
dt

dV
cbVaVi 2                                                                                                           (9) 77 

Where the coefficient of the third term (c) is obtained using Eq. (10). 78 

( )
ng

nCn
c m −+
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                                                                                                                   (10) 79 

Where Cm represents the proportion of fluid that vibrates with the vibration of the particle. In 80 

other words, Cm is the added mass coefficient. 81 

Hannoura and McCorquodale (1985) performed an experimental study and indicated that Cm 82 

was insignificant and negligible. In other words, by removing Cm from Eq. (10), the third 83 

term of Eq. (9) can be expressed as Eq. (11). 84 
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where V is flow velocity (m/s), k is hydraulic conductivity (s/m), i is hydraulic gradient, m 86 

and n are values dependent on the properties of the porous media, fluid and flow, while a and 87 

b are coefficients that are dependent on the properties of the porous media as well as the 88 

fluid. 89 

Shokri et al. (2011) experimentally studied unsteady flow in a free surface coarse-grained 90 

porous media and concluded that the third term ( 






dt

dV
c ) has insignificant effect on the 91 

accuracy of calculations. 92 

In the present study, the binomial (Eq. 3) and trinomial (Eq. 8) equations were used to 93 

calculate the changes in hydraulic gradient in terms of velocity in steady and unsteady flow 94 

conditions, respectively. 95 

The simulated annealing algorithm is often used for water resources management, model 96 

calibration, decision making, etc. (Bechler et al. 2013; Cao and Ye 2013; Jiang et al. 2018). 97 

(Hu et al. 2019) Kriging-approximation simulated annealing (KASA) optimization algorithm 98 

has been used to optimize the flow parameters in the porous media. 99 

Particle swarm optimization (PSO) algorithm is a population-based evolutionary algorithm 100 

and is used in civil engineering and water resources optimization problems such as reservoir 101 

performance (Nagesh Kumar and Janga Reddy, 2007), water quality management (Afshar et 102 

al. 2011, Lu et al. 2002, Chau, 2005) and optimization of the Muskingum method coefficients 103 

(Chu and Chang 2009, Moghaddam et al. 2016, Bazargan and Norouzi 2018, Norouzi and 104 

Bazargan 2020, Norouzi and Bazargan 2021). Therefore, in the present study, the particle 105 

swarm optimization (PSO) algorithm was used to optimize the coefficients of the 106 

Forchheimer binomial equation (Eq. 3) as well as the Polubarinova-Kochino trinomial 107 

equation (Eq. 8). 108 
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In addition to the above classification, flow in the coarse-grained media can be classified into 109 

the following two general groups. 110 

A: Free surface flow through and on coarse-grained layers such as gabions and gravel dams 111 

in which the flow is in contact with the free environment on one side. 112 

B: Confined flow through coarse-grained layers such as coarse-grained filters of rockfill 113 

dams and coarse-grained layers confined between concrete elements and fine materials of 114 

hydraulic structures. In such layers, flow from all sides is in contact with an impermeable 115 

layer or a layer with low permeability in comparison to gravel materials. 116 

The study of flow through confined porous media is of great importance in geology (Lei et al. 117 

2017), petroleum (Song et al. 2014) and industry (Rahimi et al. 2017). Flow through 118 

pressurized porous media has been studied experimentally and numerically by (Ingham and 119 

Pop 2005; Sheikh and Pak 2015; and Zhu et al. 2016). The study of fluid flow in porous 120 

media is performed by a network of capillary pipes with a microscopic approach by (Hoang 121 

et al. 2013). (Hsu and Chen 2010) proposes a multiscale flow and transport model in three-122 

dimensional fractal random fields for use in porous media. 123 

Estimation of drag force due to flow-aggregate interactions is very important in modeling of 124 

confined porous media (Sheikh and Qiu, 2018). Pore-scale drag and relative motion between 125 

fluid and aggregates are important due to the formation of non-uniform velocity and 126 

consequently, the formation of non-uniform force (Sheikh and Qiu, 2018). (Ergun 1952; Wen 127 

and Yu 1966; Di Felice 1994; Schlichting and Gersten 2000; Hill et al. 2001a; Hill et al. 128 

2001b; Van der Hoef et al. 2005; Bird et al. 2007; Yin and Sundaresan 2009; Zhang et al. 129 

2011; Rong et al. 2013) studied the drag force in the confined porous media considering a 130 

certain number of particles. The flow regime and drag force of a single particle are different 131 

from those of interactive particles (Zhu et al. 1994; Liang et al. 1996; Chen and Wu 2000). 132 



7 

 

The accuracy and efficiency of the presented empirical equations for calculation of the drag 133 

force have not been evaluated and compared for a wide range of porosity and Reynolds 134 

numbers. In other words, the relation between drag force and Reynolds number has been 135 

studied experimentally or numerically in previous studies. Accurate calculation of drag 136 

coefficient and drag force and its application in one-dimensional analysis of steady flow in 137 

porous media (gradually varied flows) has increased the accuracy of calculations, especially 138 

in sections with high curvature of the longitudinal profile of water surface (Gudarzi et al. 139 

2020). To predict the flow characteristics in porous media, it is very important to acquire the 140 

structures of the porous media. However, it is difficult to measure the three-dimensional 141 

microstructures of high-resolution porous media due to the expensive cost of the equipment 142 

(Zhang et al. 2016). 143 

Since the drag force (Fd) is a function of the drag coefficient (Cd) and Cd is a function of the 144 

friction coefficient (f), using binomial and trinomial equations, Darcy-Wiesbach equation, 145 

Ahmed and Sunada analytical equation to calculate coefficients a, b and changes of 146 

coefficient f in terms of the Reynolds number (Re) in porous media, equations were presented 147 

in the present study to calculate f in terms of Re in steady and unsteady flow conditions in 1D 148 

confined porous media. Comparison of the results of the proposed equations with 149 

experimental data indicated the high accuracy and efficiency of the proposed equations. In 150 

other words, in the present study, equations were presented for steady and unsteady flow 151 

conditions in porous media and applicable for any number of particles as well as all Reynolds 152 

numbers. 153 

2 Materials and methods 154 

2.1 Experimental data 155 
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The experiments were performed in the Laboratory of the Faculty of Civil Engineering of 156 

Zanjan University, Zanjan, Iran on a steel cylinder with a diameter of 16 cm and a length of 157 

70 cm, of which 40 cm was filled with aggregates considering steady and unsteady flow 158 

conditions. In order to develop unsteady flow condition using the gravity method, a tank was 159 

installed at a height of 13 meters above the cylinder inlet on the roof of the faculty. To 160 

discharge the cylinder outflow, a tank was installed in the laboratory. Using a camcorder, 161 

water height in the discharge tank was recorded at different times and then, using the 162 

volumetric method, discharge of the unsteady flow was recorded at different times. To 163 

measure water depth, piezometers were installed at the beginning and end of the cylinder. 164 

The tanks used, aggregates in three gradations (small, medium and large) and the steel 165 

cylinder are shown in Figure 1. The characteristics of the aggregates and gradation curves of 166 

the three gradations (small, medium and large) are shown in Table 1 and Fig. 2, respectively. 167 

Figure 3 and Figure 4 show changes in hydraulic gradient (i) versus flow velocity (V) for all 168 

three types of small, medium and large grained materials in the steady and unsteady flow 169 

conditions, respectively. 170 

 171 

a 172 
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 173 

b 174 

 175 

c 176 

Figure 1. Schematic view of the experimental setup, a) the installed tank on the roof, b) the 177 

tank and cylinder installed in the laboratory, and c) steel cylinder 178 

 179 

 180 

 181 
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Table 1. Characteristics of the experimental materials 182 

Materials 0 d

(mm) 

 
10d

(mm) 

 30d

(mm) 

 50d

(mm) 

 60d

(mm) 

 100d

(mm) 

Cu  Cc porosity 

Small 4 7 10 12.5 14.5 22 1.69 0.69 0358 

Medium 4.75 14.5 18.5 19 21.3 32 1.16 0.95 0.410 

Large 12.7 22.7 23.9 22 25.05 32 1.11 0.99 0.448 

 183 

In Table 1, the coefficient of uniformity (Cu) and the coefficient of curvature (Cc) were equal 184 

to 
10

60

D

D
and 

( )
6010

2

30

*DD

D
, respectively. 185 

 186 

Figure 2. Gradation curve of different materials 187 

 188 

 189 

 190 

 191 

 192 
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 193 

a. Small 194 

 195 

b. Medium 196 

 197 

c. Large 198 

Figure 3. Changes in hydraulic gradient versus steady flow velocity recorded in the 199 

laboratory 200 
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 201 

a. Small 202 

 203 

b. Medium 204 

 205 

c. Large 206 

Figure 4. Changes in hydraulic gradient versus unsteady flow velocity recorded in the 207 

laboratory 208 
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2.2 Particle Swarm Optimization (PSO) Algorithm 209 

PSO method is also a population based evolutionary search optimization method inspired 210 

from the movement of bird flock (swarm) (Eberhart and Kennedy 1995; Chau 2007; Clerc 211 

and Kennedy 2002). The basic idea in PSO is based on the assumption that potential solutions 212 

are flown through hyperspace with acceleration towards more optimum solutions. Each 213 

particle adjusts its flying according to the experiences of both itself and its companions. 214 

During the process; the overall best value attained by all the particles within the group and 215 

the coordinates of each element in hyperspace associated with its previous best fitness 216 

solution are recorded in the memory (Chau 2007; Kumar and Reddy 2007). The details of 217 

PSO can be obtained elsewhere (Shi and Eberhart 1998; Clerc and Kennedy 2002; Chau 218 

2007; Gurarslan and Karahan 2011; Karahan 2012; Di Cesare et al. 2015). Various 219 

algorithms have been used to optimize the parameters of the Forchheimer equation and other 220 

methods and other issues that need to be optimized, one of the fastest, most acceptable and 221 

most widely used is the PSO algorithm, which has been confirmed by previous researchers.  222 

since in previous studies, efficiency, high convergence speed and proper accuracy of the PSO 223 

algorithm have been examined and approved, therefore, among different algorithms, the PSO 224 

algorithm is selected to optimize the Forchheimer equation coefficients (a, b) and 225 

Polubarinova-Kochino equation coefficient (a, b, c). 226 

To evaluate the optimum values of the binomial equation coefficients (a, b) and the trinomial 227 

equation coefficients (a, b, c), the minimization of the Mean Relative Error (MRE), which is 228 

defined using Eq. (12), was used as the objective function in the Particle Swarm Optimization 229 

algorithm. 230 

∑
=

−
=

n

i i

ii

i

Ii

n
MRE

1

100*
1                                                                                                            (12) 231 
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Where ii and Ii are observed and calculated values of hydraulic gradient using binomial and 232 

trinomial equations, respectively. The flowchart used in the present study is presented in 233 

Figure 5. 234 

 235 

Figure 5. Particle Swarm Optimization (PSO) algorithm 236 



15 

 

3 Results and Discussion 237 

3.1 Binomial (steady flow condition) and trinomial (unsteady flow condition) equations 238 

The hydraulic gradient in a coarse grained media is equal to the slope of the energy line (Sf) 239 

(Stephenson 1969; Bari and Hansen 2002; Bazargan and Shoaei 2006). The calculation of 240 

hydraulic gradient is of great importance in the steady flow (using the gradual variable flow 241 

theory that analyzes flow one-dimensionally as well as the solution of the Parkin equation 242 

that analyzes flow two-dimensionally) and unsteady flow (solving Saint-Venant equations) 243 

analysis. 244 

The binomial equation for the steady flow through porous media has been presented by 245 

Forchheimer and equations for calculation of coefficients a and b were also presented using 246 

dimensional analysis (Ward 1964) and Navier-Stokes equations (Ahmed and Sunada 1969). 247 

In the present study, the PSO algorithm was used to optimize the coefficients of the binomial 248 

equation (a, b). The values of the mentioned coefficients as well as the mean relative error 249 

(MRE) between the computational and observational hydraulic gradients for all three types of 250 

gradation (small, medium and large) are shown in Table 2. 251 

Table 2. Optimized values of coefficients a and b and mean relative error (MRE) of hydraulic 252 

gradient in steady flow condition 253 

Materials a (s/m) b (s2/m2) MRE % 

Small 10.584 64.043 1.913 

Medium 7.981 13.705 3.614 

Large 5.965 8.635 3.322 

 254 

 (Shokri et al. 2012; Hannoura and McCorquodale 1985) indicated that the third term of the 255 

trinomial equation (Eq. 9) is negligible in calculation of the hydraulic gradient in the free 256 

surface porous media. Hosseini and Joy (2007) used the coefficients of the binomial equation 257 
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in steady flow condition to study the hydraulic gradient and solve the Saint-Venant equations 258 

in the unsteady flow condition in porous media. The experimental results of the present study, 259 

which were obtained using a confined porous media (steel cylinder), indicated the high 260 

accuracy of the trinomial equation in comparison to the binomial equation in estimation of 261 

the hydraulic gradient changes in terms of unsteady flow velocity. Table 3 shows the values 262 

of the coefficients a and b of the binomial equation and the coefficients a, b, c of the trinomial 263 

equation when the values of the hydraulic gradient relative to the unsteady flow velocity are 264 

used to optimize the coefficients. In addition, the values of the mean relative error (MRE) 265 

between the computational and observational hydraulic gradients in the unsteady flow 266 

condition using the coefficients a and b obtained from the steady flow condition (as 267 

recommended by Hosseini and Joy 2007), coefficients a and b obtained from the unsteady 268 

flow condition by assuming an insignificant value of coefficient c in the trinomial equation 269 

(as recommended by Hannoura and McCorquodale 1985; Shokri et al. 2012) and by using 270 

coefficients a, b, c and trinomial equation are shown in Table 3. It is worth noting that the 271 

mentioned coefficients were optimized using the PSO algorithm. 272 

 273 

 274 

 275 

 276 

 277 

 278 

 279 
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Table 3. Values of the optimized coefficients a and b using steady and unsteady flow data 280 

and coefficients a, b, c of unsteady flow data and mean relative error (MRE) values of 281 

hydraulic gradient of unsteady flow 282 

Regime Equations Coefficients Small Medium Large 

 

Steady 

 a (s/m) 10.584 7.91 5.965 

Binomial b (s2/m2) 64.043 13.705 8.635 

 MRE % 25.567 25.923 21.306 

 

Unsteady 

 a (s/m) 3.848 5.255 5.411 

Binomial b (s2/m2) 331.714 165.084 80.344 

 MRE % 10.024 22.599 12.941 

 

Unsteady 

 a (s/m) 2.859 2.225 3.704 

Trinomial b (s2/m2) 352.622 165.336 107.186 

 c (s2/m) 10.369 51.369 14.581 

 MRE % 7.806 14.106 10.506 

 283 

As can be seen from Table 3, if the coefficients a and b obtained from the steady flow 284 

condition were used to calculate the changes in the hydraulic gradient relative to the unsteady 285 

flow velocity, the mean relative error (MRE) values of 25.567, 25.923, and 21.306 were 286 

obtained for the small, medium and large grained materials, respectively. In the case of using 287 

the coefficients a and b obtained from the unsteady flow data, the corresponding MRE values 288 

of 10.024, 22.599 and 12.941%, were obtained, respectively. In addition, by using the 289 

optimized coefficients a, b, and c of the trinomial equation, the corresponding MRE values of 290 

7.806, 14.106 and 10.506% were obtained, respectively. The MRE values of the trinomial 291 

equation in comparison to those of the binomial equation in case of using the coefficients a 292 

and b obtained from the unsteady flow condition for three gradation types improved by 22, 38 293 

and 19%, respectively. The corresponding values in case of using the coefficients a and b 294 

obtained from the steady flow condition improved by 70, 46 and 51%, respectively. In other 295 

words, in order to calculate the hydraulic gradient in the unsteady flow condition, the use of 296 

the coefficients a, b, and c of the unsteady flow and the trinomial equation, coefficients a and 297 



18 

 

b obtained from the unsteady flow data, and coefficients a and b obtained from the steady 298 

flow data were more accurate, respectively. 299 

3.2 Drag coefficient in porous media 300 

In addition to power equations (Eq. 2) and Forchheimer binomial equation (Eq. 3), one of the 301 

methods of flow analysis in porous media is the use of friction coefficient (f) in terms of 302 

Reynolds number (Re). Accordingly, the flow energy loss in porous media is obtained using 303 

an equation similar to the Darcy-Weisbach equation (Stephenson 1979; Herrera and Felton 304 

1991). For the confined flow in the pipes, the Darcy-Wiesbach equation is expressed using 305 

Eq. (13). 306 

g

V

d

L
fh f

2
.

2

=                                                                                                                            (13) 307 

Where f is the (dimensionless) friction coefficient, L is the pipe length (m), d is the pipe 308 

diameter (m), V is flow velocity (m/s), g is the acceleration of gravity (m/s2), and hf is the 309 

energy loss (m). 310 

Since hf/L is equal to the hydraulic gradient, Eq. (13) can be rewritten as Eq. (14). 311 

g

V

d

f
i

2
.

2

=                                                                                                                                 (14) 312 

Leps (1973) indicated the velocity corresponding head in the above equations as
mg

V 2

, with m 313 

value of 2 according to the Darcy-Wiesbach equation in pipes. Stephenson (1979) assumed 314 

the formation of the porous media inside a set of winding tubes within a set of aggregates 315 

with pores, considered the value of m in the energy loss (hf) equation equal to 1 and proposed 316 

Eq. (15) to calculate the hydraulic gradient. 317 

g

V

d

f
i

2

.=                                                                                                                                 (15) 318 
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According to the equations presented in fluid mechanics, Eq. (16) is presented to calculate the 319 

friction force applied to the assumed control volume of porous media materials (Streeter 320 

1962). 321 

ff AhF γ=                                                                                                                                 (16) 322 

The drag force is also expressed using Eq. (17) (Batchelor and Batchelor 2000). 323 

g

V
ACF dd

2

2

γ=                                                                                                                           (17) 324 

The external friction force is equal to the drag force. In other words, by equating Eqs. (16) 325 

and (17), Eq. (18) was obtained. 326 

g

V
Ch df

2

2

=                                                                                                                              (18) 327 

Where V is the flow velocity (m/s), g is the acceleration of gravity (m/s2), and Cd is the drag 328 

coefficient. By performing several experiments, (Haider and Levenspiel 1989; Swamee and 329 

Ojha 1991; Ganser 1993; Chien 1994; Cheng 1997) proposed empirical equations for 330 

calculation of the drag coefficient. 331 

To calculate the energy loss (hf), by equating the Darcy-Wiesbach equation (Eq. 13) and the 332 

equation obtained from drag force (Eq. 18), Eq. (19) was obtained. 333 

d

L
fCd =                                                                                                                                  (19) 334 

Equation (19) indicates that for a given value of the friction coefficient (f), the value of the 335 

drag coefficient (Cd) and consequently, the drag force (Fd) can be calculated. In order to 336 

calculate f in terms of Reynolds number in porous media, Eq. (20) was proposed by Ahmed 337 

and Sunada using the Navier-Stokes equations in steady flow condition (Ahmed and Sunada, 338 

1969). 339 
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1
Re

1
+=f ,    

µ
ρVd

=Re                                                                                                          (20) 340 

Where ρ  is water density (1000 kg/m3) and µ  is water viscosity (0.001 kg/m.s). According 341 

to Eqs. (19) and (20), the drag coefficient in the free surface porous media is calculated using 342 

Eq. (21). 343 

d

L
Cd 






 += 1

Re

1                                                                                                                        (21) 344 

Where d is calculated using the equations proposed by Ahmed and Sunada (1969)              345 

(Eq. 7, K = cd2). 346 

Results of the present study showed that the friction coefficient (f) in one-dimensional 347 

confined porous media in the steady and unsteady flow conditions is different from Eq. (20). 348 

3.3 Drag coefficient of steady flow in porous media 349 

According to Darcy-Wiesbach equations (Eq. 15), the binomial equation (Eq. 3), and the 350 

equation of coefficients a and b presented by Ahmed and Sunada (Eq. 7), the friction 351 

coefficient (f) in one-dimensional confined porous media in the steady flow condition is 352 

calculated using Eq. (22). 353 
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With simplification, Eq. (24) can be written as Eq. (23). 355 







 +=








+= 1

Re

12
1

2

CVdC
f

ρ
µ                                                                                                    (23) 356 

In other words, in the steady flow condition in one-dimensional confined porous media, the 357 

friction coefficient (f) is 2/C times the friction coefficient (f) in the free surface porous media. 358 
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The present study considering the steady flow condition in one-dimensional confined porous 359 

media included the following steps: 360 

1) Using experimental data, hydraulic gradient (i) (Fig. 4) in terms of flow velocity (V), the 361 

optimized coefficients a and b using the PSO algorithm (Table 2), coefficients K, C and d 362 

using Eq. (7) were calculated for small, medium and large-grained particles and summarized 363 

in Table (4). 364 

2) The friction coefficient (f) using Eq. (15), which is the same as the observational friction 365 

coefficient, Reynolds number (Re) using Eq. (20), computational friction coefficient (f) using 366 

the presented equation in the present study (Eq. 23) was calculated for the three gradations. 367 

Figure 6 shows the changes in the friction coefficient (f) versus Reynolds number of steady 368 

flow. 369 

3) Observational friction coefficient (calculated directly from experimental data and Eq. (15)) 370 

was compared with computational friction coefficient (calculated using Eq. (23), which was 371 

presented in the present study for steady flow condition) and mean relative error (MRE) 372 

values are shown in Table 4. 373 

Table 4. Coefficients K, C, d and mean relative error (MRE) values obtained from 374 

observational and computational friction coefficients (f) in steady flow condition  375 

Coefficients Small Medium Large 

K 9.6E-9 12.8E-9 17.1E-9 

C 263.041 4331.704 8154.079 

d 6.051E-6 1.717E-6 1.448E-6 

MRE % 1.913 3.614 3.322 

 376 
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 377 

a. Small 378 

 379 

b. Medium 380 

 381 

c. Large 382 

Figure 6. Observational and computational friction coefficient versus Reynolds number in 383 

steady flow condition 384 
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The mean relative error (MRE) values in Table 4 and Figure 6 indicated the high accuracy 385 

and efficiency of the analytical equation proposed in the present study for calculation of the 386 

coefficient f and consequently, Cd and drag force (Fd) in the steady flow condition in one-387 

dimensional confined porous media. 388 

3.3 Drag coefficient of unsteady flow in porous media 389 

According to Table 3, the trinomial equation (Eq. 9) is more accurate in estimation of the 390 

hydraulic gradient of unsteady flow. 391 

According to the Darcy-Wiesbach equations (Eq. 15), the trinomial equation (Eq. 9) and the 392 

equation presented by Ahmad and Sunada (Eq. 7) for calculation of coefficients a and b, the 393 

friction coefficient (f) in one-dimensional confined porous media in unsteady flow condition 394 

is calculated using Eq. (24). 395 
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By simplification, the coefficient f in confined porous media is obtained using Eq. (25). 397 
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Where C is the coefficient f obtained from the Ahmad and Sunada equation (Eq. 7) and c is 399 

the coefficient of the third term of the trinomial equation (Eq. 9). 400 

The calculation steps in the unsteady flow condition are the same as those for the steady flow 401 

condition, with the difference that in the former, coefficients of the proposed trinomial 402 

equation presented in Table 3 were used. In addition, to calculate the computational 403 

coefficient f in terms of Re, the equation presented in the present study for unsteady flow (Eq. 404 

25) was used. 405 
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The values of the coefficients K, C, d and mean relative error (MRE) values between the 406 

observational and computational friction coefficients (f) for three gradation types are shown 407 

in Table 5. Changes in the observational and computational f in terms of Re are also shown in 408 

Figure 7. 409 

Table 5. Coefficients K, C, d and mean relative error (MRE) values obtained from 410 

observational and computational friction coefficients (f) in unsteady flow condition  411 

Coefficients Small Medium Large 

K 35.7E-9 45.8E-9 27.5E-9 

C 2.344 8.298 32.865 

d 123E-6 74.3E-6 28.9E-6 

MRE % 7.806 14.106 10.506 

 412 

 413 

 414 

 415 

 416 

 417 

 418 

 419 
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c. Large 425 

Figure 7. Changes in observational and computational friction coefficients in terms of 426 

Reynolds number in unsteady flow condition 427 
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The mean relative error (MRE) values (Table 5) as well as the changes in the observational 428 

and computational f values in terms of Re (Fig. 6) indicated the high accuracy and efficiency 429 

of the proposed equation in the present study to calculate f and consequently, Cd and Fd for 430 

unsteady flow in one-dimensional confined porous media. 431 

4 Conclusions 432 

In the present study, steady and unsteady flows in one-dimensional confined porous media 433 

were studied to calculate the changes in hydraulic gradient (i) in terms of flow velocity (V) 434 

and drag force (Fd) considering small, medium and large grained materials. The calculation of 435 

drag coefficient (Cd) is the most important step in calculations of Fd. On the other hand, 436 

according to performed studies, the only important parameter in calculation of the Cd in a 437 

porous media is the friction coefficient (f). For this reason, in the present study, to calculate 438 

the coefficient f in terms of Reynolds number (Re), the Darcy-Wiesbach equation in pipes, 439 

the equations of i in terms of V (in the steady flow condition as a binomial equation and in 440 

the unsteady flow condition as a trinomial equation), and the analytical equation by Ahmad 441 

and Sunada in calculation of the coefficients a, b and coefficient f in terms of Re in porous 442 

media, an equation for steady flow condition and another equation for unsteady flow 443 

condition in one-dimensional confined porous media were presented, which have many 444 

applications in civil engineering, mechanics, geology, and oil industry. The proposed 445 

equations for the f coefficient in terms of Re in both steady and unsteady flow conditions 446 

were evaluated using experimental data and the results showed the accuracy and efficiency of 447 

these equations in estimation of the coefficient f and consequently, Cd and Fd. In general, the 448 

results of the present study include the followings. 449 

1) Comparison of the accuracy of the hydraulic gradient calculations in terms of flow velocity 450 

in unsteady flow conditions with the methods of a) trinomial equation, b) binomial equation 451 



27 

 

and coefficients a and b obtained from unsteady flow data by assuming an insignificant 452 

coefficient c, and C) binomial equation and coefficients a and b obtained from steady flow 453 

data showed that the methods a to c are more accurate, respectively. 454 

2) Mean relative error (MRE) values between observational coefficients f in the steady flow 455 

condition (direct use of experimental data to calculate coefficient f) and computational f 456 

coefficients (using the proposed equation in the present study to calculate coefficient f in the 457 

steady flow condition) for small, medium and large grained materials were equal to 1.913, 458 

3.614 and 3.322%, respectively. 459 

3) By using the proposed equation in the present study to calculate the coefficient f in 460 

unsteady flow condition and then, comparing the computational and observational f values, 461 

the mean relative error (MRE) values of 7.806, 14.106 and 10.506% were obtained for the 462 

small, medium and large grained materials, respectively. 463 

In other words, the results indicated that trinomial equation is more accurate in calculation of 464 

the hydraulic gradient changes with respect to the unsteady flow velocity. In addition, to 465 

calculate the coefficient f in terms of Re and consequently, the coefficient Cd in the porous 466 

media, instead of using the experimental and numerical equations obtained for a certain 467 

number of particles in the laboratory, the proposed equations in the present study for the 468 

steady and unsteady flow conditions with any number of particles and for all Reynolds 469 

numbers are suitably accurate and efficient. 470 
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1. Particle Swarm Optimization Algorithm 

This algorithm was first introduced by Eberhart and Kennedy in 1995 (Eberhart and Kennedy, 

1995). The Particle Swarm Optimization Algorithm is a population-based search algorithm such 

as genetic algorithm, ant colony algorithm, bee algorithm, etc. It is a nature-inspired algorithm 

designed based on collective intelligence and social behavior of birds and fish (Abido, 2002). 

The advantages of the Particle Swarm Optimization Algorithm include simple structure and 

implementation, low number of controllable parameters and high convergence speed as well as 

high computational efficiency (Abido, 2002; Del Valle et al. 2008). The structure of this 

algorithm will be discussed below . 

1.1 Initial population creation 

This algorithm starts by generating a random number of particles. Each of these particles is a 

possible answer to the optimization problem. Increasing the number of particles makes the 

algorithm complex. Of course, this increase in the initial population reduces the number of 

iterations of the algorithm. There must be a compromise between these two parameters. The 

number of this initial population as well as the number of iterations of the algorithm depends on 

the type and nature of the optimization problem. 

In Particle Swarm Optimization Algorithm, each particle i has a position vector and a velocity 

vector, which are defined as equations (1) and (2) (Clerc, 2010). 

1 2[ , ,..., ]i i i inx x x x=                                                                                                                         (1) 

1 2[ , ,..., ]i i i inv v v v=                                                                                                                           (2) 
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ix : The current location of the ith particle 

iv : The current speed of the ith particle 

n in the above equations is the dimension of the search space of the optimization problem. 

The Particle Swarm Optimization Algorithm must consider a variable that holds the best position 

of each particle in its memory. This variable is considered as iBest
x . Where i is considered to 

represent the number of the particle. In the other word, iBest
x  is cost function having the lowest 

value (or the profit or fitness function having the highest value). In the next step, after generating 

a random initial population, the variables iBest
x   and xgBest  must be quantified according to 

equations 3 and 4 .  In equation 3, xgBest  is the best particle among the community of particles.  

As xgBest  does not belong to any particular particle, index i has not been applied. As seen in 

equation 4, at this stage of the algorithm, because the particles have no motion, and are newly 

generated, iBest
x  is equal to xi. 

iBest
x  is the best personal experience of the ith particle (Clerc, 

2010). 

(t)                        ( (t)) ( )
( 1)

                   ( (t)) ( )

gBest

i igBest

gBest gBest

i

x Cost x Cost x
x t

x Cost x Cost x

 <+ = 
    >

                                                         (3) 

(t 1) (t)iBest

i
x x+ =                                                                                                                           (4) 

1.2 The particles movement toward the best particle 

At this stage of the algorithm, a movement should be considered for the particles generated in the 

previous section.  Equation 3 is used to change the location of each particle.  In this equation, 

two random functions of r1 and r2 with uniform distribution are used to model the stochastic 
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nature of the algorithm. Speed update equation is in the form of equation 5. In this equation, r1 

and r2 are scaled using c1 and c2. In this equation, 0<c1, c2<2, that these coefficients are known as 

Acceleration Coefficients. It is called so because if the value of equation 5 is rewritten as the 

equation 6, by dividing the two sides of the equation 6 in unit of time, the value on the left of the 

equation represents the acceleration coefficients.  The acceleration coefficients have an effect on 

each step of each particle in each reiteration. In the other word, the value of c1 represents the 

affectivity of a particle from its best memory position and the value of c2 represents the 

affectivity of the particle from the total. In equations 5 and 6, index j represents the jth dimension 

of each particle in which j is j-0,1,….n (Eberhart and Kennedy, 1995). 

1 1, 2 2,[t 1] v [ ] (x [t] x [t]) (x [t] x [t])i i iBest i gBest i

j j
v t c r c r+ = + − + −                                                          (5) 

1 1, 2 2,[t 1] v [ ] (x [t] x [t]) (x [t] x [t])i i iBest i gBest i

j j
v t c r c r+ − = − + −                                                          (6) 

In the above equation, over time, if a particle has cost function less (or benefit function higher 

than) the xgBest , it will replace this particle and the cost value and position of the particle will be 

updated. The speed update equation has three components. The first component of this equation 

corresponds to the velocity of the particle in the previous step and is therefore called the inertia 

component. This component reflects the tendency of the particle group to maintain its orientation 

in the search space. As shown in Equation (6), the performance of the algorithm is influenced by 

the best position of each particle, the best individual experience of the particle (the best 

individual experience of the particle) as well as the position of the best neighbor particle in the 

neighborhood of the same particle ( the best collective experience). Therefore, each particle with 

a special ratio will be attracted toward its best value and its best neighbor particle. Therefore, the 
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second component of this equation is called the cognitive component and the third component is 

called the social component. 

1.3 Inertia coefficient   

The value of velocity vector v [ ]i
t  in equation (5) can be considered as a variable.  This vector is 

weighted by w which is called the inertia coefficient. This parameter is one of the important 

parameters in the Particle Swarm Optimization Algorithm that its proper tuning makes this 

algorithm robust (Ting et al. 2012). This parameter was first introduced by Shay and Eberhart in 

1998 and added to the velocity equation (Shi and Eberhart, 1998). By incorporating this 

parameter into Equation (5), it is modified into Equation (6) (Di Cesare et al. 2015). To improve 

the convergence of the algorithm, the coefficient can be adjusted so that it decreases by passing 

time and approaching to the optimal response. Adjusting this parameter provides a variety of 

linear, nonlinear, and adaptive functions such as Constant inertia weight, Random inertia Weight, 

linear decreasing inertia weight, Oscillating Inertia Weight, etc. in reference (Bansal et al. 2011),  

the authors have discussed 15 of these functions and have investigated the performance of these 

functions on  function 5, which is discussed in the following sections.  The decreasing trend of 

the inertia coefficient and consequently the decrease of the inertia component of the velocity 

equation is due to the particle moving initially with larger steps and as approaching to the final 

answer to the optimization problem, decreasing the particles step makes the particles not to get 

far from the optimal response.  This modification can be done by multiplying coefficient w into a 

damping constant, so that at the end of each iteration in the main circle of this algorithm, this 

constant is re-multiplied into w. Moreover, the value of inertia coefficient can be defined as 

equation (8) (Eberhart et al. 2001; Lee and Park, 2006). In this equation, ωmin and ωmax, 
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respectively, represent the initial and final values of inertia coefficient and Iter and MaxIter  

represent Current iteration number and iteration number.  

1 1, 2 2,[t 1] v [ ] (x [t] x [t]) (x [t] x [t])i i iBest i gBest i

j j
v w t c r c r+ = + − + −                                                        (7) 

Max Min
Max

Max

w Iter
Iter

ω ωω −
= − ×                                                                                                          (8) 

Given the neighborhood concept of each particle and the social intelligence of the Particle 

Swarm Optimization Algorithm or the third component of equation (7), topologies are presented 

as follows. 

1.4 Particle Swarm Evolutionary Algorithm Models 

In general, the Particle Swarm Optimization Algorithm is examined by two main models. 1) 

Global best model (Gbest) and Local best model (Lbest). The main difference between the two 

models is in structure of the neighborhood model of each particle. In the first model, the 

neighborhood of each particle contains all members of the population and only one particle is 

known as the best particle, and all the particles in the group are absorbed by it. In this model, the 

best particle information is shared with the rest of the particles. Unlike the Gbest model, in 

Lbest, each particle only has access to the information related to the neighborhood of the same 

particle. In Gbest model, because all particles of the group is absorbed by a single particle, this 

model has a higher convergence rate than the Lbest model. One on the other, the probability of 

this model being trapped at local extreme points is higher than in the case of several defined 

neighborhoods (Poli et al. 2007; Mavrovouniotis et al. 2017).  

 For these models several topologies are presented which will be explained in the next section. 
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1.5 Types of network topologies or structures 

1.5.1 Definition of particle topology 

Particle topology is the symbolic network structure of particles that reflects how the population 

particles interact and share information with each other.  

As mentioned in the previous sections, this algorithm can be defined as a set of particles moving 

in areas determined by the best successful experience of each particle and the best experience of 

some other particles. According to the phrase "best experience of some other particles”, there are 

many structures in the references that three main cases will be discussed below. 

1. Star  

2. Ring (Circles)  

3. Wheel 

1.5.2 Star structure  

In the star structure, all the particles in the group are adjacent to each other. Therefore, the 

position of the best particle of the group is shared with all the particles of the group and affects 

their velocity updating equation. This structure is related to the Gbest model. In this structure, the 

probability of being trapped at the optimal local point is increased if the best solution of the 

problem is not close to the best particle. The properties of this structure can be attributed to its 

rapid convergence as well as the greater likelihood of being trapped in optimal local locations. 

The star structure is shown in the figure 1. 
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Fig. 1. Star structure 

1.5.3 Ring (Circles) structure  

In this structure, each particle is adjacent to its n particle. So that there are n/2 particles on each 

side. This structure for state n=2 is shown in Fig. (2). In this case, each particle is associated with 

its two adjacent particles. This structure is corresponding to the Lbest model. In this structure, 

each particle strives to move toward the best particle in its defined neighborhood. In this 

structure more areas of the search space are examined, but the convergence rate of this structure 

is low (Kacprzyk, 2009). 

 

Fig. 2. Ring structure in n=2 
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1.5.4 Wheel structure  

In the wheel structure, one particle is considered as the Focal particle (Hub). In this structure, the 

middle particle is attached to all the particles in the group, but the other particles are only 

attached to this particle and are insulated from each other. The focal particle moves to the best 

particle. If this focal particle movement improves its performance, it also affects other particles. 

This structure is shown in Fig. 3. 

 

Fig. 3. Wheel structure 

1.6 Improved convergence of Particle Swarm Optimization Algorithm 

Morris Clarke and James Kennedy have proposed a method for selecting coefficients in equation 

(7) to improve the convergence of Particle Swarm Optimization Algorithms. In this method, 

equation (7) is modified in form of equation (9) (Clerc and Kennedy, 2002). 

1 1, 2 2,[t 1] (v [ ] (x [t] x [t]) (x [t] x [t]))i i iBest i gBest i

j j
v t c r c rχ+ = + − + −                                                      (9) 

In the recent equation, χ is Constriction coefficient which is defined as equation (10).  

2

2

2 4
χ

ϕ ϕ ϕ
=

− − −
                                                                                                                 (10) 
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In the recent equation, coefficient ϕ is defined as equation 11 (Chan et al. 2007). 

1 2          c cϕ ϕ= + > 4                                                                                                                  (11) 

1.7 Limiting velocity 

After obtaining the particle velocity vector of the group, it is necessary to check whether the 

velocities obtained are within the specified permissible range. This allowed range is usually 

expressed as a coefficient of the width of the search space. This range is shown in Equations (12) 

and (13). 

max max min( )v x xα= −                                                                                                                    (12) 

min max min( )v x xα= − −                                                                                                                  (13) 

In both recent equations, xmin and xmax represent the variables range in optimization problem. In 

addition, Alpha coefficient has a value between zeros to one, so that the velocity threshold value 

does not exceed the width of the research space.  

After determining the particle velocity vector and determining the particle velocity threshold, 

these ranges are applied as relation (14): 

,

min min

, , ,

min max

, ,

max max

                        ( 1)

( 1) ( 1)               ( 1)

                       ( 1)

i j j

i j i j j i j j

i j i j

v v t v

v t v t v v t v

v v t v

 + ≤


+ = + < + <
 + ≥

                                                              (14) 
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At this point, new values of group particle velocity are set and the necessary constraints are 

applied. Now the new position of the particles must be determined. This new position is 

determined by Equation (15). 

( 1) ( ) ( 1)x t x t v t+ = + +                                                                                                          (15) 

Displacement of the particle based on the velocity update equation and the displacement 

equation has been shown in Fig. (4).  After the displacement of the particle following the 

mentioned steps,  the above steps are repeated until the termination conditions of the algorithm 

are satisfied and the best particle position among all the group members is delivered as the 

optimal response. 

 

Fig. 4. Displacement of the ith particle in Particle Swarm Optimization Algorithm 
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Figures

Figure 1

Schematic view of the experimental setup, a) the installed tank on the roof, b) the tank and cylinder
installed in the laboratory, and c) steel cylinder



Figure 2

Gradation curve of different materials



Figure 3

Changes in hydraulic gradient versus steady �ow velocity recorded in the laboratory



Figure 4

Changes in hydraulic gradient versus unsteady �ow velocity recorded in the laboratory



Figure 5

Particle Swarm Optimization (PSO) algorithm



Figure 6

Observational and computational friction coe�cient versus Reynolds number in steady �ow condition



Figure 7

Changes in observational and computational friction coe�cients in terms of Reynolds number in
unsteady �ow condition


