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Machining accuracy reliability optimization of three-axis CNC machine tools using 

doubly-weighted vector projection response surface method 

Zhiming Wang[1]*; Wenbin Lu[1] 

Abstract The reasonable allocation of geometric errors of NC machine tools can improve the 

machining accuracy reliability. However, due to the complexity and high nonlinearity of limit state 

function (LSF) of machining accuracy reliability, the fitting accuracy is usually low when the 

traditional method is used to approximate LSF. To solve this problem, a doubly-weighted vector 

projection response surface (DWVPRS) method, which considers not only the approximation 

results of the test sample point to LSF but the distance between the test sample point and the most 

probable failure point (MPFP), is proposed. Using the reliability sensitivity analysis method, the 

key geometric errors were identified and optimized to meet the design requirements. Finally, 

taking a large gantry guideway grinding machine as an example to verifies the correctness and 

effectiveness of the DWVPRS method proposed in this paper, the results show that after the 

optimization of geometric accuracy, the minimum and average reliability value of the grinding 

machine meet the design requirements. 

Keywords Doubly-weighted vector projection response surface method  Machining accuracy 

reliability  Sensitivity analysis  Geometric error  Accuracy optimization 

List of symbols  

δxx Working table linear error in X-direction 

δyx Working table linear error in Y-direction 

δzx Working table linear error in Z-direction 

δxy Vertical slide linear error in X-direction 

δyy Vertical slide linear error in Y-direction 

δzy Vertical slide linear error in Z-direction 

δxz Movable beam linear error in X-direction 

δyz Movable beam linear error in Y-direction 

δzz Movable beam linear error in Z-direction 
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εxx Roll error of working table 

εyx Pitch error of working table 

εzx Yaw error of working table 

εxy Roll error of vertical slide 

εyy Pitch error of vertical slide 

εzy Yaw error of vertical slide 

εxz Roll error of movable beam 

εyz Pitch error of movable beam 

εzz Yaw error of movable beam 

Sxy Perpendicularity error between working table and movable beam 

Sxz Perpendicularity error between vertical slide and movable beam 

Syz Perpendicularity error between working table and vertical slide 

1 Introduction 

Machining accuracy reliability of CNC machine tools refers to the ability of machine tools to 

perform a machining accuracy requirement under particular circumstances for a given specific 

time interval [1]. It is a crucial reliability index in evaluating the machining performance of CNC 

machine tools, which significantly impacted by force errors, thermal errors, and particularly 

geometric errors [2,3]. This is because that geometric errors and thermal errors are the main 

influencing factors, accounting for 45%-65% of the total errors. If the temperature of machine 

tools changes to a stable state, the impact of geometric errors is the largest, accounting for about 

40% of the total errors [4]. Therefore, it is imperative to address practical engineering challenges 

by rationally optimizing the geometric errors of CNC machine tools. This optimization process 

aims to enhance the machining accuracy reliability of CNC machine tools, ensuring that it aligns 

with the design requirements [5]. 

At recent years, in literature many studies have focused on error modeling techniques for CNC 

machine tools. The three main methods are used including the differential matrix method [6], 

homogeneous transformation matrix (HTM) method based on multi-body system theory [7-9], and 

error modeling method based on the product-of-exponential theory [10,11]. Among these methods, 
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the HTM method has gained the most popularity [12]. However, its drawbacks are also obvious. 

Using the HTM method to model the error of machine tools, four kinds of matrixes, which 

including stationary characteristic matrix, motion characteristic matrix, stationary error matrix and 

motion error matrix, are all should be considered simultaneously, this makes the HTM method is 

complex, time-consuming and error-prone. The product-of-exponential modeling approach is 

commonly employed in the robotics industry because of its simplicity and clear physical 

significance [13,14], while it has not yet been paid enough attention in the field of machine tools. 

The product-of-exponential theory was utilized by Li et al [15]. to model the kinematics of the 

rotating axis of a five-axis motion platform and obtain the geometric errors of each position. This 

approach offers advantages such as solving the singularity problem of error matrix and providing a 

clear physical significance for angular error. Moreover, the motion spinor index can easily 

describe the move of a rigid structure, thereby the product-of-exponential modeling approach can 

simplify the kinematic analysis of the series mechanism [10,11]. Therefore, the 

product-of-exponential theory is also adopted in this study to model the geometric error of CNC 

machine tools. 

In the field of machining accuracy reliability analysis for machine tools, several methods 

including the importance sampling (IS) method, first-order second-moment (FOSM) method, 

advanced first-order second-moment (AFOSM) method, response surface (RS) method and Monte 

Carlo simulation (MCS) method [9,16-20] are commonly used. Among these methods, the RS 

method [21-23] is widely employed due to its ability to effectively approximate limit state 

function (LSF) and its simplicity in calculation. However, the accuracy of the RS method is 

greatly influenced by the shape of the response surface function and the selection of test sampling 

points. With the development of reliability analysis theory, Kim and Na [24] proposed an 

improved sequential response surface method. Nevertheless, this method does not take into 

account the distance between the test sample points and the actual LSF, and it treats all test sample 

points as having the same effect. Kaymaz and Mcmahon [25] proposed the idea of weighted 

regression response surface method, which reduced the amount of calculation and improved the 

fitting accuracy to a certain extent. However, the test sample points obtained by this method are 
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not representative, and the selection strategy of test sample points needs to be improved. Fan et al. 

[26] proposed an adaptive response surface method considering cross-terms. However, 

unreasonable interpolation coefficients may cause large errors, and even lead to wrong calculation 

results. Zhang et al. [27] considered the distance between the test sample point and the LSF, and 

proposed an improved weighted response surface method based on vector projection sampling. 

This method addresses the limitations of previous approaches and aims to enhance the accuracy of 

reliability analysis. The region near the actual most probable failure point (MPFP) is a critical area 

with a high probability of failure, making it crucial in reliability calculations. Therefore, it is 

necessary to accurately fit the LSF near the MPFP. Inspired by the research of Zhang et al. [27], 

this paper further tries to improve the fitting accuracy by considering not only the approximation 

results of the test sample point to the LSF but the distance between the test sample point and the 

MPFP, which ensure the test sample points are accurately approaching the limit state surface and 

the LSF has also been fitted well at the MPFP. Based on these two factors, taking into account the 

approximation results, the test sample points are doubly weighted, a doubly-weighted vector 

projection response surface (DWVPRS) method is proposed in this paper. Consequently, based on 

the proposed method, the machining accuracy reliability of CNC grinding machine is optimized. 

Compared with the conditional method, the proposed method enhances the computational 

accuracy to a certain extent. 

2 Machining accuracy reliability modeling of CNC machine tools 

Any rigid body in three-dimensional space possesses six degrees of freedom, and each motion axis 

associated with six fundamental errors: three linear displacement errors and three angular 

displacement errors. Consequently, a three-axis CNC machine tool exhibits a total of 21 geometric 

errors, comprising 18 geometric errors and 3 perpendicularity errors. Specifically, the linear 

displacement errors of the X-axis are represented as δxx, δyx and δzx, while the angular displacement 

errors are εxx, εyx and εzx. Similarly, the linear displacement errors of the Y-axis are denoted as δxy, 

δyy and δzy, and the angular displacement errors are εxy, εyy and εzy, respectively. The linear 

displacement errors of the Z-axis are denoted as δxz, δyz and δzz, and the angular displacement 

errors are εxz, εyz and εzz, respectively. Furthermore, the manufacturing and assembly errors of 
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machine tools introduce perpendicularity errors between the axes. The perpendicularity error 

between the X and Y axes is denoted as Sxy, and the perpendicularity errors between the X and Z 

axes and the Y and Z axes are represented by Sxz and Syz, respectively. 

Figure 1 is the structural diagram of a CNC MKW5230A/3×160 gantry guide grinding machine 

of the XFZY type. The open-loop motion chain from the workbench to the grinding head is as 

follows: the workbench - X axis - bed - Z axis - Y axis - the grinding head. Using the 

product-of-exponential theory to model the geometric errors of the grinding machine, ignoring the 

influence of higher-order terms and using the assumption of small angle approximation, some of 

the 21 geometric errors would be canceled each other, and the 17 geometric errors are left at last. 

Therefore, the position error ∆E of the grinding head relative to the workbench can be given as: 

 

( )

( )

x xz xx xy yx zz zx xz

y yz yx yy zx xx xy yz

z zz zx zy yx xz xx

e z y zS

e x z xS zS

e x y

     

    

     

 − + + + − − 
  
   = = − + + + + −   

   
   − + − + +   

E  (1) 

where ex, ey and ez are the position errors of grinding head in X, Y and Z directions, x, y, and z 

denote the displacements along the X, Y, and Z axes, respectively. 

In order to assess the machining accuracy reliability of grinding machines, the model of the 

machining accuracy reliability, which is often expressed by LSF, is needed. Using Eq. (1), the LSF 

of machining accuracy reliability can be obtained by 

 2 2 2

x y zG I e e e= − + +  (2) 

where I = 0.03 mm is the allowable machining error. When Eq. (2) is greater than zero, it means 

that the machining accuracy of grinding machines is reliable; otherwise, it is unreliable. From Eq. 

(2), it can be seen that this function is a complex, high-dimensional nonlinear function, making it 

challenging to calculate the reliability of grinding machine using the conventional reliability 

methods. 
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Fig. 1 Structure diagram of grinding machine 

3 Doubly weighted vector projection response surface method 

To fit the LSF of machining accuracy reliability of grinding machine, a DWVPRS method is 

proposed in this study. As mentioned in introduction, response surface function is widely used to 

approximate LSF because of its simplicity. The general expression for quadratic polynomial 

response surface function, without considering cross terms, can be given as follows: 

 
2

1 1

( )
n n

i i i i

i i

Z h Y a bY c Y
= =

= = + +   (3) 

where h(Y) is the response surface function, Yi is the design variable, and a，bi and ci denote 

unknown coefficients whose total number is 2n + 1.  

Ignoring the influence of quadratic terms and utilizing linear response surface function to fit the 

true LSF, the computing burden would be reduced, the simplified expression of the linear 

polynomial response surface function is given as follows: 

 
T

1

( )
n

i i

i

Z h Y a bY a
=

= = + = + b Y  (4) 

3.1 The basic principle of vector projection sampling 

Assuming that a probable failure point of the previous iteration is y*, the unit column vector of the 

response surface function at y* is calculated according to Eq. (4), which can be obtained by the 

definition of the unit vector: 

 

*

*

( )

( )
r

h y

h y


= − = −


bτ
b

 (5) 

where τr represents the unit vector which is perpendicular to the tangent line of the LSF and 

pointing towards the direction of the LSF, 𝛁h(y*) is the gradient vector of h(y*). 

The unit projection vector ui of the test sample point for the i-th random variable can be given 
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by [28]: 

 

T

T
  ( 1,2, , )i r i r

i
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i n
−

= =
−

L
e τ e τ

u
e τ e τ  (6) 

where T

1 2( , , , )i i i ni  = Le represents the unit basis vector along the coordinate axis Xi, δij is the 

Kronecker symbol, and δij = 1 (i = j), δij ≠ 0 (i ≠ j). If T

i r i r− =e τ e τ 0 , then ui is specified as 0. 

In order to make the test sample points reasonably distributed near the LSF, the MPFP obtained 

from each iteration is projected onto the previous iteration RS, and the unit projection vector pi 

can be obtained by [28]: 

 
(1 )

  ( 1,2, , )
(1 )

i q r i

i

i q r i

i n
  
  

− + −
= =

− + −
L

u τ e
p

u τ e
 (7) 

where εq is an extremely small number, λ is a value between 0 and 1, and when λ is 0 or 1, it 

corresponds to traditional central composite design sampling and full vector projection sampling, 

respectively. 

Using the projection sampling method defined in Eq. (7), the coordinates of the test sample 

points are calculated as follows: 

 
* T   ( 1,2, , )i i yi i iy y f i n=  = Lp e  (8) 

where *

iy is the MPFP, f is the step size, σyi is the standard deviation of the test sample point, and
T

yi i if p e represents the distance between the test sample point and the MPFP. 

By using the above 2n + 1 test sample points, an overdetermined linear Eq. system can be 

obtained as follows: 

 
*=Aγ h  (9) 

where 1( , , , )T

na b b=γ L , * * * * T

1 2 2 1( , , , )nh h h += Lh ; A is the regression coefficient matrix composed of 

test sample points, which can be written by: 
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    −    
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From Eq. (9): 

 
T 1 T *( ) h−=γ A A A  (11) 

The selection of step size, denoted as f, has been identified as a critical factor affecting the 

convergence speed and calculation accuracy of the RS method [29]. When the step size is large, 
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due to the low fitting accuracy of the polynomial to the LSF, the RS method cannot converge to 

the actual MPFP, but converges locally around it. Conversely, when the step size is very small, 

although the response surface function can be well fitted to the real LSF at the actual MPFP. 

However, if the initial value of step f is small for the LSF with a high nonlinearity, periodic 

oscillation or even non-convergence will occur in the iterative process. To avoid this situation, a 

large initial value is given in the iterative process, and f is replaced with f , so as to ensure that 

the step size f gradually converges to a smaller and reasonable value. By employing this approach, 

the problem of the convergence failure and computational errors of the RS method can be 

effectively resolved, then the convergence speed and calculation accuracy of the RS method 

would be improved. 

3.2 Construction of double weighting coefficient 

There are two type of weighted coefficients which affect the fitting accuracy of the LSF. The Type 

I weighted coefficient considers the distance between the test sample point and the limit state 

surface (also known as the failure surface, that is h(y) = 0). In order to make the response surface 

function approach the failure surface better, a larger weighted coefficient should be given to the 

test sample points which are closer to the failure surface. Because the test sample points with 

larger weighted coefficient play a more important role in fitting the response surface function, thus 

it can improve the fitting accuracy of the LSF. The expression for Type I weighted coefficient is 

given as: 

 

 1 2

1

min ( ) , ( ) , , ( )

1                 ( ) 0

        ( ) 0
( )

n

i

i
i

i

t h y h y h y

h y

w t
h y

h y

=

=
=  


L

 (12) 

where w1i is the Type I weighted coefficient at each test sample point, |h(yi)| denotes the distance 

between each test sample point and the LSF, and t is the optimal value of the distance between the 

two, that is, the smallest non-zero value. 

The Type II weighted coefficient measures the distance between the test sample point and the 

MPFP. As the region near the MPFP has a high failure probability, this region also plays an 

important role in reliability calculation. A larger weight for the test sample points which are close 
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to the MPFP can make the response surface function accurately approximate the real LSF near the 

actual MPFP. The weighted coefficient is defined as follows [30]: 

 

2 3 4

2

1 6 8 3    0 1

0                              1

i i i i

i

i

d d d d
w
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and 

 

*( )

max max

k

ii

i

i

y yl
d

l l

−
= =  (14) 

where li is the distance between each test sample point and the MPFP, lmax is the maximum 

distance between the test sample point and the MPFP among all the test sample points, and y*(k) is 

the MPFP generated by the k-th iteration. 

Taking the average of the two weights, the weight coefficient of each test sample point can be 

obtained, and then the weight matrix is constructed with the weight coefficient of each test sample 

point as the diagonal element, and respectively given by: 

 

1 2

1 2

2

diag( , , )

i i

i

n

w w
w

w w w

+ =

 = LW

 (15) 

At this stage, the coefficient matrix γ in Eq. (11) is updated using the weighted matrix to obtain 

the new coefficient matrix B by 

 
T -1 T *( ) h=B A WA A W  (16) 

Therefore, the details for calculating the machining accuracy reliability of a grinding machine 

using the DWVPRS method are given as follows: 

Step 1: Construct the initial iteration point T

1 2( , , , )ny y y y= L by taking the mean value y of the 

random variable. 

Step 2: Set the initial iteration point y as the sampling center and choose an appropriate step size 

f (at first it can be selected from 1 to 3). Generate 2n + 1 test sample points using the central 

composite design method, the coordinates of each test sample point can be expressed as

ii yy y f=  . 

Step 3: Substitute the test sample points into Eq. (10) to obtain the coefficient matrix A(X). 

According to the test sample points, the corresponding response values ( 1,2, ,2 1)ih i n= +L  are 
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obtained by numerical analyses or test, and the column vector 1 2 2 1( , , , )nh h h += Lm is given. 

Step 4: Construct the weight matrix W using Eqs. (12) to (15), and determine the new 

coefficient matrix B using the least squares method. Note that the weight matrix is a unit matrix 

when using the method of central composite design to generate the test sample point. 

Step 5: Calculate the MPFP y* of the LSF and the reliability index Z Z  = using the AFOSM 

method. Here, μZ is the mean of the response function and σZ is the standard deviation of the 

response function. 

Step 6: Take the MPFP y* as the expansion point, carry out projection sampling using Eqs. (5) 

to (8), generate the new test sample points yi. Replace f with f in the iteration process to ensure 

accuracy and convergence of the calculation results.  

Step 7: Repeat Steps 3 to 6 until the difference between the last two times value of ||y|| is less 

than the allowed error ɛ (typically set between 10-6 and 10-4), output the reliability index β. Finally, 

compute the machining accuracy reliability of CNC machine tools using R = Φ(β), where Φ (·) is 

a standard normal distribution function. 

3.3 Reliability sensitivity analysis of machining accuracy of CNC machine tools 

To analyze the influence of error variable on the machining accuracy reliability of a grinding 

machine, based on the doubly weighted vector projection response surface model of LSF, the 

sensitivity of CNC machining accuracy reliability is obtained by the partial derivation of the 

geometric error parameters. 

From Eq. (4), the mean and variance of the response surface function for CNC machine tools’ 

machining accuracy can be given as follows: 

 1

2 2 2

1
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( )

i

i

n

Z i Y

i
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Z i Y
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E Z a b

D Z b
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 = = +
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 (17) 

where E is the mean of response surface function, and D represents the variance. Therefore, one 

can derive the partial derivative of geometric error parameter as: 
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The sensitivity of the geometric error parameter to the machining accuracy reliability can be 

expressed as: 

 
i i i

i i i

Z Z

Y Z Y Z Y

Z Z

Y Z Y Z Y

R R

R R

  
     

  
     

       = +        


      = +        

 (19) 

where R is the reliability, and 2

1 1
exp ,  ,  

22

Z

Z Z Z Z

R   
    
   = − = = −    

. Using Eq. (19), 

the sensitivity of geometric error parameter of machining accuracy reliability can be obtained.  

The proposed methods consist of three models include geometric error model, machining 

accuracy reliability model based on the DWVPRS method and reliability sensitivity analysis 

model. In order to optimize the machining accuracy reliability of grinding machine, the geometric 

error model of the grinding machine is needed in first step. Subsequently, utilizing the accuracy 

reliability model and sensitivity analysis model, the machining accuracy reliability was optimized 

by adjusting the geometric error parameters with high sensitivity, so that the reliability design 

requirements is satisfied. The details are illustrated in Fig. 2. 

 

Fig. 2 The flow chart of the DWVPRS method proposed in this paper 

4 Case study 

The MKW5230A/3×160 guideway grinding machine adopts a gantry layout and consists of 

double-column, activity crossbeam, vertical slide, and bed. Its dimensions are 22 m × 7.8 m × 5.8 
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m, making it suitable for machining large parts of heavy machinery, ships, aerospace, and 

metallurgical equipment. During the machining process, the working table moves longitudinally 

along the bed guideway, while the activity crossbeam lifts and lowers along the double-column 

guideway. A vertical sliding plate is installed on the activity crossbeam, which moves transversely. 

The vertical slide is equipped with a universal vertical grinding head that moves along the 

guideway on the sliding plate. 

The design requirements of the grinding machine are given as follows: the average reliability 

should exceed 97% when the positional error is below the maximum allowable value of 0.03 mm, 

and the minimum reliability should be above 95%. The study of reference [31] shows that the 

component geometric errors of machine tools follow a normal distribution closely. Thus, in this 

study, all geometric errors of the grinding machine are also assumed normally distributed. The 

distribution parameters of the geometric errors primarily depend on the assembly tolerance and 

design tolerance of the grinding machine. The relationship between the standard deviation (σ) of 

the geometric error and the tolerance (T) is given by T = 6σ. During the design and manufacturing 

process, the tolerance is controlled strictly ensures that each component meets the design 

requirements as closely as possible. Consequently, the mean of geometric error of the grinding 

machine can be assumed to be close to zero on average. According to the machining accuracy that 

can be achieved by general CNC equipment and the national standard of the People's Republic of 

China for precision testing of gantry guideway grinding machines (GB/T5288-2007/ISO4703: 

2001), the standard deviations of the 21 selected geometric errors are given in Table 1. 

Table 1 The standard deviation of 21 geometric errors of grinding machine 

Error variance δxx δyx δzx εxx
 εyx

 
εzx

 
δxy 

Standard deviation/mm 0.05/6 0.05/6 0.05/6 0.03/6000 0.06/6000 0.05/6000 0.04/6 

Error variance δyy δzy εxy
 

εyy
 

εzy
 

δxz δyz 

Standard deviation/mm 0.05/6 0.04/6 0.05/6000 0.04/6000 0.04/6000 0.03/6 0.03/6 

Error variance δzz εxz
 

εyz
 

εzz
 

Sxy Sxz Syz 

Standard deviation/mm 0.05/6 0.03/6000 0.04/6000 0.03/6000 0.03/3000 0.03/3000 0.02/3000 

5 Results and discussion 

In order to optimize the geometric error of the grinding machine reasonably, the machining 
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accuracy reliability of the grinding machine should be predicted correctly at first. During the 

operation of the grinding machine, although the bed guide rail may be moved, the theoretical 

working point on the X-axis remains unchanged. As a result, the position coordinate of X direction, 

denoted as x, remains constant, while the displacements of the grinding head along the Y and Z 

directions are represented by y and z, respectively. Adopting the orthogonal sampling method, five 

equidistant points within the range of -1500 to 1500 mm on the Y-axis and 0 to 2000 mm on the 

Z-axis of the grinding machine are chosen. Thus a total of 25 sets of the position coordinate points 

of grinding head are obtained. Taking them as the input variables, the machining accuracy 

reliability of each position coordinate point is used to reflect the machining accuracy reliability of 

the grinding machine. Firstly, the LSF for the machining accuracy of the grinding machine is 

established using Eq. (2). Due to the complexity and high nonlinearity of the LSF, the response 

surface function described in Eq. (4) is used to approximate the LSF. To ensure the fitting 

accuracy of the response surface function, the vector gradient projection method is applied to 

select the test sampling points, as shown in Eqs. (5) to (8). Although the test sample points 

selected by the vector gradient projection method have higher accuracy than other sampling 

methods, some test sample points have important influence on the fitting accuracy and reliability 

calculation of the LSF during the fitting process, and the influence of all test sample points on the 

fitting accuracy of the LSF cannot be considered equal. Therefore, Eqs. (12) and (13) were used to 

carry out doubly weighted regression on each test sample point, so that each important sample 

point could play its actual role, and then Eq. (16) was applied to calculate the unknown 

coefficients of the response surface function. Finally, the AFOSM method was used to estimate the 

machining precision reliability at each position coordinate point. Using Matlab programming, the 

machining accuracy reliability corresponding to 25 groups of position coordinate points is 

calculated in turn, and it was then determined whether it meets the design requirements of 

minimum reliability of 95% and average reliability of more than 97%. At the same time, in order 

to verify the correctness and effectiveness of the DWVPRS method, MCS method was used as the 

standard method and compared with the RS method and VPRS method, the corresponding residual 

and mean residual values of machining accuracy reliability could be obtained. The calculation 
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results are shown in Fig. 3. As can be seen from Fig. 3, compared with the MCS method, the 

errors given by the RS and VPRS methods are large. However, the error of the DWVPRS method 

is the smallest, its calculative result is closer to the result of MCS method. Among them, the 

residual value of the RS method ranges from -3.68 to 0.86, and the average residual value is -1.07. 

The residual value range of VPRS method is -1.66~1.17, and the mean residual value is -0.26. 

While the residual range of the DWVPRS method is -0.29 to 0.22, and the mean residual is only 

-0.03. Therefore, it can be said that the proposed method in this paper enhances the calculation 

accuracy. The lower calculation accuracy observed in the other two methods can be attributed to 

two factors as follows: the RS method is affected by the shape of response surface function and 

the selection of test sample points, which results in a large difference between the calculation 

results and the standard results; in addition, the VPRS method only considers the distance between 

the test sample points and the LSF, and does not consider the important sample points near the real 

MPFP point, thereby resulting in a low calculation accuracy. 

 

Fig. 3 Machining accuracy reliability of grinding machine 

As shown in Fig. 3, the reliability of the grinding machine was evaluated using 25 selected 

positional coordinate points within its travel range. The minimum reliability value was found to be 

80.95%, and the average value was 90.39%. Both values did not meet the design requirements of 

the grinding machine. Since the geometric error parameters of the grinding machine significantly 
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affect its machining accuracy reliability, it is necessary to optimize these parameters to improve 

the machining accuracy reliability. Since the mean value of the geometric error is 0, the main 

parameter influencing the machining accuracy reliability is the standard deviation of the geometric 

error. Therefore, only the sensitivity of the standard deviation needs to be calculated. Select the 

coordinate point with the least reliability, namely the 5th coordinate point, and Eq. (19) was used 

to analyze the sensitivity of the standard deviation of the geometric error. Therefore, the geometric 

error parameters that have a great influence on the machining accuracy reliability are identified, 

and the analysis results are shown in Fig. 4. 

 

Fig. 4 Machining accuracy sensitivity analysis of grinding machine  

From Fig. 4, it can be seen that the 4th, 5th, 6th, 7th, 11th, and 13th geometric errors, denoted as 

εyx, εzz, εzx, Sxz, εxx and Syz, respectively, have a more significant impact on the machining accuracy 

reliability of the grinding machine. Therefore, these six geometric errors need to be optimized to 

meet its design requirements. Considering the inverse relationship between the cost and reliability 

of machine tools, a precision balance approach is adopted to optimize these geometric errors. The 

optimization model is expressed as follows: 
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where F is the objective function, a is the minimum value of the geometric error term (a > 0, 

determined according to design requirements), pi represents the geometric error term to be 

optimized, b is the maximum value of the geometric error term (generally less than the initial 

value of the geometric error), Rmin is the minimum value of reliability, and Rmean is the mean value 
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of reliability. The optimization results are given in Table 2. 

Table 2 The optimization results of accuracy reliability 

Geometric error 
term 

εyx εzz εzx Sxz εxx Syz 

Before 
optimization/mm 

0.06/6000 0.03/6000 0.05/6000 0.03/3000 0.03/6000 0.02/3000 

After 
optimization/mm 

0.016/6000 0.016/6000 0.018/6000 0.012/3000 0.02/6000 0.013/3000 

Mean reliability 97.17 

Minimum reliability 95.42 

The optimization results show that after reliability optimization, the minimum reliability of the 

grinder is increased from 80.95% to 95.42%, and the average reliability is increased from 90.39% 

to 97.17%, both of them meet the design requirements, which shows the correctness of the 

reliability optimization method proposed in this paper. So far, the correctness and effectiveness of 

the proposed method has been verified, and the machining accuracy reliability of CNC grinding 

machine can be improved to meet the design requirements by optimizing the geometric error term. 

6 Conclusion 

To improve the machining accuracy reliability of CNC machine tools, a DWVPRS method is 

proposed. Based on the geometric error model and the reliability model of machining accuracy, 

using the analysis results of reliability sensitivity, the geometric accuracy of the main parts of the 

grinding machine is optimized to meet design requirement. This method also has a reference 

significance for error modeling and precision enhancing of other types of machine tools. The main 

conclusions can be drawn as follows: 

The purpose of the DWVPRS method is to obtain important test sample points, and to reduce 

the influence of unimportant test sample points. Both the approximation results of the test sample 

point to LSF and the distance between the test sample point and the MPFP are considered 

simultaneously by the DWVPRS method. Compared with the RS and VPRS methods, the 

DWVPRS method has a highest fitting accuracy to LSF at the MPFP, which can improve the 

calculation accuracy of reliability.  

Author contribution Conceptualization, Zhiming Wang; methodology, Wenbin Lu; investigation, 

Wenbin Lu; data curation, Wenbin Lu; writing—original draft preparation, Zhiming Wang; 



17 

 

writing—review and editing, Wenbin Lu; supervision, Zhiming Wang. 

Funding The research was sponsored by the National Natural Science Foundation of China (grant 

no. 52365063). 

Data availability All data generated or analyzed during this study are included in this published 

article.  

Code availability Not applicable. 

Declarations 

Ethics approval Not applicable. 

Consent to participate Not applicable. 

Consent for publication All authors have read and agreed to the published version of the 

manuscript. 

Competing interests The authors declare no competing interests. 

References 

1. Zhang ZL, Liu ZF, Cai LG, Cheng Q, Qi Y (2017) An accuracy design approach for a 

multi-axis NC machine tool based on reliability theory. Int J Adv Manuf Tech 

91(5-8):1547-1566. https: //doi.org/10.1007/s00170-016-9824-5 

2. Patil RA, Gombi SL (2022) Operational cutting force identification in end milling using inverse 

technique to predict the fatigue tool life. Iran J Sci Technol Trans Mech Eng 46:3-41. 

https://doi.org/10.1007/s40997-020-00388-z 

3. Zhang ZL, Hu X, Qi Y, Wang W, Tao ZQ, Liu ZF (2022) An approach for error allocation of 

machine tool based on vector projection response surface method. J Jilin Univ 52(2):384-391. 

https://doi.org/10.13229/j.cnki. jdxbgxb20211089 

4. Wang ZM, Yuan H (2021) Enhancing machining accuracy reliability of multi-axis CNC 

machine tools using an advanced importance sampling method. Eksploatacja i Niezawodnosc– 

Maintenance and Reliability 23(3):559-568. http://doi.org/10.17531/ein.2021.3.17 

5. Fazli M, Kazerooni M (2022) Investigation of FMEA improvement to present a new framework 

for an efficient failure risk analysis of the products, considering cost matter. Iran J Sci Technol 

Trans Mech Eng 46:1225-1244. https://doi.org/10.1007/s40997-021-00474-w 

https://doi.org/10.13229/j.cnki.jdxbgxb20211089.


18 

 

6. Fu GQ, Fu JZ, Xu YT, Chen ZC, Lai JT (2015) Accuracy enhancement of five-axis machine 

tool based on differential motion matrix: Geometric error modeling, identification and 

compensation. Int J Mach Tool Manu 89:170-181. https://doi.org/10.1016/j.ijmachtools.2014. 

11.005 

7. Cai LG, Zhang ZL, Cheng Q, Liu ZF, Gu PH (2015) A geometric accuracy design method of 

multi-axis NC machine tool for improving machining accuracy reliability. Eksploatacja I 

Niezawodnosc-Maintenance and Reliability 17(1):143-155. https://doi.org/10.17531/ein.2015. 

1.19 

8. Cai LG, Zhang ZL, Cheng Q, Liu ZF, Qi Y (2016) An approach to optimize the machining 

accuracy retain ability of multi-axis NC machine tool based on robust design. Precis Eng 

43:370-386. https://doi.org/10.1016/j.precisioneng.2015.09.001 

9. Cheng Q, Zhao HW, Zhao YS, Sun BW, Gu PH (2018) Machining accuracy reliability analysis 

of multi-axis machine tool based on Monte Carlo simulation. J Intell Manuf 29(1):191-209. 

https://doi.org/10.1007/s10845-015-1101-1 

10. Fu GQ, Fu JZ, Shen HY, Xu YT, Jin Y (2015) Product-of-exponential formulas for precision 

enhancement of five-axis machine tools via geometric error modeling and compensation. Int J 

Adv Manuf Tech 81(1-4):289-305. https://doi.org/10.1007/s00170-015-7035-0 

11. Fu GQ, Fu JZ, Xu YT, Chen ZC (2014) Product of exponential model for geometric error 

integration of multi-axis machine tools. Int J Adv Manuf Tech 71 (9-12):1653-1667. https:// 

doi.org/10.1016/j.rcim.2013.11.002 

12. Zhu SW, Ding GF, Qin SF, Lei J, Zhuang L, Yan KY (2011) Integrated geometric error 

modeling, identification and compensation of CNC machine tools. Int J Mach Tool Manu 

52(1):24-29. https://doi.org/10.1016/j.ijmachtools.2011.08.011 

13. He RB, Zhao YJ, Yang SN, Yang SZ (2010) Kinematic-parameter identification for 

serial-robot calibration based on POE formula. IEEE T Robot 26(3):411-423. https://doi. 

org/10.1109/TRO.2010.2047529 

14. Yang XD, Wu L, Li JQ, Chen K (2014) A minimal kinematic model for serial robot calibration 

using POE formula. Robot CIM-Int Manuf 30(3):326-334. https://doi.org/10. 1016/j.rcim. 

https://www.engineeringvillage.com/search/submit.url?CID=quickSearchCitationFormat&implicit=true&usageOrigin=recordpage&searchWord1=%7bHe,%20Ruibo%7d&section1=AU&category=authorsearch&database=1&yearselect=yearrange&searchtype=Quick&sort=yr
https://www.engineeringvillage.com/search/submit.url?CID=quickSearchCitationFormat&implicit=true&usageOrigin=recordpage&searchWord1=%7bYang,%20Shunian%7d&section1=AU&category=authorsearch&database=1&yearselect=yearrange&searchtype=Quick&sort=yr
https://www.engineeringvillage.com/search/submit.url?CID=quickSearchCitationFormat&implicit=true&usageOrigin=recordpage&searchWord1=%7bYang,%20Shuzi%7d&section1=AU&category=authorsearch&database=1&yearselect=yearrange&searchtype=Quick&sort=yr


19 

 

2013.11.002 

15. Li ZQ, Huang ZL, Yin S, Zhou HB, Duan JA (2021) Research on the calibration of the 

rotating axis of five-axis platform based on monocular vision and product of exponentials 

formula. Measurement 181:109522-1-7. https://doi.org/10.1016/j.measurement.2021.109522 

16. Yu ZM, Liu ZJ, Ai YD, Xiong M (2013) Geometric error model and precision distribution 

based on reliability theory for large CNC gantry guideway grinder. J Mech Eng 17:142-151. 

https://doi.org/10.3901/JME.2013.17.142 

17. Zhang ZL, Cai LG, Cheng Q, Liu, ZF, Gu PH (2019) A geometric error budget method to 

improve machining accuracy reliability of multi-axis machine tools. J Intell Manuf 

30(2):495-519. https://doi.org/10.1007/s10845-016-1260-8 

18. Zhang ZL, Cheng Q, Qi BB, Tao ZQ (2021) A general approach for the machining quality 

evaluation of S-shaped specimen based on POS-SQP algorithm and Monte Carlo method. J 

Manuf Syst 60:553-568. https://doi.org/10.1016/j.jmsy.2021.07.020 

19. Zhang ZL, Liu ZF, Cai LG, Cheng Q, Qi Y (2017) An accuracy design approach for a 

multi-axis NC machine tool based on reliability theory. Int J Adv Manuf Tech 

91(5-8):1547-1566. https://doi.org/10.1007/s00170-016-9824-5 

20. Zhong S, Yang TM, Wu YW, Lou SH, Li TJ (2017) The reliability evaluation method of 

generation system based on the importance sampling method and states clustering. Energy 

Procedia 118:128-135. https://doi.org/10.1016/j.egypro.2017.07.031 

21. Allaix DL, Carbone VI (2011) An improvement of the response surface method. Struct Saf 

33(2):165-172. https://doi.org/10.1016/j.strusafe.2011.02.001 

22. Kang SC, Koh HM, Choo JF (2010) An efficient response surface method using moving least 

squares approximation for structural reliability analysis. Probabilist Eng Mech 25(4):365-371. 

https://doi.org/10.1016/j.probengmech.2010.04.002 

23. Lü ZZ, Zhao J, Yue ZF (2007) Advanced response surface method for mechanical reliability 

analysis. Appl Math Mech 28(1):17-24. https://doi.org/10.1007/s10483-007-0103-x 

24. Kim SH, Na SW (1997) Response surface method using vector projected sampling points. 

Struct Saf 19(1):3-19. https://doi.org/10.1016/S0167-4730(96)00037-9 

https://doi.org/10.1007/s10845-016-1260-8.


20 

 

25. Kaymaz I, Mcmahon CA (2004) A response surface method based on weighted regression for 

structural reliability analysis. Probabilist Eng Mech 20(1):11-17. https://doi.org/10.1016/j. 

probengmech.2004.05.005 

26. Fan WL, Zhang CT, Li ZL, Han F (2013) An adaptive response surface method with cross 

terms. Chin Eng Mech 30:68-72. https://doi.org/10.6052/j.issn.1000-4750.2011.10. 0697 

27. Zhang JN, Guo SX, Tang C, Mo YY, Zhang YK, Zhang S (2017) An improved weighted 

response surface method based on vector projection sampling. Chin Sci Bull 

62(17):1854-1860. https://doi.org/10.1360/n972016-01263 

28. Wang Y, Wang CL, Wang C, Cao Q, Yu HM (2011) Reliability evaluation of slopes based on 

vector projection response surface and its application. Chin J Geotech Eng 33(9):1434-1439. 

https://doi.org/10.1111/j.1759-6831.2010.00113.x 

29. Ding YL, Li AQ, Yao XZ, Ye JH (2009) Chaotic dynamics analysis and improved response 

surface method for structural reliability. Chin J Appl Mech 26(1):66-70 + 212. 

https://doi.org/10.1109/MILCOM.2009.5379889 

30. Hong LX, Li HC, Peng K, Xiao HL, Zhang X (2020) Improved response surface method of 

reliability analysis based on efficient search method. J B Univ Aeronaut Astronauti 

46(1):95-102. https://doi.org/10.13700/j.bh.1001-5965.2019. 0169 

31. Jiang ZD. Mechanical Precision Design. Xi'an: Xi'an JiaoTong University Press, 2000. 


