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Abstract We used an ergodic ground-motion model (GMM) of California of Bayless and Abrahamson (Bull 8 

Seismol Soc Am 109(5):2088–2105, 2019) as a backbone model and incorporated the varying-coefficient model 9 

(VCM), with a modification for anisotropic path effects, to develop a new non-ergodic GMM for France based on 10 

the French RESIF data set (1996-2016). Most of the earthquakes in this database have small-to-moderate 11 

magnitudes (M2.0 – M5.2). We developed the GMM for the smoothed effective amplitude spectrum (EAS) rather 12 

than for elastic spectral acceleration because it allows the use of small magnitude data to constrain linear effects of 13 

the path and site without the complication of the scaling being affected by differences in the response spectral shape. 14 

For the VCM, the coefficients of GMM can vary by geographical location and they are estimated using Gaussian-15 

process regression. There is a separate set of coefficients for each source and site coordinate, including both the 16 

mean coefficients and the epistemic uncertainty in the coefficients. We further modify the anelastic attenuation term 17 

of a GMM by the cell-specific approach of Kuehn et al. (Bull Seismol Soc Am 109 (2): 575–585, 2019) to allow 18 

for azimuth-dependent attenuation for each source which reduces the standard deviation of the residuals at long 19 

distances. As an example, we compute the 5Hz seismic hazard for two sites using the non-ergodic EAS GMM. At 20 

the 1×10-4 annual frequency of exceedance hazard level, there can be a large difference between the ergodic hazard 21 

and the non-ergodic hazard if the site is close to the available data. The combination of the non-ergodic median 22 

ground motion and the reduced aleatory variability can have large implications for seismic-hazard estimation for 23 

long return periods. For some sites, the estimated hazard will increase and for other sites the estimated hazard will 24 

decrease compared to the traditional ergodic GMM approach. Due to the skewed distribution of the epistemic 25 

uncertainty of the hazard, more of the sites will see a decrease in the mean hazard mean hazard at the 1×10-4 hazard 26 

level than will see an increase as a result of using the non-ergodic GMM. 27 
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1 Introduction 39 

The results of probabilistic seismic hazard analysis (PSHA) are sensitive to the standard deviation (also called sigma) 40 

for empirical ground-motion models (GMMs); even small reductions in sigma may have a significant impact on the 41 

hazard at long return periods (Bommer and Abrahamson 2006). As ground-motion data sets have grown over the 42 

past decade, there has been a trend of moving from ergodic to non-ergodic GMMs. The 2008 Next Generation 43 

Attenuation-West1 (NGA-W1) GMMs developed for crustal earthquakes (Power et al. 2008) were fully ergodic 44 

models that were applied to all regions within the same broad tectonic category. Six years later, with a much larger 45 

data set available, four of the 2014 Next Generation Attenuation-West2 (NGA-W2) GMMs for crustal earthquakes 46 

(Abrahamson et al. 2014; Boore et al. 2014; Campbell and Bozorgnia 2014; Chiou and Youngs 2014) included 47 

regional differences in four terms of the GMMs: constant term, large distance scaling, the VS30 scaling, and the basin 48 

depth scaling. Within broad regions, there are still regional differences in the median ground motion on a scale of 49 

10s of km. This has led to the development of non-ergodic GMMs in which the median ground motion depends on 50 

the coordinates of the source and the site. 51 

Non-ergodic GMMs have a significantly smaller aleatory variability compared to ergodic GMMs. This 52 

reduction in the aleatory variability has been seen in many studies (Atkinson 2006; Anderson and Uchiyama 2011;53 

Lin et al. 2011; Rodriguez-Marek et al. 2013; Kotha et al. 2016; Lanzano et al. 2017; Sung and Lee 2019) with 54 

different data sets, and have shown that for a specific site and earthquake pair, the variance of the aleatory variability 55 

is only 30-40% of the ergodic variance, indicating that most of the variability treated as randomness in ergodic 56 

GMMs is actually due to systematic source, path, and site effects. A partially non-ergodic approach (called single-57 

station sigma) that only accounts for the systematic site terms has been used in seismic hazard studies for nuclear 58 

power plants and dams over the past ten years (e.g., Renault et al. 2010; BCHydro 2012; Coppersmith et al. 2014;59 

Bommer et al. 2015; Geopentech 2015; Tromans et al. 2019). A fully non-ergodic GMM for California was 60 

developed by Abrahamson et al. (2019) by combining the varying-coefficient model (VCM) of Landwehr et al. 61 

(2016) with the cell-specific approach (Kuehn et al.2019). Fully non-ergodic GMMs have not yet been used for 62 

projects, but as these models begin to be applied, there will be significant changes in the hazard for sites with nearby 63 

data (earthquakes and recording stations). For sites without nearby data, there will be no change in the mean hazard 64 

as compared to the ergodic hazard, but there will be larger epistemic uncertainty in the hazard. 65 

Most GMMs for engineering applications are developed for 5%-damped pseudospectral acceleration (PSA);66 

however, PSA scaling depends on the spectral shape, so the linear source, path, and site effects will not have the 67 

same scaling on the PSA values for small and large magnitudes. In contrast, the Fourier transform is a linear operator 68 

so linear effects from small magnitudes can be applied to larger magnitudes. Therefore, the non-ergodic model is 69 

developed for the Fourier amplitude spectra (FAS) values rather than for the PSA values. Developing the GMM for 70 

FAS as the added advantage that it is easier to constrain the extrapolation of the GMM using the seismological 71 

theory for ground-motion scaling (Brune 1970; Boore et al. 2014) and can provide more useful constraints for the 72 

input parameters of finite-fault simulations.  73 

In this paper, we summarize the EAS ground-motion model developed by Sung and Abrahamson (2020) 74 
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(called SA20), including the selection of the ground-motion data, the basis for the French ergodic model, and the 75 

incorporation of the non-ergodic terms to develop a fully non-ergodic GMM for France including epistemic 76 

uncertainty. In the final section, we show an example seismic hazard analysis for 5-Hz PSA and compare the non-77 

ergodic hazard with the results using a traditional ergodic GMM. 78 

2 Data sets 79 

We used the processed ground-motion data from the Réseau Sismologique et géodésique Français (RESIF) data set, 80 

which includes more than 6500 recordings from 468 earthquakes recorded at 379 stations in Metropolitan France 81 

between 1996 and 2016. This dataset contains data recorded by accelerometric and broadband sensors (RESIF 1995) 82 

and is available as a version-numbered flat file containing the metadata, the response spectra for several damping 83 

values, and the Fourier amplitude spectra (Traversa et al. 2020). Two methods for the conversion to moment 84 

magnitude were used based on the year of the earthquake: for the earthquakes that occurred in France between 1996 85 

to 2009, the moment magnitudes was provided by the Sismicité Instrumentale de l’Hexagone (Si-Hex) project (Cara 86 

et al. 2015); for earthquakes that occurred after 2009, the moment magnitude was estimated using the conversion 87 

equation proposed by Grunthal et al. (2009) (Bremaud and Traversa 2019). 88 

Fig. 1 shows a map with the event and station locations in the data set that were selected. For the ground-89 

motion model, the site conditions are parameterized by the time-averaged shear-wave velocity over the top 30 meters 90 

(VS30); however, VS30 measurements are not available for about one-half of the recordings in the RESIF data set. 91 

For the stations without measured VS30, we used the estimates from the global VS30 map of the United States 92 

Geological Survey (USGS) which uses the topographic slope as a proxy for the VS30 (Wald and Allen 2007; Allen 93 

and Wald 2009). As we will estimate the site-specific site terms as part of the development of the non-ergodic GMM, 94 

using proxies for the for VS30 is not a key limitation of the study because the non-ergodic site terms will account for 95 

errors in estimated VS30. The final subset consists of 6044 recordings from 463 earthquakes with the range of 96 

moment magnitude (M) between 2.0 to 5.2, rupture distance (RRUP) between 2 km to 660 km, and VS30 is between 97 

171 to 3100 m/s (Fig. 2). The usable frequency band was set based on the filters applied during the data processing.  98 

The intensity measured used in the ground-motion model is the “Effective Amplitude Spectrum” (EAS) 99 

defined by Goulet et al. (2018). The EAS is an orientation-independent measure of the average horizontal-100 

component FAS of the ground acceleration. The EAS is smoothed over a frequency band using the log10-scale 101 

Konno and Ohmachi (1998) smoothing window with weights defined as follows:  102 𝑊(𝑓) = ( sin(𝑏 log(𝑓 𝑓1⁄ )𝑏 log(𝑓 𝑓1⁄ )
)4                               (1) 103 

in which f1 is the center frequency of the window, b is the window parameter (=2𝜋/𝑏𝑤) and bw is a smoothing 104 

parameter. The Konno and Ohmachi smoothing window was selected for use in PEER projects because it led to 105 

minimal bias on the amplitudes of the smoothed EAS compared with the unsmoothed EAS. The PEER procedure 106 

uses bw=0.0333 for the smoothing parameter because it leads to a minimal effect on the statistical moments of the 107 

EAS that are used in RVT to convert the EAS model to a response spectrum model. 108 

3 Moving to the non-ergodic ground motion model 109 
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3.1 Ergodic EAS ground-motion model 110 

The ergodic EAS model for France is based on a simplified form of the Bayless and Abrahamson (2019) empirical 111 

EAS GMM for shallow crustal earthquakes in California (called BA19). The magnitude scaling in the BA19 112 

functional form is based on the functional form used in the Chiou and Youngs (2014) GMM (called CY14) for 113 

response spectral values. The advantage of this form is that it is consistent with the magnitude scaling of FAS from 114 

small to large magnitudes (M3-M8). The functional form used for the French ergodic GMM includes the magnitude 115 

scaling, path scaling, linear site amplification, and depth to the top of the rupture (ZTOR) scaling as shown in eq. 2: 116 𝑙𝑛(𝐸𝐴𝑆𝑒𝑠) = 𝑐1 + 𝑐2(𝐌 − 6) + 𝑐3𝑙𝑛(1 + 𝑒𝑐𝑛(𝑐𝑀−𝐌)) + 𝑐4𝑙𝑛(𝑅𝑟𝑢𝑝 + 𝑐5𝑐𝑜𝑠ℎ(𝑐6𝑚𝑎𝑥(𝐌 − 𝑐ℎ𝑚 , 0))) + (−0.5 −117 𝑐4)𝑙𝑛(√𝑅𝑟𝑢𝑝2 + 𝑐𝑅𝐵2 ) + 𝑐7𝑅𝑟𝑢𝑝 + 𝑐8𝑙𝑛(𝑚𝑖𝑛(𝑉𝑆30, 1000)/1000) + 𝑐9𝑚𝑖𝑛(𝑍𝑡𝑜𝑟 , 20)  + 𝜀𝑒𝑠,   (2) 118 

in which M is the moment magnitude; Rrup is the shortest distance from the site to the rupture plane in km; c
RB

 is 119 

the midpoint of the transition in distance scaling; VS30 is in m/s; Ztor is the depth to the top of the rupture plane in 120 

km; 𝜀𝑒𝑠 is the total residual in nature logarithm unit for earthquake e and station s. For the French ground-motion 121 

data set, the EAS are not reliable at long periods (T >1 sec), and the amplitudes are in the linear range, so the basin-122 

depth scaling and the non-linear site effects in the BA19 functional form are not included. Because there are no data 123 

from large magnitude earthquakes in France, the coefficients of the large magnitude scaling for the French ergodic 124 

GMM (c2, c5, c6, cn, and chm) are constrained to the values for the BA19 model. The 12 resulting ergodic model 125 

coefficients from 0.1 Hz to 23.5 Hz are listed in Table 1. 126 

In the regression, we used the maximum-likelihood technique based on the random-effects approach 127 

(Abrahamson and Youngs 1992) to estimate the coefficients for the ergodic GMM in the statistical software R 128 

(Pinheiro et al. 2020). This procedure leads to the separation of total residuals into between-event residuals, 129 

between-site residuals, and within-site residuals (Al-Atik et al. 2010). The coefficients are only estimated for 130 

frequencies greater than or equal to 1 Hz is because of the number of useable recordings decays quickly for 131 

frequencies less than 1 Hz.  132 

3.2 Non-ergodic EAS ground-motion model 133 

Using the notation of Al-Atik et al. (2010), the median non-ergodic GMM can be written as 134 𝜇𝑛𝑜𝑛𝑒𝑟𝑔(𝐱, 𝐭𝐞, 𝐭𝐬) = 𝜇𝑒𝑟𝑔(𝐌,𝐑, 𝐒, . . . ) + 𝛿𝐿2𝐿(𝐭𝐞) + 𝛿𝑆2𝑆(𝐭𝐬) + 𝛿𝑃2𝑃(𝐭𝐞, 𝐭𝐬).    (3) 135 

in which 𝜇𝑒𝑟𝑔(•) is the ground-motion relation of the ergodic model with a vector of predictors which includes the 136 

earthquake magnitude (M), source-to-site distance (R), and other conditions (S), te and ts are the coordinates of the 137 

earthquake and the site, respectively, 𝛿𝐿2𝐿(𝐭𝐞) is adjustment for the source term based on the coordinates of 138 

earthquake source location, 𝛿𝑆2𝑆(𝐭𝐬) is adjustment for the site term based on the coordinates of site location, and 139 𝛿𝑃2𝑃(𝐭𝐞, 𝐭𝐬) is the path term.  140 

We relate the non-ergodic terms in eq.3 to the notation of Landwehr et al. (2016) with modifications for the 141 

anisotropic linear R scaling used by Abrahamson et al. (2019):  142 𝛿𝐿2𝐿(𝐭𝐞)  =  𝛽−1(𝐭𝐞)  (4) 143 δS2SS  =  𝛽0(𝐭𝐬) + 𝑓𝑉𝑠30(𝑉𝑠30;  𝐭𝐬) + δSS2S′                   (5) 144 
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𝛿𝑃2𝑃(𝐭𝐞, 𝐭𝐬)  =  ∑ 𝜃𝐴𝑡𝑡𝑛,𝑖  ∆𝑅𝑅𝑢𝑝,𝑖𝑁𝑐𝑖 − 𝜃𝐴𝑡𝑡𝑛𝑅𝑅𝑢𝑝                (6) 145 

There are two constants for the constant term, one is correlated (𝛽0(𝐭𝐬)), and another is uncorrelated (δSS2S′ ). There 146 

is a spatially correlated change in the VS30 scaling term based on the coordinates of site location, 𝛽4(𝐭𝐬) . 147 

The ∆𝑅𝑅𝑢𝑝,𝑖 is the length of the ray path from the source to the site in the ith cell (Fig. 3). In the reference ergodic 148 

GMM, the linear R scaling coefficient, 𝜃𝐴𝑡𝑡𝑛, is constrained to be negative to represent Q effects. The minus in 149 

front of 𝜃𝐴𝑡𝑡𝑛𝑅𝑅𝑢𝑝 term indicates the linear R scaling from the ergodic GMM is removed so that a similar constraint 150 

on the attenuation from ergodic model (𝜃𝐴𝑡𝑡𝑛,𝑖< 0 for each cell) can be applied to the non-ergodic model. 151 

The total residuals, 𝜀𝑒𝑠, are modeled in two steps to estimate these non-ergodic terms: (1) the source and site 152 

terms using the VCM via a Gaussian process regression (Landwehr et al., 2016), and (2) the path term of anelastic 153 

attenuation per cell from the cell-specific approach using the Bayesian hierarchical model (Kuehn et al., 2019). 154 

These two steps are described below. 155 

3.3 Source and site terms for the VCM 156 

Using eq.4 and eq.5, the total residuals from the ergodic model are modeled using the functional form in eq.7: 157 𝜀𝑒𝑠 = 𝐶0 + 𝛽−1(𝐭𝐞) + 𝛽0(𝐭𝐬) +  𝑓𝑉𝑠30(𝑉𝑠30;  𝐭𝐬) +  𝛿𝐵𝑒 + 𝛿𝑆𝑆2𝑆′ + 𝛿𝑊𝑆𝑒𝑠.       (7) 158 

in which 𝐶0 is the intercept that accounts for the change in the implicit weighting for each recording due to the 159 

inclusion of spatial correlations; 𝛿𝐵𝑒 is the remaining aleatory variability of the event term; and 𝛿𝑊𝑆𝑒𝑠 is the 160 

remaining aleatory variability of within-site term. The 𝛿𝑆𝑆2𝑆′   has the same role as 𝛿𝑆𝑆2𝑆 for the single-station 161 

standard deviation approach, but it is computed relative to the site scaling in the VCM model. 162 

The median ground motion using the VCM model is given by  163 𝜇𝑉𝐶𝑀(𝐌,𝐑,𝐒, 𝐭𝑒 , 𝐭𝐬, . . . ) = 𝜇𝑒𝑟𝑔(𝐌,𝐑,𝐒, . . . ) + 𝐶0 + 𝛽−1(𝐭𝐞) + 𝛽0(𝐭𝐬) +  𝑓𝑉𝑠30(𝑉𝑆30;  𝐭𝐬) (8)164 

and the total residuals from the VCM are given by: 165 𝜂𝑒𝑠 = 𝑙𝑛(𝐸𝐴𝑆𝑒𝑠) − 𝜇𝑉𝐶𝑀(𝐌,𝐑, 𝐒,  𝐭𝐞, 𝐭𝐬, . . . )                      (9) 166 

The regression approach for the VCM is the Gaussian-process (GP) regression with a hierarchical Bayesian 167 

framework. The GP is a distribution over a function 𝑓(𝑥), and its distribution is defined by a mean function and a 168 

covariance function:  169 𝒇(𝐱)~𝐺𝑃(0, 𝜅(𝐱, 𝐱′)),                              (10) 170 

in which x is for the data (earthquakes and stations) and x’ is the for the prediction. Because we are fitting the model 171 

to the residuals from the ergodic GMM, the mean function is set to 0 and the x = (𝐭𝐞,𝐭𝐬) and x’ = (𝐭𝐞′,𝐭𝐬′) into 172 

covariance function. The covariance function model is the joint distribution of all random variables to build the 173 

distribution over a function with a continuous domain, such as location of event or site. We set the covariance 174 

function (also known as the kernel function) of VCM to be consistent with Landwehr et al. (2016):   175 

𝜅𝑗(𝐱, 𝐱′)  =  ⎩⎪⎨
⎪⎧𝜃𝒋𝟐𝑒𝑥𝑝 (− ||𝐱(𝐭𝐞)−𝐱′(𝐭𝒆′ )||𝜌𝒋 ) 𝑖𝑓 𝑗 ∈  {−1}
𝜃𝒋𝟐𝑒𝑥𝑝 (− ||𝐱(𝐭𝐬)−𝐱′(𝐭𝒔′)||𝜌𝒋 ) 𝑖𝑓 𝑗 ∈  {0,4} .                 (11) 176 

in which 𝜃𝟐  is the variance (amplitude) and 𝜌 is the correlation length (length scale); they are the hyperparameter 177 

in the kernel function, and j is the index of the coefficient. The prior distributions for hyperparameters are modeled 178 
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as exponential distribution and inverse gamma distribution:  179 𝜽~exp(20)                                     (12)180 𝝆~Inv_Gamma(2, 0.5)                                (13)181 

We estimate the hyperparameters of the Gaussian process via the marginal likelihood based on the Markov chain 182 

Monte Carlo (MCMC) sampling in the program Rstan (Stan Development Team, 2020). We adopted 800 iterations 183 

per chain (4 chains in total) and chose the default of the burnin (iteration/2). The mean value of the posterior 184 

distribution of the hyperparameter of eq.11 is listed in Table 1, from 1.0 Hz to 23.5 Hz.  185 

The mean prediction and standard deviation of the epistemic uncertainty (Ψ) associated with ground-motion 186 

median predictions for different locations is given by equation (10) and equation (11) in Landwehr et al (2016):  187 𝜇 = 𝐤𝐓(𝐊 + 𝜎02𝐈)−1𝐲,                                      (14) 188 Ψ2 = 𝐤∗ − 𝐤𝐓(𝐊 + 𝜎02𝐈)−1𝐤,                                 (15) 189 

𝐊 = [𝐾1,1 ⋯ 𝐾1,𝑛⋮ ⋱ ⋮𝐾𝑛,1 ⋯ 𝐾𝑛,𝑛] 𝑎𝑛𝑑 𝐾𝑖,𝑙 = ∑ 𝑥𝑖𝑚𝑑𝑚=1 𝑥𝑙𝑚𝜅𝑚(𝑡𝑖 , 𝑡𝑙),                (16) 190 

𝐤 = [𝑘1, 𝑘2, ⋯ , 𝑘𝑛−1, 𝑘𝑛] 𝑎𝑛𝑑 𝑘𝑖 = ∑ 𝑥𝑖𝑚𝑑𝑚=1 𝑥∗𝑚𝜅𝑚(𝑡𝑖 , 𝑡∗),           (17) 191 𝐤∗ = [𝑘∗, 𝑘∗, ⋯ , 𝑘∗, 𝑘∗] 𝑎𝑛𝑑 𝑘∗ = ∑ 𝑥∗𝑚𝑑𝑚=1 𝑥∗𝑚𝜅𝑚(𝑡∗, 𝑡∗),             (18) 192 

in which y is the observation data, 𝜇 is the mean prediction, Ψ is the standard deviation of epistemic uncertainty 193 

for site location. x
*
 denotes the new predictor variable for a new location 𝑡∗. xi and xl are the ith and lth predictor 194 

variable for the existing location ti and tl, respectively. 𝜅𝑗 is from the eq.11, I is the identity matrix, 𝜎0 are the standard 195 

deviation of aleatory variability of the ground motion, d is the number of non-ergodic coefficients in the model, and 196 

n is the number of data points.  197 

For the median model, we only need the non-ergodic terms, so the 𝜎0 of the ground motion is not included in 198 

calculating the epistemic uncertainty in eq. 14 and eq. 15. The non-ergodic coefficients at the locations (e.g., ti and 199 

tl,) are not known, so we assumed the non-ergodic coefficients follow a multivariate normal posterior distribution: 200 β𝑗,𝑛 ~ 𝒩(𝜇𝛽𝑖,𝑛 , Ψ𝛽𝑖,𝑛), 𝑗 ∈  {−1, 0,4}                          (19) 201 

in which 𝛽𝑗,𝑛 is the non-ergodic coefficient at the nth existing location, 𝜇𝛽𝑖,𝑛 is the posterior mean, and Ψ𝛽𝑖,𝑛 is 202 

the posterior variances. The epistemic uncertainty of 𝜇𝛽𝑖,𝑛 can be accounted in predicting 𝜇𝛽𝑗∗ by using the marginal 203 

distribution of 𝜇𝛽𝑗∗. Based on these assumptions, the mean prediction and the epistemic uncertainty associated with 204 

non-ergodic coefficient predictions for new locations is given by (Lavrentiadis et al. 2021) 205 𝜇𝛽𝑗∗ = 𝐤𝐓𝐊−1𝝁𝜷𝒋,                                      (20) 206 Ψ𝛽𝑗∗2 = 𝐤∗ − 𝐤𝐓𝐊−1𝐤 +  (𝐤𝐓𝐊−1)𝚿𝜷𝒊(𝐤𝐓𝐊−1)𝑻,                      (21) 207 

We adopted the eq.20 and eq.21 to calculate the mean prediction and epistemic uncertainties of the 𝛽−1, 𝛽0, and 208 𝛽4 for each source location and site location are estimated. For the non-ergodic PSHA calculations, these epistemic 209 

uncertainties of the adjustments for each source cell and site location are considered in the logic tree with a map of 210 

the non-ergodic terms on each branch of the logic tree for the GMM.  211 

To show the adjustment map of source constant (𝛽−1), site constant (𝛽0), and ln(VS30) coefficient (𝛽4), we 212 

divide France into cells of size 0.2 × 0.2 degrees. The correlation lengths shown in Table 1 are larger than 0.2 so, 213 

this grid size is adequate. The mean values of the three non-ergodic coefficients are computed for each cell using 214 
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either the source location or site location. Maps of the spatially varying mean coefficients are shown in Fig. 4 for 215 

1Hz and 5 Hz. These adjustment terms are zero in regions without data (or with sparse data) and potentially show 216 

the positive values or negative values for cells close to observed events or seismic stations.  217 

3.4 Path-specific attenuation term 218 

The same 0.2 x 0.2 degrees grid size is used for the cells for the non-ergodic path effects. Fig. 5 shows the number 219 

of rays that pass through each cell at 5 Hz. For eastern and southern France, there are data to provide good constraints 220 

on the path effect per cell. We apply the cell-specific anelastic attenuation terms to replace an ergodic term in the 221 

GMM and use the same regression model (Bayesian hierarchical model) and settings of the prior distributions 222 

following Kuehn et al. (2019) in program Rstan. The setting of the iteration and burnin parameters are same as used 223 

earliern. The cell-specific anelastic attenuation terms are estimated using this following form:   224 𝑙𝑛(𝐸𝐴𝑆𝑒𝑠) = 𝜇𝑉𝐶𝑀(𝐌,𝐑,𝐒,  𝐭𝐞, 𝐭𝐬, . . . ) − 𝑐7𝑅𝑟𝑢𝑝 + 𝑓𝐴𝑡𝑡𝑛(∆𝑅𝑅𝑢𝑝,𝑖;  𝐜𝐞𝐥𝐥𝑖) +  𝜕𝐵𝑒 + 𝜕𝑆2𝑆𝑠 + 𝜕𝑊𝑠,𝑒𝑠.    (22) 225 

in which 𝑓𝐴𝑡𝑡𝑛(∆𝑅𝑅𝑢𝑝,𝑖;  𝐜𝐞𝐥𝐥𝑖)  = ∑ 𝜃𝐴𝑡𝑡𝑛,𝑖∆𝑅𝑅𝑢𝑝,𝑖𝑁𝑐𝑖 , and 𝜕𝑊𝑠,𝑒𝑠 is the remaining variability of the within-site 226 

term. The 𝑐7𝑅𝑟𝑢𝑝  term is the linear R scaling of the ergodic GMM (eq. 2). To avoid nonphysical attenuation 227 

coefficients, the 𝜃𝐴𝑡𝑡𝑛,𝑖 terms are constrained to be negative.  228 

Fig. 5 also shows the mean of posterior distribution of the 𝜃𝐴𝑡𝑡𝑛,𝑖 per cell at 5.0 Hz. There are larger mean 229 

anelastic attenuation coefficients (lower Q) in the Alps region and smaller mean values (higher Q) in western France. 230 

If a cell does not include any ray paths, the mean cell-specific anelastic attenuation coefficient will become equal to 231 

the ergodic anelastic attenuation value (𝑐7 in eq.2). Sung and Abrahamson (2020) show a comparison of the Q 232 

models from Campillo and Plantet (1991) and Mayor et al. (2018). These Q studies show lower Q values in the 233 

south-eastern regions and higher Q values in the western areas consistent with the non-ergodic terms. The standard 234 

deviation of the epistemic uncertainty of the 𝜃𝐴𝑡𝑡𝑛,𝑖 is captured from the posterior distribution. As with the epistemic 235 

uncertainties of VCM, these epistemic uncertainties for each source cell are included on the logic tree in the non-236 

ergodic PSHA calculations.  237 

3.5 Residuals & standard deviation 238 

The residuals of the ergodic and fully non-ergodic (combine VCM and path effects) GMMs for 5.0 Hz are shown 239 

in Fig. 6. The results show a significant reduction of the variability of the between-event and between-site residuals 240 

for the non-ergodic model as compared to the ergodic model. The main reason for an inflated estimate of aleatory 241 

variability of the ergodic GMM is that systematic source, site, and path effects are assumed to be random and ply 242 

to all sites. In contrast, the non-ergodic model incorporates the repeatable systematic source, path, and site effects 243 

into the GMM. 244 

Fig. 7 shows the aleatory standard-deviations terms for the ergodic, partially non-ergodic, and fully non-245 

ergodic GMMs for each frequency. There is a significant reduction of the aleatory variability for the non-ergodic 246 

model. For example, at 5 Hz, the ergodic aleatory standard deviation is 0.94, the partially non-ergodic aleatory 247 

standard deviation (the single station standard deviation) is 0.76, and the non-ergodic aleatory standard deviation is 248 

0.59. This corresponds to a 60% reduction in variance from the ergodic to the non-ergodic GMM and is consistent 249 

with the results from previous studies for active regions discussed in the introduction. 250 
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4 Median EAS prediction and uncertainty for non-ergodic model 251 

Because the adjustment terms of a non-ergodic GMM vary by the geographical location, the median predictions at 252 

a given site also change depending on event locations. Fig. 8 shows an example of the spatial variation of median 253 

EAS predictions by the French non-ergodic GMMs for a set of predictor variables M = 5.0, VS30 = 2100 m/s, ZTOR254 

= 10 km at 5.0 Hz for Site1 in southeastern France (43.6748°N, 5.7664°E). Comparing these two models, the ergodic 255 

GMM shows the same attenuation in all directions, but for the non-ergodic GMM, the attenuation can depend on 256 

the direction based on the non-ergodic terms.  257 

Fig. 9 compares the distance scaling of the EAS in different directions for the ergodic and non-ergodic models 258 

at 5.0 Hz for two sites: Site1 and Site2 (47.2294 °N, 0.1673°W). The largest differences are seen for distances of 259 

100-300 km due to the path effects. The standard deviation of the epistemic uncertainty of the median ground motion 260 

for the non-ergodic model for two sites shown in Fig. 10. This epistemic uncertainty is from the combination of the 261 

standard deviation of posterior distribution for all the non-ergodic terms (source, site, and path). The results show 262 

the lower uncertainty is constrained to locations where data are available, whereas the uncertainty is larger for the 263 

region with sparse or no data. All epistemic uncertainties for the Site 1 are lower than the resulting of Site 2, which 264 

reflects the smaller uncertainty of the site term for Site 2 than for Site 1. 265 

We use the same parameters (VS30 = 2100 m/s, ZTOR=10 km) to calculate the median EAS spectra at 1.0 Hz to 266 

23.5 Hz for two target sources which have the same source-site distance of 247 km. The first target source (Source 267 

1, 43.7°N, 2.7°E) is located west of the site, and the second source (Source 2, 45.9°N, 5.7°E) is located north of the 268 

site. Fig. 11 compares the median EAS spectra from the non-ergodic and ergodic models from M3 to M7. For 269 

Source 1, the ergodic and non-ergodic models have similar Fourier spectra, but for Source 2, there is significant 270 

difference at frequencies greater than 2 Hz between non-ergodic and ergodic models. Source 2 has observed data 271 

nearby so shows a large adjustment for the non-ergodic model. Fig. 11 also shows the epistemic uncertainties of the 272 

non-ergodic model at all frequencies for Source 1 and Source 2, respectively. Source 2 has a smaller epistemic 273 

uncertainty than Source 1 due to the available earthquakes near Source 2. 274 

5 Examples for non-ergodic hazard calculations 275 

For PSHA implementation of the non-ergodic approach, the site/source specific adjustment along with the standard 276 

deviation of epistemic uncertainty in the adjustment needs to be included. The current approach is to precompute 277 

the net adjustment term (sum of the non-ergodic terms) for each source location for a single site location. We 278 

randomly sample 100 different adjustments maps from the distribution of the epistemic uncertainty of the non-279 

ergodic terms. Fig.12 shows the two samples of 100 maps for sampled adjustments, the range of latitude and 280 

longitude is from 40°N to 52°N and 6°W to 12°E, respectively. In PSHA calculation, we add these adjustments to 281 

the median ground motion from the ergodic model. In this approach, there is a logic tree with 100 branches of the 282 

non-ergodic terms for the GMM that are equally weighted (Fig. 13).  283 

For the site terms, a single non-ergodic term is estimated for each realization. The source and path non-ergodic 284 

terms are sampled to capture the variance and the correlations of the terms. The net adjustment is the sum of the 285 

source, path, and site terms. By precomputing the net adjustment terms, fewer changes are required for the PSHA 286 
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program. The main change is that the adjustment terms depend on the latitude and longitude of the source. 287 

The following is the formula for the ergodic probability of exceeding any PGA level using knowledge of the median 288 

ground motion (𝜇𝑒𝑟𝑔) and ergodic aleatory standard deviation (𝜎𝑒𝑟𝑔) in the units: 289 𝑃(𝑌 >  𝑍|𝑀,𝑅)  =  1 − Φ (𝑙𝑛(𝑧)−𝜇𝑒𝑟𝑔(𝑀,𝑅,𝑇)𝜎𝑒𝑟𝑔(𝑀,𝑅,𝑇)
)                        (23) 290 

Where the Y is the ground-motion parameter of interest, and 𝑃(𝑌 >  𝑍|𝑀,𝑅) is the conditional probability that 291 

Y is larger than z for a given magnitude, distance, and other relevant parameters. Φ() is the cumulative distribution 292 

function of a standard normal distribution. But for non-ergodic GMMs, the latitude and longitude of each source 293 

needs to be passed to the GMM subroutine and the appropriate adjustment factor interpolated from the pre-294 

calculated values. 295 𝑃(𝑌 >  𝑍|𝑀,𝑅)  =  1 − Φ(𝑙𝑛(𝑧)−(𝜇𝑒𝑟𝑔(𝑀,𝑅,𝑇)+∆𝜇𝑛𝑒(𝐿𝑎𝑡𝑒,𝐿𝑜𝑛𝑒,𝐿𝑎𝑡𝑠,𝐿𝑜𝑛𝑠,𝑀,𝑇))𝜎𝑛𝑒(𝑀,𝑅,𝑇)
),               (24) 296 

The HAZ45 code runs the hazard for a single site, so the ∆𝜇𝑛𝑒  is a table of adjustments for different source 297 

locations and magnitudes for the selected site, and the 𝜎𝑛𝑒 is the non-ergodic aleatory standard deviation. Multiple 298 

realizations are included to capture the epistemic uncertainty in the non-ergodic terms. Fig.14 shows the mean and 299 

standard deviation of adjustment over the 100 realization for Site 1 and Site 2 per source grid. For sites without 300 

local data (e.g., Site 2), the mean values in the maps are close to zero. For sites will location data to constrain the 301 

non-ergodic terms (e.g., Site 1), the mean can be close to zero or different from zero depending on the data. The 302 

epistemic uncertainties range from 0.3 for regions with local data to 0.7 for regions without local data. It should be 303 

similar to the previous epistemic uncertainty map (Fig.10) because we adopted these epistemic uncertainties to 304 

generate the samples (adjustments) for each cell. 305 

Fig. 15 compares the hazard using the ergodic EAS GMM with the hazard from the 100 samples of the non-306 

ergodic adjustment terms for two sites, the seismic source model is the EDF zoning (Drouet et al., 2020): Site1 307 

(close to the local data) and Site2. For Site 1, there is a large reduction in the mean non-ergodic hazards for 5 Hz. 308 

At an annual frequency of exceedance of 1 × 10−4, there is a factor of 1.6 reduction in the ground France motion, 309 

and the 95th fractile from the non-ergodic hazard is close to the mean ergodic hazard. The slope of the median 310 

hazard is steeper than the slope of the mean hazard. For Site 2, the 5-Hz mean hazard are similar the mean ergodic 311 

hazard results. The adjustments for Site2 are small due to the spare available data in this region, and there is 312 

increased epistemic uncertainty leading to a wider range of the fractiles than Site1. 313 

For the non-ergodic GMM, if only the aleatory variability is reduced, then the non-ergodic hazard curves would 314 

be much steeper than the ergodic hazard curves; however, the adjustments vary spatially, which acts like additional 315 

variability in the total hazard (summed over all source locations). So, the non-ergodic hazard curves are not as steep 316 

as would be the case if the adjustment was the same for all source locations, as is the case with the partially non-317 

ergodic single-station sigma approach. The mean hazard also samples the epistemic uncertainty from the 100 318 

realizations which will also flatten the slope of the mean hazard curve for large epistemic uncertainty. The effect of 319 

the epistemic uncertainty on the slope of the hazard curve can be seen by comparing the slope from the mean hazard 320 

and the slope from the median hazard. 321 

8 Conclusions 322 
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Traditionally, GMMs used in PSHA have been based on the ergodic assumption (Anderson and Brune 1999). The 323 

move to non-ergodic GMMs will lead to GMMs that have a better physical basis and provide more accurate 324 

estimates of the hazard in regions with local data. In regions with little local data, non-ergodic GMMs can still be 325 

used. In this case, the mean hazard will approximate the ergodic mean hazard, but the uncertainty range will be 326 

broader and will provide a better estimate of the uncertainty and the value of collecting local ground-motion data.  327 

The non-ergodic GMM was developed for EAS rather than PSA to avoid the scaling issue being affected by 328 

differences in the response spectral shape. The non-ergodic GMM for EAS develop in this study can be extended to 329 

response spectral values using random vibration theory (see Phung and Abrahamson 2021 for an example). Before 330 

doing so, the extrapolation to low frequencies should be revised. Because the available data ground-motion from 331 

France were not reliable at low frequencies, the current model assumed that the low-frequency scaling from the 332 

BA19 model is applicable to France at frequencies less than 1 Hz. This can be improved. It may be possible to use 333 

the hyperparameters for low frequencies from the California models and then estimate the non-ergodic terms using 334 

the French data.  335 

Using a non-ergodic GMM, there is a large reduction in the aleatory standard deviation, but there is also a shift 336 

in the median from each source location that can be either positive (large median) or negative (smaller median). At 337 

the 1 × 10−4 annual frequency of exceedance, there tends to be a reduction in the hazard using the non-ergodic 338 

GMM, but at some sites, there will be an increase in the hazard if there is an increase in the medians for the 339 

controlling sources that offsets the reduction in the aleatory standard deviation at the 1 × 10−4 annual frequency 340 

of exceedance. 341 
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470 

471 

Fig. 1 Map showing locations of the strong-motion stations and crustal earthquakes of France used in this study. 472 

The circles indicate the earthquake epicenters and the triangles indicate the locations of the stations. 473 

474 

475 

Fig. 2 Magnitude-distance and -Vs30 distribution of subset database. 476 

477 

478 

479 
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Fig. 3 Spatially varying adjustment of constant event term (Top), constant site term (Middle), and linear-VS30 scaling 480 

term (Bottom) at 1.0 Hz and 5.0 Hz. 481 

482 

Fig. 4 Schematic showing how the length of the ray in the ith cell are calculated for the regression of the cell-483 

specific attenuation coefficients (Kuehn et al., 2019). 484 
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Fig. 5 Left Number of paths per cell, the cell size is 0.2 times 0.2 degrees. Right Mean values of the posterior 485 

distribution of the 𝜃𝐴𝑡𝑡𝑛 per cell for 5.0 Hz. Green lines are mountain regions. 486 

487 

Fig. 6 Residual of the ergodic GMM (triangle) and non-ergodic GMM (circle) for 5.0 Hz. 488 

489 
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490 

Fig. 7 The aleatory standard deviation of ergodic, partial, and non-ergodic GMMs. 491 

492 

493 

494 

495 

Fig. 8 Median EAS predictions at Site1 for the French ergodic model and the non-ergodic model at 5.0 Hz. The 496 

squares in the map indicate the source grids (0.2 x 0.2 degrees), the solid lines mean the contour for the EAS level 497 

for non-ergodic model in the natural log units, and the dashed. Lines show the contour for the ergodic model. 498 

499 

500 
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Fig. 9 Distance scaling of the EAS prediction of ergodic and non-ergodic models at the given site for 5.0 Hz, for 501 

Site1 (Top) and Site2 (Bottom). 502 

503 

504 

Fig. 10 Epistemic uncertainty of a non-ergodic model per cell at 5.0 Hz for Site1 (Left) and Site2 (Right). 505 

506 
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Fig 11. Top Two target sources (Source 1, 43.7°N, 2.7°E, Source 2, 45.9°N, 5.7°E) is located west and north of 507 

Site1 (43.6748°N, 5.7664°E) at a distance of 246.8 km and 247 km, respectively. Left bottom Median EAS spectra 508 

of ergodic and non-ergodic models from M3 to M7, for Source 1 and Source2. Right bottom Epistemic uncertainty 509 

per frequency for Source 1 and Source2. 510 

511 

Fig12. Two samples of 100 maps for sampled adjustments for 5Hz at Site1.512 

513 
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514 

Fig.13 A logic tree with 100 branches of the non-ergodic terms for the GMM.515 

516 

Fig.14 Mean and Standard deviation of 100 residuals per cell, which are differences between an ergodic ln(EAS) 517 

and 100 non-ergodic ln(EAS) at Site1 (Left) and Site2 (Right) for 5.0 Hz.518 

519 
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Fig. 15 Mean hazard as well as 5%, 50%, and 95% fractiles of the resulting hazard curve distribution for Site1 520 

(Left) and Site2 (Right) for 5.0 Hz. 521 
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Table 1 Coefficients for the ergodic EAS model and hyperparameters for the VCM for France 

Freq

Ergodic Coeffecient Hyperparameters 𝐜𝟏 𝐜𝟐 𝐜𝟑 𝐜𝟒 𝐜𝟓 𝐜6 𝐜𝟕 𝐜𝟖 𝐜𝟗 𝐜𝑛 𝐜𝐦 𝐜𝐡𝐦 𝜽−𝟏 𝜽𝟎 𝜽𝟒 𝝆−𝟏 𝝆𝟎 𝝆𝟒
1 -3.831 1.27 -0.339 -2.165 7.581 0.452 -0.0037 -1.220 -0.002 3.714 5.616 3.811 0.392 0.371 0.149 0.425 0.904 0.468 

1.5 -3.872 1.27 -0.261 -2.165 7.580 0.454 -0.0042 -1.192 -0.002 4.561 5.650 3.780 0.484 0.362 0.151 0.385 1.27 0.474 

2 -4.012 1.27 -0.182 -2.165 7.578 0.457 -0.0047 -1.163 0.0058 5.619 5.373 3.743 0.393 0.308 0.152 0.250 1.04 0.557 

3 -3.884 1.27 -0.108 -2.165 7.566 0.464 -0.0055 -1.009 0.0122 8.292 5.247 3.653 0.387 0.288 0.150 0.234 0.256 0.474 

4 -3.858 1.27 -0.069 -2.165 7.544 0.470 -0.0063 -0.821 0.0197 11.034 5.198 3.582 0.322 0.228 0.150 0.373 0.291 0.545 

5 -4.042 1.27 -0.041 -2.165 7.488 0.476 -0.0072 -0.699 0.0318 14.314 5.165 3.507 0.372 0.299 0.154 0.436 0.311 0.443 

5.5 -4.061 1.27 -0.037 -2.165 7.462 0.477 -0.0074 -0.657 0.0353 15.131 5.157 3.487 0.376 0.347 0.150 0.446 0.333 0.484 

6 -4.096 1.27 -0.034 -2.165 7.436 0.479 -0.0075 -0.638 0.0369 15.931 5.148 3.468 0.381 0.379 0.149 0.479 0.390 0.476 

7.2 -4.288 1.27 -0.026 -2.165 7.2768 0.482 -0.0080 -0.566 0.0473 17.911 5.117 3.396 0.407 0.461 0.150 0.443 0.423 0.578 

8.3 -4.423 1.27 -0.021 -2.165 7.1352 0.484 -0.0084 -0.505 0.0489 18.653 5.094 3.341 0.456 0.492 0.149 0.514 0.459 0.513 

10 -4.599 1.27 -0.017 -2.165 6.8004 0.486 -0.0090 -0.461 0.0538 18.827 5.068 3.227 0.549 0.579 0.151 0.582 0.598 0.506 

13.5 -4.883 1.27 -0.013 -2.165 6.4551 0.487 -0.0100 -0.367 0.0621 18.028 5.062 3.109 0.659 0.709 0.152 0.763 0.468 0.478 

15.5 -5.095 1.27 -0.010 -2.165 6.4551 0.488 -0.0105 -0.278 0.0650 17.588 5.060 3.106 0.683 0.728 0.151 0.833 0.400 0.503 

18 -5.288 1.27 -0.009 -2.165 6.4551 0.488 -0.0108 -0.265 0.0606 17.174 5.059 3.103 0.701 0.752 0.149 0.957 0.423 0.508 

20 -5.515 1.27 -0.006 -2.165 6.4551 0.488 -0.0110 -0.215 0.0646 16.959 5.059 3.102 0.732 0.752 0.148 0.933 0.427 0.469 

23.5 -5.941 1.27 0.0018 -2.165 6.4551 0.489 -0.0114 -0.056 0.0600 16.3134 5.063 3.099 0.713 0.783 0.149 0.845 0.467 0.434 
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