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Abstract

New two-mode version of Burger-Huxley equation is derived using Korsunsky’s operators.
The new model arises in the applications of nerve fibers and liquid crystals and describes
the interaction of two symmetric waves moving simultaneously in the same direction.
Kink-soliton, singular-kink-soliton and singular-periodic solutions are obtained to this
model by means of the simplified bilinear method, polynomial-function method and the
Kudryashov-expansion method. A comprehensive graphical analysis is conducted to show
the physical aspects of this new type of nonlinear equations. Finally, all obtained solution
are verified by direct substitution in the model.
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1 Introduction

The generalized Burger-Huxley equation is a nonlinear partial differential equation of first
order in time t, and reads

φt − φxx − αφφx − βφ(1− φ)(φ− γ) = 0, (1.1)
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where φ = φ(x, t) and α, β, γ are general real scalars. For the case of α = 0 and γ = 1,
(1.1) is reduced to the Huxley model which represents the propagation of nerve pulses in
nerve fibers and wall motion in liquid crystals [1]. For β = 0 and γ = 1, (1.1) is the Burgers’
equation which describes the field of wave propagation in nonlinear dissipative models. The
Burger-Huxley (1.1), describes the interaction of convection terms against diffusion trans-
mission [1]. The (G′/G)-expansion method [2] and the auxiliary Riccati equation method [3]
are used to solve (1.1) and hyperbolic function solutions, trigonometric function solutions
and rational solutions are obtained. In [4], The Cole-Hopf transformation, that transforms
the Burgers equation into the heat-conduction equation, is used to obtain exact solutions of
the Burgers-Huxley. Finally, the tanh-coth method [5] and the tanh-expansion method [6]
are used to solve the Burger-Huxley where solutions of type kinks and periodic-waves are
obtained.

The main goal of this work is to extend the Burger-Huxley equation into a second
order in time and to explore its solutions by using different schemes. The new version of
the Burger-Huxley is called two-mode Burger-Huxley (TMBH) and to be derived based on
Korsunsky-Wazwaz transformations. To do so, we consider the following mappings

φt → φtt − s2φxx,

αφφx + βφ(1− φ)(φ− γ) →
(

∂

∂t
− as

∂

∂t

)

{αφφx + βφ(1− φ)(φ− γ)},

φxx →
(

∂

∂t
− as

∂

∂t

)

{φxx}. (1.2)

The parameter s is regarded as the phase-velocity. The parameters a and b are the nonlin-
earity and dispersive factors and their values are dominated absolutely by 1. Therefore, the
TMBH takes the following form

φtt − s2φxx −
(

∂

∂t
− as

∂

∂t

)

{αφφx + βφ(1− φ)(φ− γ)} −
(

∂

∂t
− as

∂

∂t

)

{φxx} = 0. (1.3)

In (1.3), if s = 0 and integrating the resulting equation once with respect to t, we get
the standard single-mode Burger-Huxley equation (1.1). In this regard, many two-mode
equations are established using Korsunsky’s sense, and some solitary waves solutions are
reported by different ansatze methods, see [9, 10, 11, 12, 13, 14, 15] and [16, 17, 18, 19, 20].

The contribution of this work is to explore the TMBH, as a new member of the
family of two-mode equations, and to find possible solitary solutions by means of the
simplified bilinear method, polynomial-function method and the Kudryashov-expansion
method.
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2 Simplified bilinear method

In this section, we use the simplified bilinear method [21, 22, 23] to find the one-soliton
solution to (1.3). This technique requires the following auxiliary functions:

h(x, t) = µx− ct, (2.4)

v(x, t) = eh(x,t), (2.5)

u(x, t) = 1 + λv(x, t), (2.6)

φ(x, t) = A(ln(u(x, t)))x. (2.7)

Substitution of (2.5) in the linear terms of (1.3), and solving for the speed c, we get

c =
1

2

(

βγ − µ2 ±
√

(µ2 − βγ)2 + 4µs(aβγ + µ(s− bµ)))
)

. (2.8)

Note that in (2.8), the wave transform ζ = µx− ct has two value of c, ”two speeds”. Then,
we insert (2.7) in (1.3) and solve the resulting equation for the unknowns A and µ to reach
at the following outputs:

a = b,

A =
−α∓

√

α2 + 8β

2β
,

µ =
α±

√

α2 + 8β

4
. (2.9)

Therefore, the one-soliton solution to the TMBH is

φ(x, t) =
λeµx−ct

1 + λeµx−ct
. (2.10)

It is worth to mention that for λ > 0, the solution (2.10) is of type kink. While as, λ < 0 gives
singular-kink. Now, as the speed c has two distinct values (2.8), the dynamic concept of the
soliton solutions given in (2.10) that it propagates as two-waves moving simultaneously in the
same direction and their interaction depends on the increase of the embedded phase-velocity
s, see Figure 1.

3 Polynomial-function method

The goal of this section is to further explore more new solutions to the TMBH by using
another scheme. We consider the polynomial-function method [29, 30]. First, we transform
(1.3) through the wave transform ζ = µ(x − ct) into the following simplified differential
equation:

µ2(c2 − s2)φ′ + µ(c+ as)(αµφφ′ + βφ(1− φ)(φ− γ)) + µ3(c+ bs)φ′′ = 0, (3.11)

where φ = φ(ζ). The suggested solution to (3.11) is

φ(ζ) = b0 + b1Y + b2Y
−1, (3.12)
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Figure 1: 3D interaction of moving left-right waves upon increasing the phase velocity s =
2, 5, 10. α = β = γ = 1, b = 0.5, λ = 1. Simplified bilinear method.

where the variable Y = Y (ζ) satisfies the auxiliary differential equation

Y ′ = Y 2 + AY +B. (3.13)

For this stage, we need to find the required higher derivatives of φ(ζ), based on the relation-
ship given in (3.13). Implicit differentiation of (3.12) gives

φ′(ζ) = (Y (A+ Y ) + B)

(

b1 −
b2
Y 2

)

,

φ′′(ζ) =
(Y (A+ Y ) + B) (b1Y

3(A+ 2Y ) + b2(AY + 2B))

Y 3
. (3.14)

Substitution of (3.12) and (3.14) in (3.11), results in a finite series in terms of negative
and positive powers of Y . Setting each coefficient of Y i to zero leads to a non-algebraic
system in the unknowns b0, b1, b2, µ and c. Now, we solve the obtained system based on
the states of the free constants A andB defined in (3.13). We consider the following two cases:

Case I: A = 0, B 6= 0, leads to the following outputs:

a = b,

b0 = 0, b1 = −
√
γ√
B
, b2 = 0,

µ =

√
γ
(

α−
√

α2 + 8β
)

4
√
B

,

c =
−
(

γ2
√

α2 + 8β + γ
√

α2 + 8β + α(γ + 1)γ
)

4γ

∓

√
2

√

γ2
(

(γ + 1)2
(

α
√

α2 + 8β + α2 + 4β
)

− 4b(γ + 1)s
(

√

α2 + 8β + α
)

+ 8s2
)

4γ
.

(3.15)
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But, the solution of (3.13) is Y = Y (ζ) =
√
B tan(

√
Bζ). Accordingly, the solution of TMBH

is

φ(x, t) =
√
γ tan

(

1

4

√
γ
(

α−
√

α2 + 8β
)

(x− ct)

)

.

(3.16)

Case II: A 6= 0, B = 0, leads to:

a = b,

b0 = 0, b1 = − γ

A
, b2 = 0,

µ =
γ
(

√

α2 + 8β + α
)

4A
,

c = −γ
√

α2 + 8β − 2
√

α2 + 8β + αγ + 2α

8

±
√

α (γ2 − 4)Ω + α2 (γ2 + 4) + 4β(γ − 2)2 − 8bs ((γ − 2)Ω + α(γ + 2)) + 32s2√
32

,

(3.17)

where Ω =
√

α2 + 8β. The solution of (3.13) is Y = A

de−Aµ(x−ct)−1
. Accordingly, the solution

of TMBH is
φ(x, t) =

γ

de
− 1

4
γ
(√

α2+8β+α
)

(x−ct) − 1
. (3.18)

The solution given in (3.18) is of type kink-soliton when (d < 0) and of type singular-kink
for (d > 0). On the other side, it is clear that the solution given in (3.16) is of type singular-
periodic and the obtained left-wave and right-wave solutions are presented in Figure 2. The
interaction of these two periodic solutions upon increasing the phase velocity s is shown in
Figure 3.

Figure 2: The Left-wave and the right-wave solutions of TMBH as depicted in (3.16). α =
β = γ = 1, s = 1.
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Figure 3: The interaction of the two periodic solutions upon increasing the phase velocity
s = 1, 3, 5 to the TMCH. α = β = γ = 1. Polynomial-function method.

4 Kudryashov-expansion method

Another goal of this work is to present the Kudryashov-expansion method [24, 25, 26, 27, 28]
to seek other physical-type solutions that the TMBH could have. By the wave transform
η = x− ct, the TMBH is reduced to the following simplified differential equation

(c2 − s2)φ′ + (c+ as)(αφφ′ + βφ(1− φ)(φ− γ)) + (c+ bs)φ′′ = 0, (4.19)

where φ = φ(η). The suggested solution to (4.19) is

φ(ζ) = λ0 + λ1Y, (4.20)

where the variable Y = Y (η) satisfies the auxiliary differential equation

Y ′ = µY (Y − 1). (4.21)

Differentiating (4.20) based on (4.21), we get

φ′(ζ) = λ1µY (Y − 1),

φ′′(ζ) = λ1µ
2Y (Y − 1)(2Y − 1). (4.22)

Now, we insert (4.20) and (4.22) in (4.19), to obtain a polynomial of degree 3 in the variable
Y whose coefficients are

Y 0 = β (λ0 − 1)λ0 (γ − λ0) (as+ c),

Y 1 = −λ0(as+ c)(2β(γ + 1)− αµ) + 3βλ2
0(as+ c) + aβγs− µs(bµ+ s) + c2µ+ c

(

βγ − µ2
)

,

Y 2 = λ1(as+ c)(−αµ+ βγ + β) + λ0(as+ c) (αµ− 3βλ1)− µ
(

3bµs− c2 + 3cµ+ s2
)

,

Y 3 = αλ1µ(as+ c)− βλ2
1(as+ c) + 2µ2(bs+ c). (4.23)

Since the above coefficients are identical to zeros, the first coefficient is zero if

λ0 = γ. (4.24)
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Accordingly, setting the other coefficients to zeros, produce the following results:

a = b,

γ = 1,

λ1 =
µ(α∓

√

α2 + 8β)

2β
,

µ =
1

4

(

√

α2 + 8β + α
)

,

c =
1

8

(

∆− 3α∓
√

−6α∆+ 10α2 + 16bs∆− 48αbs+ 8β + 64s2
)

,

∆ =
√

α2 + 8β. (4.25)

Therefore, the two-wave solutions of TMBH is

φ(x, t) =
1

d e
− 1

128
(∆+α)2

(

t
(

∆−3α∓
√
2
√

−3α∆+5α2+8bs(∆−3α)+4β+32s2
)

−8x
)

− 1
+ 1. (4.26)

We should point here that the sign of the free parameter in (4.26) determine different physical
shapes for the TMBH. For example, if d > 0, the resulting type is kink-soliton which is the
same finding obtained in Section 2. For d > 0, it is of singular-kink type. Figure 4 shows
the the so-called left-wave and the right-wave and their interaction. Figure 5, presents the
impact of the phase velocity s acting on the overlapping of these two moving left-right waves.
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Figure 4: Profile solutions of the left, right and left-right waves to the TMBH as depicted in
(4.26). α = β = 1, s = 0.5, b = 0.5, d = 1.
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Figure 5: 2D interaction of moving left-right waves upon increasing the phase velocity s =
1, 2, 3. α = β = 1, b = 0.5, d = 1. Kudryashov-expansion method.
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5 Discussion and concluding remarks

The Burger-Huxley equation od second order in time is presented in this work for the first
time. This model has been introduced under the name of two-mode Burger-Huxley TMBH.
Solitary-wave solutions with different physical-structures are obtained to TMBH. The fol-
lowing items are some validations and insights regarding the obtained solutions of the new
model:

• The obtained two-waves of TMBH are always symmetric and their interaction id af-
fected by increasing their phase velocity.

• If s = 0, the TMBH is reduced to the single BH. To validate this fact, consider s = 0
in (2.8), then c = βγ−µ2 which is a single wave speed and thus a single wave-solution.
Same observations can be verified for c given in (3.15), (3.17) and (4.25).

• The obtained solution of TMBH given in (3.16) is acting like wall motion in liquid
crystals, see Figure 2.

• Nerve pulses can propagate in nerve fibers through two different routes and maintain
its physical shape.
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Figures

Figure 1

3D interaction of moving left-right waves upon increasing the phase velocity s = 2; 5; 10. α = β  = γ = 1; b =
0:5; λ = 1. Simpli ed bilinear method.

Figure 2

The Left-wave and the right-wave solutions of TMBH as depicted in (3.16). α = β  = γ = 1; s = 1.



Figure 3

The interaction of the two periodic solutions upon increasing the phase velocity s = 1; 3; 5 to the TMCH. α
= β  = γ = 1. Polynomial-function method.

Figure 4

Pro le solutions of the left, right and left-right waves to the TMBH as depicted in (4.26). α = β  = 1; s = 0:5; b
= 0:5; d = 1.

Figure 5

2D interaction of moving left-right waves upon increasing the phase velocity s = 1; 2; 3. α = β  = 1; b = 0:5;
d = 1. Kudryashov-expansion method.


